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Abstract. In an effort to extend the theory of algebraic geometry over groups
beyond free groups, Duncan, Kazatchkov and Remeslennikov have studied the notion
of centraliser dimension for free partially commutative groups. In this paper we
consider the centraliser dimension of free partially commutative nilpotent groups of
class 2, showing that a free partially commutative nilpotent group of class 2 with
non-commutation graph I' has the same centraliser dimension as the free partially
commutative group represented by the non-commutation graph I'.

2000 Mathematics Subject Classification. Primary 20F18; 20F36.

1. Introduction. There has been much interest in recent years in the development
of algebraic geometry over groups (see [1, 10, 12]), inspired by various successes in
the study of equations over groups, such as Makanin’s algorithm for deciding whether
a system of equations over a free group has a solution, and the solution of Tarski’s
problem concerning the elementary theory of free groups by Kharlampovich and
Myasnikov [9], and, independently, Sela [16]. In [3], Chiswell and Remeslennikov
showed that if V' is an irreducible algebraic set defined by a one-variable system of
equations over a non-abelian free group, F, then either V' = F, or V is a point, or there
exist elements £, g, h € F such that V' = f Cr(g)h, where Cr(g) is the centraliser in F of
g. It is therefore believed that the investigation of the structure of the centraliser lattice
of a group is a first step in the construction of algebraic geometry over that group. The
centraliser dimension of a group is defined to be the height of its centraliser lattice,
a concept which has been studied in numerous papers, for example [15], [11], [2], [13]
and [4]. To extend the theory of algebraic geometry over groups beyond free groups,
Duncan, Kazatchkov and Remeslennikov [5] have studied the notion of centraliser
dimension for free partially commutative groups, also known as graph groups, trace
groups or right-angle Artin groups.

Given an arbitrary variety of groups, V, we may define the class of free partially
commutative } groups in an obvious fashion. In this paper we consider the centraliser
dimension of free partially commutative nilpotent groups of class 2. We begin, in
Section 3, by considering the form of powers and roots of group elements. We then
investigate the structure of centralisers in free partially commutative nilpotent groups
of class 2 in Section 4. In Section 5 we show that to calculate centraliser dimension in
these groups we only need to consider chains of centralisers of generating elements.
This result is then used to show that a free partially commutative nilpotent group of
class 2 with non-commutation graph I' has the same centraliser dimension as the free
partially commutative group represented by non-commutation graph I'.
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2. Preliminaries. In this section, we introduce some preliminary definitions which
we will use throughout the paper. For further information on nilpotent groups the
reader is referred to the texts by Hall [7] and Neumann [14].

Let G be a group. The commutator of two elements g, g, € G is denoted by

g1, 2] =g o2 'g120.

For H, K subgroups of G, we let [H, K] denote the subgroup of G generated by all
commutators of the form [4, k] for some h € H, k € K.

A group G is nilpotent of class 2 if it has a central series of length 2, and no central
series of G has shorter length. In particular, the lower central series of G is finite of
length 2:

G > [G,G] > [[G,G], Gl =1.

Therefore a group G is nilpotent of class 2 if and only if [[G, G], G] = 1 and [G, G] # 1.
In particular we may note that [g, /] is in the centre of G for all elements g,/ € G.
This definition may be further refined to show that if G has presentation G = (X|R),
then G is nilpotent of class 2 if and only if G is non-abelian and [[x, y], z] = 1 for all
x,¥,z € X. Thus a free nilpotent group of class 2 has presentation

G = (X{[[x,y]. 2] : x, y, z € X}).

A group G is said to be (free) partially commutative if it has a presentation
G = (X|R) such that

RC{x,y]:x,ye X}

Further information on this class of groups may be found in [4], [S] and [6]. We say G
is a (free) partially commutative nilpotent group of class 2 if G = (X|R) where

R={[x,y.z]:x,y,z€ X}UR,
R C {[x,y]:x,y € X}.

In both of these cases, we define the non-commutation graph, T'(G), of G to be the
graph with vertex set X, and with an edge connecting vertices x; and x; if and only if
[x,-, Xj] ¢ R.

3. Powers and Roots of Group Elements. Every element g of the free nilpotent
group of class 2 and rank n,

(1, x2, o, xul{llx, v 2] 2 x, 9, 2 € {x1, Xa, 00, Xad)),

may be written uniquely in the normal form

g =X\ X, Xl x, x [xn, X310 [, X1 X X
=x'x5 . Xy l_[ [xi X1, (1)
1<i<j<n

for some ry, 5;; € Z (see Hall [8] for further details).
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Let
G = (X|R),
= (x1, x2, ..., X[l X)Xl s i ke (1,2, .00 m) ), D, x ] - oo [x,s X510
be a partially commutative nilpotent group of class 2.

LEMMA. Every element g € G may be written uniquely in the normal form

r ) ) Si.j
g=x/x7...x)" l_[ [xi, ;'
1<i<j<n

[xi,xj]#1
for somer;, s;j € Z.
If
¥ r -
h=x/x3 .0 [ b xil,
1<i<j<n
[xi,x1#1

then gh has normal form

ri+ry It s =
gh=x/""xg T T e e
1<i<j<n
[xi,x;]#1

For k € Z, the kth power of g has normal form

. " - L
gk — x/]cnxlzaz o xﬁln 1_[ [xh xj]ks,_, 5(k l)kmj.
1<i<jgn
[xi,x]#1

Proof. Let G = (X|R¢ ) be the free nilpotent group of class 2 generated by the set
X, and let

R/ = {[xil ) ‘x/l]’ [xfza sz]a ey [xiy”’ xj,,,]}a

so that G = (X|Rg, R'). Note that R’ is a subset of the centre of G’, and therefore
the subgroup, N, of G’ generated by R’ is a normal subgroup of G'. By Von Dyck’s
Theorem, there exists an epimorphism, ¢ : G' — G such that ¢ fixes every x € X, and
ker(¢) = N, the normal closure of R'.

