SOME PROPERTIES OF THE EIGENFUNCTIONS OF THE
LAPLACE-OPERATOR ON RIEMANNIAN MANIFOLDS

S. MINAKSHISUNDARAM AND Pc: PLEIJEL

Introduction. Let V be a connected, compact, differentiable Kiemannian
manifold. If Vis not closed we denote its boundary by S. In terms of local

coordinates (x), 7 = 1,2, ... N, the line-element dr is given by!
drt= ga(xt, x2, .. . x") dxtdx®
where gix (%1, 2%, . . . V) are the components of the metric tensor on V' We

denote by A the Beltrami-Laplace-Operator

1 9 . U
= — — (Vg —
Vg ot (fg ax")

and we consider on V the differential equation

1) Au + M = 0.
If V is closed this equation will in general have an infinite number of eigen-
values A = A\, m = 1,2,. .., and corresponding eigenfunctions ¢,(P) where

P is a point in V. When V has a boundary we have to consider in addition
to (1), certain boundary-conditions in order to define eigenvalue-problems.
We consider the following conditions, either

(2) u = 0onS,

or

3) ou _ 0 on S,
n

where o denotes a differentiation in the direction of the normal of S. Eigen-
n

values and eigenfunctions shall be denoted in the same way as was indicated
in the case of a closed manifold. We assume in all cases the eigenvalues to
have been arranged in non-decreasing order of magnitude and the eigen-
functions to form a complete orthonormal set

JV ¢:i(P)pr(P)AV = b

(@V = /gdx'dx?. . . dx"). In the problem with a closed manifold and in (1),
(3) the value A\o= 0 is a simple eigenvalue (\;> 0) with the corresponding

1
eigenfunction equal to the constant —= where V denotes the volume of the
g V'V

manifold. In the problem (1), (2) we have A¢> 0.

Received July 4, 1948.
We use the usual notations of tensor-calculus (g is the determinant of the covariant metric
tensor giz).
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We always assume V together with its boundary (if this exists) to be suffi-
ciently regular so that those theorems from the theory of eigenvalue-problems
which are required are valid.

The aim of this note is to study the analytic continuations in the s-plane of the
Dirichlet's series (summation from m = 0 to + <or from m = 1 to + ©accord-
ing as ho > or = 0)

@) Z Mll)_{r@,
and
®) 3, e

where if V has a boundary, P and Q shall be interior points of V. In the case
where V is a bounded two-dimensional Euclidean domain, the series (5) was
first studied by Carleman [1]. Later in the case where V is a bounded Eucli-
dean domain of arbitrary dimension N it was shown by Minakshisundaram [7]
by a method different from Carleman’s that (4) is an entire function of s with
zeros at negative integers and that (5) is a meromorphic function with simple
pole at s = 3N and zeros at negative integers. The method here developed
is a generalization of Carleman'’s.

Even though our results are valid to a certain extent under less restrictive
regularity conditions it is convenient to state them here for an analytic
manifold V. If Ao> 0 (the formulation of the results is only slightly different
in the case when Ao= 0) we find that both the series (4), (5) can be continued arbi-
trarily far to the left of their abscissas of convergence. The continuation of (4) is
an entire function with zeros at non-positive integers while (5) represents a func-
tion analytic except for simple poles at

s=3iN—-»,v=0,1,2,.... if N is odd,
and at

s=3iN,iN-1,IN-2,...2,1 if N is even.
The residue at the poles can be determined in terms of the gi. If N is odd the
Sfunction defined by (5) has zeros at non-positive integers and if N is even its values
in these points can be explicitly determined from the metric tensor of V. By
ITkehara's theorem (see [14], p. 44) we obtain as a corollary the relation

E AshE evrr( Y +1)

TN/ 2

where the sign ~ indicates that the quotient of both the sides tends to 1 when T
tends to + o« ; see [1].

In the case of a closed manifold the series

®) 5 At

m=1

is easily seen to have properties similar to those stated for (5) and by the help
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of Tkehara's theorem we obtain immediately the asymptotic distribution of the
eigenvalues. In the case when V has a boundary our method does not give
such complete results concerning (6). It is possible by generalizing Carleman’s
method to deduce the asymptotic eigenvalue-distribution also in this case, but
it seems as if this could be done more easily by already available methods (see
[3] and [13]). The analytic continuation of (4), (5) and (6) in the case of a
sphere was previously studied by Minakshisundaram [8].

