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DISTANCE FUNCTIONS ON CONVEX BODIES AND SYMPLECTIC
TORIC MANIFOLDS

HAJIME FUJITA®, YU KITABEPPU® AnD AYATO MITSUISHI

Abstract. In this paper we discuss three distance functions on the set of
convex bodies. In particular we study the convergence of Delzant polytopes,
which are fundamental objects in symplectic toric geometry. By using these
observations, we derive some convergence theorems for symplectic toric mani-
folds with respect to the Gromov—Hausdorff distance.

81. Introduction

Convex polytopes, or more generally convex bodies, are classical and important objects in
geometry. There are many results in which structures or properties of convex polytopes are
shown to have deep connections with other objects, through algebraic or combinatorial
procedures. Among other such results, there is the Delzant construction [4], which is
well known in symplectic geometry. Using the Delzant construction one obtains a natural
bijective correspondence between the set of Delzant polytopes and the set of symplectic toric
manifolds. Under this correspondence, the geometric data of symplectic toric manifolds are
encoded as combinatorial or topological properties of their corresponding polytopes. For
example, the cohomology ring of symplectic toric manifolds can be recovered completely as
the Stanley—Reisner ring of the associated polytope. See (e.g., [3]) for more details on this
dictionary between Delzant polytopes and symplectic toric manifolds.

The purpose of our project is to further develop aspects of this kind of correspondence
from the viewpoint of Riemannian or metric geometry. The present paper contains two
parts. Firstly, we establish relationships between three natural distance functions on the set
of convex bodies. The first function d" is defined by the Wasserstein distance of probability
measures associated with convex bodies. The Wasserstein distance is a quite important tool
in recent developments of geometric analysis for metric measure spaces. The second distance
dV is defined by the Lebesgue volume of the symmetric difference of convex bodies. This
distance function is natural from the viewpoint of symplectic geometry and is studied in
[14] and [6]. The third function d¥ is the Hausdorff distance, which is a classical and basic
tool in geometry of convex bodies. The main result of the first part of this paper is as
follows.

THEOREM 1 (Theorem 3.1.3). The metric topologies on the space of convexr bodies
determined by the distance functions d"V, dV, and d¥ coincide with each other.

Secondly, we investigate the relationship between the metric geometry of Delzant
polytopes and the Riemannian geometry of symplectic toric manifolds through the Delzant
construction. Here we equip each symplectic toric manifold with a Kahler metric which we
call the Guillemin metric [9], and we regard a symplectic toric manifold as a Riemannian
manifold. The main results in the second part of this paper are the following.
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2 H. FUJITA, Y. KITABEPPU AND A. MITSUISHI

THEOREM 2 (Theorem 5.2.2). For a sequence of Delzant polytopes { P;}; in R™, suppose
that {P;}; converges to a Delzant polytope P in R™ in the d™ -topology (hence also in the
dW -topology and dV -topology), and the limit of the numbers of facets of { P;}; coincides with
that of P. Then the sequence of symplectic toric manifolds {Mp,}; converges to Mp with
respect to the corresponding Guillemin metrics in the torus-equivariant Gromov—-Hausdorff

topology.

As a corollary (Corollary 5.2.3), we also have a torus-equivariant stability theorem in the
setting of converging symplectic toric manifolds.

The above result suggests a continuity of the one direction of the Delzant construction,
from P to Mp. We also have results concerning the converse direction. The following are
their rough statements.

THEOREM 3 (Theorem 5.3.1, Theorem 5.3.2). For a sequence of Delzant polytopes { P;};
mn R™ and a Delzant polytope P in R™, suppose that the corresponding sequence of symplectic
toric manifolds { Mp,}; converges to Mp with respect to the corresponding Guillemin metrics
in the torus-equivariant measured Gromov—-Hausdorff topology. Then we have:

o if {P;}; is contained in a large ball, the fized point set of Mp, converges to that of Mp.
In particular we have the lower semi-continuity of the Fuler characteristic, and

e we have a sequence of maps {f; : P, — P}; such that {f;(P,)}; converges to P in d¥-
topology by using the approximation maps for {Mp,};. See Theorem 5.3.2 for the precise
statement.

We emphasize that there are no hypotheses on the curvature in the statement of the
above theorem. By incorporating “potential functions”as in [1] we may treat more general
torus-invariant Riemannian metrics of symplectic toric manifolds which are not necessarily
Guillemin metrics.

In the present paper, we only consider the non-collapsing case. It is surely interesting to
attack the same problems under collapsing limit, and we will discuss this in a subsequent
paper. In addition, our general setting of convex bodies in the first part of this paper is
motivated by the fact that non-Delzant polytopes are increasingly important in the context
of toric degenerations of integrable systems or projective varieties as in [10], [13] and so on.

This paper is organized as follows. In Section 2, we introduce three distance functions
on the set of convex bodies. In Section 3, we show that the three corresponding metric
topologies coincide. Note that the equivalence between the distance function defined by the
volume and the Hausdorff distance is classically known, by [15] for example. In [14] Pelayo—
Pires—Ratiu—Sabatini studied several properties of the moduli space of Delzant polytopes
with respect to the natural action of integral affine transformations. This moduli space
arises naturally from an equivalence relation of symplectic toric manifolds known as weak
equivalence. We also give comments on the distance function and the associated topology
on this moduli space which were studied in [6]. In Section 4, we discuss the definition of
Delzant polytopes and the description of Guillemin metric on the corresponding symplectic
toric manifolds. In Section 5, we discuss the relation between the convergence of Delzant
polytopes and the convergence of symplectic toric manifolds. In Appendix A, we record
several facts on probability measures and Wasserstein distance. In Appendix B, we provide
a disintegration theorem which is important in the proof of Theorem 5.3.2.
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Notations. For a metric space (X,d), a subset Y of X, a point z in X and a positive
real number r we use the following notations.

e B(x,r):={y€ X | d(x,y) <r}: open ball of radius r centered at z.
e B(Y,r)

e dist(x,Y) := inf{d(z y) \ Y€ Y} distance between x and Y.
° Dlam(Y) :=sup{d(y,y') | y,y' € Y}: diameter of Y.

yeX 1nf d(y y') <r ¢: open r-neighborhood of Y.

/—/H

We use the notation || -|| (resp. (-,-)) for the Euclidean norm (resp. inner product) on the
Euclidean spaces. We also use the notation |A| for the Lebesgue measure of a Lebesgue
measurable subset A.