Since G is a nilpotent group of class 2, every element of G may be written in
the form (1). In addition, for each commutator [x;, x;] € R’ we may set s;; = 0, since
[xi, x;] = 1. Therefore every element g in G may be written in the form

hr ; 5
g=x{'x3...xlr l_[ [xi, X1, 2
I1<i<j<n
[xi,x]#1

for some r;, 5;; € Z. It remains to show that this is a unique form for elements of G.
Let

r r 5 v v .
glel "‘Xnn 1_[ [-xis x]] v, h:xll ...Xn" 1_[ [xiv-xj] LUN

1<i<j<n 1<i<j<n
[xi,xj]#1 [xi,x]#1
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be elements of G written in the form (2). We wish to write the element g/ in the form
(2). First we note that for any group H, and for any two elements a and b of H, we
have the relation

ba = abb~'a~'ba = ab[b, a] = abla, b]~

Now suppose that a and b are elements of G. Since G is a nilpotent group of class 2,
we may use the above relation to see that

vd = blabd [a, b]!
— abxar—l[a’ b]—s’
= d'bla, b,

for all r, s € N. Further note that
[a,bN=b""a, b7 b =b""abab™"'b = (a"'b7 ab)™" =[a, b]",

and similarly that [a~!, b] = [a, b]"" and [a~', b~!] = [a, b]. Therefore, for all r, s € N
and all ¢, § € {—1, 1}, the relation

stasr — aerb&‘[ab‘ , bé]frs’
— aerbﬁs[a’ b]—(er)(é‘s)’

holds in G.
We now use this relation to rearrange elements of our group G into the form (2).
Forallie {1,2,...,n—1}andallje {i+1,i+ 2, ..., n}, we see that

T TT ——
X/ xi' = Xi'X; [xi, x; 17",

Therefore

V ,
I LN T'n
xl Xz oo X ")Cl )C2 oo Xp

1y Tuet 1y n —F|ry
=X'Xy . .ox,0 X Xy xz. X [, x5,

ri+r vy, 1 r e
— xll 1x;2xg3 X xzzx; o 1_[ [X], x]] g
1<j<n
ri+r A r,,+; g
=x, 'x;, . " H [xi, x, 1777,
1<i<jgn

which implies that

i+ Iyt o sl —
gh=x/""x7"2...x " || [z, 2],
1<i<j<n
[xi, x1#1

Note that this is in form (2).
Now let k € Z and consider the element g*. We wish to show that

¢ kry kr k ks i— L (k—Dkrir:
=" [T [ xfvm 26Dk,
1<i<j<n
[xi,x1#1
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for all integers k. We begin with the case where k is a positive integer, and assume
that g¥ may be written in the above form, which is clearly true for k = 1. Noting that
g1 = gFg, we may apply our earlier result for products to see that,

k k - - - X S 7 NV g
gk+1 _ xlr|+r1x2r2+r2 B .Xln»i’)x"!‘ln 1_[ [xi, xj]r,,,+ks,,, 3 (k=Dkrir; k;,r,’

1<i<j<n
[x,,x]];él
_ kD (k41D k+1)r, k+1)s;— L k(k+1)rir;
=X Xy . .xﬁ, ) 1_[ [xi, xj]( )sij— 3 k(k+1) i .
1<i<jsn
[xi,x;]#1

Therefore, by induction, g¥ is of the required form for all positive integers k. The
result also clearly holds for K = 0. Now let k = —1. Using our earlier technique for
rearranging group elements, we see that

—1 _ =yl —T1 —Sij
g =x,"x,7"...x l_[ [xi, x;]7%%,
1<i<j<n
i, %171

T, _r R
=x'x X H [xi, x5,
1<i<j<n
[xi, xj]#1

and therefore the result holds for K = —1. Finally note that for any positive integer &,

we have
—k -1
gh=@EH"
—kry _—kr, —kr, —(ksi j— L (k= Dkrir)—i2rr;
=x; X, L LX, 1_[ [xl»,xj]( = (k=Dkriry) "
I<i<j<n
[X,‘,X,‘]#l
= x gk ok [, x;] s 2 (k=D(=krr;
=X, X, X, Xj, X; 2 ,
1<i<j<n
[xi,x;]#1

and therefore g* is of the required form for all integers k.
Now suppose that g = /4 in G, so that

_ r1—r, ra—rh rn—r R S
gh I _ X 1x2 2 Lox | | [X,‘,Xj]s"f i r,'/"",’/’
I<i<j<n
[xi,x;]#1
=1.

