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Multiple Solutions for a Class of Neumann
Elliptic Problems on Compact Riemannian
Manifolds with Boundary

Alexandru Kristály, Nikolaos S. Papageorgiou, and Csaba Varga

Abstract. We study a semilinear elliptic problem on a compact Riemannian manifold with boundary,

subject to an inhomogeneous Neumann boundary condition. Under various hypotheses on the non-

linear terms, depending on their behaviour in the origin and infinity, we prove multiplicity of solutions

by using variational arguments.

1 Introduction

Let (M, g) be a smooth, connected, compact Riemannian manifold of dimension

n ≥ 3 with boundary ∂M. For λ > 0 and µ > 0, we consider the following inhomo-

geneous Neumann boundary value problem

(Pλ,µ)







−△u + k(x)u = λK(x) f (u(x)) for x ∈ M,
∂u

∂n
= µD(x)h(u(x)) for x ∈ ∂M,

where k, K : M → R, D : ∂M → R are positive continuous functions, ∆ denotes the

Laplace-Beltrami operator in the metric g, ∂
∂n

is the normal derivative with respect to

the outward normal n on ∂M in the metric g.

Problems like (Pλ,µ) arise in various contexts, motivated by certain physical phe-

nomena; see for example [1, 6] and references therein. On the other hand, when

f (s) = |s| 4
n−2 s and g(s) = |s| 2

n−2 s, the problem of the existence of a positive solution

for (Pλ,µ) is equivalent to the classical problem of finding a conformal metric g ′ on

M with the prescribed scalar curvature K on M and the mean curvature D on ∂M,

see [3–5]. For the quasilinear extension, we refer the reader to [2].

The purpose of this paper is to provide multiple solutions for problem (Pλ,µ) when

the nonlinearities f and h have various growth conditions. Note that if K(x)/k(x) =

λ0 =constant on M and Fix(λλ0 f )∩h−1(0) 6= ∅, then (Pλ,µ) has at least one solution

for every µ > 0, where Fix(λλ0 f ) is the fixed point set of the function s 7→ λλ0 f (s).

Indeed, the constant function u(x) = c ∈Fix(λλ0 f ) ∩ h−1(0) verifies both equations

in (Pλ,µ). Clearly, we are interested not only in this particular case when K/k is con-

stant on M. Due to this fact, we assume that the continuous function f : R → R

verifies the following:
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( f1) lims→0
f (s)

s
= 0;

( f2) lim|s|→+∞
f (s)

s
= 0;

( f3) there exists s0 ∈ R such that F(s0) > 0, where F(s) =
R s

0
f (t)dt.

Let h : R → R be a continuous function. For every q ∈ [1, n
n−2

), we introduce the

assumption

(hq) sups∈R

|h(s)|
1+|s|q < ∞.

Theorem 1.1 Let f : R → R be a continuous function that fulfills the assumptions

( f1)–( f3). Then, there exist a number σ and a non-degenerate compact interval A ⊂
[0, +∞) such that for every λ ∈ A and every continuous function h : R → R fulfilling

(hq) for some q ∈ [1, n
n−2

), there exists δλ,h > 0 with the property that for each µ ∈
(0, δλ,h), the problem (Pλ,µ) has at least three weak solutions which are in norm less

than σ.

We return to the case where K/k is constant on M in order to state our second

result. For a fixed λ > 0, we assume the following.

( fλ) K(x)
k(x)

= λ0 for every x ∈ M, and the set of all global minima of t 7→ F̃λ(t) :=
1
2
t2 − λλ0F(t) has at least m ≥ 2 connected components.

In particular, ( fλ) implies that the function t 7→ F̃λ(t) has at least m−1 local maxima.

Thus, Card(Fix(λλ0 f ))≥ 2m − 1. Therefore, if an element from Fix(λλ0 f ) belongs

to h−1(0), it may be considered as a constant solution for problem (Pλ,µ) for every

µ > 0.

Theorem 1.2 Let f , h : R → R be two continuous functions that fulfill the assump-

tions ( f2), ( fλ) for some λ > 0 fixed, and (h1), respectively. Then there exists a number

δλ > 0 such that for every µ ∈ (0, δλ), problem (Pλ,µ) has at least m + 1 distinct weak

solutions.

The proof of Theorems 1.1 and 1.2 are based on two recent results of Ricceri [7,8].

