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Abstract

It is known that the simple slice sampler has robust convergence properties; however, the
class of problems where it can be implemented is limited. In contrast, we consider hybrid
slice samplers which are easily implementable and where another Markov chain approxi-
mately samples the uniform distribution on each slice. Under appropriate assumptions on
the Markov chain on the slice, we give a lower bound and an upper bound of the spectral
gap of the hybrid slice sampler in terms of the spectral gap of the simple slice sampler.
An immediate consequence of this is that the spectral gap and geometric ergodicity of the
hybrid slice sampler can be concluded from the spectral gap and geometric ergodicity of
the simple version, which is very well understood. These results indicate that robustness
properties of the simple slice sampler are inherited by (appropriately designed) easily
implementable hybrid versions. We apply the developed theory and analyze a number of
specific algorithms, such as the stepping-out shrinkage slice sampling, hit-and-run slice
sampling on a class of multivariate targets, and an easily implementable combination of
both procedures on multidimensional bimodal densities.
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1. Introduction

Slice sampling algorithms are designed for Markov chain Monte Carlo (MCMC) sampling
from a distribution given by a possibly unnormalized density. They belong to the class of
auxiliary-variable algorithms that define a suitable Markov chain on an extended state space.
Following [6] and [41], a number of different versions have been discussed and proposed
in [4, 9, 20-22, 25, 29, 30, 37]. We refer to these papers for details of algorithmic design
and applications in Bayesian inference and statistical physics. Here let us first focus on the
appealing simple slice sampler setting, in which no further algorithmic tuning or design by the
user is necessary: assume that K C RY and let the unnormalized density be o: K — (0, 00).
The goal is to sample approximately with respect to the distribution = determined by o, i.e.
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Convergence of hybrid slice sampling 1441
_ fA o(x) dx

Ji 00 dx’

where B(K) denotes the Borel o-algebra. Given the current state X,, = x € K, the simple slice
sampling algorithm generates the next Markov chain instance X, by the following two steps:

m(A) A € B(K),

1. Choose t uniformly at random from (0, o(x)), i.e. t ~ U(0, o(x)).

2. Choose X;4 uniformly at random from
K(@):= {xeK|ox) >1},

the level set of ¢ determined by r.

The above-defined simple slice sampler transition mechanism is known to be reversible
with respect to 7w and possesses very robust convergence properties that have been observed
empirically and established formally. For example Mira and Tierney [21] proved that if o is
bounded and the support of ¢ has finite Lebesgue measure, then the simple slice sampler is
uniformly ergodic. Roberts and Rosenthal in [29] provide criteria for geometric ergodicity.
Moreover, in [29, 30] the authors prove explicit estimates for the total variation distance of the
distribution of X,, to 7. In the recent work [24], depending on the volume of the level sets, an
explicit lower bound of the spectral gap of simple slice sampling is derived.

Unfortunately, the applicability of the simple slice sampler is limited. In high dimensions
it is in general infeasible to sample uniformly from the level set of o, and thus the second
step of the algorithm above cannot be performed. Consequently, the second step is replaced by
sampling a Markov chain on the level set, which has the uniform distribution as the invariant
one. Following the terminology of [28] we call such algorithms hybrid slice samplers. We refer
to [26], where various procedures and designs for the Markov chain on the slice are suggested
and insightful expert advice is given.

Despite being easy to implement, hybrid slice sampling in general has not been analyzed
theoretically, and little is known about its convergence properties. (A notable exception is
elliptical slice sampling [22], which has recently been investigated in [23], where a geometric
ergodicity statement is provided.) The present paper is aimed at closing this gap by providing
statements about the inheritance of convergence from the simple to the hybrid setting.

To this end we study the absolute spectral gap of hybrid slice samplers. The absolute spectral
gap of a Markov operator P or a corresponding Markov chain (X},),eN is given by

gap(P) =1~ IPllg _;0 .

where Lg . is the space of functions f: K — R with zero mean and finite variance (i.e.
S f()dm (x) = 0; If1I3 = Jx [f (0))? d7 (x) < 00) and ||P||Lg 1 denotes the operator norm.
We refer to [32] for the functional-analytic background. From the computational point of view,

the existence of the spectral gap (i.e. gap(P) > 0) implies a number of desirable and well
studied robustness properties, in particular the following:

e The spectral gap implies geometric ergodicity [15, 28] and the variance bounding
property [31].

e For reversible Markov chains, the spectral gap implies that a CLT holds for all functions
feLlyy (cf. [8, 14]).

https://doi.org/10.1017/apr.2024.16 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2024.16
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e Furthermore, consistent estimation of the CLT asymptotic variance is well established
for geometrically ergodic chains (cf. [2, 7, 10, 11]).