Recall that there exists an epimorphism ¢ : G’ — G : x; — x; such that ker(¢) = N,
where N is the subgroup of G generated by R'. This implies that the inverse image of
gh~! under ¢ is

'@ =1 [] x|t ez

[xi,x;]eR
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Since ¢p(gh~') = gh~! = 1, this implies that the relation

r—=ry r-—ry Tn =Ty, Sij—S, — AT t;j
A I 1_[ [x;, x0T = l_[ [xi, x1,
1<i<j<n 1<i<j<n
[xi, xj]¢ R’ [xi,x;]eR’

holds in the group G’ for some #;; € Z. By the uniqueness of the normal form for @,
this implies

1) ri—rQ_Oforallie{l 2,...,n};and

(i1) Si,j_sl, —rr + 1 _Oforalll <i<j< nsuchthat[x,-,xj] ZR.
Therefore r; = r; for all ie{l,2,...,n}and 5;; = s cfor all 1 <i<j < nsuch that
[xi, x;] & R'. This implies that (2) is a unique normal form for elements of a partially
commutative nilpotent group of class 2. ]

Let g, i be elements of G. If g and /4 are both (positive) powers of some common
element, then clearly there exist positive integers ki, k> such that g& = #*>. We now
show that the converse is also true.

LEMMA. Let g, h be elements of G. For any ki, k, € N, if "' = h*> then g and h are both
powers of a common element. Further, if, in addition, k| = k, then g = h.

Proof. Let

| 7 Si.j i " S
g=x'...x" l_[ [xi, X1, h=x"...x, 1_[ [xi, x %7,
1<i<jsn 1<i<j<n
[xi,x7]#1 [, x;]#1

be normal forms for elements g, & € G. Suppose that g€ = A for some ky, k> € N.
This implies that

(1) kyr; =koriforallie {1,2,...,n}; and,

(ii) forall 1 <i <j < msuch that [x;, x;] # 1,

kls,-,j - %(kl - 1)k1r,-rj = kzs;yj — %(kz — 1)](27';}"; (3)

We may assume without loss of generality that k; < k;. Note that if k| = k;
then r; = r; for all i € {1, 2, ..., n}, and further s;; = sj for 1 <i <j < nsuch that
[xi, x;] # 1. Therefore, if k1 = k2 then g = h. Further note that if k| and &, are not
coprime, say (ki,k;) =t > 1, then k| = a1t and k, = a,t for some «, @y € N with
(aq, ap) = 1. This implies thdt (g*)" = (h*2)', so that g*' = h*2. It remains to consider
the possibility that (ki, k2) = 1. In this case, k; divides r; and k, divides r; for all

e{l,2,...,n}.

Suppose k; is odd. For some ¢; € Z we have

katy kot [} i
g_xlzl 22...xﬁ2n 1_[ [xiyxj]”-
1<i<jgn
[xi,x;]#1
Now for
fot t w
g =x\'xy ... xp l_[ [xi, 1",

1<i<j<n
[xi,x7]#1
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we have

(g/)kz — leztlxlgztz o x/;['g[” l_[ [xi, xj]kgu,-\,-—%(kz—l)kgr,-tj'

1<i<j<n
[xi,x]#1

Therefore, g = (g')** for some element g’ of G if and only if there exist integers u; ; such
that

1
Sij = kzui,j — z(kz — l)kzlilf/,

forall 1 <i <j < nsuch that [x;, x;] # 1.
We may rearrange equation (3) to give

kisij = kasi; — 3(ka — Dkarip + 3 (ki — Dkyrrj,

1

forall 1 <i < j < nsuchthat[x;, x;] # 1. Since k; is odd, k» — 1is even, which together
with the fact k, divides r; for all i € {1, 2, ..., n}, implies that k, divides kys;;. Since k|
and k; are coprime, this implies that k, divides s;;. Therefore

i,

; 1
R Y
k2+2(2 )J

Uij =

is an integer for all 1 < i <j < nsuch that [x;, x;] # 1.

So k, odd implies that g = (g')*> for some g’ € G, which in turn implies that
h = (g')"" since gh' = h*.

Similarly, if k; is odd then & = (h)X' for some /' € G, so that g = (/). Since
(k1, k;) = 1 implies that at least one of k1, k; is odd, if k| and k, are coprime, g, # must
both be powers of a common element.

We have thus established that for any ki, k> € N, if g&' = /¥ then g and & are both
powers of a common element. ]

We say £ is an (nth) root of g if there exists a positive integer n such that 2" = g.
We call & a least root of g if g = h" for some n € N, and for every w € G such that
w" = g for some m € N we have m|n and w = hn.

LEMMA. Every element g € G has a unique least root.

Proof. Let
4 y i j I v o
glel "'xl’ln 1_[ [xis xj] Y, h = Xll ...xn” 1_[ [xlyxj] LUN
ISi<jsn 1<i<j<n
i, X711 [, ]51

be normal forms for elements g, # € G. Notice that if g has a least root, it must be
unique, since we have already shown that if ¥ = v* for elements u, v of G then u = v.
We now show that every element g of G has a least root.