In the next section, we recall some notions and results that we will use in the sequel.

In Sections 3 and 4 our main results are proved.

2 Preliminaries

We denote by 2⋆
= 2n/(n − 2) and 2

⋆
= (2n − 2)/(n − 2) the critical Sobolev ex-

ponents for the embedding W 2
1 (M) →֒ L2⋆

(M) and the trace-embedding W 2
1 (M) →֒

L2
⋆

(∂M), respectively. Here, and in the sequel, (M, g) is a compact Riemannian man-

ifold with boundary and W 2
1 (M) is the standard Sobolev space equipped with the

norm

‖u‖ =

(
∫

M

|∇u|2dµg +

∫

M

u2dµg

)
1
2

.

In the sequel we use the notations:

km = min
M

k, kM = max
M

k; D∂M = max
∂M

D, KM = max
M

K.
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It is easy to see that the norm

‖u‖k =

(
∫

M

|∇u|2dµg +

∫

M

k(x)u2dµg

)
1
2

is equivalent to the norm ‖ · ‖ defined above, i.e., ak‖u‖ ≤ ‖u‖k ≤ bk‖u‖, where

ak = min{1,
√

km} and bk = max{1,
√

kM}.
It is well known that the embedding W 2

1 (M) →֒ Lr(M) is compact for r ∈ [1, 2⋆)

and the trace-embedding W 2
1 (M) →֒ Ls(∂M) for s ∈ [1, 2

⋆
), respectively. We denote

by CM,r the Sobolev embedding constant of W 2
1 (M) →֒ Lr(M) and by C∂M,s the

embedding W 2
1 (M) →֒ Ls(∂M).

Let f , h : R → R be two continuous functions, and let

(2.1) F(s) =

∫ s

0

f (t)dt, H(s) =

∫ s

0

h(t)dt.

We introduce the energy functional Eλ,µ : W 2
1 (M) → R given by

Eλ,µ(u) = A(u) − λF(u) + µH(u),

where

A(u) =
1
2
‖u‖2

k, F(u) =

∫

M

K(x)F(u(x))dµg ,

and

(2.2) H(u) = −
∫

∂M

D(x)H(u(x))dνg .

Under the hypotheses of our main theorems, a standard argument shows that the

functional Eλ,µ : W 2
1 (M) → R is of class C1 and that its critical points are exactly the

weak solutions of (Pλ,µ). Therefore, it is enough to show the existence of multiple

critical points of Eλ,µ for the parameters λ, µ specified in our results. Before con-

cluding this section, we recall two recent critical point results which are used in order

to prove Theorems 1.1 and 1.2, respectively.

Theorem 2.1 ([7, Theorem 1]) Let X be a reflexive real Banach space, I ⊂ R an

interval, and Φ : X → R a sequentially weakly lower semicontinuous C1 functional

whose derivative admits a continuous inverse on X∗. Assume Φ is bounded on each

bounded subset of X, and J : X → R is a C1 functional with compact derivative. Assume

that

lim
‖x‖→∞

(Φ(x) + λ J(x)) = +∞

for all λ ∈ I and that there exists ρ ∈ R such that

(2.3) sup
λ∈I

inf
x∈X

(Φ(x) + λ( J(x) + ρ)) < inf
x∈X

sup
λ∈I

(Φ(x) + λ( J(x) + ρ)).
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Then there exists a nonempty open set A ⊆ I and a real number σ > 0 such that, for

each λ ∈ A and every C1 functional Ψ : X → R with compact derivative, there exists

δ > 0 such that for each µ ∈ [0, δ], the equation

Φ
′(x) + λ J ′(x) + µΨ

′(x) = 0

has at least three solutions in X whose norms are less than σ.

Theorem 2.2 ([8, Theorem 5]) Let X be a separable and reflexive real Banach space,

and let N,H : X → R be two sequentially weakly lower semicontinuous and continu-

ously Gâteaux differentiable functionals, with N coercive. Assume that the functional

N + µH satisfies the (PS)-condition for every µ > 0 small enough and that the set of

all global minima of N has at least m connected components in the weak topology, with

m ≥ 2.
Then, there exists µ > 0 such that for every µ ∈ (0, µ), the functional N + µH has

at least m + 1 critical points.

3 Proof of Theorem 1.1

Throughout this section we suppose that the hypotheses of Theorem 1.1 are fulfilled.