82. Three distance functions on the set of convex bodies

Let C,, be the set of all convex bodies in R™, that is, C,, is the set of all bounded closed
convex sets obtained as closures of open subsets in R"”.

2.1 L2-Wasserstein distance

For each C € C,, let m¢ be the probability measure on R™ with compact support defined
by

Xc
H™(C)
where y¢ is the characteristic function of C and H" is the n-dimensional Hausdorff measure
on R™. Of course H" is equal to the n-dimensional Lebesgue measure L™, however, since we
put on the field of view of collapsing phenomena of convex bodies into lower dimensional
objects, we prefer to use the Hausdorff measure.

H",

me =

DEFINITION 2.1.1. Define a function d" : C,, x C,, — R>o by
d" (Cy,Ca) := Wa(me,,me, ),

where W is the L2-Wasserstein distance on the set of all probability measures on R™ with
finite quadratic moment.

See Appendix A for basic definitions and facts on L?-Wasserstein distance.
LEMMA 2.1.2. dV is a distance function on C,,.

Proof. Symmetricity, triangle inequality and non-negativity are clear. The non-
degeneracy follows from the equivalence between the conditions d"V (Cy,Cy) = Wa(me, ,me, ) =
0 and Cy = supp (m¢,) = supp (me,) = Co. 0

2.2 Lebesgue volume
For C1,Cs € Cp, let dV(C1,Cs) be the Lebesgue volume of the symmetric difference
Ci1ACy = (Cl \CQ) ) (Cg \01)2

d"(C1,Cs) :=|C1 A Ca :/ Xcr a0, (7) L7 (dx).
Rn

This dv is indeed a distance function on C,, and used in a study of convex bodies classically.

See [5] or [15] for example.
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2.3 Hausdorff distance
Let d” be the Hausdorff distance on the set of all compact subsets in R™.We also denote
the restriction of d* to C, by the same letter d*:

H — . . . .
d”(C1,Cy) = max{max min |z —y|, max min [z —y|l} (C1,C2€Cn).

83. Relation of distance functions

3.1 Equivalence among d%, dV, and d

It is known that two distance functions d¥ and d*! give the same metric topology. More
precisely in [15] it is shown that a sequence {P;}; in C, converges to Q € C,, in dV if and
only if it converges to Q in d*.

LEMMA 3.1.1. For a sequence {P;}; in C, and Q € Cyp, if dV (P;,Q) — 0 (i — o), then
we have dV (P;,Q) — 0 (i — 00).

Proof. Since lim d"(P;,Q) = 0 implies lim d”(P;,Q) = 0 we may assume that
1—> 00 1— 00
Pi N Q 7& (2)7

K; == Diam(P;) < 100K := 100 Diam(Q),

and |log(|P;|/|Q])| < € for small € > 0 and any i large enough.
If |Q| > | P;|, then we have mg(QNP;) <mp,(QNP;) and define new probability measures
PN
molPngly,,,

1

A 5. ‘ Pi7

ma(Q\P) 19

1
vi=——--—|mplpro+|1-——"~—2L .
1 mg(Q\F) ( e < mp, (PiNQ) Q“H)

Since vg,v1 < L™, by Theorem A.2.2, one can find a Borel map T : R™ — R™ with T,vg =11
so that WZ(vo,v1) = [ |l —T(z)||*vo(dz). By using the map 7T, we define a coupling &; €
Cpl(mQ,mpi) by

Vg ‘=

&= (I, T)umqlg\p, + (1d,1d).mqlonp.-
Heuristically, the coupling &; represents the transportation from mg to mp, that

e the mass on ()N FP; measured by mq keep staying, and
e the mass on @\ P, measured by m distributes on P; along the map 7.

Note that since supp (o) = supp (v1) C P;, we have T'(x) € P; for a.e. x € Q\ P;. It also
implies that ||z —T'(x)|| < Diam @+ Diam P; < 101K for a.e. x € Q\ P;, and hence, we have

[ le—Patnan = [ o=@ Pmlos (@) < T a0
R™ XR™ R™ Q)
On the other hand, if |P;| > |Q|, then for two probability measures
, 1
b= g e

V= <mQ|Q\Pi + (1 - @') mQ|QmPi>
mp,(P\Q) 1P|
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we can find a Borel map S :R"™ — R"™ with S.v) = v, so that Wi(yy,v)) =
[z = S(z)||*vy(dx). Then we have a coupling & € Cpl(v(,v}) by

&= (ld,S)*mpApi\Q + (ld, |d)*mp2 |QﬁPi~

Then we have

dV(P;,Q) < \// |z —yl[*¢1(dz, dy) or \// |z —y||?&2(dx, dy)
R7 xR™ R7 xR"™

Q\ P PA\Q|
(101K)2 (101K)2
<\ ar ¢ ”\/ B 1)
|Q A P
2-101K4 ) ———
= min{|Q], [P}
<2-101K '@, P.) — 0 (as i — 00).

e=c|Q| i

LEMMA 3.1.2. For a sequence {P;}; in C, and Q € Cy,, if dV (P;,Q) — 0 (i — 00), then
we have dV (P;,Q) — 0 (i — 00).

Proof. Suppose that dV(P;,Q) — 0 (i — 00). Then, m; := mp, converges weakly to
m :=mg, in particular, we have

m(Q) =1

by Theorem A.1.2. Since |P;NQ| <|Q| we have |P;| is bounded, and hence,
| Bl
Q

for some ¢ > 0. Corollary A.2.3 implies that for two probability measures m; and m
there exist a sequence of Borel measurable maps {T; : R — R"}; such that (id x T;).m €
Opt(m,m;) for all ¢ and

<c

m({z € Q [ [lz=Ti(x)]| = a}) =m{z e R" | [l = Ti(2)|| = a}) = 0 (i = o0)

for all @ > 0. Let us fix an arbitrary positive number € and set

€

S erniar

Choose 7 small enough so that

[B(Q,m\ Q| <&

There exists N € N such that

m({z € Q | [|Ti(z) -zl = n}) <€
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for all 4 > N. Take and fix i > N. For z € Q we put r’ := ||z — T;(z)||. Then we have

QC U B(z,rt). We put
zEQ

We have

U\ QI < |BQ,n)\Q| <&,

[Q\U'| = |QIm(Q\U")
<lQim{z € Q[ [z =Ti(x)[)) = n})
<|Ql¢,

and hence, |Q AU < (|Q|+1)&. On the other hand we have

|PA\U'| = |Pi|mi(P\U")
= |P|(T;)«m(P;\U")
= |Pylm(T; {(P)\T;(UY)).

