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Abstract

A graph I is called 1-regular if Autl” acts regularly on its arcs. In this paper, a classification of 1-regular
Cayley graphs of valency 7 is given; in particular, it is proved that there is only one core-free graph up to
isomorphism.
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1. Introduction

Throughout this paper, all graphs are finite, simple and undirected.

Let I" be a graph. We denote the vertex set, edge set, arc set and full automorphism
group by V(I'), E(I')Arc(I") and Autl’, respectively. We say I" is X-vertex-transitive,
X-edge-transitive and X-arc-transitive if X acts transitively on V(I"), E(I") and Arc(I")
respectively, where X < Autl”. We simply call I” vertex-transitive, edge-transitive and
arc-transitive for the case where X = Autl". In particular, I is called (X, 1)-regular if
X < Autl” acts regularly on its arcs, and 1-regular when X = Autl”. Let G be a finite
group with identity 1. We call I" a Cayley graph of G, denoted by I" = Cay(G, S),
if there is a subset S of G with 1 ¢ S and S =S ':={s7' | s€ S} such that V(') =G
and E(I'") ={(g, sg)|g€G,seS}. Itis easy to see that Cay(G, S) has valency |S]|.
Moreover, Cay(G, S) is connected if and only if (S) = G.

For a Cayley graph I" = Cay(G, S), G can be viewed as a regular subgroup of Autl”
by right multiplication action on V(I"). For convenience, we still denote this regular
subgroup by G. Then a Cayley graph is vertex-transitive. If G is a normal subgroup
of Autl’, then I is called a normal Cayley graph of G. While for a nonnormal Cayley
graph I, if Autl” contains a normal subgroup N that is semi-regularly on V(I") and
has exactly two orbits, then I" is called a bi-normal Cayley graph. Both normal
and bi-normal Cayley graphs have nice properties (see, for example, [5, 6, 7, 11]).
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And Cay(G, S) is called core-free (with respect to G) if G is core-free in some
X < Aut(Cay(G, 3)), that is, Corex(G) := (Nyex G* = 1.

Li proved in [6] that there are only a finite number of core-free s-transitive Cayley
graphs of given valency k for s € {2, 3,4, 5, 7} and k > 3, and that, with the exceptions
s =2and (s, k) = (3, 7), every s-transitive Cayley graph is a normal cover of a core-free
one. Li and Lu gave a classification of cubic s-transitive Cayley graphs for s > 2 in [8].
What about the case where s =17 Until now, the results on 1-regular graphs have
mainly focused on constructing examples. For example, Frucht gave the first example
of cubic 1-regular graphs in [4]. Conder and Praeger then constructed two infinite
families of cubic 1-regular graphs in [2]. Maru$i¢ [9] and Malni¢ [10] constructed
two infinite families of tetravalent 1-regular graphs. Classification of such graphs has
received great interest in recent years. Motivated by the above results and problem, we
consider 1-regular Cayley graphs in this paper. We present the following theorem.

TueoreMm 1.1. Let I' = Cay(G, S) be a 1-regular Cayley graph with valency 7, and let
N = Corea(G). Then I is connected, and one of the following holds:

(1) G=NandT is a normal Cayley graph;
(2) |G :N|=2,T is abi-normal Cayley graph;
(3) I is a normal cover of a core-free graph (up to isomorphism): (A, G) = (S7, Se).

REmARK 1.2. For more information on the core-free graph in (3) of Theorem 1.1, the
readers can refer to Lemmas 2.2 and 2.3.

2. Core-free case

In this section, we will consider the core-free 1-regular Cayley graphs of valency 7.
First, we will list all the (X, 1)-regular graphs with automorphism group X containing
the regular subgroup. For an (X, 1)-regular graph, one does not expect it also to be 1-
regular. So it is an important task for us to determine whether an (X, 1)-regular graph
is 1-regular.