1. Construction of a parametrix. We introduce normal coordinates in the
neighbourhood of an inner point P of V. If rpg denotes the geodesic distance
from P to Q anddi differentiation along a geodesic from P, the normal co-

r
ordinates (y°) of Q are defined by

yi =17 (d_xl.)
Fe dr Jo=p"

If & is a function of r = rpg only and U is an arbitrary function we observe
that

P N-—1 4% dlogvg c_ig) aU do
(7) a2y = U(dr2+ r dr dr dr +2 dr dr+(I)AU

on using the well-known formulae

po = gik(P)y'y",

gix(Q)y*= gi(P)y*,
where the fundamental tensor is determined with respect to the normal co-
ordinates and (y%) are the coordinates of the point Q.

We define in a neighbourhood of P
N

TH T (U4 Ut +. .. Unt™

1
H,(P, Q;t) = (2\/1—'.)N €

by choosing U, (P, Q),» = 0,1,2, ... n, independent of ¢ and solutions of the
differential equations (U_; = 0)
dU, . r dlog Vg
Zrp 2 ¥e g4 U, =AU,
"o T4 e '

The functions U,(P, Q) are uniquely determined by the conditions that they
shall be finite for P = Q and by the normalizing condition Uo(P, P)= 1. It
is apparent that the choice of the integer » is limited by the regularity of V.
However, we shall assume V so regular that n can be chosen >3N —2 (see Sec. 2).

We find
vir 0 - (A2
7.0 (g(Q))

Q
Us(P,Q) ( r¥wdnlpa(PID)
TVPQ o Uo(P, H)

and forv > 0
UV(P’ Q) =

By the help of (7) we find, on account of the definition of U,, that
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a AUn -:E _H+”
(8) (A >H et ? .,

Ta)t T eva)”
For Q = P,t = 0 the singularity of H,(P, Q; t) coincides with the singularity
of a fundamental solution of the heat-equation
Au — gu _ 0
at

H,(P, Q; t) is a parametrix of this equation.
By use of a Laplace-transformation we obtain from H,(P, Q; t) the function

” [ee]
1 - Ny,
C e ) = _ %, 2
KoP, Qs = ) = Gy Z(]) , l e 9T an
The singularity of this function for Q = P coincides with the singularity of a
fundamental solution of the equation

9 Au — tu = 0.

From (8) it follows that

o) . N
AU, —£-r N yp
@vn)" .[ ¢ Mt
0

The function K,(P, Q; —¢) is a parametrix of (9).

The construction of H, (and K,) is analogous to Hadamard’s construction
of a fundamental solution of the General Wave Equation (see [6]). But by
comparing our construction with Hadamard’'s we see that Hadamard’s proof
of the convergence of the infinite series he considers cannot be used for the
infinite series we obtain from H,(P, Q; t) by letting » tend to infinity. The
same is seen to be true a fortiori for the infinite series obtained from

Kn(Pr Q; - E)

As a parametrix in the large we consider

Ta(P, Q; —8) = nr(rpo)Ka(P, Q; —§)

where ng(r) is a continuous function of 7 satisfying

(10) (A= HK.(P,Q; — &) = dt.

1 when r < B ,
7r(r) = 2
0 whenr > R,
and having continuous derivatives of order one and two. In the interval
3R < r £ R the function ng(r) can be chosen as a polynomial satisfying in-
equalities of the form

dng

<1
dr

<

NR

const. d*nr < const.
R drt R
R shall be chosen so small that the geodesic sphere round P with radius R is

contained in the neighbourhood of P where the construction of K,(P, Q; —§)
isvalid. In the case of a closed manifold V we can choose R independent of P.
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In the case of a manifold with a boundary the choice of R must depend on the
distance from P to this boundary.

