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Abstract

In this paper we study the best constant in the Sobolev trace embedding H'(2) < L9(3%Q)
in a bounded smooth domain for 1 < g < 2, = 2(N — 1)/(N — 2), that is, critical or
subcritical . First, we consider a domain with periodically distributed holes inside which
we impose that the involved functions vanish. There exists a critical size of the holes for
which the limit problem has an extra term. For sizes larger than critical the best trace
constant diverges to infinity and for sizes smaller than critical it converges to the best
constant in the domain without holes. Also, we study the problem with the holes located on
the boundary of the domain. In this case another critical exists and its extra term appears
on the boundary.
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1. Introduction

Sobolev inequalities have been studied by many authors and are by now a classical
subject. Their study at least goes back to [2], for more references see [15]. The
Sobolev trace inequality is relevant for the study of boundary value problems for
differential operators and has been intensively studied, see for example, [4-6, 16] and
their references. Given a bounded smooth domain @ C R”, we deal here with the best
constant of the Sobolev trace embedding H' () — L7(3<) for critical or subcritical
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exponents, | < g <2, :=2(N—1)/(N—2). When g = 2 this leads to an eigenvalue
problem of the Steklov type (see [22]). When g = 2, this problem is related to the so
called Yamabe problem for manifolds with boundaries, see [1,4,9, 16].

For subcritical ¢, 1 < ¢ < 2,, the embedding is compact and hence there exist
extremals [8]. When ¢ is critical, g = 2,, the embedding is continuous but no longer
compact, so the existence of extremals is more involved. In [1] it is proved that if the
boundary of the domain contains a point with positive mean curvature then there is an
extremal for the embedding. Hence, for any bounded smooth domain there exists an
extremal even in the critical case, g = 2,, see also [6].

Homogenization theory was created to model and predict the behaviour of in-
homogeneous materials where inhomogeneities take places on a small scale. The
homogenization of solutions of boundary-value problems in perforated domains has
attracted a lot of attention since the pioneering work of Cioranescu and Murat {10, 12].
In this paper we consider homogenization problems for the best Sobolev trace constant
in perforated domains, following the approach developed in {10] and [12].

First, we consider a domain with holes periodically distributed inside the domain.
That is, a bounded smooth domain ¢ R, N > 3, perturbed periodically with
holes located at the interior that decrease in size and increase in number as the
homogenization parameter & goes to zero. We find that there exists a critical size of
the holes for which the limit problem has an extra term. For sizes above critical the
best trace constant diverges to infinity and for sizes smaller than critical it converges
to the best constant in the domain without holes. When we deal with a subcritical
exponent we have compactness of the embedding H'(2) < L%(3S2), however to
prove our result for ¢ = 2, we need to impose a restriction on the involved domains
in order to recover some compactness, in the spirit of [2] (see also [1, 6], etc.).

Next, we prove some homogenization results when the semi-holes are located on
the boundary of the domain. In this case the critical size of the holes is different from
the critical size for holes inside the domain and moreover for the critical size an extra
term appears on the boundary.

1.1. Holes in the interior The Sobolev trace constant in domains with a hole (a
subdomain of € where the functions are forced to vanish) was first studied in [8] where
the authors show that there exists an optimal hole that minimizes the best constant
among sets with given volume, in the class of measurable sets. On the other hand, it
is also proved that a set A that maximizes S does not exist. In a subsequent paper, [7],
the interior regularity of these optimal holes was studied.

For the study of the behaviour of solutions of boundary value problems in do-
mains perturbed periodically with holes complemented with homogeneous boundary
conditions (either Dirichlet or Neumann) we refer, for example, to [10, 11, 13].

Let us first describe the domains that we are considering. Let B(0, r(¢)) C R" be
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the ball of radius r(e), centred at 0. We assume that r(¢) < ¢ for any ¢ < 1. For
each ¢ and for any integer vector n € Z", we shall denote by B¢ the translated image
of B(0, r(¢)) by the vector 2ne, that is, B = B(0, r(¢)) + 2ne. Also, let us denote
by B¢ the set of all the holes strictly contained in €2, that is,

B = J{B: | dist(2ne,9Q) 2 &, neZ"},
and we set
QF=Q\B.