Let X be an arbitrary finite group with a core-free subgroup H. For an element
g € X\ H such that g> € H, the coset graph Cos(X, H, g) is the graph with vertex set
[X : H], and two vertices Hx, Hy are adjacent if and only if y~'x € HgH. By [8], we
have the following simple proposition.

ProposiTion 2.1. Let I' = Cay(G, S) be a connected (X, 1)-regular Cayley graph of
valency 7 with G < X < Autl’. Let H be the stabiliser of 1 € V(I') in X. Then there
exists an involution T in S such that t€ X\ Nx(H), I'= Cos(X, H, 1), {t,H) =X,
S=GNHtH and G =(S).

Let I" = Cay(G, S) be a connected (X, 1)-regular core-free Cayley graph of valency
7, where G < X < Autl’. For convenience, we let X ={1,2,...,7}. By considering
the right multiplication action of X on the right cosets of G in X, we may view X
as a subgroup of the symmetric group S7, which contains a regular subgroup (of S7)
isomorphic to a stabiliser of X acting on V(I"). And in this way, G is a stabiliser of X
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acting on X by marking [X : G] as X. Without loss of generality, we may assume that
G fixes 1.

In the following, we will construct all possible connected core-free (X, 1)-regular
Cayley graphs of valency 7 with a given stabiliser H = Z;. Without loss of generality
we let H=(o) withoc=(1234567). Clearly H acts regularly on X; then H is a
regular subgroup of S7. By Proposition 2.1, we may take an involution 7 € S7 \ Ng, (H)
suchthat 1" =1. Let X =(1, H), S ={oc€ HTH | 19 = 1}; then

G=(S)={ceX|17=1)

is a complement subgroup of H in X since G is a stabiliser and H is a regular
subgroup of X. Thus G acts regularly on [X : H], and it follows that Cos(X, H, 1) =
Cay(G, §) is a connected core-free (X, 1)-regular Cayley graph of G. Note that all
isomorphic regular subgroups of S; are conjugate in S; (see, for example, [12]), and
Cos(X, H, 1) is independent of the choice of H up to isomorphism. It is well known
that Cos(X, H, 1) = Cos(X”, H, t7) for any o € Ng,(H). With the help of GAP, we
see that there are in total 74 such 7’s, which are conjugate under Ns, (H) to one of the
following nine permutations:
T71=27, 12=24HET), 13=025C7),
174=020)37), 115=23)G5T7), 176=26)37N45),
T77=26)3B4ETN, T8=23)HA6)SET), T70=(2T7(35)406).

Forie({l,2,...,9},weletl'7; = Cos(X7;, H, 77,;) and G7; = {0 € X7, | 17 = 1}, where
X77i = <T77i, o). Then F7,,< = Cay(G7,,-, S7,,') with S7,i = G7,i N HT7,,'H and G7,,' = (S7,i>.

Lemma 2.2. We have (G732, X72) = (S4, PSL(3, 2)), (G7,, X7,) = (As, A7) and (G7,
X7,;) = (Se, S7), wherei € {3,4,5}and j€{1,6,7,8,9}.

Proor. Leti€({3,4,5}, je{l1,6,7,8,9} and
m =0 D0, =17,
76 = (1760°) (116007, Bo=T1760"(1760 ) 17607176,
M7 =T770°T170 2117,  f1=077720 (1770)%,
3 = (0 178)°0(0T18) 0 P T78, By = (17807 ) T80 | T180°T180,
9 = (1700 V170, Po = 071790 21790 17907 (1790)°.

Thenn;=(234567)andS;=(27). Note that 7; acts transitively on X \ {1}, and X7 ;
acts 2-transitively on . On the other hand, X7 ; contains a 2-cycle (2 7), which leads
to X7,; = S7 by [3, Theorem 3.3A]. Furthermore, G7 ; = S¢.
Let
my =0 175072, By =0 (r730),
ma=0"11407%, Ba=(17407),

-1 3 SN2
s =0 1750, Bs=(0T750 T75)".
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Thenm; =(26745),714=(26345),715=(2457)(36)andS; = (12 3). Noticing that
(T7.i, ;) acts transitively on X \ {1}, X7; acts 2-transitively on X. However, X7, contains
a 3-cycle (1 2 3) and all generators of X7; are even permutations. Thus X7; = A7 by
[3, Theorem 3.3A], and, moreover, G7; = Ag.