Since (T;).m = m; we have that T, '(P;) = Q (m-a.c.). This fact and T, *(B(z,r)) > =
imply that

TN (U) D {zeq | |z —Ti(z)l| <n}.
In particular we have
IPAU'| < |[Plm({z € Q | |lz = Ti(x)|| > n}) < |P€.
Similarly we have
U\ Pi| = [Pifm(U*\ P;) = | P m(T;(U)\ Q)

< |PIm(B@Qm)\Q) = 'f;‘ B@n)\Q
| P

Q|
and hence |U? A P;| < (|P;| + ¢)¢. Therefore we have

<

£<c,

(P,Q)=|QAP|<|QAU'|+|U" AP
(1QI+ P +c+ 1) < ((1+0)|Q+c+ 1) = (1+)(|Q| +1)¢
€

dV
<

Since € > 0 is arbitrary, we obtain the conclusion, that is, d" (P;, Q) — 0. O

As a corollary of Lemmas 3.1.1 and 3.1.2 we have the following by Kratowski’s axiom
and the coincidence between the metric topology of d¥ and d as shown in [15].

THEOREM 3.1.3. Three metric topologies on C,, determined by dV, d", and d” coincide
with each other.
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3.2 Moduli space of convex bodies and its topology

We introduce the moduli space of convex bodies following [6] and [14]. Let G, :=
AGL(n,Z) be the integral affine transformation group. Namely G,, is the direct product
GL(n,Z) x R™ as a set and the multiplication on G,, is defined by

(A1,t1) - (Ag,ta) == (A1 A2, A1ta +11)

for each (A1,t1),(Aa,t2) € G,,. This group G,, acts on C,, in a natural way, and C € C,, and
C’" € (C,, are called G,,-congruent if C' and C’ are contained in the same G,-orbit.

DEFINITION 3.2.1. The moduli space of convex bodies C~n with respect to the G,,-
congruence is defined by the quotient

Cp :=Cn/Gh.
Let 7 be the natural projection from C,, to Ch.
DEFINITION 3.2.2. Define a function DY : C, x C, — R by
DY (a,B) :==inf{d" (P, P,) | 7(P1) = a,n(P>) = B}
for (o, 8) € Cp X Ch.

THEOREM 3.2.3 [6]. DV is a distance function on Cn and its metric topology coincides
with the quotient topology induced from .

This G,-action and the moduli space CNn arise naturally in the context of the geometry
of symplectic toric manifolds. In the subsequent sections we will discuss from such point of
view.

REMARK 3.2.4. As it is noted in [6] we can not define a distance function on C, by
using the infimum of d (or d"') among all representatives, though, one may hope that by
considering infimum of df among only “standard”representatives we can define a distance
function on C,. One possible candidates of “standard”representatives are the minimum
variance (or quadratic moment) elements in the following sense.

For each C € C,, define its variance by

Var(C) ::|é‘/CHx—b(C’)H2£”(dm),

where b(C) is the barycenter of C' which is determined uniquely by the condition

(C)0) = [ @) (do

for any y € R™. See [17] for example. The minimum variance element C' € C,, is an element
of

argmin{Var(C") | C" € C,, is G,-congruent to C}.

One can see that for any C' € C,, there exist at least one and finitely many minimum variance
elements which have the common barycenter are G,,-congruent to C.
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84. Delzant polytopes and symplectic toric manifolds.

4.1 Delzant polytopes, symplectic toric manifolds and their moduli space
DEFINITION 4.1.1. A convex polytope P in R" is called a Delzant polytope if P satisfies
the following conditions:

e P is simple, that is, each vertex of P has exactly n edges.

e Pisrational, that is, at each vertex all directional vectors of edges can be taken as integral
vectors in Z".

e P is smooth, that is, at each vertex we can take integral directional vectors of edges as a
Z-basis of Z™ in R™.

We denote the subset of C,, consisting of all Delzant polytopes by D, and define their
moduli space by D,, :=D,,/G,,.

Recall that the data of a (compact) symplectic toric manifold (M,w,p,u) consists of

e a compact connected symplectic manifold (M,w) of dimension 2n,

e a homomorphism p from the n-dimensional torus T to the group of symplectomorphisms
of M which gives a Hamiltonian action of 7" on M and

e a moment map p: M — R™ = (Lie(T™))*.

The famous Delzant construction gives a correspondence between Delzant polytopes and
symplectic toric manifolds.

_ THEOREM 4.1.2 [12].  The Delzant construction gives a bijective correspondence between
D, and the set of all weak isomorphism classes of 2n-dimensional symplectic toric
manifolds.

Here two symplectic toric manifolds (Mj,w1,p1,p1) and (Ma,ws,pa,p2) are weakly
isomorphic' if there exist a diffeomorphism f : M; — M, and a group isomorphism
¢:T™ — T™ such that

[rwy = w1 and pi(g)(x) = p2((9))(f(2)) for all (g,z) € T" x M.

Based on the above fact the moduli space ﬁn is also called the moduli space of toric
manifolds in [14]. In [14] they show that (D,,d"") is neither complete nor locally compact
and D, is path connected.

4.2 Brief review on the Delzant construction
For later convenience we give a brief review on the Delzant construction here.
Let P be an n-dimensional Delzant polytope and

1M (z):= (2, = A" =0 (r=1,...,N) (4.1)

a system of defining affine equations on R™ of facets of P, each v(") being inward pointing
normal vector of rth facet and N is the number of facets of P. In other words P can be
described as

N
P=(Y{zeR" 1" (x) >0},

r=1

L' [12] the equivalence relation “weakly isomorphism” is called just “equivalent”. In this paper we follow
the terminology in [14].
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and we do not allow redundant inequalities. We may assume that each v(") is primitive® and
they form a Z-basis of Z™. Consider the standard Hamiltonian action of the N-dimensional
torus T on CVV with the moment map

_ . Te . 1
fi:CN — (RV)* = Lie(TV)*, (21,...,zN)»—>—§(|zl|2,...,|zN|2)+(A(l),...,A(N)).

Let 7 : RN — R™ be the linear map defined by e, — ("), where e, (r=1,...,N) is the
rth standard basis of RY. Note that # induces a surjection 7 : ZY — Z" between the
standard lattices by the last condition in Definition 4.1.1, and hence it induces a surjective
homomorphism between tori, still denoted by T,

7: TN =RN/ZN — T =R"/7Z".