2. The Green’s function. With the aid of the parametrix T'»(P, Q; —§)
we may express the Green's function of (9) in the form

The integer n shall be chosen so large, n > 3N — 2, that all singularities of
G(P, Q; —¢) are contained in I',(P, Q; —£) and v,(P, P; —§&) is finite. Asa
function of the point Q the ‘regular part” of the Green's function, viz.,
v2(P, Q; — £) satisfies the equation

(A - E)Q'Yn(Pv Q; _E) = (A - E)an(Pv Q; _E)
If V has a boundary, G(P, Q; —¢£) shall satisfy the prescribed boundary con-
dition (2) or (3). On account of the vanishing of T', and 66_1‘,_‘ on S the func-

n
tion y,(P, Q; — &) satisfies the same boundary condition as the Green’s func-
tion itself.
Now v,(P, Q; —¢) can be obtained as a solution of the variational problem:

to search for the minimum of (£ is supposed to be real and positive)

E(u; T, = J(y‘k U S e 4 2Fu> av

S dx* ox*

where F(Q)=(A — £)oT'n(P, Q; —£). The admissible functions # are assumed

to be continuous with piece-wise, continuous, first-order derivatives in the
open kernel of V. The integral

. ou  ou
ik _ 2 d V
,I[(g oxt 9x* + £u>

shall be finite. If the boundary condition # = 0 on S is considered, the admis-
sible functions shall also satisfy this condition (see [4], p. 482).
The minimizing function v.(P, Q; —§£) satisfies the equation (see [10])

(12) Yo(P, P; —£) = E(yn; Ta) — J Tn(Aln— E0R)dV
v
from which we observe that on the one hand

7n(Py P; _E) < - Jrn(AFn— SFn) av,
v
and on the other

Yu(P, P; —&) > — lszdV_ Jrn(AFn_ () AV
EV v

-1 J (AT, — E£T,)dy — J I'o(AT,— &T,) dV.
¢ |4 14

The first inequality follows from the fact that # =0 is an admissible function
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in our minimum-problem, the second is obtained by forming a complete square
under the integral-sign in E(#; I's). Thus an estimate for v,(P, P; —¢§) for
large positive values of ¢ can be deduced from the estimate for

(13) J. Tn(AT— &) dV
v

and
(14) L J (AT, — £T,)4MV.

£ v
By help of the estimations for (13), (14) obtained in the next paragraph we find

E—n—z

(15) ] vo(P, P; —§) | < const. £2

where the constant depends on R.

3. Auxiliary estimations. On account of the inequalities
1 7’ f‘\/ E
<L -\&+ —> >

e 2 (5 4t

2
and
& g
(16) C? X |U|# < const., (£ &> 0),
v=0
it follows when N > 2 that
i
% T _n N c ?
(17) | Ta(P,Q; =8 | £ const. C 2 J C ¥t ?dt = const. T
0
When N = 2 we use instead of (16) the inequality
-
C?® X |U|# <const. C™*¥, (§>£>0;0<a<}),
v=0
and by the help of well-known properties of the Bessel-function (see [12], pp.
183, 80, 202)
1f -2
Ki(z) = 2 e T ldr
0
for z tending to 0 and to + « we obtain in this case
%
(18) IT.(P, Q; —&)] < const. e * log (rv/E).
For (10) we see that for r < IR
T o N, N, %
(19) |AT,— T,| < const.e ? J e 2t * dt = const. £? e ®
0

provided — 3N +#n > — 1. When — (N 4+ % < — 1 we use the method
which gave us (17) and (18) and deduce in this way:
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_rf

(20) |AT, — £T.| < const. 7~V 12712 ¢ 2 when — iN+n< -1,

and o

(21) |AT,— T, < const. e 2 log (rv/E) when — A N4+ n= — 1.

In the interval 3R < r < R we find inequalisi_es for ]AI‘,.— EI‘nl in which the
_RY%

majorizing expressions contain the factor e ? . This fact and the inequality
r > 3R make it possible to give to these inequalities the same forms as (19),
(20), (21) the constants being now dependent on R.

By introducing (17) and (19) in the expressions (13) and (14) we find

N
——n—2
J‘I’,.(AI‘,;— (T,)dV | < const. £2
)4
and
1 E—'m—s
(22) EJ'(AI‘,,— (r,)2dV | < const. 2
Vv

on account of the fact that dV can approximately be substituted by the
Euclidean volume-element 7Y ~dr d2. Observing (see the beginning of Sec. 2)
that — N + 2n + 4 is a positive integer it is easily seen that all combinations
of the inequalities (17), (18) with (19), (20), (21) give the same result (22).