Hence, Q° is a periodically perforated domain with holes of size r(¢). All holes
have the same shape, the distance between two adjacent holes is of order ¢ and they
do not overlap. Also, let us remark that the holes are located at a distance of at
least £ from the boundary, 3$2. When the holes are allowed to touch the boundary the
situation is different; see below and Section 3. Let us consider the space of functions,
HX () = {u € H'(R) : u |p.= 0}. The best Sobolev trace constant of the Sobolev
embedding H!(Q2) — L7(3S) is then given by

/ |Vu|? + v2dx
xe)=  inf 2

ve H) (D\HL () Ha®
lv|?dS
a0

/ uj?dS =1, (1.2)
aQ

(1.1

The extremals, normalized by

are positive in ¢ and weak solutions to

Au; = u, in Q°F,
du,
de o A© e, ondf, (13)
ov
u. =0 in B¢.

Our result for interior holes reads:

THEOREM 1.1. Let Q. be a perforated domain with periodic interior holes of radius
r{e) = cog® co > 0. Let q be subcritical, 1 < q <2, :=2(N - 1)}/(N —-2), or
critical, g = 2,. In the critical case we also assume that

€2 1

< )
|0Q2%% ~ K(N)
where K (N) is given by K(N) := ((N — 2)/2)(wy)""¥=" and wy is the volume of
the unit sphere in RN. Then,

(v (N = 2)(co/2)" +1) (1.4)
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(1) Ifa = N/(N —2), then there exists a constant ;1 > 0 (strange term) such that
the function A(€) converges as ¢ — 0 to A, given by

f|Vv|2+(1+u)v dx
A= , (1.5)

veH‘(Q)\Ho o)}
|v|" ds

with u = wy(N — 2)08' -2 /2. Moreover, the normalized extremals u, converge
weakly along subsequences to a normalized extremal of the limit problem (1.5).

(2) Ifa > N/(N —2), the function A(g) converges, as € — 0, to X, the best Sobolev
trace constant in the domain without holes, that is,

/|Vv|2+ vidx
Ao = inf £2 . (1.6)

veH' (D\H(R) 2/q
lv|?dS
a0

Moreover, the normalized extremals, u,, converge weakly along subsequences to a
normalized extremal of the limit problem (1.6).

(3) Ifa < N/(N — 2), there holds A(¢) — +00 as ¢ = 0. Moreover, we get a
bound for the speed at which A(g) goes to +00,

Ae) < Cg?W=D7N, (1.7)
REMARK 1. The constant K (N) is the best Sobolev trace constant in the half-space,
IVw|®dx

1 . RY
-— = inf T
K(N)  vuwel@®Y), weL®@RY) 5 , /2.
[w|*> dx
3

(1.8)

R}
The constant K (N) is computed in [16].
REMARK 2. From the proof of Theorem 1.1, it can be checked that in the critical

case, what is needed is that the best Sobolev trace constants, A,, for the perforated
domains, €2., be bounded by 1/K (N) uniformly in ¢, that is,

lirré)\(s) < (1.9)

K(N)y
Condition (1.4) is the simplest condition that assures (1.9).

We note that for every ¢ > 0 it holds that A(¢) < 1/K(N) for every smooth
bounded domain of R" by [1]. However, from their arguments, it is not obvious that
this inequality can be made uniformly strict.
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REMARK 3. The extremals of (1.5) are weak solutions of

3
% = A Jul"" on 2.

REMARK 4. In the two-dimensional case, that is, 2 C R?, we have an analogous
result. The critical radius is now

r{e) = exp (—%)

Thus, for any radius larger than critical, the best Sobolev constant goes to oo, for any
radius smaller than critical it goes to the best constant of the domain without holes
and for the critical radius a strange term, w, appears with i = 7 /(2¢y). The proof of
this fact is completely analogous to the case N > 3 with the choice of an appropriate
test function, see [10, 12].

REMARK 5. Theorem 1.1 can be generalized to other configuration of the holes.
For example, we can consider non-spherical holes, cylinders and trusses, see [10, 12].

1.2. Holes on the boundary We prove some homogenization results when the holes

are located on the boundary of the domain. This problem is related to the study of the
behaviour of solutions of periodic mixed conditions on the boundary, Dirichlet and
Neumann (see for example [14,20]), and also, with vibration problems of systems
with concentrated masses on the boundary (see for example [18, 19]).