First, we note that 4" = g implies that:

(i) ri=mriforallie{1,2,...,n}; and,

(i) for all 1 <i < j < msuch that [x;, x;] # 1, we have

1
_ /o _ _ ]
Sij = ms;; 2(m Dmrir.
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Let the greatest common divisor of 1, ra, ..., r, be k. If k = 1, then g is its own least
root. If k is greater than one, let d be the greatest divisor of k such that there exist
integers u; ; satisfying

d—1

Sy = duiy = =57

rirj,
for all i,j € {1,2,...,n} such that [x;, x;] # 1. In other words, let d be the greatest
divisor of k such that

Sij d—1

4 p

I‘,’I’j

is an integer for all i, j € {1, 2, ..., n} such that [x;, x;] # 1. If d = 1, then g is its own
least root. For d > 1, g has a dth root

h= xll XZ‘ oo Xy 1_[ [xia x]] d T2
1<i<j<n
[x,,x,];él

and £ is its own least root by definition of d. Now, for any root w of g, we have
g=w" = h? for some r € Z, so that w and & are both powers of some common
element. Since / is its own least root, this means that 4 must be a root of w, say w = /*.
Now w” = 4" = h? implies that d = rs, so r|d and w = h' . Therefore h is a least root
of g. ]

4. Centralisers. Let S be a subset of a group G. The centraliser of S in G is
denoted by
Ce(S)={xeGlsx=xs5s Vse S}
The centraliser in G of an element g € G is
Ce(g) = {h € Glgh = hg}.

The centre of G is denoted by Z(G).
Let G be a partially commutative nilpotent group of class 2,

G = (x1, x2, .. Xl ) xi] 2 i o ke (1,2, 0, md ) [xa, x50 e [, 5,00

and let g, & be elements of G:

— 12 7, Sij _nun v s
g=Xx/'x7...x)" l_[ [xi, X1, h=x/x7...x/ l_[ [xi, x;1%.
1<i<jgn 1<i<jgn
[xi,x;]#1 [xi.]#1
Note that
ri+r) I, . s —Fr
gh=x/""x7"2...x; " l_[ [ox;, ;] 10

1<i<j<n
[xi,x7]#1
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and

4 bt Ay s i1l

hg = x|yl 1_[ [ox;,
1<i<j<n
[xi,xj]#1

Therefore g commutes with / precisely when rir; = rir; forall, jsuchthat 1 <i<j<n
and [x;, x;] # 1, and the centraliser of g in G is

Co(g) = {h € Glrjry = rir} for 1 <i < j < nwith [x;, x;] # 1}.

We may note that rjr; = rr; if and only if:
@) r=0,r#0=r=0;
(i) r; #0,r; = 0= r; = 0; and,
(i) i # 0,17 #£ 0= 2 = L.
In the case where g is a generator, say g = x; for some k € {1, 2, ..., n}, we have

Co(xr) = {h € GIr; = 0 for 1 <i < nwith [x;, x¢] # 1}.

Returning to the general case, we define the set 4, = {x;|r; # 0}, and split 4, into
distinct subsets Ag 1, A2, ..., Ag 4, such that two distinct elements x;, x; € 4, are in
the same subset if and only if either:

(@) [xi, x;] # 1; or,

(ii) there exist Xy, Xq,, ..., Xq, € Ag such that [x;, x4, ] # 1, [Xq,. x;]# 1, and

[Xep» Xeu, ] # Lforallk e {1,2,..., ¢t —1}.

Recall that the non-commutation graph of a partially commutative nilpotent group
H = (X|R) is the graph with vertex set X, and with an edge connecting vertices x;
and x; if and only if [x;, x;] ¢ R. Therefore the A, ; correspond to the vertex sets of the
connected components of non-commutation graph I'({4,)).

Note that 7 is an element of the centraliser Cg(g) if and only if:

(i) if x; ¢ A and x; € A, with [x;, x;] # 1, then r; = 0; and

(i) if 4, = {x;;, Xiy, ..., X;, }, then
/ / /
Tt T
=2=...=2
Fiy Ty ri,

and therefore there exists k € Q such that r; = kr; forallj e {1,2,..., p}.
We may now write Cg(g) in the following fashion:

Co(g) = {xllferm] xlzfzerrmz . Xl;;”"”"'m” 1—[ v, xj]S;}f
((kiri)v mi, S;,j € VA Vl,j), (x,-, x] S Ag,y = ki = k])’
(m; # 0= (x; € Ag. [x1.x]] = 1Vx; € Ag))],

In the case where G is a free nilpotent group of class 2, this simplifies to

CG(g) = {xlfrlJr’nlxéerrmz . X/;r"-‘_m” 1_[ [X,‘, Xj]xi:f’

(kriy my, s, € Z Vi, ), (Ag # 0= m; =0 Vj)}.
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Returning to the general case, notice that, by definition, the distinct 4, ; commute
pairwise. This allows us to rewrite g in the form,

g=uuy...u, l_[ [xi, xj]sn/’

1<i<j<n
[xi,x;1#1
tiv ti2 tin __+
where u; = x| x;” ... x," with
o }"j ifXJ‘EAgJ‘,
N 0 otherwise.
Letp e {1,2,..., g}, and let d be the greatest common divisor of ¢, 1, ¢, 2, ..., t, ». For

eachje {1,2,...,n},letc,; € Zbe such that t,; = dc, ;. Then,

dep1 dcyn dcyy
2 x5 P Xy 7

up - xl )
_ xél‘p,lx;’p.z B .x:"lpm)d 1_[ [xi’ xj]%(dfl)d(’,»c/'
1<i<j<n
Letv, = x{"'x77 ... x;”", and note that Cg(u,) = Cg(vy), so that, in particular [v;, v;] =
1 for all 7, j. Further note that we may rewrite the centraliser Cg(g) in the following

fashion
Colg) = ('l .. v],;"x'lnlxg’z X H[x,-, x5k, m, s, €2,
m; # 0= (x; & Ag, [xi, xj] = 1Vx; € Ay)}.
From this, we can see that Cg(g) € Cg(v;) = Co(w;) for alli € {1,2, ..., g}, so that
Cs(g) € Ca(u) N Cauz) N -+ - N Caluy).