4. A fundamental formula. Starting from the relation

GP,Q; —§)— G(P,Q; —t)= — (£ — &) JG(P, II; —§) G(II, G; — &) dVn
14
we obtain by repeated application

?
(23) G(P,Q; —¥§) — ;20 (= 1)°(¢ — £)’G (P, Q; —¢0)
= (= )P — g™ J G(P, II; —§) GP(II, Q; —%0) dVn,
where GO (P, Q; —I-/Eo) = G(P, Q; —&),
G*V (P, Q; —£0) = jG(P, II; — ) G (11, Q; —%0) dVy.

v
We assume without detailed discussion that the integral

J' (G9(P, Q; —£0))*dVy
v

is finite when? ¢ > [1—}] and P is an interior point of V. In the case when V

is a bounded Euclidean domain this follows from the inequality
const.

l G(P: Q; —EO)I .<_ N—2 °*
TPQ

2 [g] = integer, ¢ — 1< [¢] < a.
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For other cases we may refer to the works of Giraud [5] and de Rham [11] (for

the case when V is closed). It follows that for p = 2 [—iy] the right side of

(23) can be developed into a convergent series of eigenfunctions, and we have

?
(24) Ta(P,Q; —8) — 7a(P, Q5 —§) — Z:‘.O (= 1)’(¢ = £&)’GV(P, Q; — &)

©

= (= 1P (g — g7t ¢m(P) dm(Q) '
(-pTe-u z:(xm+ £ Amt £

Since the right side of this relation is finite for Q = P the singular parts of

T'.(P, Q; —¢) must cancel the singular parts of the sum
»

(25) > (= 1)t = £)’GV(P, Q; —#0) .

»=0

m=0

What remains after a transition to the limit, Q — P, is the “finite part’ of
Tn(P, Q; —¢) for Q = P minus vy,(P, P; — £) minus a polynomial in £ of degree
p contributed by the finite part for Q = P of the sum (25). In order to cal-
culate the finite part of I',(P, Q; —¢£) for Q = P we have to consider the finite
contributions for » = 0 from

(o]

—§-r N, N, AN -1 -
[ e (B Ry ove,
1]

2 —p—1

where K;(z) denotes the Bessel K-function of order ¢ (see [12], p. 183). If Nis
odd, 2¢ = N —2» — 2is odd and ([12], p. 78)

T (I4() - () .

Ki(z) =

2 sin w¢

By this formula and by well-known developments of the Bessel functions
I_;(z) and I;(z) we find that the finite contribution from I',(P, Q; —¢&) for
Q = P is, when N is odd

_Ig—v—l
2

L oy (N,
0 M P) = ﬁ)NZr< -+ +1)g U,(P, P).

v=0

When N is even we make use of similar considerations but now based on the
formula (f is a positive integer; see [12], pp. 79 and 80)

:~1
¢ _ 2m
K:H.(Z) - %(%) Z (— l)m P(IM' m)(g> + (_ I)H-l(g)r
m=0 '

® (z)2m
¥ 2
m!T(¢ +m+1)

m=l

(log% - %w(m 1) - %w(; Fom+ 1))
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where
W+ =1+ 241y 41
2 3 k
‘0(1) = -7
v = Euler’s constant.
The finite contribution from T',(P, Q; —¢&) for Q = P obtained in this case is
Ny, N
—2——v—-1

2
1 r-
(27) Mu(§ P) = 5=~ (= 1% ———=log £ — 2 log 2
@vm¥ Zo r (z2_v_ )(

N 1 c N ¥y _,-
0=y (3-0) + e Lor(-zeeen)e
N

So we have from (24)

dn2(P)
+8) (mt £0)*TY

= e -t Y o
m=0

where A5(£, &, P) is a polynomial of degree p in ¢ with coefficients depending
on ¢ and P and where M,(¢, P) is equal to (26) or (27) according as N is odd
or even. In the case when \¢> 0 we obtain by performing the transition to
the limit £— 0 that

?
(29) Ma(§ P)— va(P, P; —§) + Z_oAv(P)S"

¢n®(P)

= (— p+1 —- p+1 —_— .
- ( 1) (E EO) O()\m+ ‘E) )\fn+1

When A= 0 we transfer the first term of the series on the right in (28) to the

left, take it together with A4,(%, £, P) and note that since the other terms of

the equation remain finite for £— 0, the value of
2
Ay(E, £, P) — (— 1)1"*‘1 (E_Eo)p+1¢o (P)