Let H be the kernel of @ which is an (N — n)-dimensional subtorus of 7% and b its Lie
algebra. We have exact sequences

1 HSTN S 1,
0= h5RY SR 50
and its dual
0— (R")* 5 (RM)* 5 p* — 0,

where ¢ is the inclusion map. Then the composition ¢*oji: CN — bh* is the associated
moment map of the action of H on CV. It is known that (+*ofi)~1(0) is a compact
submanifold of CV and H acts freely on it. We obtain the desired symplectic manifold
Mp = (t*of1)~1(0)/H equipped with a natural Hamiltonian 7% /H = T™-action. Note that
the standard flat Kahler structure on CV induces a Kahler structure on Mp®. We call the
associated Riemannian metric the Guillemin metric.

There exists an explicit description of the Guillemin metric. We give the description
following [1]. Consider a smooth function

N
1
gp =5 > 1M 1ogl™ : PP - R, (4.2)

r=1

where P° is the interior of P. It is known that Mp := u;l(Po) is an open dense subset of
Mp on which T™ acts freely and there exists a diffeomorphism Mg = P° x T™. Under this
identification wp| Mg can be described as

WP|MI% :dx/\dyzzdl‘z/\dyz

i=1
using the standard coordinate® (z,y) = (21,...,%n,Y1,-..,Yn) € P° x T™. The coordinate on
M3 induced from (z,y) € P° xT" is called the symplectic coordinate on Mp.

2 An integral vector u in R™ is called primitive if v cannot be described as u = ku’ for another integral
vector v’ and k € Z with |k| > 1.

3 In [1] this Kéhler structure is called the canonical toric Kahler structure.
4 Here we regard T =T" = (S")" and S' =R/Z.
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THEOREM 4.2.1 [9].  Under the symplectic coordinates (z,y) € P° xT" = Mp C Mp, the
Guillemin metric can be described as

Gp O
0 Glgl )
d*gp

69%8951 k=1

where Gp :=Hess,(gp) = <

77777

REMARK 4.2.2. If P and P’ in D,, are G,-congruent, then the corresponding Rieman-
nian manifolds Mp and Mp: are isometric to each other. In fact as it is noted in [1, Section
3.3, for ¢ € G, we have an isomorphism between Mp and M, py as Kihler manifolds. The
isomorphism is induced by the map P xT — @(P) x T, (z,t) = (o(z), () 1T (t)), where
()T is the transpose and ¢, is the automorphism of T which is induced by .

EXAMPLE 4.2.3. We demonstrate the Delzant construction in dimension 1. For v > 1
consider the inequalities

5207 2(1_520

on R. These inequalities determine a 1-dimensional Delzant polytope P, = [0,2q].
Let ji: C?> — R? be the moment map defined by

e 22) = (~ gl ~3laal + 20).
The inequalities determines a linear map 7 : R? — R defined by
w(e1) =1, 7(ex) = —1.
Let H be the kernel of the induced homomorphism # : T2 — T'!, which is given by
H={tt)eT?|tecU(1)} =S

Let pup : C? — (Lie(H))* R be the induced moment map with respect to the H-action,
which is given by

1
(|21)? + |22|?) + 2a.

/~LH(21722) = _5

One can see that 0 € R is a regular value of py and the induced action of H on Z := ,u;ll (0)
is free, and hence, the quotient M,, := ;' (0)/H has a structure of compact 2-dimensional
symplectic manifold equipped with Hamiltonian T :=T?/H = S'-action.

On the other hand the Hessian of the function

9p. (€) = 3 (Elogt + (20— &) log(20 —€))

gives the Guillemin metric described as

S 0
€(2a—¢)
( 0 5(2a—£))

on P? xT. By the direct computation we have that the (Gauss) curvature of this metric
is constant é It turns out that M is isomorphic to the unit sphere with the standard
Sl action and the round metric.
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By taking the limit o — 1, we see that P, converges to P; = [0,2]. On the other hand
the curvature of M, converges to the constant 1. In fact by Theorem 5.2.2 M, converges
to the unit sphere M; in the T-equivariant Gromov—Hausdorff topology.

§5. Convergence of polytopes and symplectic toric manifolds

Hereafter we do not often distinguish a sequence itself and a subsequence of it.

5.1 Convergence of polytopes and related quantities
For a convex polytope P in R™ let Ni(P) be the number of k-dimensional faces of P. We
denote the set of all k-dimensional faces of P by

{F(P) |} ={F(P) | v =1,....Nu(P)}.
We often omit the superscript r for simplicity and denote each face by Fj(P) for example.

REMARK 5.1.1. Since the Hausdorff distance between two convex bodies is equal to
that between the boundaries of them, the following holds :

For a sequence {P;}; C D,, suppose that d(P;,P) — 0 (i — oo) for P € D,,. Then for
any r € F,ST_)l(P) there exists a sequence {z; € Fff_%(P,)}z such that z; =z (i = 00).

This fact implies the following corollaries.

COROLLARY 5.1.2. For a sequence {P;}; C D,, suppose that d(P;,P) — 0 (i — o)
for P € D,. For any k=0,1,....n—1 and a point x € F,ir)(P) there exists a sequence
{z; € F,gTi)(P,-)}i such that x; — x (i — 00).

Proof. For any x € FéC)Q(P) let FT(LC/)l(P) be a facet of P which contains x € F,EZ)Z(P)
By the fact in Remark 5.1.1 Frgi)l(P) can be described as a limit of a union of facets of F;.

It also implies that FéT_)Q (P) can be described as a limit of (n — 2)-dimensional faces of P;.
One can prove the claim in an inductive way. 0

COROLLARY 5.1.3. For a sequence {P;}; C D,, suppose that d (P;,P) — 0 (i — 00) for
P € D,. Then the number of k-dimensional faces is lower semi-continuous for any k:

1— 00

COROLLARY 5.1.4. For a sequence {P;}; C D,, suppose that d" (P;, P) — 0 (i — o) for
P e D,. For any facet FT(LT_)l(P) there exists a sequence of facets {FELE%(PZ)}Z such that
the corresponding defining affine functions converge to that of Féz)l(P), that is, lgm — 1)
(i — 00).

Proof. For any = € FéT_)l(P) of P, one can take a sequence {z; € Fér_i(PZ)}l of P; which
converges to x. We may assume that the sequence of unit normal vectors of Fég}(Pl)
converges to that of Fér_)l(P) It implies that the corresponding defining affine functions

ZZ(”) converge to (7). 0

We say a sequence of k-dimensional faces { F) éri) (P;)}i of a sequence { P;}; in D,, converges
essentially to a k-dimensional face F,gr)(P) of PeD, if

lim H*(F(P)) > 0

1—> 00
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Figure 1.
A sequence of polytopes which has facets converging essentially.

and

lim d(F{")(P,),F) =0

1—00

for a closed subset F' of F; ,ET) (P) with respect to the relative topology, where H* is the
k-dimensional Hausdorff measure on R™. The following Figure 1 gives an example of a
sequence of facets which converges essentially to a facet. On the other hand the sequence
of slanting facets of the pentagon in Figure 3 converges in a non-essential way.