Conversely, if # commutes with u; for all i € {1, 2, ..., ¢}, then & commutes with g =
uiuy . .. g [ [[x:, x;]°. Therefore

Cs(g) = Cg(ur) N Cgluz) N --- N Caluy),
= Cs(v1) N Ca(v2) N -+~ N Ca(vy).

Note in particular that this implies Cg(g") = Cg(g) for all non-zero integers m.
We now wish to consider centralisers of subsets of G. Foreach« € {1, 2, ..., p}, let

%y = x’ia.lx;ul o xj;“”’ 1_[ [x:, Xj]‘Y“'i’j-
1<i<j<n
[xi,x;]#1
Then
Ce(g1, 82, -+ -» &) = Ca(g1) N Co(g2) N --- N Ca(gy)
= {x’l")cg2 X l_[ [xi, Xj¥ [rg,itj = rirgj for 1 < a < p,

1 <i<j<nwith[x;, x;] # 1}.

Let A = Ay, Udg, U---UA,.
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Then

_ I 0y Sij
Co(g1. 82, -+, 8p) = Hxl Xy Xy H[Xh x|
(xi, x5 € Ag, .y = 1i = Ko,y Tais 1 = Ka,yTarj)s

(v & A, x; € Awith [x;, x]] # 1 = 1y = 0)}.

5. Centraliser Dimension. Let G be a group. The centraliser dimension, cdim(G),
of G is the maximum length of a strict chain of centralisers of subsets of G. Where no
finite maximum exists, G is said to have infinite centraliser dimension. Thus if G had a
strict centraliser chain of length n,

G = Cg(1) 2 Ca(S1) 2 Ca(S2) 2 -+ 2 C(Sy) = Z(G),
then cdim(G) > n. If cdim(G) = n then there exist elements g, g2, ..., g, € G such that
G = Cg(1) 2 Colg1) 2 Co(g1,82) 2 -+ 2 Ca(g1, &2, - -, &) = Z(G).
Suppose G is free nilpotent of class 2;
G = (x1,x2, ..., xullllxi, x;], xu) 1, k€ {1,2, ..., n}}).

Then the centre of G is

Z(G):[ [T [xx1v si,jez}.

1<i<j<n

Let g1, g» be elements of G, where each g, has normal form

Ta,l Ta2 T Sa.ij
8o = X[ X)L e l_[ [xi, x 1.

1<i<j<n
The centraliser of g; in G is
kria+my _kria+m; S
Ce(g1) = {Xl X, X 1_[ [xi, X118, kry i, m; € Z,
(r,;i#0=>m; = OV]')],

(X T e, X191y, (k) € Z) - for gy & Z(G),
G for g € Z(G),

and if Cg(g1) # G then

Ces(gy) if 3k € Q such that kry; = ry; Vi,

Colg1,22) =
a(g1.82) {Z(G) otherwise.

Thus the length of a centraliser chain can be no greater than two. For any g € G which
is not an element of the centre of G we have a maximal chain

G = Cs(1) 2 Co(2) 2 Z(G)
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and the centraliser dimension of a free nilpotent group, G, of class 2 is two.

In [5] it is shown that the centraliser dimension of a partially commutative group
G = (X|R) is equal to the maximum possible length of a strictly descending chain of
centralisers of subsets of X. We will now show that this is also the case for partially
commutative nilpotent groups of class 2.

PROPOSITION. Let G = (X|R) be a partially commutative nilpotent group of class 2. Then
the centraliser dimension of G is finite. Further, if cdim(G) = d then there exist elements
Xiys Xiys - - - » Xiy of X such that

G 2 Co(xiy) 2 Co(xiy, xi) 2 -+ 2 Co(xiy, Xy, - .5 X)) = Z(G)

is a centraliser chain in G.

Proof. Let
G = Co(1) 2 Co(g1) 2 Co(g1.82) 2 -.. 2 Co(g1. 82, - - - 8a) 4)
be a centraliser chain in G. We wish to show that this implies there exist elements
Xiys Xiys - - - » Xi, 1N X such that
G 2 Colxiy) 2 Colxiy, xi,) 2 -+ 2 Coloxiy, Xiy, - Xiy)
is a centraliser chain in G. Let X = {x1, x, ..., x,,}, and foreach« € {1,2, ..., d}, let

g« have normal form

Ta,l Ta2 ¥, Sy i
8o = XXy 1_[ [xi, X,

1<i<j<n

We now rewrite each g, in the form

S
8o = Ug,1Ug2 ... Uy gq, 1_[ [Xj, xj] o
1<i<jg<n

loil laii, ta.in :
where u, ; = x[""'x;" L x," with

raj 1fx; € Ag, i,

l,ii =
oH 0 otherwise.
Further, for each i € {1,2,..., g4}, we let c,; be the greatest common divisor of
Tails Lai2s - -+ ta,in, and let
loit lain Loin
Vo, i = XXX
where 1, ;; = t;l’i,/ca,,- for all j € {1, 2, ..., n}. Recall that for elements written in this
form,
Co(gs) = CG(va,l) N CG(va,Z) n---N CG(va.qm)-
By (4),

Co(g1, 82, -+, 8au—1) # Ci(g1, 82, - - -+ &) = Ci(g1, 825 - - -, &u—1) N Ci(ga),
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which implies that