Lemma 3.1 limt→0+ sup{F(u) : A(u) < t}/t = 0.

Proof Due to ( f1), for an arbitrarily small ε > 0, there exists δ = δ(ε) > 0 such that

| f (s)| <
ε

2
|s| for all |s| < δ.

Using the above inequality and ( f2), we obtain

(3.1) |F(s)| ≤ εs2 + K(δ)|s|r for all s ∈ R,

where r ∈ (2, 2⋆) is fixed and K(δ) > 0 does not depend on s. For t > 0 and α = a−2
k ,

define the sets

S1
t = {u ∈ W 2

1 (M) : A(u) < t}, S2
t = {u ∈ W 2

1 (M) : ‖u‖2 < 2αt}.

It is easy to see that S1
t ⊂ S2

t . Relation (3.1) yields that

(3.2) F(u) ≤ εKM‖u‖2 + K(δ)KMC r
M,r‖u‖r for all u ∈ W 2

1 (M).

Using (3.2), we obtain

0 ≤
supu∈S1

t
F(u)

t
≤

supu∈S2
t
F(u)

t
≤ 2αKMε + (2α)r/2K(δ)KMC r

M,rt
r
2
−1.

Since ε > 0 is arbitrary and t → 0+, we get the desired limit.
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Let us define the function β(t) = sup{F(u) : A(u) < t}. For t > 0, we have that

β(t) ≥ 0, and Lemma 3.1 yields

(3.3) lim
t→0+

β(t)

t
= 0.

We consider the constant function u0(x) = s0 for every x ∈ M, s0 being from ( f3).

Note that s0 6= 0 (since F(0) = 0). Moreover, F(u0) > 0 and A(u0) > 0. Therefore,

it is possible to choose a number η > 0 such that

0 < η < F(u0)[A(u0)]−1.

By (3.3) we get the existence of a number t0 ∈ (0,A(u0)) such that β(t0) < ηt0. Thus

(3.4) β(t0) < [A(u0)]−1F(u0)t0.

Due to the choice of t0 and using (3.4), we conclude that there exists ρ0 > 0 such that

(3.5) β(t0) < ρ0 < F(u0)[A(u0)]−1t0 < F(u0).

Now define the function G : W 2
1 (M) × I → R by G(u, λ) = A(u) − λF(u) + λρ0,

where I = [0, +∞).

Lemma 3.2 supλ∈I
infu∈W 2

1 (M) G(u, λ) < infu∈W 2
1 (M) supλ∈I

G(u, λ).

Proof The function

I ∋ λ 7→ inf
u∈W 2

1 (M)
[A(u) + λ(ρ0 − F(u))]

is obviously upper semicontinuous on I. It follows from (3.5) that

lim
λ→+∞

inf
u∈W 2

1 (M)
G(u, λ) ≤ lim

λ→+∞
[A(u0) + λ(ρ0 − F(u0))] = −∞.

Thus we find an element λ ∈ I such that

(3.6) sup
λ∈I

inf
u∈W 2

1 (M)
G(u, λ) = inf

u∈W 2
1 (M)

[A(u) + λ(ρ0 − F(u))].

Since β(t0) < ρ0, it follows from the definition of β that for all u ∈ W 2
1 (M) with

A(u) < t0, we have F(u) < ρ0. Hence,

(3.7) t0 ≤ inf{A(u) : F(u) ≥ ρ0}.

On the other hand,

inf
u∈W 2

1 (M)
sup
λ∈I

G(u, λ) = inf
u∈W 2

1 (M)

[

A(u) + sup
λ∈I

(

λ(ρ0 − F(u))
)

]

= inf
u∈W 2

1 (M)
{A(u) : F(u) ≥ ρ0}.
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Thus, inequality (3.7) is equivalent to

(3.8) t0 ≤ inf
u∈W 2

1 (M)
sup
λ∈I

G(u, λ).

We consider the following two cases:

(I) If 0 ≤ λ < t0

ρ0
, then we have

inf
u∈W 2

1 (M)
[A(u) + λ(ρ0 − F(u))] ≤ G(0, λ) = λρ0 < t0.

Combining this inequality with (3.6) and (3.8) we obtain the desired inequality.

(II) If t0

ρ0
≤ λ, then from (3.4) and (3.5), it follows that

inf
u∈W 2

1 (M)

[

A(u) + λ(ρ0 − F(u))
]

≤ A(u0) + λ(ρ0 − F(u0))

≤ A(u0) +
t0

ρ0

(ρ0 − F(u0)) < t0.

