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The numerical ranges of

unbounded linear operators

Béla Bollobas and Stephen E. Eldridge

Giles and Joseph (Bull. Austral. Math. Soe. 11 (1974), 31-36),
proved that the numerical range of an unbounded operator on a
Banach space has a certain density property. They showed, in
particular, that the numerical range of an unbounded operator on
certain Banach spaces is dense in the scalar field. We prove
that the numerical range of an unbounded operator on a Banach

space is always dense in the scalar field.

This note is a sequel to [1], but for the sake of completeness we

repeat the necessa}y definitions.

Let X be a Banach space over a field F , where F is the real or
complex field. Denote by X* the dual of X and by S(X), S(X*) the
unit spheres in X and X* . For each z € S(X) 1let fp € S(X*) be such

that f_(z) =1 . Put
I, = {(=, f;) s x € 5(x)} .

The pair (X, Hs) is a Banach space with a semi-immer-product. The Lumer

numerical range of an operator T on X with a given semi-inner-product

is defined as

w(T) = {fx(Tx) :x €5(X)) cF .

The spatial numerical range of T 1is
V(r) = {f(7x) : =z € 5(X), f € 5(x*), flz) =1} .
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Clearly W(T) < V(T) and
V(T) = U{W(T) : all semi-inner-products associated with X} .

The following theorem extends a result of Giles and Joseph [1]. The

proof makes essential use of the ideas in [1].

THEOREM. Let T be an unbounded linear operator defined on the whole
of a Banach space X . Then W(T) (and hence also V(T) ) is dense in the
sealar field F (=R or C ).

Proof. Let o € F and € >0 . We shall show that the open ball

with centre o and radius ¢ contains a cluster point of W(T) .

T 1is not bounded so, by the closed graph theorem, there is a sequence
{xn} in X such that z, » 0 and Tz, >y € S(x) .

If y+ 68Ty # 0 for some § > 0 then put

ag = (y+8Ty)/lly+sTyl € S(x) .

Since the smooth points are dense on the unit sphere of a finite
dimensional normed space, we can choose § > 0 so small that z = Zg
satisfies

lz-yll <1, l7z-Tyll < /2,

and 2 1is a smooth point of the unit sphere of the subspace of X

generated by y' and Ty .
Let f be a tangent functional at 2 . Then
[1-f) | = |fa)-Fy)]| = llz=yll <1,
so fly)#0 . Let B € F be such that f(Tz) + 8f(y) =a .

Put y, =z +Br, , 2, = yn/llyn" , and let f = fzn be such that

(2, £,) €M, .

By the Banach-Alaoglu Theorem, the unit ball of X* is weak-*
compact. Therefore {f, n} has a weak-* cluster point fB with

HfBH <1 . As [Iyn]l +1, fB is also a weak-* cluster point of {gn} ,

where g, = fn/llynll . Clearly
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|fg(z)-1] = [fg(2)-f, (2] |
| (£a(2)-g,(2)}| + |g,, (8=,) |

| (Fg-g,)z] + 1811z, I/lly, |l -

A

A

Consequently fplz) =1 = ”fé” » so fg is a tangent functional at 2z .
Note now that

|fé(Tz+By)-fh(Tyn]| = |fB(Tz+By)'gn(T3+By-5y+BTxn)|
|(fg—gn)(Tz+By)l + lsl”y_Txn”/"yn” ,

tA

so fk(Tz+By) is a cluster point of W(T) .

Furthermore f{y) = fB(y) and f(Ty) = fB(Ty) , by the choice of =z ,
s0
|Fg(Ta+y)-a| = |fy(Ta+By)-f(Tz+8y)|
| (Fg-F) (T2-Ty)+ (fp-F) (Ty+8y) |
| (Fg-A) (2219)] < € .

It

Thus a cluster point of W(T) is within € of o , completing the proof
of the theorem.
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