Co(g1,82, -1 8a—1) ,¢_ C6(ga)-

Therefore there exists some k € {1, 2, ..., ¢,} such that

Co(g1.82: -+ 8a—1) € Ci(va i)

Reorder the v, ; as necessary so that k£ = 1. Noting that Cs(gy) € Cg(va,1), We may
deduce that

Co(g1, ..., 8a—1) 2 C6(g1, ..., 8a—1,Va,1) 2 Cq(g1s - -+, Ga—1) &a)-

Further note that,

Co(g1,82,---,8) = Ci(g1, - - -+ 8a=1> Vo, 15 at1s - - - &) N C(Va,2, Va3, -+ 5 Vage)s

foralli € {a,a + 1, ..., d}, and therefore the chain (4) implies that

C6(g1, 825 -+ > 8a—1,Va1) 2 C6(g1, 82, -+ a—15 Vo 15 at 1> ot 2y - - - 5 &)
; CG(g17g27 e 9g0t717 vot,l»ga+lagd+29 ceey gj+1)s

forallje{o+1,a+2,...,d— 1}. This means that we can replace g, by v, in the
centraliser chain (4) and still have a strictly descending chain of length d. For each o €
{1,2,...,d} we therefore assume that ¢, = 1, that s, ;; =0 for all i, j € {1,2,...,n},
and that ry 1, 742, . . ., I'e, are coprime.

Now suppose that g, € Cg(g1, g2, ---,8gq) for some « € {1,2,...,d}. For each
ie{l,2,...,d}, note that g; ¢ Z(G), and therefore there exists some x € X such that
[g:, x] # 1. This implies that, for some d’ > d, there exist elements g1, 2412, ..., &a
of X such that

G 2 Cg(g1) 2 Colgr,g2) 2 ... 2 Co(g1, 82, ..., 8a) = C,

andg; ¢ Cforalli e {1,2,...,d}. Note that if we can replace g; with an element of X’
foreach i € {1,2,...,d'} so that this chain still holds, then it is certainly true for the
shorter chain (4). Therefore we may assume that there exists no @ € {1, 2, ..., d} such

that g, € Cg(g1, &2, - -, &4)-
We now have a centraliser chain

G = Cg(1) 2 Cglg1) 2 Colg1,82) 2 ... 2 Colg1, 82, - - -, &a)s

where, foralla € {1, 2, ..., d},

(1) go = X' x5 ... x", with r,,; and r,; both non-zero only if either
(1) [xiv xj] 7é 1! or1,
(1) for some m # 0, there exist ky, k2, ..., &k, € {1,2, ..., n} such that

(a) rox is non-zero for all/ € {1,2, ..., m}; and,
(b) [xi, xx, ] # 1, [xx, Xk, ]#1 for all le{l,2,...,m—1}, and
[t 51 # 15
(2) ra.1, a2, - -, Fa.n are coprime, and therefore g, is a least root; and,

(3) gCl ¢ CG(g19g29 ey gd)
For each @ € {1,2,...,d}, define B, € {1,2,...,d} to be minimal such that g, &

CG(glng cee 7g,3a)'
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Suppose that for some o € {2,3,...,d} we have B, =8 > a + 1 and g, ¢ X*!.
Since g, is a least root, the condition that g, ¢ X*! implies that there exist ij, i, €
{1,2, ..., n}such that r,; and r,, are both non-zero and [x;,, x;,] # 1. This allows us
to define an element

Wy = XX Xl
of G such that
() ty.; = 0if and only if r,; = 0;
(1) Ze,1, a2, - - -, lo,n are coprime, and therefore wy is a least root; and,

(iil) [gas wo] # 1.

For example, let

t

a,l T

, 27'0,,,‘1 lfl= i],
Tai otherwise,

and let ¢ be the greatest common divisor of l;,p l;,z, ooy by, If we let 1, ; be such that

t,;=ctg; forallie({l,2,...,n}, then w, satisfies the required conditions. We have
chosen our definition of w, such that

(i) Ay, = Ag,; and,

(i) (ga) N (wg) = 1.
Further note that g, is an element of Cg(g1, g2, - - ., gs—1), but fails to commute with
wy, and therefore

Co(g1,82,--..88-1) 2 Cs(g1, 82, ..., 8p—1, Wa).

Now note that
Colea) = (ga) x | M3 o T b 1 i sy € 2.
mi# 0 = ([x, 3] = 1 Vx; € Aga)},
and, since A, = Ay,
Co(wy) = (wy) x {x’{”xé"z X l_[[x,», X1 |my, s € Z,
mi#0 = ([x.x]=1Vx; € Aga)}.
Further (g,) N (w,) = 1 implies that
Colg) N Colwy) = {3753 . T e 1, s, € 2,
my# 0= (] = 1V € Ay,
= Cg(g) N {xq‘xgz X l_[ [xi, X |ra,i £ 0= r; = O}.
Note, too, that since g, and gg do not commute, we must have

Ca(ga) N Calgp) {xrl1 X e X1 rgs £ 0 = 1y = O}.
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We now combine these results to see that

Cs(g1, 82, -+, 8p—1, Wa)
= CG(gl’ g2’ e 7ga’ e 7gf3—1) m CG(th)
= Cg(g1, 82, -+ 86-1) N (Cs(ga) N Co(wy)),