Additionally, quantitative information on the spectral gap allows the formulation of precise
non-asymptotic statements. In particular, it is well known (see e.g. [27, Lemma 2]) that if v is
the initial distribution of the reversible Markov chain in question, i.e. v =Py, , then

d
[vP" =] v = (1 = gap(P))" | = — 1

3

2

where vVP" =Py, 41+ See [1, Section 6] for a related Ly , convergence result. Moreover, when

considering the sample average, one obtains

2

1y o |%-1],
|- ) — /K f)dr ()| <
j=1

“n-gap(P)  n?-gap(P)

for any p > 2 and any function f: K — R with |V||,’; = fK [f)IP w(dx) < 1, where ¢, is an
explicit constant which depends only on p. One can also take a burn-in into account; for further
details see [33, Theorem 3.41]. This indicates that the spectral gap of a Markov chain is central
to robustness and a crucial quantity in both asymptotic and non-asymptotic analysis of MCMC
estimators.

The route we undertake is to conclude the spectral gap of the hybrid slice sampler from the
more tractable spectral gap of the simple slice sampler. So what is known about the spectral
gap of the simple slice sampler? To say more on this, we require the following notation. Define
ve: [0, 00) = [0, 00] by v, (#) := vola(K()), which for level ¢ returns the volume of the level
set. We say for m € N that v, € A,y if

® 1, is continuously differentiable and vé, () <0 for any > 0, and
e the mapping ¢ — 1, () /vQ(t)l’l/ "™ is decreasing on the support of v,.

Recently, in [24, Theorem 3.10], it has been shown that if v, € A,,, then gap(U) > 1/
(m 4+ 1). This provides a criterion for the existence of a spectral gap as well as a quantitative
lower bound, essentially depending on whether ¢ +— 1v,(1)/v, (H'=1/m is decreasing or not.

Now we are in a position to explain our contributions. Let H be the Markov kernel of the
hybrid slice sampler determined by a family of transition kernels H;, where each H; is a Markov
kernel with uniform limit distribution, say Uy, on the level determined by ¢. Consider

o) > a \'"7?
= Su R
Pr xelg /0 Lyi—Ly; O(X)

and note that the quantity ||Hf — measures how quickly H; gets close to U;. Thus

H—U,

U Hiz,,—mz,,
B is the supremum over expectations of a function which measures the speed of convergence
of Hf to U;. The main result, stated in Theorem 1, is as follows. Assume that 8y — O for
increasing k and assume H; induces a positive semidefinite Markov operator for every level .
Then

gap(U) — i

. <gap(H) =gap(U), kel (1)
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The first inequality implies that whenever there exists a spectral gap of the simple slice sampler
and By — 0, then there is a spectral gap of the hybrid slice sampler. The second inequality of
(1) verifies a very intuitive result, namely that the simple slice sampler is always better than
the hybrid one.

We demonstrate how to apply our main theorem in different settings. First, we consider a
stepping-out shrinkage slice sampler, suggested in [26], in a simple bimodal 1-dimensional
setting. Next we turn to the d-dimensional case and on each slice perform a single step of
the hit-and-run algorithm, studied in [3, 16, 38]. Using our main theorem we prove equiva-
lence of the spectral gap (and hence geometric ergodicity) of this hybrid hit-and-run on the
slice and the simple slice sampler. Let us also mention here that in [36] the hit-and-run algo-
rithm, hybrid hit-and-run on the slice, and the simple slice sampler are compared, according
to covariance ordering [19], to a random-walk Metropolis algorithm. Finally, we combine the
stepping-out shrinkage and hit-and-run slice sampler. The resulting algorithm is practical and
easily implementable in multidimensional settings. For this version we again show equivalence
of the spectral gap and geometric ergodicity with the simple slice sampler for multidimensional
bimodal targets.

Further note that we consider single-auxiliary-variable methods to keep the arguments sim-
ple. We believe that a similar analysis can also be done if one considers multi-auxiliary-variable
methods.