Next we consider the 2-dimensional case Ds.

THEOREM 5.1.5. For a sequence {P,;}; C Dy suppose that d(P;,P) — 0 (i — o) for
some P € Dy. If sup N1(P;) < oo, then for each facet Fl(T) (P) of P and its primitive normal

vector V"), there exists r; € {1,--- ,N1(P;)} such that a subsequence of primitive normal
vectors {I/Z»(Ti)}i of Fl(”)(Pi) such that Vi(”) — v (i — o).

Proof. We may assume that » = 1. By Corollary 5.1.3 and the semi-continuity of the
Hausdorff measure in the non-collapsing limit we may assume that for each facet (=edge)
Fl(r)(P) there exists a sequence {Fl(r)(Pl)}Z of facets of {P;}; which converges essentially
to F' 1(T) (P). We rearrange the indices so that r; =1 for all 4 and may assume that the facets
are numbered in a counterclockwise way.

Since {Fl(l)(Pi)}i converges essentially to Fl(l)(P) the sequence of inward unit normal
vectors converges:

A0
[

(1 — 00).

Since {I/i(l)}i is a sequence of integral vectors if {||VZ(1)||}z is a bounded sequence, then

I/i(l) = v for sufficiently large 4, and hence, we have the required subsequence.

We consider the case that {Vi(l)}i is unbounded. By taking a subsequence we have

‘ ( y 2 )‘ 1 (1) (2 1
det —, — = |det(v,,v;7)| < —0 (i—00), (5.1)
1 2 1 2 7 A 1
N 120 ) e v
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and hence, we have
P v
L — — £
[

(i — 00). (5.2)

We first show the following claim.

CrLAamM. There exists a subsequence of {F1(2)(Pi)}i which converges to a point or a
()
segment in F} "/ (P). 0

Proof of the claim. Let A = lim F(l)( P;). If lim diam(Fl(m(Pi)) = 0, then F1(2)(Pi)
1— 00

71— 00

converges to a point. In this case F(l)(P) F(2)(Pi) converges to A, and hence Fl(z)(Pi)
converges to a point in A. If hmsupdlam(Fl( )(PZ-)) > 0, then a subsequence of FI(Q)(Pi)

1—00
=) €h)
v, v
—i— converges to — X, If
] & IZ8ll

so then (5.1) implies that for any € > 0 the interior angle between F(l)( P;) and F(2)( P;) is

smaller than e for any i > 0. Then we have |P;| < (diam(F;))e, which contradicts to P, — P
@)
in dg-topology, and hence, we have HV(Q)” —

converges to an interval B with positive length. Suppose that

(
||Z (1)H . In particular the interior angle between

Fl(l)( P;) and F) (2 )( P;) converges to m, and hence, B is contained in the line which contains
A. Tt implies the claim, AUB C Fl(l)(P). 0

By taking a subsequence we may assume that Np(F;) is constant for i > 1, say
sup; N1(P;). We can take the smallest number s so that 2 < s < sup, N1(P;) and {V( )}Z
is bounded. In fact, if not, then by repeating the argument in the proof of the above claim
inductively we see that P; converges to a subset of Fl(l)(P)7 which is a contradiction. By
using the minimality of s and the argument (5.1) repeatedly we have

(s) U(1)
v (S)H ||1/(1)||

Again, by using the argument in the proof of the above claim repeatedly, we see that by
taking a subsequence,

U A

1<t<s—1

()
converges to a segment in Fl(l)( P) and B (s)” converges to T 53” as 7 — 0o. The boundedness
of {Vi(s)}i implies that this is the required subsequence.

REMARK 5.1.6. In Theorem 5.1.5 the boundedness of each sequence of primitive normal
vectors {Vi(m}i implies that it contains a constant subsequence. In other words, only the
constant terms vary in the defining equations of the (sub)sequence {P;};. See Figure 2.

By the same argument we have the following convergence in the higher dimensional
non-degenerate case.

THEOREM 5.1.7. For a sequence {P;}; C D,, suppose that d” (P;,P) — 0 (i — 0o) for
some P € D,, and N,_1(P) = hm N,,_1(P;). For each facet F(")(P) of P and its primitive
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Fl(r)(Pi) : llFT)(x)z(x,v(r)) _ Agr) Fl(r)(P) . l(r)(x)=(x,u(r)) 1

Figure 2.
A sequence of polytopes with constant normal vectors.

normal vector V"), there exists a sequence of primitive normal vectors {I/Z-(”)}i of Fr) ()
such that Vi(”) — v (i — 00).

Proof. As in the proof of Theorem 5.1.5 we can take a sequence of primitive normal
vectors {I/i(l)}i of {FM(P)};, and it suffices to show that {Hl/z(l)”}z is bounded. Suppose
that {Hui(l) ||}: is unbounded. Consider a vertex of Féa)l(PZ) and facets around it. We may

assume that they are numbered as r = 2,3,--- ,n. Then for their primitive normal vectors
we have

(1) (2) (n)

A A A 1

‘det( Vl(l) , V’(Q) Vl(n) ) < —m =0 (i)
(17 I 17 I | 2| [l
It contradicts to our assumption N,,_1(P) = lim N,,_1(F;). O
71— 00

5.2 From convergence of polytope to convergence of Guillemin metric
We first give the definition of equivariant (measured) Gromov—Hausdorff convergence as
a special case of [7, Definition 1-3].

DEFINITION 5.2.1. Let X = (X,d) be a compact metric space and {X; = (X;,d;)}; be
a sequence of compact metric spaces. Suppose that there exists a group G which acts on
X and each X; in an effective and isometric way. Then {X;}; converges to X in the G-
equivariant Gromov-Hausdorff topology if there exist sequences of maps {f; : X; — X},
group automorphisms {p; : G — G}; and positive numbers {¢;}; such that the following
conditions hold.

€; — 0 as i — oo.

- diz,y) —d(fi(2), fi(y))| <€ for all 2,y € X;.

For any p € X there exists x € X; such that d(p, f;(x)) < €;.
. d(fi(gz),pi(g)fi(x)) <e for all x € X; and g € G.