Now, we apply (3.8) again.

Proof of Theorem 1.1 Let us choose X = W 2
1 (M), I = [0, +∞), Φ = A and

J = −F in Theorem 2.1. Since the embedding W 2
1 (M) →֒ L2(M) is compact, the

compactness of J ′ = −F ′ trivially holds. Because of Lemma 3.2, the minimax in-

equality (2.3) holds too, by choosing ρ = ρ0.

It remains to prove the coercivity of Φ + λ J = A − λF for every λ ∈ I. Fix λ ∈ I

arbitrarily. By ( f2), there exists δ = δ(λ) > 0 such that

(3.9) | f (s)| ≤ ckK−1
M (1 + λ)−1|s| for all |s| ≥ δ,

where ck = a2
k = min{1, km}. Integrating the above inequality we get that

|F(s)| ≤ 1

2
ckK−1

M (1 + λ)−1s2 + max
|t|≤δ

| f (t)||s| for all s ∈ R.

Thus, for every u ∈ W 2
1 (M), we have

(3.10) |F(u)| ≤ 1

2
ck(1 + λ)−1‖u‖2 + KM

√

volg(M)‖u‖max
|t|≤δ

| f (t)|,

where volg(M) denotes the Riemann–Lebesgue volume of M in the metric g. Using

(3.10), we obtain

A(u) − λF(u) ≥ A(u) − λ|F(u)|

≥ 1

2

ck

1 + λ
‖u‖2 − λKM

√

volg(M)‖u‖max
|t|≤δ

| f (t)|.
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Therefore, when ‖u‖ → ∞, then A(u)−λF(u) → +∞ as well, i.e., Φ+λ J = A−λF

is coercive.

Now, fix a continuous function h : R → R fulfilling (hq) for some q ∈ [1, n
n−2

),

and use the notations from (2.1) and (2.2). We clearly have that Ψ = H has a com-

pact derivative, due to the compact embedding W 2
1 (M) →֒ Lq+1(∂M).

Consequently, Theorem 2.1 assures the existence of a nonempty open set A ⊂
[0, +∞) and a number σ > 0 such that for every λ ∈ A, there exists δλ,h > 0 with the

property that for each µ ∈ (0, δλ,h), the equation A ′(u) − λF ′(u) + µH ′(u) = 0 has

at least three solutions which are in norm less than σ. This completes the proof.

4 Proof of Theorem 1.2

We assume the hypotheses of Theorem 1.2 are fulfilled. Using the notation from the

previous sections, we define the functional Nλ : W 2
1 (M) → R by

Nλ(u) = A(u) − λF(u) = A(u) − λλ0

∫

M

k(x)F(u(x))dµg , u ∈ W 2
1 (M),

where λ and λ0 are from hypothesis ( fλ).

Lemma 4.1 The set of all global minima of the functional Nλ has at least m connected

components in the weak topology on W 2
1 (M).

Proof First, for every u ∈ W 2
1 (M) we have

Nλ(u) =
1

2
‖u‖2

k − λλ0

∫

M

k(x)F(u(x))dµg

=
1

2

∫

M

|∇u|2dµg +

∫

M

k(x)F̃λ(u(x))dµg

≥ ‖k‖1 inf
t∈R

F̃λ(t).

Moreover, if we consider u(x) = ut̃ (x) = t̃ for almost every x ∈ M, where t̃ ∈ R is

a minimum point of the function t 7→ F̃λ(t), then we have equality in the previous

estimation. Thus,

inf
u∈W 2

1 (M)
Nλ(u) = ‖k‖1 inf

t∈R

F̃λ(t).

Moreover, if u ∈ W 2
1 (M) is not a constant function, then |∇u|2 = g i j∂iu∂ ju > 0 on

a set of positive measure of the manifold M. In this case, we have

Nλ(u) =
1

2

∫

M

|∇u|2dµg +

∫

M

k(x)F̃λ(u(x))dµg > ‖k‖1 inf
t∈R

F̃λ(t).