To simplify the exposition we consider holes that are placed on a flat part of the
boundary. That is, say, Q € {xy < 0}, I} := 32 N {xy = 0} is the closure of a
(nonempty) smooth open subset of R¥~!. We consider periodically distributed semi-
holes of size r () = cye® located only on I";. Assume that T'y is divided by a reticula of
size €, 1, = {(2me, 0) € T}| with m € Z¥~'}. At each point of the reticula, x; € I,
we take a semi-ball of size r(g),

S (xi, r(e)) = B (x;, r(e)) N{xy <0} C RY,
and consider
St = U S(x;, r(e)) suchthat S(x;,r(e))N@OQ\T)) =0,

xen,

and Q¢ = Q\ §¢. Thus, Q¢ is a periodically perforated domain with holes of size r (¢),
the distance between two adjacent holes is of order &£ and they do not overlap with
9Q\T,. The holes are located on the boundary but they are “solid" since the semi-balls
are considered in RY. We denote "¢ = I'; N 8¢, As above, we consider the space
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HNQ) = {u € H'(S2) : u |s= 0} and the best Sobolev trace constant associated to
this space given by (1.1). The extremals normalized by (1.2) are weak solutions of

Au, = u, in ¢,
du,
e () e, on 9\ I,
dv
u, =0 in S¢.

In this case we prove that the critical size is different from the critical size for holes
inside the domain and for the critical size an extra term appears on the homogenized
part of the boundary, I';.

THEOREM 1.2. Let g be subcritical, 1 < q < 2,, or critical, ¢ = 2,. Let Q. be a
perforated domain with periodic boundary holes of radius r () = coe®.

(1) Ifb= (N —1)/(N —2), the function A(¢) converges as ¢ — 0 to A, the best
Sobolev trace constant in the domain with a weight on the boundary,

f|Vv| +v dx+m/ v2dS
I

s = inf : (1.10)
veH! (D\H} ()
(e
where u, = wy(N — 2)c(',"_2/2". Moreover, the normalized extremals u, converge

weakly along subsequences to a normalized extremal of the limit problem (1.10).

2) Ifb > (N —1)/(N — 2), the function A(g) converges as € — 0 to Ay, the
best Sobolev trace constant in the domain without holes defined in (1.6). Moreover,
the normalized extremals u, converge weakly along subsequences to a normalized
extremal of the limit problem (1.6).

(3) Ifb < (N —1)/(N —2), the function A(¢) converges as ¢ — 0 to Ay, the best
Sobolev trace constant in the Q& among functions that vanish on Iy,

/ |Vv|2 + v?dx

= inf TR
veH'(Q)\Ho (@), vlr, =0 q
Ivl" ds

Moreover, the normalized extremals u, converge weakly along subsequences to a
normalized extremal of the limit problem (1.11).

(1.11)

REMARK 6. For the existence of extremals in the problem of the critical exponent,
we need that A(¢) is uniformly bounded by 1/K (N) with respect to e. However, under
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our geometric hypothesis, we always have a fixed point on 3Q2 — I'} (included in the
boundary of €2,) with positive main curvature and the distance to the holes is uniform
(since we place the holes on a flat part of the boundary). So the result of [1] is applied
and we have that (1.9) holds. Therefore, in Theorem 1.2, we do not need to impose
any extra condition on the domain 2 for the critical case.

REMARK 7. The extremals of (1.10) are weak solutions to

Au=u ' in 2,
au e '
E+u.xp,u=)~,“|u|" u on 92,

where xr, is the characteristic function of ;.
REMARK 8. If Q c R?, we have an analogous result. The critical radius is now
c
r(e) =exp (———O).
P>
Thus, for the critical radius a strange term, u, appears with u, = 7/(2¢).

The rest of the paper is organized as follows: in Section 2 we deal with perforated
domains with interior holes and finally in Section 3 we consider holes on the boundary.

2. Interior holes

In this section we prove that if we remove from §2 a periodic set of holes (where we
impose that the considered functions vanish) there exists a limit of the best Sobolev
trace constant if the size of the holes is not too large. We consider holes which are
balls of radius r(g) = coe” (see Section 1.1).

First, we construct a sequence of appropriate test functions. Next, we prove
Theorem 1.1°s distinguishing three cases: a = N/(N —2),a > N/(N — 2)-and
1<a<N/(N-2).