= Co(g1, -+ gg-1) N (CG(ga) n {XT ooy [T X e #£ 0= 1y = 0}>,
=Cs(g1,82, -+, 8a» -+ -5 8p—-1) N {X’il ey H[Xh X[ rei #0=r = 0},

2 Colg1, 82, -+ 8as - &—1) N (Ci(ga) N Cs(gp)),
= Cg(g1,82,---.88)s

and therefore,

Colgi, g2 .. 88-1) 2 Ce(g1, 82, - -, 8p—1, Wa) 2 Ci(g1, 82, - - -, gp)-

Note that this implies that

Co(g1,82,---,8) S Colg1, -+, =15 War, 415 - - > &)

forallie {8+ 1,8+ 2,...,d}, and further the strictness of chain (4) implies that

Ce(g1, 82, -- -, &) £ Ca(giv1)
foralli e {1,2,...,d — 1}. This implies that

Co(g1, .. 881, Wa, gp41s - - -» &) L Ci(gix1),

and therefore

Co(g1, - 8p—1, Was 8p+15 - - &) 2 C6(g1s -+, 8p—1, Was 8p+15 - - -+ &it 1),

forallie {B,8+1,...,d — 1}. We may therefore replace gg with w, in the chain (4).
Forp e {o,a +1,..., B — 1}, note that
CG(gl»gZ» e 1g]7) = CG(gl»gZ» e 1g[11 wot) X <gol>'

Since (4) is a strict centraliser chain, so is the chain

Colgl, s 8> Wa) 2 Ca(g1, -+, 8atls Wo) 2 -+ - 2 Calg1, .- -, 8p—1, Wa).

Therefore

G2 Cslg1)2---2Cs(g1,...,8) 2 Colgr, -1 8a Wa) 2 ...
2 Co(g1, - r8p-1,We) 2 - 2 Co(g1s -, 861, 88415+ - - » &d» War)

is a strict centraliser chain of length d, and further 8, = o + 1.

We apply this process to each such «, in numerical order, to obtain a chain (4)
with the property that, for all @ € {1, 2, ..., d}, either g, € X*! or B, < a + 1. Note
that if g, € X~! then we may replace g, with g;! € X since Cg(g) = Cs(g™!) for all

g € G. Therefore we may further assume that our chain (4) has the property that, for
alla € {1,2,...,d}, eitherg, € Xor B, <o+ 1.
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Suppose g & X, with g; € X for all j < «. We have two possibilities for the value

of B,:
1) By <a+1
Note that since Cg(g1, g2, ...,84—1) and Cg(g1, g2, ..., 2y) are distinct,
there must exist some u € G such that [u, g;] = 1 forallie {1,2,...,a — 1}and
[u, g] # 1. Further, [u, g,] # 1 implies that there exists some k € {1, 2, ..., n}
such that r, x # 0 and [u, xi] # 1. Therefore
Co(g1, 82, - -»8a-1) 2 C6(g1, 82, - -+ Ga—1s Xi)-
Now
Colxi) NAXY x5 oox x| | [, x1% e = 0}
D Colga) N {xy' x5 x| | i, 1% rgi # 0 = 1 = 0}.
Therefore, since B, < « + 1 implies that g, is not an element of the centraliser
Cglg1, g2, ..., 84), we have
Co(g1, 82, -+ a1, Xk)
2 Co(g1. 825 - - -+ 8a—1) N Ci(x1)
N {x’ilxgz coox | e x 1 e = O},
2 Ce(g1, 825 -+ 8a—1) N Ci(ga)
N {xi‘xgz X 1_[ [xXi, X1 |1 0 =1 = 0},
= Cg(g1, 82, -+ a1, 8a)-
We have now shown that
Colg1, 82, -5 8a—1) 2 CGlg1, 82, - - -5 8a—1, X1) 2 Ci(g1, 825 - - -+ 8a)-
Note that if
Co(81s -+ 8a1s Xk Gat1s -+ &) = C6(&15 -+ a1 Xk» at1s + - - » Git1)
forsomei € {a,a+1,...,d — 1} then
CG(gls g21 oo agi) g CG(gls oo 7g0(711 Xks gvt+17 e 9gi) g CG(gi+1)
contradicting the strictness of chain (4). We may therefore replace g, by the
generator xy, so that (4) is a strict centraliser chain of length d such that g; is
an element of X foralli e {l,2,...,a}.
Q) B=Bs=a+1

Choose k,l € {1,2,...,n}suchthatry, i # 0, r,; # 0 and [xz, x;] # 1. Note
that g, € Cg(g1, 22, - - -, &«—1) implies that x; € Cs(g1, 22, ..., 84-1) foralli e
{1,2,...,n} such that r,; # 0, since g; € X for all je{1,2,...,a —1}. In
particular xi, x; € Cg(g1, &2, - - -, &a—1)- Therefore x; & Cg(xx) implies that

Co(g1, 82, -+, 8a—1) 2 C6(g1, 825 - - -+ Qa5 Xk),
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and x; ¢ Cg(x;) implies that
Co(g1.&2, - -+, a1, Xk) 2 Co(81. &2, - - -, Ga—1, Xk, X))
Note that
Co(xk, x)) N {x;‘xgz co X 1_[ [xi, X1 e =1 = 0}

D Cglge) N {x’l"xgz X H[x,-, X re; #0=r; = 0},

so that
Co(g1, 825 -+ - a1, Xk, X1)
2 C6(g1. 82, - -5 a—1) N Co(xg, x1)
N {qu X3 oxm | e x e =1 = O},
2 Cslg1, 82, -+ > 8a—1) N Ci(ga)
A g o T 10 # 0 = 1 = 0],
Note further that