Let u= (0'277,2)2 = (1 4)(6 7); then 17, = pouo?u and X702 =(T72,0) ={W, o).
Note that o7 = (c*w)* = (ou)® = u? = 1, X7, = PSL(3, 2) and G, = S, by [1]. o

In the rest of this section, we let

=(1234567)891011 1213 14),
c2=(1 8)(2 14)(3 13)(4 12)(5 11)(6 10)(7 9),
di=(1234567)89101112 13 14)(1516 17 18 1920 21),
dr=(1 8 15)(2 10 19)(3 12 16)(4 14 20)(5 9 17)(6 11 21)(7 13 18),
£21=(3 5)(11 13),  772=(3 4)(5 7)(9 11)(12 13),
£23=(3 4)(6 7)(9 10)(12 13),  F74=(4 5)(6 7)(9 10)(11 12),
£75=(2 7)(4 5)(9 14)(11 12),  T76=(2 7)(3 4)(5 6)(9 14)(10 11)(12 13),
77=(2 6)(3 4)(5 7)(9 13)(10 11)(12 14)(16 20)(17 18)(19 21),
70=(2 7)(3 5)(4 6)(9 14)(10 12)(11 13).

Let Hy ={c1,c2), X7;={c1, 2, 77,0, I7,=Cos(X7,, Hy, 77,), S7;=1{0 € Hi77,;H, |

17=1} and G7;=(S7,;), with i=1,2,3,4,5,6,9. Since ¢]=c3=1 and ¢’ =
!, Hy = D4 Write ] ={L2,..., 14},_22 ={1,2,...,21}, H, =(d,, d»), ):(7,7 =
(di,dr, T77), I'77=C0C08(X77, H2,777), S717={0€ HyT77H,|17 =1} and G77=

(S77). Since d] =d3 = 1 and d* = d3, H, = 77 = Zs.

Lemma 2.3. If i€ {l,2,3,4,5,6,7,9}, then I'7; is not a core-free T-valent 1-regular
Cayley graph.

Proor. For convenience, we denote S7;={5|s€S7,;} with i€ {1,2,3,4,5,6,7,9}.
According to our calculations,

142 2 43 3 2 2 1
S7a1=laz1, b7, b7, b7 1471077, by 1a71D7 1, by a1y, bryar by,
11 -1
S72={172, 72, D72, 475, b7 5, T72b72, 7,072},
S _{ b -1 b—l b -1 2 b—2}
73={773, @73, b13, a7 3, b33, T13a73b7377 307 3, 7307 3673},
- . 1 -1
S74={a74, D14, ¢74, D74, €74, D71.4a7.4b7 4, €74D74a7 4D7 407 4},
S75= b bl ol bl “L1bys, byscs ! bl
75={ars, b1, c15, by 5, 75, by 57507 5¢7 5b7 5, b7 507 507,507 5D7 51,
S76= brg,ar L, b3l a2 brlaslh b72a76b
7,6—{7'7,65 are, V1,6, Ay 6> U7 6> A7 6D7 647 607,65 17,607 6476 7.6}
1 - -1 -1
S77={177, @77, D17, 437, b3 7, T17b73 7772077777, T17077T77b7777.7},

