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On Functions Whose Graph
is a Hamel Basis, Il

To the memory of my Mother.

Krzysztof Ptotka

Abstract. 'We say that a function h: R — R is a Hamel function (h € HF) if h, considered as a subset
of R?, is a Hamel basis for R?. We show that A(HF) > w, i.e., for every finite F C R® there exists
f € R® such that f + F C HF. From the previous work of the author it then follows that A(HF) = w.

The terminology is standard and follows [C]. The symbols R and Q stand for
the sets of all real and all rational numbers, respectively. A basis of R" as a linear
space over () is called Hamel basis. For Y C R", the symbol Ling (Y) stands for the
smallest linear subspace of R” over Q) that contains Y. The zero element of R” is
denoted by 0. All the linear algebra concepts are considered for the field of rational
numbers (for relevant definitions, see [MK]). The cardinality of a set X we denote
by |X]|. In particular, ¢ stands for |R|. Given a cardinal k, we let cf(x) denote the
cofinality of k. We say that a cardinal « is regular if cf(x) = k. For any set X, the
symbol [X]" denotes the set {Z C X: |Z| < k}. For A,B C R", A + B stands for
{a+b:acAbeB}.

We consider only real-valued functions. No distinction is made between a func-
tion and its graph. For any two partial real functions f, g we write f + g, f — g for
the sum and difference functions defined on dom(f) N dom(g). The class of all func-
tions from a set X into a set Y is denoted by YX. We write f]A for the restriction
of f € YX to the set A € X. For B C R, its characteristic function is denoted
by Xp. For any function g € RX and any family of functions F C R*, we define
g+F={g+f: f € F}. For any planar set P, we denote its x-projection by dom(P).

The cardinal function A(F), for F & RX, is defined as the smallest cardinality of a
family G C RX for which there is no ¢ € R* such that g+ G C F (see [CM], [CN],
[CR]). Recall that f: R" — R is a Hamel function (f € HF(R")) if f, considered as a
subset of R"*!, is a Hamel basis for R"*!. In [P], it was proved that 3 < A(HF(R")) <
w. In the same paper, the author asked whether A(HF(R")) = w (Problem 3.5). The
following theorem gives a positive answer to this question.

Theorem 1 A(HF(R")) > w, i.e., for every finite F C RY", there exists g€ RR" such
that g + F C HF(R").

Before we prove the theorem, we state and prove the following lemmas.
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Lemma 2 Letb,..., b, € R bearbitrary numbers. There exists a linear basis C of
Ling (b1, . . ., bi) such that b; + C is also a basis of Ling (b1, . . ., by), for every i < m.

Proof Without loss of generality we may assume that Ling (b, . .., b,) # {0}. Let
C’'={c’,...,c'} be any linear basis of Ling (by, . . . , b,). So, for every i < m there
are pj1’,..., pi’ € Qsuchthat}_ p;;'c;” = bi. Now choose g € Q \ {0} satisfying
the following condition for all i:

ay pij' # -1
j

We claim that C = {¢y,...,q} = éC’ = {écl’, ce %ck’} is the desired basis. To
prove this, we need to show that b; + C is linearly independent for every i < m.

To see this consider a zero linear combination | j bi i(bi + ¢j) = 0. We have that
Zj pijcj = —b; Zj pij- Ifzj pij = 0, then obviously pj; = --- = pjx = 0. So we
may assume that } . pi; # 0. Next we divide both sides of 3. pijc; = —bi 3, pij

by — >, pij and obtain that } - ; — gj G = b;. On the other hand,
i

Zp,’]‘/C]'/ = Zpijlch = bi.
j j

Pij

So we conclude that TP; = qp;;’ forall j < kand consequently
j 1

L Pij N
q;Pz] ;_ijij ,

a contradiction.
Now, since dim(Ling (b; + C)) = dim(Ling (C)) and Ling (b; + C) C Ling (C), we
conclude that Ling (b; + C) = Ling (C) = Ling (by, ..., by). [ |

Let us note here that the above lemma cannot be generalized to the infinite case.
As a counterexample take {b;, by, b3, ...} = Q and observe that there is no basis C
with the required properties.

Lemma 3 ([PR,Lemma2]) Let H C R"” be a Hamel basis. Assume that h: R" — R
is such that h|H = 0. Then h is a Hamel function if and only if h|(R" \ H) is one-to-one
and h[R" \ H] C R is a Hamel basis.

Lemma 4 Let X be aset of cardinality ¢ and k > 1. The following are equivalent:

(a) Forall fi,..., fi: R" — R, there exists f € RY such that f + f; € HE(R")
(i=1,...,k).