The structure of the paper is as follows. In Section 2 the notation and preliminary results are
provided. These include a necessary and sufficient condition for reversibility of hybrid slice
sampling in Lemma 1, followed by a useful representation of slice samplers in Section 2.1,
which is crucial in the proof of the main result. In Section 3 we state and prove the main result.
For example, Corollary 1 provides a lower bound on the spectral gap of a hybrid slice sampler,
which performs several steps with respect to H; on the chosen level. In Section 4 we apply our
result to analyze a number of specific hybrid slice sampling algorithms in different settings that
include multidimensional bimodal distributions.

2. Notation and basics

Recall that o : K — (0, 00) is an unnormalized density on K C R4, and denote the level set
of o by

Kit)={xeK|okx) >t}
Hence the sequence (K(f));>o of subsets of R satisfies the following:
1. K(O)=K.
2. K(s) CK(t) fort <s.
3. Kt)=0fort> |olls-

Let voly be the d-dimensional Lebesgue measure, and let (U)o, |ollo) bE @ sequence of
distributions, where U, is the uniform distribution on K(¢), i.e.

__ volg(ANK(1))
Ui(A) = W, A € B(K).

Furthermore, let (H;)ie(,0)loc) b€ @ sequence of transition kernels, where H; is a transition
kernel on K(1) C R?. For convenience we extend the definition of the transition kernel H:(, ")
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on the measurable space (K, B(K)). We set

_ 0, x ¢ K@),
Hi(x, A) = (2
H(x, ANK(®), xeK(@).

In the following we write H; for H, and consider H; as extension on (K, B(K)). The transition
kernel of the hybrid slice sampler is given by
o)

H(x, A) = (1 ) H(x,A)dt, xeK, AeBK).

If H; = U; we have the simple slice sampler studied in [21, 24, 29, 30]. The transition kernel
of this important special case is given by

o(x)
Ux, A) = L / U(A)dt, xeK, AeBK).
o) Jo

We provide a criterion for reversibility of H with respect to w. Therefore let us define the
density

voly(K(s))
el vol (K () dr-

of the distribution of the level sets on ((0, ||@]loo), B0, llo]loo0)))-

Us)= s €(0, llelloo).

Lemma 1. The transition kernel H is reversible with respect to m if and only if

lolloo 0llso
/ ‘ / H,(x, A) Uy(dx) €(r)dt = / / H,(x, B) U)(dx) £(t)dt, A,BeBK). (3)

In particular, if H; is reversible with respect to U; for almost all t (concerning £), then H is
reversible with respect to 1.

Equation (3) is the detailed balance condition of H; with respect to U, in the average
sense, i.e.

E¢[H.(x, dy)U.(d0)] = E¢[H.(y, d)U.(dy)], x,y€K.
Now we prove Lemma 1.

Proof. First, note that

llelloo
/ 0(x) dr = / / 10,000)(s) dx ds
K 0 K

lollso lollso
= / / 1k (x)dxds = / voly(K(s)) ds.
0 K 0

From this we obtain for any A, B € B(K) that

o(x) d
[ wrz@o= [ [ e
B B Jo Jo o' volg(K(s))ds
lole o) ol
[ [ ko e [T [ ) v e
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As an immediate consequence of the previous equation, we have the claimed equivalence of
reversibility and (3). By the definition of the reversibility of H; according to U;, we have

/BHr(x,A) U,(dx):/AH,(x, B) Uy(dx).

This, combined with (3), leads to the reversibility of H. O

We always want to have that H is reversible with respect to . Therefore we formulate the
following assumption.

Assumption 1. Let H; be reversible with respect to U, for any t € (0, ||0|lco)-

Now we define Hilbert spaces of square-integrable functions and Markov operators. Let
Ly » = Lo(K, m) be the space of functions f: K — R which satisfy I[fII%JT = (f,f)x <00,
where

(s 8n = fo(X)g(X)JT(dX)

denotes the corresponding inner product of f, g € Ly . Forf € L » and t € (0, ||0]lc0) define

Hif (x) = i )f(y) Hi(x, dy), xek. “)
t

Note that if x & K(¢), then we have H;f(x) =0 by the convention on Hy; see (2). The Markov
operator H: Ly x — Ly is defined by