SN

When a map f; : X; — X satisfies 2, 3, and 4, respectively, we say that f; is almost isometric,
almost surjective and almost equivariant, respectively. This situation will be denoted by
X; GreaGH, (or X; — X for simplicity) and f;’s are called approximation maps.

Moreover if X (resp. {X;};) is equipped with a G-invariant measure m (resp. m;) in

such a way that (X,m) (resp. (X;,m;)) is a metric measure space and the push forward
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measure (f;).m; converges to m weakly, then we say {(X;,m;)}; converges to (X, m) in the

G-equivariant measured Gromov—Hausdorff topology and we will denote X; GreamGH,

When we consider about equivariant (measured) Gromov-Hausdorff convergence for
Riemannian manifolds, we always assume that the manifolds are equipped with Riemannian
distance and Riemannian measure.

As a corollary of Theorem 5.1.7 we have the following convergence theorem of symplectic
toric manifolds. We emphasize that we do not put any assumptions on curvatures in our
theorem below.

THEOREM 5.2.2.  For a sequence { P;}; C D,, suppose that d* (P;, P) — 0 (i — o) for P €
D,, and N,_1(P) = lim N,,_1(P;), where N,_1(-) is the number of the facets. Then there
1— 00
exists a subsequence of {Mp,}; which converges to Mp with respect to the corresponding
Guillemin metrics in the T-equivariant Gromov—Hausdorff topology.

Proof. We use the same notations as in Section 4.2 with suffix i. We may assume N =
Np—1(P) = N,,_1(P;) = N;. The proof of Theorem 5.1.7 implies that h; = and H; = H for
i > 0. Moreover as a corollary of Theorem 5.1.7 we have )\Y) — A" (i — 00) for the constants
of the defining equations of P; (after renumbering the facets). As a consequence (¢} o fi;)~*(0)
converges to (¢* o 1)71(0) in the equivariant Gromov—Hausdorff topology®. Then {Mp, =
(¢¥ofi;)~1(0)/H;}; converges to Mp = (1*of1)~*(0)/H in the Gromov—Hausdorff topology by
[7, Theorem 2-1]. Moreover the identifications H; = H induce identifications 7" =T~ /H; =
TN /H =T™, which makes the above convergence into the T-equivariant Gromov-Hausdorff
topology. U

COROLLARY 5.2.3. Under the same assumptions in Theorem 5.2.2, take a subsequence
in {Mp,}; which converges to Mp. Then Mp, are T-equivariantly diffeomorphic to Mp for
1> 0.

Proof. By Theorem 5.1.7 we may assume that ui(r) =) for i > 0. On the other hand
each Mp, is T-equivariantly diffeomorphic to the toric variety associated with the fan ¥p,.
Note that X p, is determined by the normal vectors {I/Z»(T)}r and it does not depend on
{)\Er)}, (See [3] for example). It implies the claim. 0

REMARK 5.2.4. The following example shows that it cannot be expected that a
convergence of Guillemin metrics to a Guillemin metric as in Theorem 5.2.2 occurs without
the assumption N,,_1(P) = lim N,,_1(F;).

1—> 00

Consider a sequence of Delzant pentagon {P;}; defined by 5 inequalities,
§120,1-62>0,62>0,1-62>0, =6 —6&+(2-1/i) >0,

which converges to a rectangle P as in Figure 3.

It is known that the symplectic toric manifolds Mp, corresponding to each pentagon P;
are (diffeomorphic to) a 1 point blow-up of CP! x CP'. On the other hand the symplectic
toric manifold Mp corresponding to P is isometric to CP! x CP! equipped with the
Guillemin metric which is the product metric on CP*.

5 In fact this convergence is nothing other than the Hausdorff convergence of a sequence of compact subsets
in RV,
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Figure 3.

A sequence of pentagons which converges to a rectangle.

The limiting process ¢ — oo gives a smooth convex function

Joo(£1,62) = % (§1log&r + (1 —&1)log(1—&1) +&aloga + (1 —&2)log(1 —&2)
+(2—& —&)log(2—61 —&2))

on P°. This go does not give the Guillemin metric on Mp. To deal with these subtle
phenomena we have to consider finer structures on D,, or D,, and incorporate potential
functions. We will discuss such formulation in a subsequent paper.

5.3 From convergence of Guillemin metrics to convergence of polytopes
Now let us discuss the convergence of the opposite direction.
Hereafter for each P € D,, we denote the symplectic toric manifold equipped with the

_ (wp)™"
- n!
on the symplectic toric manifold Mp. In this way we think Mp as a metric measure space.

Guillemin metric by Mp = (Mp,wp), and we use the Liouville volume form voly,, :

THEOREM 5.3.1. Let {P;}; be a sequence in D,,. Suppose that a sequence of symplectic
toric manifolds {Mp,}; converges to Mp for some P € D,, with respect to their Guillemin
metrics in the T-equivariant measured Gromov—Hausdorff topology. Let {f;: Mp, — Mp}; be
a sequence of approximation maps of the convergence. If { P;}; are contained in a sufficiently
large ball in R™, then we have

lim fi(M$) = M,
i— 00 K
where M}g and MY are the fized point sets of T-actions. In particular we have
liminf x(Mp,) > x(Mp),
11— 00

where x(+) denotes the Euler characteristic.

Proof. For simplicity we denote M; := Mp, and M := Mp.

Fix an arbitrary § > 0. We show that for any sequence {z; € MI}; there exists I € N
such that f;(z;) € B(MT,§) for any i > I. Suppose that there exists § > 0 such that f;(x;) ¢
B(MT,§) for infinitely many i. For € > 0, we define §. as the minimal § > 0 such that if
y & B(MT §"), then Diam(T -y) > e. Note that since M is compact such J, > 0 exists and
0 — 0 as e = 0. Since f; is almost T-equivariant we have

€i > d(pi(t) fi(zs), fi(tzs)) = d(pi(t) fi(2i), fi(wi))
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for all ¢t € T, where {¢;}; is a sequence of positive numbers as in Definition 5.2.1 and d
is the Riemannian distance of M. It implies that Diam(7 - f;(z;)) < 2¢; — 0 as i — oo. If
we take i large enough so that d., < &, then we have f;(z;) € B(M7,4.,). It contradicts to
filw:) ¢ BOMT, ).