3T

remains finite and gives an expression of the form

b4

1
Y 4@ - 3
=0

V being the volume of the manifold. We obtain in the case when No= 0 the
formula
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? 1
(30) Mn(z’ P)_ 'Yn(PyP; _E) + =ZO A,(P)E’ - T/—é

o nl(P)
[ 1\0+1pp+1 —rmr 7
=0T z_zl(xm+ NG

5. Analytic continuation of (5). We suppose first A¢> 0 and multiply both
sides of (29) by
1 = _1__ =S log [§[—is(arg §—7)
27i(— §)° 27
and integrate along the following contour in the complex £-plane with a cut
along the real positive axis. From 4 « to a (a real, 0 < a < A) along the
lower part of the cut, from a to a along a circle round the origin and then from

a to 4+ « along the upper part of the cut. We obtain in this way when the
real part Rs of s is sufficiently large

O 6.2P) _ sinws T M.(t, P) Fya(P, P; —8)
- _ [ Male P hAICSR Tt
31) Z An ™ ( J g BT J £ :
m=0 a a
4 . 2
Ay(P)a"_SH) _alem 0 e
+ ) = JF(ae,P)el do
v=0 1]

where

v 6n(P)
F&, P) = (- 1)P* g+t Y Ot DL
m=0

The last integral in (31) is an entire function of s vanishing when s equals a
non-positive integer and so is the expression

sin s i A,(P)a !

T s—v—1

v=0

On account of our estimation for y,.(P, P; — &), (15), the integral
(o)

J’ (P, P; —§)
Ea

is a regular function in the half-plane f&s > 1N — #n — 2. In the case when

N is odd the first integral in (31) is equal to the following expression (see(26))

d

©
S —v=s
2

M.t P 1w
(32) _J‘ (:e )df':(z\/—’;)NZ r('“—22\—7+V+1>_a7V—"’Uv(PvP)

r=0 5—-_.]_
2 14

and in the case when N is even (see (27))
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Ly

e s I

(33) -<log a+ —lN— —2log 2 — y(1) — :p(%] - v>) U,(P, P)

S—'§+V
" N,
1
— = ¥Vr(-2 1) 2 2, P).
+(2\/;)NZ ( +v+) —N+ (P, P)

V=g

All taken together we obtain from (31), (32), (33) the following
THEOREM. The Dirichlet's series
¢m2(P)
(34) ):

m=0

can be continued to the left of its abscissa of absolute convergence. The function
¢(s, P) thus obtained can be written '

£, P) = (2\;_ Y — U,(2, P)N + Rus, P) if N is odd,
™) »=0 I'(— —v)<s ——-+v)
2 2
and
N,
2
1 U,(P, P)

+ R, (s, P) if N is even,

where in both cases R.(s, P) is regular in the half-plane Rs > IN — n — 2.
When s is equal to a non-positive integer (> 3N — n — 2) we have

¢(s, P) = 0 in the case when N is odd,

and
ra —s .
(s, P) = Uy (P, P) when N is even.
evoY -
In the case when o= 0 we have to consider the series
[oe]
n’(P)
m=1

instead of (34) and to use the relation (30) instead of (29). We obtain essentially
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the same theorem but because of the term — 715 in (30) we arrive at the relations

¢0,P) = — Il/ when N is odd,

and
Uy (P, P)
2

¢, P)

I

————— — = when N is even,
(2v/m) 4
instead of the corresponding relation in the theorem (we denote here by { (s, P) the
analytic continuation of (35)).
In so far as the Dirichlet’s series (34) or (35) with positive terms can be
continued to the left of its abscissa of absolute convergence with a simple pole
at s = 1N and residue (we observe that Uy,(P, P)= 1)

1
- N
@ve)" T (5)

we could apply Ikehara's theorem (see [18], p. 44) and obtain the following
asymptotic distribution of the squares of the eigenfunctions as a

e
COROLLARY. Z émi(P) ~ N
Ap<T @2voNT (5 + )

6. Analytic continuation of (4). Let P and Q be two different (inner)
points of V and let R be so chosen that the geodesic spheres round P and Q
with radius R have no points in common. From the formula (24) we obtain
when A\e> 0

