On some definite integrals involving Legendre functions
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1. A few definite integrals involving more than two Legendre
functions in the integrand have been considered by Ferrers, Adams,
Dougall, Nicholson and Bailey. We take for example the following

integrals.
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Tt will be interesting to consider other definite integrals of the above
type with three Legendre functions in the integrand, various possible
combinations of the Legendre functions of the two kinds being taken
into account. We also generalize for unrestricted values of m and =»

the definite integrals
1

j_an (1) Qm (1) dps,
f_lQn (Wydp and

1
jo P, (p) @n (1) dps,

considered by Nicholson® for integer-values of n and m only.

1 Hobson, Spherical and Ellipsoidal Harmonics, p. 87. The references to Ferrers
and Adams, who considered this integral, are given there.

2 W, N. Bailey, “On the product of two Legendre functions,” Proc. Camb, Phil.
Soc. 29 (1933), 173, results (4'1) and (4°2).

3J. Dougall, Proc. Edin. Math. Soc. 37 (1919), 33-47, formula (3).

4 Nicholson, Phil. Mag. (6) 43 (1922), 783.

5 Phil. Mag. (8), 43 (1922), 1-29, ** Zonal Harmonics of the second kind.”
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42 DEFINITE INTEGRALS INVOLVING LEGENDRE FUNCTIONS

2. In the expansion for (u? —1)i™ PP (u) Q™ (u) given by W. N.
Bailey! we put m = 0. We have the result

(21) Py(w) Q) = & Ardprdops, 20— 2p 4 drt 1

Qq+p+2r (l")

r=0 Ay, 2q —2p +2r +1
(%)a mo (%) -7 m (% - m)r .
2 where (?+ m)| = Aa > €., (ﬁh‘— = Aq—r; Ar,m = __,'T"— »

(=)

— 49 — Coamo .
A=di=doo A= th m ot

g=p and p and ¢ are positive

integers or zero.
From the definition

Q, (cos 6) = 3{Q, (cos 8 + 0'3) + @, (cos § — 0°3)}

we see, after putting p =cos + 03 and pu =cosf — 02 successively
in (2'1), adding and dividing by 2, that (2'1) is also valid for u = cos 8,
for real values of 6. We multiply both the sides of (2'1) by @, (u),
where R (n) >0, and integrate with respect to g from p= —1 to
p = + 1, remembering the results

222) | 0nlw) Qulwdp

[{ (n+ 1)—4 (m + 1)} {1 + cos mm cos nm} —-72Lsin (n — m) 7]
(m —n)(m+n+1)

= B, » say, where R (m) >0, R(n) > 0 and m==n, and

4(2:3) r 1@, (WPdp = —I—[w?—(l-kcoszn'n) ¢(2>(n+1)]—B sa
( AR e § 1) =B, , say,

d

d2
~; Hog T (¢ + 1)} and ¥ (2) = —— {log T' (2)}.

where R (n) >0, ¢ (t+ 1)=

1 L.c., formula (5°4).

271 have to thank a referee for suggesting this notation and other modifications in
this paper.

3 Ganesh Prasad, ‘‘On non-orthogonal systems of Legendre’s functions,” Proc.
Benares Math. Soc., 12 (1930), 33-42.

4+ Shabde, ‘“On some series and integrals involving Legendre functions,” Bull.
Caleutte Math. Soc., 25 (1933), 29.
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We have

1
29 [ Py Q) @uw) dn
—-ZA Ay rdqpir 2q—2p+4r41 \
re0 A,y 2 — 2p + 2r 41 1TPEET
where R (n) > 0, ¢ = p and p and ¢ are positive integers or zero.
As a simple deduction from (2'4) we have

(2-5) f P, (1) @ (1) @n(p)dp =0, if ¢ — p + 7 is an odd integer.
-1
1
To evaluate jo Py (1) @y (1) @n (1) dps,

where p and ¢ are positive integers or zero such that ¢ = p and
R (n) > 0, we proceed in the same manner as for (2-4) using in place of
(2-2) and (2°3) the results

126) | Queuan

] N (2
=(m-—n)(ml+n+1) pn+1)—p(m+ 1)—7 cosl’él’_ Sm»ﬂ;z%—z&‘;l))_{((g
e 1) 1(3)

2 H(n;—l)ﬁ(’_;l)

= Cp, 88y, where m==n, B(m) > 0 and B (n) > 0; and

nw .
+ ™ CO8 ——2— S1n

@ | @urde =1 Qe EEYESH

= (, ,8ay, where n is a positive integer.
We have, finally,

1
28) [, Q) @ (1) dp

—-ZAA Aj_pir 2q—2p+4r41
Bt Aq+, g —2p+2r+1

where R(n)>0, ¢ =p, and p and ¢ are positive integers or zero.

2n+1

q—-p+2r,n

! Dhar and Shabde, “On the non-orthogonality of Legendre’s functions,” Buil.
Caolcutta Math. Soc., 24 (1932), 185,
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When 7 is a positive integer (2'4) can be deduced from (2-8), since
1 1
J_le (1) € (1) @n (p) dp = {1 + (— 1P+ .[OP” (1) @q (1) @n (1) dpe.

To evaluate S P, (un) @, (n) @, (n)dp, where R(n)>0,qg=p, p and ¢
1

being positive integers or zero, we use (2°1) with the results
» @ 1 _ 1
1) L 0n(p) @ (p)dp= LM TN =g+ 1

(m—mn)(m+n+1)
R (m)>0, R(n)>0, m=E=n, and

= D,, , say, where

(ii) J. [@.(p)Pdp = 2n:- i @ (n + 1) = D, , say, n being a positive
1
integer.
So we have
@9) [ Py Q0 (1) @u (W) dn

A, Ay, Ay pir 29— 2p+4r+ 1
0 Agir 2g—2p+2r+ 1 PPN

where B (n) >0, ¢ = p, ¢ and p being positive integers or zero.