Ce(g1,82, -1 8a+1) C Ci(g1, 82, - -, 8a),

and, since g, € Cgs(g1, 82, - --» &> Cut1), that
Colg1, 82, ..., 8as1) C {x?xgz X 1_[ [xi, X1 |1 0 =1 = 0}.
Therefore

Co(81,82, -+ -+ a1, Xks X1) 2 Cg(g1, 825 - - - » Gat1)-

We have now shown that

Co(g1.82, -+, 8a—1) 2 C6(81, 82, - -+, a1, Xk)
2 CG(glagZa AR 7ga—17 xk’ xl) 2 CG(g15g25 AR 7g()£—lag(¥7 ga+l)

Note, in a similar fashion to case (1), that the strictness of (4) implies that

CG(gls 82, s 8a—1s Xkes X1y a2+« + sgi)
2 Co(81,82, -+ 8a—1> Xks XI5 at2s + + - 5 Git1)

forallief{o+ 1,0+ 2,...,d — 1}. We may therefore replace the existing g,
and g1 by x; and x; respectively to give a chain (4) for which g; € X for all
iel{l,2,...,a}.
Repeat for each « such that g, ¢ X.
We have now shown that for any strict centraliser chain in G of finite length, d,
there exist generators Xx;,, X, ..., x;, of X such that

G 2 CG(xil) 2 CG(xil ’ xiz) 2 e 2 CG(xil s Xiny oo vy xid)‘
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This implies that the centraliser dimension of G is bounded above by |X|, and is
therefore finite. Further there exist cdim(G) generators in X which give a maximal
chain. O

Recall that the non-commutation graph of a partially commutative or partially
commutative nilpotent group G = (X|R) is the graph with vertex set X, and with an
edge connecting x; and x; if and only if [x;, x;] & R.

THEOREM. Let G = (x1, X2, ..., Xy|R) be a partially commutative nilpotent group of
class 2, with non-commutation graph T'. Let G' = (x1, X2, ..., X,|R’) be the partially
commutative group with non-commutation graph U. Then cdim(G) = cdim(G").

Proof.
(1) Let

Co(xiy, Xiys + -5 X;,) 2 Co(Xiy, Xiyy oo o5 Xy, ,)

for some elements x; € {x, x2, ..., x,} and some m > 0. This implies that
there exists some g € G’ such that

(1) [g.x;le = 1forall1 <j < m;and,

(11) [gs xi,,,+1]G’ #* L.

In [6], it is shown that if H is a free partially commutative group and x, h € H
with x a generator, then we have [x, h]y = 1 if and only if [x, x']y = 1 for
all generators x’ which occur in 4 when written as a product of generators
of minimal length. Therefore, there exists some generator y € {x, x2, ..., X;}
such that

(i) [y, xjle = 1forall 1 <j<m;and,

Qi) [ il # 1.

Since G and G’ have the same non-commutation graph, we also have

(1) [y, xjlg =1forall 1 <;j<m,and,

(i) [ xi,,lc # 1.

Therefore y € Co(x;,, Xiy, ..., x;,) and y & Cg(x;,, X4y, . . ., Xi,,,, ), SO that
CWG()C,'1 s X,’z, ey Xim) 2 CG(X,'I , X,’Z, ey xi,,,ﬂ)-

Now let cdim(G’) = d. This implies that there exists a maximal centraliser
chain in G’ of the form,

G 2 CG’(xil) 2 CG’(xipxiz) 2.2 CG'(xi],Xiz, -~-’xi,1)
for some elements x;; € {xy, x2, ..., x,}. Therefore
G 2 Ca(xy) 2 Colxip, xi) 2 -+ 2 CalXiys Xip, - - -, Xiy),
is a centraliser chain in G, and cdim(G) > d = cdim(G").
(2) Let
Co(xiy, Xiys v xi3,) 2 Colxiy, Xiy, oo, Xiyi)
for some elements Xi; € {X1, X2, ..., X} and some m > 0. Then there exists

some element g of G such that
() [g,xjlc =1forall 1 <;j<m;and,
(i) [g, Xi,.,lc # 1.
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Recall that for x € {x1, x», ..., x,}, we have
Cg(x) = {x’ilxgz X l—[[xi, X1 i, sij € Z, 1 = 0if [x, Xl # 1} .

Therefore, if g has normal form g = x}'x% ... x [][x;, x;] then

(1) r;=0 for all ie{l,2,...,n} such that [x;, x;]¢ # 1 for some k e
{1,2,...,m}; and,

(i) r; #O0forsome/ € {1,2,...,n}such that [x;, x;,. J¢ # 1.

Note that r; # 0 implies [x;, x;]¢ =1 for all j € {1,2,...,m}. Since G and

G’ share the same non-commutation graph, we have now shown that x; €

Co(xi, xip, ..., x;,) but x; & Co(xi,, Xy, .. ., X;,,,, ). Therefore

C(;f(xl'l, Xiys eovs x,-m) 2 C(;f(xl'l, Xiys eovs x,-mﬂ).

Now suppose that cdim(G) = d. By the same method used in part (1) of the
proof, we must have cdim(G’) > d = cdim(G).
We thus obtain the required result, cdim(G) = cdim(G’). ]
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