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SOME REMARKS ON TALENTI’'S SEMIGROUP

BY
A. CHRYSOVERGIS

1. Introduction. Let X be a Banach space. Consider the family /(«) of linear
continuous operators from X into itself, depending on the parameter «>0. Sup-
pose that I(e;+ag)=1I(c;)I(eg)Vey, xg>0 and I(0)=I (semigroupal property).
Such a semigroup is said to be strongly continuous for «>0, if lim,_ ¢ I(e+h)x
=I(x)x, Vx € X. We shall study here an example of such semigroup, generalizing
the well-known semigroup generated by the Riemann-Liouville Integral (see [2]).
The semigroup we are studying here appeared in a paper by G. Talenti [1].

2. Take X=C]|0, 1] the space of continuous functions on [0, 1] with the topology
of the uniform convergence. Take also p(¢) a positive and continuous function in
[0, 1] and define, Vg € C[0, 1] the operator

@.1) 1@30) = 15 [Faon [ s as)=tpowy v, w >0
where I(@)=[p~X(d/dt)]~*.

ReMARK. If p(t)=1 then (2.1) reduces to Riemann-Liouville Integral.

22 I@g(0) = 5 [ 8Xe—wy =
which belongs to C[0, 1], and
@3 lr@igl < il w0

It is trivial that I(«)(g; +82)=1(«) g1 +1()ga, > 0.
THEOREM 1. I(e) maps C|0, 1] into itself and

@4 @1gll < ;s ple, « > 0.

Proof. Let0<t<t+h<land O<a<l.

1 t+h t+h -1
s TOHHH=IOK0 ~ g [ a0 f Plo)ds)" p) dw

165 ). 8[| p &5) ) .

We make the substitution
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2.6) L p(s) ds = P(s).
Then t
fw p(s) ds = P(£)—P(w).

Therefore the R.H. side of (2.5) is equal to
ﬁ f: " P )= PO P ) dw--lﬂz—a) f: g(W)(P(£)—P(w))*~1P"(w) dw
= f(%)f: gOW(P(t+h)—P(w))*~*P"(w) dw+.r_(107) ft )
x (P(t+h)—P(w)*~1P'(w) dw'F(la—) f: g(W)(P(t)—P(w)*~2P"(w) dw
= 1 || SOPE+ D= PO~ = (PO~ P01 () d
+ ﬁ ftm gW)(P(t+h)—P(w))*~1P'(w) dw.
1@+ -1@s0] < L { [ P+ n-Poy—

—(P() = POW))*~1| P'(w) dw+ ft M PGBy — P (W) dw}-

Since P(¢+h)—P(w)>P(t)—P(w) and, for 0<a<1,
(P+h)—PW)*~t < (P()—P(w)*~1,
this implies that
|(P(+m)—P(w))*~*—(P(t)—P(W))* Y|
= (=DI(PE+h)—Pw)* = (P()—P(w))*~*].
Therefore,

[} (2@ —Pooy=1- (2@ - PO P o) dv

= f: [(P@E+h)—PW)*~1 = (P(t) —PW))*~*1(—P’(w) dw)
_ P+ —Pw)* (P@)—PW)* [

o o 0

= LUP@+ R =Py + Pty —P(t+h)]
and
ﬁ (P(+h) = PO)==P'(w) dw = —= (P(t+h)—P(w))* |1+

- é(P(t+h_)_—P(t))"‘.
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Thus,
[1(c)g(t+ ) —I()g()]

gl .
= T(a+1) [2(P+h)—P(@))*+P(t)*—P(t+h)*] -0 as h— 0.

This proves continuity on the right and left continuity is proved in a similar manner.
Using the same techniques one can estimate that

1@l < il 121,

from which (2.3) follows.

Thus we have proved that I(«) € Z(X, X)Va>0, and the semigroupal property
I(oy + g) =I(ey)(eeg) is proved in [1].

Next we proceed to show that the above considered semigroup is not only strongly
continuous for each « >0, but it is fact continuous in the operator norm.

Proof.
I+~ 1@ = [ g [LOLOITT_POLON] i) gy,
|Gt Bg())—I@)3(0)

t — a+h—-1 — a—1
< [! 1500 (BOZEGI2_(POPONY py gy

from which we have

[[(e+h)g—I(c)g]

sup [I(a+h)g(t)—1()g)|
(P()—P(w)*" +(P(t)-P(W))°’
(=) e+ (e+h) al'(e)

= el sup, [ - e
8l R, Teth+D T+D)|

t

IA

lgl sup

0s<t<1

0

Let
l P(t)tt+h P(t)a

E=ta+itD Te+D

We want to show it converges uniformly to O for £ € [0, 1] as A — 0, Va>0.

| P T'(a+h+1)
E= T(e+h+1) P@) - T(e+1)
P(@)* || T'(e+1) - _I(e+h+1)
< [T+ |I‘(a+h+1){lp(t) ”+ll T+1) '}

For small A,

Fle+1l) (et 32
m)—ehr(+)+0(h/) [hl<1

https://doi.org/10.4153/CMB-1971-027-0 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1971-027-0

150 A. CHRYSOVERGIS
Choose A so small that 1 —e< [[(e+1)]/[C(e+h+1)]<1+e.

[Pt —1] < ij\_f ll_r_(ﬁ'_h_'*'_l) <=

Ta+1) | - 2M
where
_ max 2O
M= DX Ta+D)
Then
e+ Pg—~I@gl < M(1+8)|55;+55] Il
or

H(e+hg—I(x)g| < e(1+2)|g|
and this implies

"Shlg)l [I(e+h)g—I(x)g| = [I(c+h)—I(e)] < e(l+e)—>0 ase—>0.
g
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