Next we show that for any é > 0 there exists ig € N such that

fri (M) c B(M],6)

holds for all i > ig. If not then there exists § > 0 such that we can take z; € f;'(M7) and
x; ¢ B(MT,9) for infinitely many i. Since f; is almost isometry and almost T-equivariant
we have

di(trs, x;) < d(fi(tes), fi(x:)) +e
<d(fi(te;), tfi(zs)) + €
< 2¢;

for all t € T', where d; is the Riemannian distance of M;. It implies Diam(T"- z;) < 4¢;. On
the other hand it is known that each T'-x; is a flat torus, and hence, Diam(7T - z;) — 0
(i — o0) implies Vol(T'-z;) — 0 (i — 00), where Vol is the Riemannian volume with respect
to the induced Riemannian metric. Now consider a compact subset P/ := yu;(M;\ B(M},6))
of P;. Since {M,}; converges to M in the measured Gromov—Hausdorff topology {Vol(M;)};
converges to Vol(M). Duistermaat—Heckman’s theorem implies that the Euclidean volumes
of { P;}; converge to that of P. In particular they are bounded below by a positive constant.
Moreover since we assume that {P;}; are contained in a ball, the sequence of convex
polytopes {P;}; converges to some convex body @ in the Hausdorff distance. As in the
same way {P/}; converges to some compact subset Q' of Q. Let Q(®) be the limit point set
of pi(MF) = Pi(o). Then we have Q) NQ’ = (). When we take §' > 0 small enough so that
dist(Q®, Q") > 20’ we have dist(Pi(O),Pi’) > ¢'. The formula of volumes of the orbits in [11]
implies® that
liminf Vol(T'- z;) > 0.

11— 00

It contradicts to lim Vol(T-z;) = 0.
71— 00

The inequality
Jim x(Mp,) = x(Mp),
follows from the fact that the Euler characteristic of symplectic toric manifold is equal to
the number of fixed points. U

Hereafter we discuss the convergence of polytopes under the assumption in Theorem 5.3.1
without boundedness of {F;};.

THEOREM 5.3.2. Let {P;}; be a sequence in D,,. Suppose that a sequence of symplectic
toric manifolds {Mp,}; converges to Mp for some P € D,, with respect to their Guillemin

6 Strictly speaking the formula in [11] can be applied when p;(z;) is in the interior part of P;. So the
above argument shows that {x;}; cannot be taken in such an interior part. As the next step we assume
that {x;}; sits in the inverse image of the interior part of codimension one face, and we deduce the
contradiction. We proceed the same step for higher codimension face.
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metrics in the T-equivariant measured Gromov-Hausdorff topology. Let {f; : Mp, — Mp};
be a sequence of approximation maps of the convergence. We take and fiz a section” S, :
P; — Mp, of the moment map p,; : Mp, — P; for each i. For each i we define fz P, — P by
the composition fz :=po f;08;.

Under the above set-up there exists a subsequence of {f;(P;)}Y; which converges to P in
the d -topology.

To show Theorem 5.3.2 we prepare two lemmas. Consider the same setting as in
Theorem 5.3.2. Let p; : Mp, =+ P; CR™ and p: Mp — P C R"™ be the moment maps. For any
¢ € Cy(R™) we define p € C(Mp) by ¢ :=popu. Let {f;}; be a family of approximation maps
for Mp, M Mp. We define a sequence of measurable functions {@; : Mp, — R}; by
@i = @o fi. Let {(volarp )y tyep, (vesp. {(volas,)y}yep) be a disintegration (See Appendix
B) for p; : Mp, — P; (resp. u: Mp — P) and define a sequence of measurable functions
{pi: P, — R}; by

oi(y) = /M 54(x) (volary, )y (d). (5.3)

LEMMA 5.3.3. For any ¢ € Cp(R™) the sequence of measurable maps {p; : P; = R},
satisfies

i—00

lim w; dL" —/cp acr.
P, P

Proof. Note that by Duistermaat—Heckman’s theorem we have (u;)«(voly, ) = L"|p,.
Since (fi)«(volay, ) converges to voly, the claim follows as follows.

/P i @i(y) L™ (dy) = /P i ( /MP. @i(l’)(VOIMPi)y(dx)> £ (dy)

/MP Fi(x)volary, (dx)

i

/| (o) volasy ) o)) £y

(
= /P ( /M 1(y)g0(,u($))(V01Mp)y(dl')> L™ (dy)
o(

e volMp>y<dx>> £ (dy)

(y)L" (dy).

7 We do not assume the continuity of S;. We only need the measurability of it.
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LEMMA 5.3.4. As in the same setting in Theorem 5.53.2 we have

1 1 .
lim — dL™ = lim / o f;dL™.
i [, e =i o [ oo

for any ¢ € Cy(R™), where p; are as in (5.3).

Proof. Let {p;:T" — T"}; be a sequence of automorphisms as in Definition 5.2.1 for

Mp, S99 A, Fix > 0 and ¢ € Cy(R™). For any y € P; we have
lpi(y) —(Fi(y))| < /#il(y) (e fi(2)) — e (u(fi(Si(y))))I(volary, )y (d). (5.4)
Since for any x € pu; ' (y) there exists ¢, € T such that 2 = t, - S;(y) we have
11 fi(2)) = p(Fi(SiDI = [ fite - Si(y))) — u(fi(Si(w)
= || fi(te - Si(y))) — nlpi(ta) - fi(Si())I-

On the other hand since ¢ and p are uniformly continuous and {Mp, }; converges to Mp in
the T-equivariant Gromov—Hausdorff topology there exists ig € N such that if ¢ > ig, then

lp(u(fi(2))) = e(p(fi(Si()))] = le(u(fi(z))) — e(pulpi(te) - fi(Si(y))] <n.

In particular we have

lei(y) —e(fiy)| <n
in (5.4), and hence,

1
| P

[ it~ sa<ﬁ-<y>>>c"<dy>‘ o

. T-eqmGH .
Note that our assumption Mp, e M p and Duistermaat—Heckman’s theorem

imply |P;| = voly, (Mp,) = |P| = voly, (Mp). Since n > 0 is arbitrary the limit of
1

ﬁ / wi(y)L"(dy) exists and we have the required equality
il J P

11— 00 1—00

1 D — T E () L"
i - [ ) = tim o [ ot )

0

Proof of Theorem 5.3.2.  Let ¢ € Cp(R™). By Lemmas 5.3.3 and 5.3.4, we have a sequence
of measurable maps { f; : P, — P}; and measurable functions {¢; : P, — R}, such that

im [ e enin = tim [ owenan = [ e
Note that we have |P;| — |P| (i — oo) under our assumption, measured Gromov—-Hausdorff
convergence, and Duistermaat—Heckman’s theorem. This equality implies that the sequence
of probability measures {(f;).mp, }; converges weakly to mp.