2.1. Construction of w, In this subsection, following [10, 12], we show that there
exists a sequence w, that verifies the following assumptions:

(H1) w, = 1 weakly in H'(Q).

(H2) w, = 0 on the holes B;.

(H3) There exists a distribution u € W~"%°() such that for every sequence v, that
vanishes on the Loles and converges weakly in H'(2) to a limit v, one has

(—Aw, @) = (u, pv), forallp € C*(Q), 2.1

where (, ) is the duality pairing.
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As in [10, 12], the function w, is defined on each cube Pf = 2ne + (—¢, €)",
n € ZV, by setting
w, =0 in B,
Aw,=0 inT; - B;, .
(2.2)
w,=1 _inP/—-T;, -

w, continuous at the interfaces,

.

where T? = 2ne + B(0, ¢), with B(0, ¢) the ball with radius ¢ and centre 0. Now it
is easy to compute w, in polar coordinates in the annulus 7Y — B:. One has
r(e)~W-2 — p=-2

weln-s= s N3 (2.3)

where r = |x — 2ng|. The result in [10, 12] says:
LEMMA 2.1. If we choose r(€) = coe™'V=2 for N > 3 with ¢y a positive constant,
then w; defined by (2.2) satisfies hypotheses (Hl)—(H3) with
wy(N = 2)
where wy is the surface of the unit sp}ié}e in RY,

N-2
Co

In order to prove Theorem 1.1, we compute the L>—norm of Vw,. As the number
n(e) of cubes P¢ with holes is about |Q|/(2¢)", we get

2 ~ 19
,'sz“LZ(S?')"v = (2¢)¥ 'P: .lvwelzdx-
Thanks to (2.3) and r (¢) < €, we obtain
~ IS wy(N-2)

Vw2 = :
IViLelis gy ()N r(e)-W-2

Considering that r (£) = cy&?, we have

Fu ., = ] D ()" IR0 DN 4o (s°®2Y) 4
ey —

il=
E )

won(N = 2)($)" 191 +o(1), a=

On the other hand, by the definition of B¢, we have that every hole is contained in &
and the distance to the boundary is larger than . Thus, we get

3
w,=1 and’ F“’-‘: on 3Q. 2.5)
v

Hence,

/ lw,|?dS = 39 2.6)
19}
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2.2. Case a = N/(N —2) Let us observe that, under the assumptions of Theo-
rem 1.1, the best Sobolev trace constants of the perforated domains, A(¢), are bounded
independently of ¢. To this end, let us use w, as a test function in the infimum that
defines A(g). We get, using the estimates on w, (2.4) and (2.6) proved in the previous
subsection,

IVl twids (wyv -2) ()" 121+ 1) 19
Ae) < (f N lqu)Z/q = |0K2|4
aq )

Hence, the extremals u,, the weak solutions of (1.3), are bounded in H'(2) and we
have, for a subsequence,

+o(l). @7

ue—u>0  weakly in H'(Q).

As the extremals, u,, are weak solutions of (1.3) and since w, vanishes on the holes,
¥ = w,e with ¢ € C®() is an admissible test function for the weak formulation of
(1.3) and satisfies

/V(quewE dx + / oVu,Vw,dx +/ U pw, dx = A(e)/ u‘e’"(owe ds. (2.8)
Q Q Q FTo!
Now we observe that, since u, — u, w, — 1 strongly in L?(32), we have

[ug"'(pwedSa‘/ ui'pds.
a2 19/

Similarly, as u, = u, w, — 1 strongly in L*(Q),

/uwwe dx—>/u<pdx.
Q Q

Moreover, since Vu, = Vu weakly in L2(2) and w, — 1 strongly in L*(2) we have

fV(quswedx—»/Wqudx.
Q Q

To deal with the last term, we integrate by parts using that u, vanishes on B¢ and
obtain

Jw
/ (quvesdx=_/ V¢Vweuedx-/ gousAwedx—l—/ Qu.— dS.
Q Q, hily) av

£
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We have, by the properties (H1) and (H3) of w,,

/V¢Vw5u£dx+0 and —f(puEAwedxa /uuwdx.
Q Q Q

Also, by (2.5),

/ ou, 2% 45 = 0,
P av

Now, if we assume that A(g) — A, we have

/V(qudx+]uugodx+/ugodx=A/ ulpds. (2.9
Q Q Q aQ

Let us prove that A = A, defined in (1.5). We now distinguish between the
subcritical and the critical cases.