4
(36) Ta(P, Q5 —8) — 7a(P, Q5 —§) + vgo B,(P, Q)¥

O 6n(P)én
= (= 1)rHigH? zoﬁ

By choice of R the value of T',(P, Q; —£) is zero and we have only to estimate
vn(P, Q; —&) as a function of £ for ¢ = 4+ ». Corresponding to (12) we have

2{va(P, Q; =8 + 74(Q, P; —9)}
= E(va(P, I; =8+ va(Q, I; —§) ; Tu(P, II; — &)+ Tw(Q, IM; —§))
(B7) — E(ya(P, I; —§)— va(Q, II; —§) ; To(P, II; —§)— Tn(Q, II; —#))
+ 2{D(Ta(P, T; —£), Ta(Q, II; — §))+D(Ta(Q, I; — ), Tn(P, ;- §))},
where
Du,v) = — J u(Av — £v) dV,
v
and where II is the point of integration. (37) can be deduced in a similar way
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to (12); see [14]. The last expression on the right of (37) vanishes on account
of our choice of R. When

and
u(n) = 7n(Pv 1I; _f) - 'Yn(Qv II; -E)’
the expressions
E(u; To(P, II; —§) + Ta(Q, II; —§))
and
E(u; To(P, II; —§) — Tu(Q, I; —§))
attain their minimum values. These minimum values can be estimated as in

Secs. 2—3 and we find (it is easily seen that we need only the estimation for
the expression (14))

E —2n—3

(38) | ¥a(P, Q; =8+ va(Q, P; —£) | < const. ¢
Interchanging P and Q in (36) and adding we obtain, on using (38)

® 4
_ )1t $n(P)én(Q) Z . g e
(39) (=177 Ot ONFL = A4,(P, Q)&+ O(¢ )
m=0 v=0
From this relation it follows as in Sec. 5 that the Dirichlet’s series
(40) Z ¢m(P)¢:m<Q)
m=0
which has a finite abscissa of convergence can be continued analytically to the left
of this line and represents a regular function (s, P, Q) for s > AN — 2n — 3.
¢(s, P, Q) = 0 when s is equal to a non-positive integer (> 3N — 2n — 3).
When A= 0 we consider (40) but with summation from m = 1. Using
instead of (36) the formula (see Sec. 4, formula (30))

1
TW(P, Q; =) = 7a(P, @ =) + ), BAP, Q¥ —

VE
v=0
&m(P)ém(Q)
pH1pp+1
) £ Z ()\ +£))\ﬂ+1
We find that the analytic continuation of
(1) i $m(P)$m(Q)

m=1

has the same properties as the analytic continuation of (40) with the only exception
that the function ¢ (s, P, Q) represented by (41) is not zero for s = 0 but has the

1
value — — .
|4
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oo}
7. The series 3 \,° in the case of a closed manifold. We add a discussion

m=1

of the series

[ o]

P

m=1
in the case of a closed manifold V. In this case R can be chosen independent
of P and we can make use of the inequality (15) with a constant independent
of R. Integrating (30) over V we have on account of this inequality

ad 1
(42) (— 1ptipgtt Z o o = JMn(é, P)dv
m=1 |4
1 S—n—2
+ Z ¢ JAy(P)dV—E + 0 ).
y=0

Using the same method as in Sec. 5 we obtain the
THEOREM. If V is closed the Dirichlet’s series
@
D -y
m=1

can be continued analytically to the left of its abscissa of convergence and the func-
tion thus obtained can be written in the form

1 - ‘[ U,(P, P)dV
(2v™Y Z N N + R.(s) when N is odd,
v=0 I‘(— —v)(s ——+v)
2
and
¥
2 f U,(P, P)dV

(2\/1I’) Z N + Ra(s) when N is even.
SHCEDIED
In both cases R,(s) is regular in the half-plane Rs > LN —n — 2. Fors =0
the value of the analytic continuation ts — 1 if N is odd, and

1
(2_\/—;)_1\7 l Ug(P, P)dv -1

if N is even. For s equal to a negative integer the analytic continuation is zero
when N is odd, and when N 1s even its value is

MJU P, P4V
evey | SR
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Ikehara’s theorem gives the asymptotic distribution of the eigenvalues

N
VT?

@vmY r(g + 1)

NOw< T) ~

where N(An < T) denotes the number of eigenvalues < T.
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