(b) Forallg,...,g € RX, there exists g € RX such that g + g is one-to-one and
(g +g)[X] CRisaHamelbasis (i=1,...,k).
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Proof (a) = (b) Choose a Hamel basis H C R” and a bijection p: R" \ H — X.
Put f; = (g; o p) U (0|H). By (a), there exists an f € R such that f + f; € HE(R")
fori=1,...,k Now, let A € Add(R") be such that f|H = A|H and put [’ =
f — A. Note that f' + f; = (f + fi) — A € HE(R") — Add(R") = HF(R") (see
[P, Fact 3.1]) and also (f' + f;)]JH =0, (i = 1,..., k). Hence, by Lemma 3 we claim
that (f’ + £;)|(R" \ H) is a bijection onto a Hamel basis. Now defineg = f’ o p~!
and note that it is the required function.

(b)= (a) Let H be as above. Choose A; € Add(R") such that f;|H = A;|H for
everyi=1,...,k. PutX =R"\Handg = (f;—A;)|Xfori =1,... k By (b), there
exists a g: X — R such that g + g; is a bijection between X and a Hamel basis. Define
f =gU(0|H) and observe that f + f; = [ [+ (fi — A;)] +A; = [(g+g) U(0|H)] +A,.
Since (g + ¢;) U (0|H) € HF(R") by Lemma 3, using [P, Fact 3.1] we conclude that
[(g+g) U (0|H)] + A; € HF(R") for each i = 1,...,k. Hence f is the required
function. [ |

Lemma 5 Let X be aset of cardinality , w < k < ¢, and fi,..., fr € RX be func-
tions such that | f;|X]| = ¢. Then there exist pairwise disjoint subsets Ay, ..., A, C X
of cardinality k* each and satisfying the following property: for everyi = 1,...,k
and j = 1,... ntherestriction fi|A;is one-to-one or constant, and | fi[| JA;]| = x*
(i.e., f; is one-to-one on at least one of the sets).

Proof We prove the lemma by induction on k. If k = 1, then the conclusion is
obvious (note that x* < ¢). Now assume that the lemma holds for k € w and
let fi,..., fir1 € R¥ be functions such that |f;[X]| = ¢. Based on the inductive
assumption, let Ay, ..., A, C X be sets with the required properties for the func-
tions fi,..., fi- If |[firi[UAi]| = &7, then by reducing the original sets A, ..., A,
we will obtain sets which work for all the functions fi,. .., fi+1. In the case when
| fis1lUAi]] < K, we can find a subset A,y C X disjoint with |J] A; such that
|Au+1] = K" and fi11]Ane is injective. Now, by appropriately reducing the sets
A1, ..., A, we will obtain the desired sets. [ |

Lemma 6 Let X be a set of cardinality ¢, fi,..., fi € RX be functions such that
|fi[X]] = ¢, By, Bi C R be such that |ByUB,| < ¢, and y € R\ Ling(By). Then there

exist y1,...,yn € Rand x1,...,x, € X such that

@ 217 =»
) {y1,-- s yak Ay + filxj): j = 1,...,n} are both linearly independent over Q)
and

Lil’l@({yl, .. 7}’n}) n LinQ(B()) =
Ling({y; + fi(xj): j=1,...,n}) NLing(B,) = {0}

foralli=1,... k

Proof Putk = |By UB; Uw|andletAy,..., A, C X be the sets from Lemma 5 for
functions fi, .. ., fx. First we will define the values yy, ..., y,. Let {by, ..., b} be the
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set of all values such that f;|A; = b for some i, j, I. Choose ys, ..., y, to be linearly
independent over Q) such that

Lil’l@({yz, e ,)/,1}) M Lll’l(()l(Bo U Bl U {bl, ey bs; )’}) = {0}

This can be easily done by extending the basis of Ling(By U By U {by,...,bs,¥})
to a Hamel basis and selecting (n — 1) elements from the extension. Next define
yi=y—(at+-+y.).

Obviously Y7 y; = y. We claim that {y,..., y,} is linearly independent over
@ and Ling({y1, ..., ys}) N Ling(By) = {0}. Assume that oy y; + -+ + @y, = 0
for some rationals ay, . . ., ,. From the definition of y; we get (o, — ay)y, +--- +
(ay — a1)yn = —ayy. Based on the way y», ..., y, were selected, we conclude that
oy = 0 and consequently a; = - - - = o, = 0. Next assume that g, y1+- - - +guyn = b
for some rationals g1, . . ., g, and b € Ling (By). Then, proceeding similarly as above,
we obtain that (g2 — q1)y2+ -+ +(qn — q1)yn € Ling(Bo U {y}), which implies that
q1 = -+ = qu. Consequently, if q; # 0, then we could conclude that y € Ling(By).
That would contradict one of the assumptions of the lemma. Henceq; = -+ - =g, =
0 and the sequence y1, . .., y, satisfies the required conditions.