Subcritical case, 1 < q < 2,. Inthis case, since the immersion H'(Q) <> L9(3Q2)
is compact and {|u,{|«aq) = 1, we have that ||u||..@q) = 1. Hence, taking ¢ = u in
(2.9) we get

A= f IVul> + (1 4+ pwu’dx > A,.
Q

Now, to prove A < A, let u,, be an extremal of (1.5) and using u, w, as a test function
in (1.1), we get
IV(@uuwe) 2 + (u,w,)® dx

2/q
(/ fu wel? dS)
a0

By the results of [3] we obtain that #,, € C%(Q) and from the maximum principle and
Hopf’s Lemma we get that u,, is strictly positive in . Therefore the regularity results
of [9] are applicable and we obtain that u, € C ®(8). Thus, by hypothesis (H1), we
g

Ae) < =2 (2.10)

et
/(uuws)zdx—»/uidx and / lu#wel"dS—>/ u,|?dS.
Q Q ;193 a0

On the other hand, we integrate by parts to obtain

/]V(u#we)jzdx=/wfqu“lzdx+2/u#weVu,leedx
Q Q Q

2 0w

.2
_/Qwedlv(uquE)dx+/;Q weu#a—UdS

d
=fwf[Vuulzdx—/uiweAwedx+/ uiws wgdS.
Q Q n av
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Thus, by the properties (H1) and (H3) of w, and as u,, € C°°(§), we have

/w:quu|2dx—>f|Vuu|2dx and —/uiwsAwsdxe/p,uidx.
Q o Q a

Also, by (2.5),

dw,
/ w2 4§ = 0.
N

® v

Finally, passing to the limit in (2.10), we get A < A,, and we conclude the proof of the
case a = N/(N — 2) for subcritical g.

Critical case, ¢ = 2,. The existence of extremals u, for (1.1} was proved in (1]
(see also [6]). Let us prove that the weak limit of the extremals verifies # # 0. To this
end we use the following theorem due to [17].

THEOREM 2.2. There exists a constant B > 0 such that

22
(/ v2'dS> < K(N)f |Vv|2dx+B[v2dx
a0 Q Q

for everyv € H'(2). Here K(N) is given by (1.8) and it is sharp.

Now, as u, > 0, it follows that ¥ > O and, by classical regularity theory, u is
smooth up to the boundary. By the strong maximum principle and Hopf’s lemma, it
follows that eithier 2 > 0 or u = 0. In order to prove our claim, we have to rule out
the possibility of u = 0. To do this, we adapt the argument given in [6] (see also [2])

to show that |lu]l .2 # 0. In fact, by Theorem 2.2, as . are normalized such that
[fuell 22 20) = 1, we have

2/2.
] = </ uz'da) < K(N)/ |Vu5|2dx+B/u§dx
IN Q Q

1 < K(N)A(e) + (B — K(N)) / uldx. @.11)
Q

and hence

From the estimate (2.7) and the hypothesis (1.4), we get (1.9). Passing to the limit
e — 0in (2.11) we arrive by (1.9) to

(B - K(N)) f utdx > 0,
Q

and the claim follows.
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As before, the limit of the extremals u,, weak solutions of (1.3), satisfies (we
assume, as before, that A(g) — X)

/VqNudx+/uu<pdx+fugodx=Af u*"lpds. (2.12)
0 Q Q a0
Taking ¢ = u in (2.12), we arrive at
/ Vil + (1 + pwudx = kf u*ds.
Q a0
As u # 0, we have that A > 0 and |lu| L2 39y # 0. Therefore

/qu|2+(1 + pyutdx
< Q

e e
iled

A

The reverse inequality follows exactly as in the subcritical case. A

2.3. Casea > N/(N —-2) Again, using as test functions w®, we get that the best
Sobolev trace constants of the perforated domains, A(¢), are bounded independently
of . In fact, by (2.4) and (2.6) we obtain

N
Q)" ga WDV 1) Q|
((2) ) +o(e“‘”‘2"”)5———2|m + 1.
|BQ|2/4 |aQ|2/q

Thus, the extremals u, are weak solutions of (1.3) and are bounded in H'(2). We
consider a subsequence such that A(g) — A and u, — u weakly in H!(Q).

