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A Probability Distribution for a
Time-varying Quantity

D. A. Lloyd

IN many practical situations in the field of navigation, it has been noticed that the
probability distribution of measured errors has a shape which has considerable
departures from that of the normal distribution. These departures are particu-
larly noticeable in the “tails’ of the distribution of practical cases, which are often
higher than those of the corresponding normal distributions (see, for example,
‘Is the gaussian distribution normal’, W/Cdr. E. W. Anderson. This journal,
18, 65). .

It can be shown that this phenomenon can arise from constant errors in the
basic measuring device for a circuit or an apparatus containinga simple integrator.
The integrator can be a real integrator or can arise from the kinematics of the
situation. For example, in the case of a vehicle attempting to follow a fixed track
with a heading indicator having a datum error, there is a ‘kinematic integration’
between heading and across-track error. In such a situation it can be shown that
the error probability distribution for a large number of measurements of error

is given by
! . X2
P()’)—j.zoy [-E‘(- ,6.5,zy])

where p(y) is the probability density function for the error y, and —Ei( —z) is the
exponential integral, given by

ew'q
—Ei(-z)= qu

If this function is plotted on linear-logarithmic graph paper, it will be seen that it
can be approximated by a straight line, and this line is not very different from the
straight line given by an exponential probability distribution.

The distribution is plotted on Figs. 1 and 2 for the case of unit variance. The
curves for the normal and exponential (one sided) distributions are given for
comparison, and some experimental points arising from various practical situa-
tions are plotted on the graphs to show that the curve for p( y) provides a reason-
able fit to a number of different practical cases. The cases plotted represent
doppler drift, Loran errors, and errors from the mean of vertical speed at the
entry into the flare phase of an automatic landing.

It should be noted that the *variance’ in the above formula is the time average
of the variance between o and T. The corresponding formula for p( y) where o2,
is the true variance of y is

") -m| - - |

https://doi.org/10.1017/50373463300040637 Published online by Cambridge University Press


https://doi.org/10.1017/S0373463300040637

120

FORUM VOL. 19
o ) 2 3 4 5 3 7
-0
K
4
'\A
N2 \‘
XN
NORMAL
o b
\\ WAY
N
o\
N\
' A
P (3 ) \\a STRAIGHT LINE
EXPONERT AI APPROXIMATION
NENTIAL
© To P(?jl)
Q-01l - A
AN AN
X\ N
AN
AN

0-001 \ \
A N\ @_
\‘
\
\\
0-0001
[e] 1 a 3 4 5 G 7

—

FIG. 1. Probability density functions
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FIG. 2. Cumulative distributions
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This approximates closely to the exponential distribution for a wide range

of y.
The corresponding double-sided distribution is given by

=z -2

and in this case the difference between the time and statistical averages of the
variance does not arise. This distribution also approximates closely to the ex-
ponential distribution over a range of values of y.

A Survey of the use of Astronomical
Methods at Sea

D. McG. Bissett and J. ]J. Evans

This investigation of methods used in Astronomical Navigation has been carried
out by means of questionnaires completed by senior students at a few of our Navi-
gation Schools. The data has been classified into fairly broad categories since some
of it has been rather difficult to assess, due to incomplete information on such
details as trading areas, which watch was being kept, and the actual time spent at
sea during the year.

The graphical analysis shows the frequency of usage for each method expressed
as a percentage of the total number of observers questioned.

With regard to Solar observations the information obtained is generally as
expected. The position line by Marcq. St. Hilaire is favoured a little more than
Longitude by Chronometer.

(a) 42 per cent use only M. St. H.; 27 per cent use only the longitude method;
27 per cent vary between these two methods, and only 4 per cent make use of
short method tables, and

(b) of those who take ex-meridians, g1 per cent make use of ex-meridian
tables, the remainder working the calculations in full.

The Moon is noteworthy, if only for a conspicuous lack of observations, even
of time azimuths. It would seem reasonable to expect that at some time of the day
or night the Moon would be suitably disposed for observation, but there remains
a peculiar reluctance to use it.

Considering the comparative infrequency of occasions when it is possible to
observe planets, it is a little surprising to find them used so widely. Perhaps it is
a matter of professional pride to the observer when he manages to locate, observe,
and cross Venus with a Sun sight.

Despite a growing emphasis on the use of short method tables in the computa-
tion of zenith distance from star sights, our investigation revealed that of those
regularly using stars for position fixing, 73 per cent work the calculation in full
[15 per cent by longitude methods; 58 per cent by M. St. H.] and only 27 per cent
by short methods.
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