Thus, there is a one-to-one correspondence between the sets

Min(Nλ) = {u ∈ W 2
1 (M) : Nλ(u) = inf

u∈W 2
1 (M)

Nλ(u)}
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and

Min(F̃λ) = {t ∈ R : F̃λ(t) = inf
t∈R

F̃λ(t)}

Indeed, let θ be the function that associates with every number t ∈ R the equivalence

class of those functions that are almost everywhere equal to t in the whole manifold

M. Then θ : Min(F̃λ) → Min(Nλ) is actually a homeomorphism between Min(F̃λ)

and Min(Nλ), where the set Min(Nλ) is considered with the relativization of the weak

topology on W 2
1 (M). Because of the hypothesis ( fλ), the set Min(F̃λ) contains at least

m ≥ 2 connected components. Therefore, the same is true for the set Min(Nλ),

which completes the proof.

Lemma 4.2 For arbitrarily λ > 0 and µ > 0 small enough, the functional Eλ,µ =

Nλ + µH satisfies the (PS)-condition.

Proof Hypothesis (h1) implies that

(4.1) |H(s)| ≤ ch

2
s2 + ch|s| for all s ∈ R.

Inequality (4.1) yields

(4.2) |H(u)| ≤ ch

2
D∂MC2

∂M,2‖u‖2 + chD∂MC∂M,2

√

areag(∂M)‖u‖,

where areag(∂M) denotes the area of ∂M in the metric g.

Fix λ > 0 and define δ∗λ =
a2

k

(1+λ)
(chD∂M)−1C−2

∂M,2. Fix also µ ∈ (0, δ∗λ). Using

(3.10), (4.2), we get that

Eλ,µ(u) ≥ 1

2

[ a2
k

(1 + λ)
− µchD∂MC2

∂M,2

]

‖u‖2

− λKM

√

volg(M) max
|t|≤δ

| f (t)|‖u‖ − µchD∂MC∂M,2

√

areag(∂M)‖u‖,

where δ > 0 appears at (3.9). Consequently, the functional Eλ,µ is coercive.

We prove now that Eλ,µ satisfies the (PS)-condition for λ, µ specified before. For

this, let {un} ⊂ W 2
1 (M) be a (PS)-sequence for the function Eλ,µ, i.e., {Eλ,µ(un)} is

bounded, and E ′
λ,µ(un) → 0 as n → ∞. Since Eλ,µ is coercive, the sequence {un} is

bounded. By passing, if necessary, to a subsequence, we may suppose that un ⇀ u

weakly in W 2
1 (M), un → u strongly in L2(M),and un → u strongly in L2(∂M). We

have that

〈E ′
λ,µ(un), un − u〉 + 〈E ′

λ,µ(u), u − un〉 =

∫

M

|∇un −∇u|2dµg

+

∫

M

k(x)(un − u)2dµg

− λ

∫

M

K(x)[ f (un) − f (u)](un − u)dµg

− µ

∫

∂M

D(x)[h(un) − h(u)](un − u)dνg .
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Consequently,

〈E ′
λ,µ(un), un − u〉 + 〈E ′

λ,µ(u), u − un〉 + λKM

∫

M

| f (un) − f (u)||un − u|dµg

+ µD∂M

∫

∂M

|h(un) − h(u)||un − u|dνg ≥ ‖un − u‖2
k.

Because {un} is a (PS)-sequence and un ⇀ u weakly in W 2
1 (M), it follows that

〈E ′
λ,µ(un), un − u〉 → 0 and 〈E ′

λ,µ(u), u − un〉 → 0, respectively.

On the other hand, we have that

∫

M

| f (un) − f (u)||un − u|dµg ≤ c f [2
√

volg(M) + ‖un‖2 + ‖u‖2]‖un − u‖2.

Since un → u strongly in L2(M), it follows that

lim
n→∞

∫

M

| f (un) − f (u)||un − u|dµg = 0.

In the same way, since un → u strongly in L2(∂M), we may prove that

lim
n→∞

∫

∂M

|h(un) − h(u)||un − u|dνg = 0.

Hence, un → u strongly in W 2
1 (M), i.e., the functional Eλ,µ satisfies the (PS)-condi-

tion.

Proof of Theorem 1.2 Taking into account that the embedding W 2
1 (M) →֒ L2(M)

and the trace-embedding W 2
1 (M) →֒ Lq+1(∂M) are compact, standard arguments

show the sequentially weakly lower semicontinuouity of Nλ and H. The coercivity of

Nλ holds also true. Thus, because of Lemmas 4.1 and 4.2, we may apply Theorem 2.2,

concluding the proof of Theorem 1.2.
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