»
=2

r

3. Taking Ferrers’ definitions for P’} (1) and @7 (n), it can be directly
shown that

(3'1) jl_]QZ” () Pp(p) dp

o SL{Ere L -G Py} a -]
=0, if p + n is even,

_ 2 (p + m)!
S (p—n)(pt+n+1) (p—m)!
‘Converting the expansion? for (u? — 1)¥ Py (u) Py (1) into Ferrers’

, if p+nisodd, p=m.

notations we get
(3:2) (1 — p2)" PR (p) P7(p)
— (= 1ym P+ m)! (g +m)! 2Em A, A" A"
e —mt@—m!,—o A, yrm—r
29+ 2p+2m — 4r 41
29+ 2p + 2m — 2r + 1 Pg+q+m—2r (k).

1 Ganesh Prasad, l.c., p. 40.
2 W. N. Bailey, l.c., formula (3-3).

https://doi.org/10.1017/50013091500024172 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500024172

N. G. SEABDE 45

Multiplying the two sides of (3'2) by @F (1), and integrating with
respect to u from p = — 1 to u = 1, we have, after using (3'1),

1
(3:3) J“](l — p?)im PR () Py (p) @n(p)dp=0, if p + ¢ + m + n is even,

and
—(—1ym (p+m)(g+m)! 9t A, A" A7 2q+2p+2m—dar+l
»(p—m)g—m)! ;=0  A;P .., 2P+2q¢+2m—2r41
2 (p +q+ 2m — 2r)!

P+a+tm—2r—n) (ptg+m—2r+at+1)(p+q—2)
if p+g+m+n is odd such that p+¢9 >0, p—qg = 2m and n <p—q—m.

1
4. To evaluate j P () Py (p) PL () (1 — p2)dm du, we use (3-2) with
-1

the result?
1
(41) LP;" () P, (@) dos = 0 if ¢ + n is 0dd,

2 (n + 0!

i = —t=2
2n+1(n—m)!’lfn q and m k,

= (—1)F

= M’ [%L(_ 1)k+3 sz r+k—s—10k__] (2n + 2k — 48 + 1)
(n - t) ! 8=0

(g—t—28)! (m+q)! (g —28)! (g —s + k) (g—7r—s)!
@rm—29)(g—m! (q—o)! @—7—s+F—1)I
(2g — 2k — 2r — 25 — 1)1
(29 — 2r — 25 4- 1) (29 + 2k—2s + 1)!
m—t = 2k, and the summation is taken over all values of s from 0 to
if r < k, and all values of s from 0 to kif r > k.
Henceifp=m,g=m,n2t, p —q = 2m and m — t = 2k, k being
any positive integer, we have

] where n—=¢—2r,

' 1
@) | (= 2" P () P70 Pl () e = O when p + g+ m+n is

an odd integer, and
(@ +m!(g+m)! 15" Ay AT, AT, 2p + 2g + 2m—4l 41
2o (p—m)! (g—m)! 2o AT, 2P+ 20+ 2m—20+41

1
"-—IP% (P‘) P;’Jz+q+m—21 (P’) d""’

= (=1

1H. K. Sirkar, Proc. Edin. Math. Soc., 2, 1 (1927-29), 244, ‘‘On the evaluation of

1 1
j P} Pydx and J Pr Prdx.”
-1 0
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where m<n<p—q—m<p+q+m,

_Empm) @ m)l et 4, AT AT, 2p + 2+ 2m — 41+
2% (p—m)! (g —m)! =0 pigim—t 20+ 2¢+2m — 2141
4(n+ I nf ks k() r+k-s—1 1
W[BEO (—1) +e Ca + Ck_1(2n+2k—4s+1);

(p+q+m—2l—t—28)! (p+q+2m—21)! (2p+2q+2m —41—2s)!
(p+g+2m—21—2s5)! (p+q—2I)! (p+qg+m—21—s)!

(p+g+m—21—s+k)! (p+q+m—2l—r—s)! (2p+ 29+ 2m — 4142k —2r —25—1)! ]
(p+g+m—2l—r—s+k—1)! (2p+29+2m—4l—2r —2s+1)! (2p+2q + 2m —4l4+2k—2s+1)11

where p 4+ ¢+ m — 2l — 2r = n, the summation within [ ] being taken
over all values of ¢ from 0 to r if r <k, and all values of s from
0 to kif r>k.

5. Following the method given by Ganesh Prasad! for ewvaluating

j Q.. (1) @, (1) du for unrestricted values of m and n such that R(m) > 0,
-1

and R (n) > 0, the following results can be easily worked out:—
1
&) [ Pute) @u ) dp

— 1+cos(m——n)w——ﬂ2—sinnw cosmm{h(m + 1) — ) (n + 1)}

= ,

m—mmtrtD)
where R (m) > 0, R (n) > 0 and m=n.

1 —
(5°2) I_IQ,, (w)dp = — %‘E, where R (n) > 0,

3) | Pali) Qu ()

l_ (2 g (m=1
(m—n)('rr:+n+1), -1+ Hgn2-3-1>n<2%§ Cos<n_2m>n ’
where B (m) > 0, R (n) >0 and m ==n. B

These results reduce to the values given by Nicholson2?, when m
and n are positive integers.

1 L.c., p. 38.
2 Phil. Mag. (6), 43 (1922), 1-29.
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