1ol -1 .
S79={179, a79, b79, a7 9, b7 9, a79b7 9779, T79b7907 9},
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where a7 =3 5), a7, =771, a74 =3 6)47), a74 =774, a75=(27)45), a75 =775
and

b71=(275364), by =(275364) 813111412 10),
a70=0263)457), a;2=274)(365)(81410)9 13 11),
bi2=Q24)3B576), bia=276534)(814)9131211),
a73=026745), a;3=027653)(81312119),
b13=(25473), b13=(23467)(89101213),
b74=(26345), b4=(23457)(89101214),
c74=0B7456), CT14=024567)(910111214),
b75=2457)36), b;5=2754)(36)9 1412 11)(10 13),
c75=2367)(45), &15=(2763)45)9141310)(1112),
a16=26)345), aze=274)56)9 14 11)(12 13),
b16=(264537), big=(274365)91411101312),
a79=02736), a790=(2637)91310 14),

b19=(2635), bro=(3647)(101311 14),
a77=(247563), b17=(245376),
a77=(256437)(912 1311 10 14)(16 1920 18 17 21),
b77=(247563)9 11141213 10)(16 18 21 1920 17).

Note that 77, € §7,i, 77, € G7,,‘, and i_t follows that X7’,' = G_7’l‘1‘_11. It is easy to see
that H; acts regularly on Z; and 197 =1. It follows that G;;, " H; =1 and G7;
is a complement subgroup of H; in X;;. Hence, we have I'7; = Cay(G7,, S7,)
for ie{l,2,3,4,5,6,9}. With a similar argument, we get I'77 = Cay(G77,S77).
Let @7, a7, — az1, b7y — b1y @777, —> T74, a7, — A7, b7 — bris @75
azj— El7yj, b7,j — b7,j, c7j—> E‘7’j withie€{2,3,6,7,9}and JE {4, 5}.

According to the proof in the above paragraph, (a7, b7.1) = S¢, S0 (a7.1,b71) is
also isomorphic to S¢ by replacing a7 and by with a7 and 1_77,1, respectively. Thus
G7.1 = G7,, that is, @7 is an isomorphism of G7,; to G7, denoted by G;’i]“ =Gy.
Furthermore, S;D’ ' =S71. With similar arguments, we have G;D}" =Gy, and S;Ii M=
§7;. Then Cay(G7,, S7,;) = Cay(G7,, S7,), that is, I'7; = I'7;. Since H, =Dy4 and

H, =77 %73, I'7;is not 1-regular and so I'7; fori € {1,2,3,4,5,6,7,9}. O

3. The proof of Theorem 1.1

In this section, we will prove our main result. First, we need some definitions and
properties.
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Assume that I” is an X-vertex-transitive graph. Let N be a normal subgroup of X.
Denote the set of N-orbits in V(I") by V. The normal quotient Iy of I" induced by N
is defined as the graph with vertex set Vi, and two vertices B, C € Vy are adjacent if
there exist u € B and v € C such that they are adjacent in I". It is easy to show that X/N
acts transitively on the vertex set of I'y. Assume further that I” is X-edge-transitive.
Then X/N acts transitively on the edge set of I'y, and the valency val(I") = mval(I'y)
for some positive integer m. If m = 1, then I is called a normal cover of I'y.

We are now in a position to prove Theorem 1.1. Let I = Cay(G, S) be a 1-regular
Cayley graph of valency 7. Then it is trivial to see that I" is connected. Let A = Autl”
and N = Core,(G) be the core of G in A. Assume that N is not trivial. Then either
G =N or|G:N|>2. The former implies G < A, that is, I" is a normal Cayley graph
with respect to G. For the case where |G : N| =2, it is easy to see that I" is a bi-
normal Cayley graph. Suppose that |G : N| > 2, namely, N has at least three orbits
on V(I'). Consider the normal quotient /'y; we have that I'y is a Cayley graph of
G/N, G/N < A/N < Autl'y and I'y is core-free with respect to G/N. Clearly Iy is
an A/N-arc-transitive Cayley graph of G/N if I" is A-arc-transitive, and under this
assumption, /" is a normal cover of I'y. Now suppose that N is trivial; then I is
core-free. According to Lemmas 2.2 and 2.3, there is only one possible core-free
1-regular Cayley graph of valency 7 (up to isomorphism): (G, A) = (S, S7). The proof
of Theorem 1.1 is complete.
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