As in the previous subsection, let us take w,¢ with ¢ € C®(Q) as a test function
and we get the weak formulation (2.8). We pass to the limit in this weak formulation
and obtain

Ae) <

waVudx+/u(pdx=A/ lu|"2upds, (2.13)
Q Q a0

since w, converges strongly to 1 in H'(2) thanks to (2.4) in the case a > N/(N —2).

Now, as in the previous subsection, we divide the proof according to whether the
exponent g is subcritical or critical.

Subcritical case, 1 < q < 2,. Inthis case, as ||u,||z+30) = 1 and as the embedding
H'(Q) — L%(3RQ) is compact, we conclude that ||u|.«0) = 1. Hence, taking ¢ = u
in (2.13), we get that A > Aq by the definition of A in (1.6).

To conclude the proof in this case let us prove that A < Ay. Let uq be an extremal
of (1.6) and let us use ugw; as a test function in (1.1). Thus,

/[V(uows)lzdx =/u§|VwE|2dx+/ w?quolzdx+2/ugwEVuOVwedx.
Q Q Q Q
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As uy € C®(R) (see [9]), and Vw, — 0 strongly in L2(R2) (by (2.4)), we get

[|V(uow5)|2dx—>f|Vu0|2dx.
Q Q

Now, we pass to the limit in (2.10) to obtain

/ |Vuol* + uddx
A< =R

- 2/q
(/ |u0|" dS>
aQ
This finishes the proof.

Critical case, g = 2,. In this case, we need to check that u # 0, but this follows as
in the previous subsection. In fact, by Theorem 2.2 we have

2/2.,
1= (/ e |> ds> < K(N)/ |Vue[2dx+B/ lu 2 dx
n Q Q

= K(N)x(e) + (B - K(N))/ luc | dx
Q

= )\.0.

- K(N)A+(B—K(N))/ lu)*dx
Q

and, as from (1.9) it holds that K (N)A < 1, the claim follows.
Finally, arguing exactly as before, we conclude that A = A, and that u is an extremal
for Ay. This finishes the proof. ]

24. Case 1 =a < NJ/(N —2) In this case we have to prove A(g) — 00 as
¢ — 0. Suppose, contrary to our claim, that there exists a sequence of ¢ — 0 such
that A(¢) < C. Then, there exists a sequence of normalized functions {u.} in the

space H, () and satisfying

f |Vu|* +uldx < C. (2.14)
Q

Considering n(g), the number of cubes with holes P¢ contained in €2, we get
n(e)

/IVuelzdx > }:/ |Vu,2dx.
Q i=1 VP
Let A§ be the Poincaré constant of the Sobolev space
H:={ue H'(B©O,¢&) - BO,r())) | u=0013B0,r()}.

It is shown in [21] that

r(e)N-?

AM=>C 7

for N > 3. (2.15)
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Thus, we obtain

n(e) r 8)N'2 n(e)

(
§/ [Vu |*dx > C = § /Eluslzdx,
i=1 VP i=1 VP

and, since r(¢) = ¢® with 1 < a < N/(N — 2), we obtain by (2.14) and passing to
the limit

n(e)

. 2 _
m;L luc|?dx = 0.

Therefore, u, converges to 0 in L2(R2). This contradicts the normalization condition
(1.2) of the sequence u,. Hence we obtain that A(g) — 0.

On the other hand, using w, as a test function in (1.1) we get, using (2.4), that
w, — w in L*(2) and (2.6),

f [Vw,|* + w?dx
2

2/q
(R
aQ

Thus, with these estimates we conclude (1.7). 0

Me) < < Ce*W=a-¥,

3. Holes on the boundary

In this section we consider holes on the boundary. Recall that we assume that we
are dealing with holes on a flat part of the boundary. We distinguish three cases:
b>(N-1D/(N=-2,b=WN-1/(N-2)and 1 <b < (N —1)/(N —2). The
proof of the critical exponent 2, is the same as that in the case of interior holes. Here,
with our geometric hypothesis of the domain, (1.9) holds (see Remark 6).