Before we define the sequence x, .. ., x,, we observe some additional properties
of y1,...,yn. Fix1 <i < k. Let A;,, ..., A, (i1 < --- < i) be all the sets on which
fi is constant and let b;,, . . ., b;, be the values of f; on these sets, respectively. Note
that properties of the sets Ay, ..., A, imply that {i},...,i;} & {1,...,n}. Wewill
show that

(1) (yi, + bi)), ..., (yi + b;) are linearly independent,
(2) Ling({(yi, +bi,), ..., (yi, + bi)}) N Ling(B;) = {0}.

To see (1) assume that o (y;, + b;,) + -+ + aq(yi, + b)) = 0 for some rationals
ai, . .., ap This implies

ayi, + -+ agy, = —(aabi, + -+ ayb;) € Ling(Bo U By U {by, ..., b, y}).
Ifi; # 1, then it easily follows that ay = - - - = a; = 0. If i; = 1, then we can write

ayyi +-tapy; =y togyn sy
=aily —(ya+-+y)l+aay, +- +ay;
S LiHQ(BO UBl U {b], . .,bs,y}).

Consequently, —a (y2+- - -+ yu)+ayi, +- - -+ayyi, € Ling(BoUB1U{by, ..., b, y}).
Since {i,...,i;} & {1,...,n}, after simplifying the expression —a; (y2++ - -+ y,) +
Qayi, + -+ - +agy;, there will be at least one term y; with the coefficient being exactly
—ay. Hence, we conclude that ; = 0 and as a consequence of thatay = -+ = oy =
0. This finishes the proof of (1). A similar argument proves (2).

Next we will define the elements x1, . .., x, € X (by induction). Choose

aeA\ |J  f'LingBU{b by, by D]
i<k
fiis1-1on A;
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This choice is possible since
|Aj| = k" > Kk > |Ling (B; U {b1,bay ..., b, y1,- -, yu})l
and together with condition (2) assures that
Ling({y1 + fi(x1): fi]A1is 1-1}) N Ling(B; U {by1, b2, ..., bs, y1,. .., ¥u}) C {0}

and Ling ({y1 + fi(x1)}) N Ling(B;) = {0} forall i < k.
Now assume thatx; € Ay,...,xu—1 € Ap—1 (m < n) have been defined and they
satisfy the following property:

(%) {yj+ filxj): j =1,...,m— 1} is linearly independent, Ling ({y; + fi(xj): j <
m—1land fj|Ajis 1 —1}) NLing (B, U {by, ba,...,bs, y1,...,ys}) C {0}, and
Ling({y; + fi(xj): j=1,...,m—1}) N Ling(B,) = {0} foralli =1,... k.

Choose x,, € A,, such that

xmg U fiil[LinQ(BlU{b17b27"'ab57y15'"7yn7fi(x1)7"'afi(xmfl)})]-
fiis ll—?l(()n A

The choice of x,,, implies that

VYm + fi(xm) g Lan(Bl ) {b17 b27 .. '7b57y17 R 7ynufi(xl)7 .. -7ﬁ(xm—l)})

for all i < k such that f;is 1-1 on A,,. This combined with the inductive assump-
tion (%) and conditions (1) and (2) leads to the conclusion that {y; + fi(xj): j =
1,...,m} is linearly independent,

Ling ({y; + fi(xj): j <mand fi|A;is 1-1})N
LinQ(Bl U {bl, bz, ey bs,yl, e ,)/n}) Q {0},

and Ling ({y;j + fi(x;): j=1,...,m})NLing(B)) = {0} foralli = 1,..., k. Based
on the induction we claim that the sequence x;, . . . , x,, € X has been constructed and
it satisfies the following condition: {y;+ fi(x;): j = 1,...,n} is linearly independent
and Ling({yj + fi(xj): j =1,...,n}) NLing(B,) = {0} foralli =1,... k.
Summarizing, the sequences x1,...,x, € X and y1,..., ¥, € R have been con-
structed satisfying conditions (a) and (b). [ |

Remark 7. Let A’ C Aand fi, ,: A — R. If (fi — f,)[A] C Ling(fi[A']) N
Ling (f2[A’]), then Ling (f1[A]) = Ling (f2[A]).