Now we show that

ilgfggfg(ﬁ)*(mi)(Be(w)) >0 (5.5)
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for all e > 0. If not, then there exists ¢y > 0, a sequence of natural numbers {i;}; and a
sequence of points {z;}; in P such that

(fi;)x(mi;)(Beo(25)) = 0 (= 00).
Since P is compact there is an accumulation point z, of {x;}; and we have

Beo/Q(xOO) - B50 (xj)

for infinitely many j. Then we have a contradiction

0 < mp(Beja o)) < lmind (£, ) (mi, ) By, )

< kminf(f,) ). (m;, ) (Be, () = 0.

J

~

The weak convergence of {(f;)«mp,}; to mp implies the O-convergence of a sequence
of metric measure spaces {(P,(fi)smp,)} to (P,mp) by [16, Proposition 4.12]. Moreover
the O-convergence and (5.5) imply the measured Gromov—Hausdorff convergence of
{(P,(f)«mp,)} to (P,mp) by [16, Remark 4.34], which in particular implies the Hausdorff

convergence of {supp ((f;)«mp,) = f;(P;)}i to supp (mp) = P. O

REMARK 5.3.5. Regarding Theorem 5.3.2 it is natural to consider the convergence
of {P;}; itself to P in the Gromov-Hausdorff or d”-topology. One can see that this is
not true in the literal sense because of the ambiguity of the affine transformation groups
Gp. We could address these problems in terms of the moduli space. Namely one may
hope that if {Mp,}; converges to Mp in the T-equivariant measured Gromov—Hausdorff
topology, then there exists a sequence {¢;}; in G,, such that {¢;(F;)}; converges to P in
the Gromov-Hausdorff or d-topology. It would be useful to consider minimum variance
elements explained in Remark 3.2.4.

§A. Preliminaries on probability measures and L?-Wasserstein distance.

In this appendix we summarize several facts on probability measures and L?-Wasserstein
distance. For more details consult [18] for example.

Let Z(R") be the set of all complete Borel probability measures on R™. Consider the
subset of Z(R"™) consisting of measures with finite quadratic moment,

P(R) := {m e P(R")

EIOER”,/ Hx—onm(daj)<oo}.
Rn

A.1. Weak convergence and Prokhorov’s theorem
DEFINITION A.1.1. A sequence {m;}; in Z(R"™) converges weakly to m € Z(R")

i [ flaymida) = [ f@ymld)

71— 00 R”

for any bounded continuous function f on R™.

THEOREM A.1.2. For a sequence {m;}; in Z(R™) and m € Z(R"™) the followings are
equivalent.

https://doi.org/10.1017/nmj.2025.13 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2025.13

DISTANCE FUNCTIONS ON CONVEX BODIES AND SYMPLECTIC TORIC MANIFOLDS 21

{m;}; converges weakly to m.
For any open subset U in R™ we have liminfm;(U) > m(U).
71— 00
For any closed subset C' in R™ we have limsupm;(C) < m(C).
1— 00

For any Borel subset A in R™ with m(A\ A°) =0 we have lim m;(A4) =m(A).

1— 00

Ll e

THEOREM A.1.3 (Prokhorov’s theorem). A subset K C P(R™) is relatively compact with
respect to the weak convergence topology if and only if for all € > 0 there exists a compact
subset K C R™ such that®

sup m(R™\ K) <e.
meK
For a weak convergent sequence of probability measure the following is well-known. See
[2] for example.

THEOREM A.1.4. If {m;}; C P(R™) has a weak convergent limit m € P(R™), then for
any x € supp (m) there exists x; € supp (m;) such that z; — x.

A.2. L2-Wasserstein distance of probability measures

For m,m’ € Z5(R™) let Cpl(m,m’) be the set of all couplings between m and m’. Namely
Cpl(m,m’) is the set of measures £ € Z(R™ x R™) such that for any Borel subset A of R"
it satisfies

{5<A X R") = m(A)
£(R" x A) = m/(A).

The L2-Wasserstein distance between m,m’ € P5(R™) is defined by

1/2
Wa(m.m') = inf{ ([ o= ulPetasan)

It is known that Ws is a metric on Z3(R") and (P2(R™),Ws) is a complete separable
metric space with the following properties.

e Cpl(m,m’)} .

THEOREM A.2.1. For a sequence {m;}; in P2(R™) and m € P5(R"™) the followings are
equivalent.
1. Wa(mi,m) —0 (i —o0).
2. {m;}; converges weakly to m and

mnnmﬁm/i |z — of[2mi(dz) = 0.
R"\ B(o,R)

R—o0 {400

3. For any continuous function ¢ such that |p(z)| < C(1+ ||xg —z||)? for some C > 0,
xg € R™ the following holds

lim gpdmi:/ wdm.

1—00 Jpn
Recall that if for m,m’ € Z23(R") there exists a Borel measurable map 7" : R” — R" such

that Tum =m’ and (id X T'),m € Opt(m,m’), then we say that the Monge problem for m,m’
admits a solution and T is called a solution of the Monge problem.

8 A subset K C P(R™) with this property is often called tight.
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THEOREM A.2.2. Form,m’ € P5(R"™) if m < L™, then there is a solution of the Monge
problem for m and m'. The solution is unique in the following sense. For another solution
S:R™ - R™ we have m({T # S}) =0.

COROLLARY A.2.3. Form,m’ € Z5(R") with m < L™ and a sequence {m/}; in P2(R™)
which converges weakly to m’, there exists a solution T : R™ — R"™ of the Monge problem for
m, m' and a sequence {T;}; of solutions of the Monge problem for m, m/ with

m({x eR" | |Ti(z) =T (x)| >€}) =0 (i = o0).
§B. Disintegration theorem
We use the following type of disintegration theorem. See [8, Theorem 16.10.1] for example.

THEOREM B.0.1. Let X and Y be complete separable metric spaces. Let m be a o-finite
Borel probability measure and f: X =Y a Borel measurable map. Suppose that the push
forward f.m is a o-finite measure on Y. Then there exists a family of probability measures
{my}yey on X such that for each Borel subset A the map

Y sy~ my(A)€0,1]

is Borel measurable and for each Borel measurable function ¢ on X we have

[ oam=[ ( /. so(x)my(dx)) fom(dy).

my(f_l(y)) =1 (yeY (fim-a.e)).

The above family of measures {my},cy is called a disintegration for f: X =Y.

Moreover we have
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