3.1. Case b > (N —-1)/(N —2) Using the same test function w, extended by
w, = 1 to the whole 2 we have

Cr(e)V—?

— b(N-2)-(N-1)
eN-1 = Ce

IVwellL2 v < - 0.

Hence w, — 1 strongly in H'(Q). Using w, as a test function in the definition of
A(g) we obtain that there exists C independent of ¢ such that A,(¢) < C. From
this point the proof follows exactly the same lines as the case @ > N/(N — 2) in
Section 2.3. However, since the holes are located on the boundary of the domain,
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(2.5) and (2.6) are not satisfied. We know that w, converges to 1 in L2(32). Now, we
show that
dw,
dv
This clearly holds on 32 \ T, by the definition of w,. Now, for any ¢ € L*(T";), we have

fwaweds—ﬁf LT
[‘| 31) n=1 (:_B:)nrl 31) '

where m(g) ~ &'~ is the number of holes placed on I';. Let us consider a single cell
such that we may assume that the centre of the cell is centred at x = 0. Since I is
considered flat, the normal unit vector is —ey = (0, ..., 0, —1). Therefore, when w,
is considered, we get (—ey, Vw,} = 0, and conclude (3.1).

=0 ondQ. ‘ 3.1

3.2. Case b= (N —1)/(N —2) Asin the case of holes in the interior of £, the
strange term comes from the term that involves Aw;.

We have that Aw, vanishes except on the spheres 37 and d B;. From the explicit
form of w, we obtain

—Aw, = p; — ¥,

The function y, is supported on the spherical boundary of the semi-ball S7. We observe
that, since u, = O on this region,

(Ve ue) =0.

For the other side, we know by [10, 12] that in this case

m(e) N=2 m()
dw, . (N 2) e . oA
ne=30 | o= 2k &
i=\ i
where 8! are the Dirac masses supported by 37 fori = 1, ..., m(¢). Hence, we have
m(¢) N=2 ’
(N = 2)cy ™
uAw,dx = / — U ds.
L‘Pe ) Z,: aTINQ l—CN ‘e ple

Thanks to the strong convergence of u, to u we can pass to the limit and obtain it since
asin [10,12]

N —2)cl~?
limfcpueAwedx=u/ goudS:u,/ pudS.
. r, r

e—0 2N

This case is analogous to that of spherical holes periodically distributed on a hyperplane
of R¥ of [10, 12]. We note that the capacity of a semi-sphere is a half of the one for
the sphere. The rest of the terms can be handled as in the previous section.
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3.3. Casel1 <b < (N —-1)/(N —2) Assume that there exists a sequence & — 0
with normalized extremals {u.} in the space H!(S2). By the definitions of A(e)
and Ao r,, we have A(€) < Agr,. Therefore

limsup A(e) < Agr,, 3.2)
e—0
and the extremals satisfy
f Vi 2+ uldx < C. (3.3)
Q

Considering m(g) ~ ¢'~", the number of cells P placed on I}, we get

m(e) gb(N-2) m(e)
f |Vu [*dx > Zf |Vu,2dx > C Z/ lug|>dx, (3.9)
£NQ PENQ

i=l

by the Poincaré constant (2.15). Thus, we obtain

m(e)

Z/ luel"dx>C// lusl2dxy dS,.
PINQ r, Jo

Considering the following change of variable xy = gyy, we have

I3 Tl :
f f g9 dndx’ = f f o (& )2 dyw dSe
r,Jo r,Jo

Going back to (3.4), we get by (3.3) that
b(N 2)
¢z f / o, £y) dyn dS,.

We pass to the limit as ¢ — 0. Usingthat 1 <b < (N — 1)/(N — 2), we obtain

hm/ / lug(x’, eyn)2dyny dSe = 0.

Hence, using the regularity of the extremals,
lim/ lu*dS = 0.
e—0 r

Therefore u, converges to 0 strongly in L%(T"}). This shows that every weak limit, u,
of u, in H'(Q) verifies u = 0 on I';. Therefore

Ao < Nulli g < liminf u, |3 g = liminf A(g). (3.5)
® £=0 @ e—0

From (3.2) and (3.5) we obtain lim,_,¢g A(¢) = Agr,. Moreover the above arguments
show that the limit u is an extremal of (1.11). This finishes the proof. O
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