The remark easily follows from the equality

I ! I
zl:aifl(xi) = Eljoz,ﬁ(xi) + zl:ai[fl(xi) — Hx)].
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Proof of Theorem 1 Let X be a set of cardinality ¢. By Lemma 4, it suffices to show
that for arbitrary fi,..., fi: X — R there exists a function g: X — R such that
g + fi is one-to-one and (g + f;)[X] is a Hamel basis (i = 1,...,k). The proof
in the general case will be by transfinite induction with the use of the previously
stated auxiliary results. However, in the special case when |f;[X]| < ¢ for all 4, it
can be presented without the use of induction. The method is interesting and also
used in part of the proof of the general case, so we present it here. Assume that
|filX]] < cforalli,let V = Ling (U fi[X]), and A < ¢ be the cardinality of a
linear basis of V. Choose Z C X such that [Z] = X and f;|Z is a constant function
for every i and let {by,...,b,} = | fi[Z]. Next we define a Hamel basis H. Let
C be a basis of Ling (b1, . .., by,) from Lemma 2, H; be an extension of C to a basis
of V, and finally H be an extension of H; to a Hamel basis. Define g: X — H
as a bijection with the property that g[Z] = H;. We claim that g + f; is 1-1 and
(g + fi)[X] is a Hamel basis (i = 1,...,k). To see this recall that b; + C is linearly
independent, Ling (b; + C) = Ling(C) = Ling({b1,...,bu}) (see Lemma 2), and
C C H,. This implies that Ling (b; + H;) = Ling(H,), bj + (H; \ C) is linearly
independent, and as a consequence, b; + H; is linearly independent. Therefore, since
filZ] = {b;} for some j, we have that (g + f;)[Z] = bj + H,. Thus (g + f;)[Z]
is linearly independent and Ling ((g + fi)[Z]) = Ling(H;). Finally, since fi[X] C
Ling (H;) = Ling((g + fi)[Z]), we can similarly conclude that (g + f;)[X] is linearly
independent and Ling ((g + f;)[X]) = Ling(g[X]) = Ling(g[X]) = R. This finishes
the proof of the special case.

Now we prove the result for arbitrary functions fi,..., fi: X — R. We start
by dividing {fi, ..., fi} into abstract classes according to the relation defined by:
fi = fjifand onlyif |(fi — f})[X]| < c. (Itis easy to verify that this is an equivalence
relation). Put K = |, Uszﬁ(fi — fi)[X], k = |w U K|, and note that x < c. There
exists a set Z C X such that |Z| = " and for all 7, j the function (f; — f;)|Z is one-
to-one or constant. (The existence of such a set can be shown by using an argument
similar to the one from the proof of Lemma 5; obviously, if f; = fj, then (f; — f;)|Z is
constant.) Our goal is to define g: Z’ — R for some Z’ C Z such that for every i < k
g+ fiis injective, (g + f;)[Z'] is linearly independent, and K C Ling ((g + f;)[Z']).

Define V. = Ling(K) and introduce another equivalence relation among the
functions fi,..., fix fi = fj if and only if (fi — fj)|Z is constant. Note that
~ C =. Let fi,..., fi be representatives of the abstract classes of the relation
2. Consider Ui:l Ufjgfx_s(fj — fi)lZzl = {by,...,by}. By Lemma 2, there ex-
ists a linear basis C of Ling({by,...,b,}) such that b, + C (r < m) is also a
linear basis for Ling({bi,...,bn}). Let H; be a linear basis of V extending C.
Choose a set Z; C Z such that |Z,| = |Hi| and (f; — f;,)[Z1] is linearly in-
dependent and Ling((f; — fi)[Z1]) NV = {0} for all f; 2¢ fi,. This can
be done since |Z| = " > |V| > |Hi| and (f; — f;,)|Z is injective for every
fi % fi,. Letg{: Z, — H, be a bijection and define g: Z;, — Rbyg = g — fi..
Then g + f; is one-to-one for all j, (g + f;)[Z1] is linearly independent for all j,
Ling((g + fj)[Z1]) = V for f; = f; (see the argument in the special case in
the beginning of the proof), and Ling((g + f;)[Z1]) NV = {0} for f; 2 f,
(the latter follows from the fact that if Y; and Y, are both linearly independent
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and Ling(Y;) N Ling(Y;) = {0}, then Y; + Y, is also linearly independent and
Lll’l@(Yl) N Lil’lQ(Yl + Yg) = Lll’l@(Yl) n Lil’lQ(Yl + Yz) = {0}) .
Next choose a set Z, C Z \ Z; such that |Z;| = |Hy|, (f; — fi,)[Z:] is linearly

independent, and Ling ((f; — f;,)[Z.]) N Lin@(Ulf(g + fi)[Z1]) = {0} forall f; 2 f;,
(note that V. C U]f(g+fi)[Zl] since Ling ((g+ fi,)[Z1]) = V). This choice is possible
for similar reasons as in the case of Z;. Let g;: Z, — H; be a bijection and extend g
onto Z; U Z, by defining it on Z, as g = g; — f;,. Then g + fj is one-to-one for all j,
(g + fi)[Z1 U Z,] is linearly independent for all j, V' C Ling((g + f;)[Z1 U Z,]) for
£ i or f; 2 fiyand Ling(g+ £)Z1 UZ]) NV = {0} for f;  f,, and f; 2 fi

By continuing this process (or more formally, by using mathematical induction),
we construct a sequence of pairwise disjoint sets Z;, Z,, ..., Z; C Z and a partial real
functiong: Z' — R(Z' = Z;U---UZ)) such that foreach j = 1,...,k, g+ f; is one-
to-one, (g + fj)[Z'] is linearly independent, and V' C Ling((g + f;)[Z']). Observe
also that |Z’| < k. Therefore |X \ Z’| = .

In the following part of the proof, we will use transfinite induction to extend the
partial function g onto the whole set X making sure it possesses the desired proper-
ties. We will make use of Lemma 6 and Remark 7. First notice thatif Z/ C A C X
and g: A — Ris any extension of g: Z' — R, then for f; ~ f; we have that

(g + fj) — (g + fiDlAl = (fj — f[A] € (fj — f)[X]
C V ClLing((g+ f)IZ']) NLing((g + fH)[Z']).

Hence the remark implies that Ling ((g + fi)[A]) = Ling((g + f;)[A]). Thus, when
extending the function g it will suffice to consider only the representatives of the ab-
stract classes of the relation ~. Let fj,, ..., fj, be those functions. Let H = {h¢: £ <
¢} be a Hamel basis and {x¢: £ < ¢} be an enumeration of X \ Z’. We will define
a sequence of pairwise disjoint finite sets {X¢: { < ¢} such that | J,_ Xe = X'\ Z/,
xX¢ € Uﬁgé X3 and an extension of g onto X such that for each £ < ¢ the following
condition holds

(Pe) g+ fj, is one-to-one, (g+ f;,)[Z" U 5« X3 is linearly independent,

and h¢ € Ling((g + f;,)[Z2" U Uﬁﬁf Xg])forallr=1,...,¢.

Notice that this will finish the proof of our main theorem. To perform the induc-
tive construction, fix @ < ¢ and assume that the sets X¢ have been defined for all
§ < aand the function g extended onto Z" U [J,_, X¢ in such a way that (P¢) is
satisfied for each £ < o

Ifxo & Z' U e, Xe, then define g(xa) & U, Ling (g + f;,)[Z' U U, Xe] U
{fi.(xa)}). This assures that g + f;, is one-to-one and (g + f;,)[Z" U U, X¢ U {xa}]
is linearly independent (r = 1,...,t). Next, if h, € (g+ f;,)[Z" U U§<a Xe U {x,}],
then put X,,; = @. Otherwise, we apply Lemma 6 to functions f;, — fj,: X \ (Z’ U
U£<(YX5 U{x.}) = R(r=2,...,t), By = Ling((g + f;)[Z" U U£<a Xe U {xa}]),
B, = LinQ(U;z(g + fi)lZ'u U§<a Xe U {xa}]), and y = h,. Hence there exist
Yijis - Ymj € Randxij, ..oy, € X\(Z'UU,_,, Xe U{xa}) such that the con-
ditions (a) and (b) from the lemma are satisfied. We define X1 = {x1j,,...,%u,j, }
and g(x;;,) = yij, — fj,(xi;,)(i = 1...,m). By repeating the above steps for the other
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functions f;,, ..., fj, (the sets By and B; need to be appropriately extended in each
step) we obtain pairwise disjoint sets X1, ..., Xo C X\ (Z' U U£<a Xe U{xa}) and
an extension of g onto Z’ U Ugga Xe (where X, = X1 U -+ - UXq U {x,}). Observe
that the conditions (a) and (b) from Lemma 6 imply that (P,) holds. This completes
the inductive construction and also the proof of Theorem 1. ]
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