1 o)
Hf (x) = — Hf(x) dr,
o) Jo

and similarly U: Ly  — L 5 is defined by

1 o)
() = —— / UL dr,
o) Jo

where Uy(f) = fK(t)f(x) U,(dx) is a special case of (4). Furthermore, for t € (0, [lo||co) let Ly ; =
Lo(K(t), Uy) be the space of functions f: K(#) - R with |[f||%’l = (f,f): < oo, where

{f. 8= / J ) g(x) U(dx)
K(1)

denotes the corresponding inner product of f, g€ Ly, Then H;: Ly, — Ly can also be
considered as a Markov operator. Define the functional

5= [ f0x@. felan.
K
as the operator S: Lp  — Lo » which maps functions to the constant functions given by their

mean value. We say f € L(Z).n' if and only if f € L » and S(f) = 0. Now the absolute spectral gap
of a Markov kernel or Markov operator P: L ; — Ly ; is given by

gap(P)=1— 1P =Sy, 1, =1— Py g
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For details of the last equality we refer to [33, Lemma 3.16]. Moreover, for the equivalence of
gap(P) > 0 and (almost sure) geometric ergodicity we refer to [15, Proposition 1.2]. For any
t> 0 the norm ||f]l,,; can also be considered for f: K — R. With this in mind we have the
following relation between |[|f|, , and [If|l, ;-

Lemma 2. For any f: K — R, with the notation defined above, we obtain
llelloo
S = / Ui(f) £(t) de. &)
0
In particular,
) llelloo )
12, - =f 13, €0 dr. (6)
0

Proof. The assertion of (6) is a special case of (5), since S( [f|2 )= |[f||%’n. By fK o(x)dx=
O”Q“” voly(K(s)) ds (see the proof of Lemma 1), one obtains

Jx S o(x) dx e dr dx
SH = ol :// ST
Jo o voly(K(s)ds Kk Jo Jo ' voly(K(s)) ds

Il dx ol
_ /0 /K IO o (0= /0 UL(P) €Gr) b,

which proves (5). O

2.1. A useful representation

As in [35, Section 3.3], we derive a suitable representation of H and U. We define a
(d + 1)-dimensional auxiliary state space. Let

K, ={(x, ) eRI"! |xeK, 1€(0, 0(x))}
and let 1 be the uniform distribution on (K, B(K,)), i.e.

drdx

n(dx, )= m'

Note that volgy1(K,) = f x o(x)dx. By Ly, = La(Kp, n) we denote the space of functions
f: K, — R that satisfy ”f”%,u = {f, f)u < o0, where

{fs 8= / Sf(x, 5) g(x, s) u(d(x, s))
KQ
denotes the corresponding inner product for f, g € Ly ;,. Here, similarly to (6), we have

) llelleo )
12, = /0 1 912, €s)ds.

LetT: Ly, — Ly and T*: Ly  — L, , be given by
o(x)

Tf(x) = L f(x,s)ds, and T*f(x,s)=f(x).
o) Jo
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Then T* is the adjoint operator of 7', i.e. forall f € L» » and g € L, ;, we have

(f, Tg)r = (T*f, &hu

Then, for f € L, ,,, define

Hf(x, s) = [ FO, $) Hy(x, dy).
K(s)

By the stationarity of U according to Hj it is easily seen that
ds dx llelleo -~ 5
Hf / / Hf(x, s) / / Hf (x, s)|” Us(dx) £(s)ds
H ||2 i | | fK Q(y)dy 0 K(s) } | s

llelloo
< / ’ / v, )12 Hy(x, dy) Us(d) €(s)ds
K(s) JK(s)

llelloo
= f [f(x. )P Ug(dx) £(s)ds = [If13,,, -
0 K(s)
Furthermore, define
Uf(x, 5) = / 0. 9) Usdy).
K(s)

Then H: Ly y— Loy, U: Ly, — Ly, and

:1, :1

”H”LZ,M*)LZ.M HU”LZ,M*)LZ,M

By construction we have the following.
Lemma 3. Let H, U, T, T*, H and U be as above. Then
H=THT* and U=TUT".

Here TT*: Ly — Lo satisfies TT*f(x) =f(x), i.e. TT* is the identity operator, and
T*T: Ly, — Ly, satisfies

T*Tf(x, 5) = If (x),

i.e. it returns the average of the function f(x, -) over the second variable.

3. On the spectral gap of hybrid slice samplers

We start with a relation between the convergence on the slices and the convergence of
THKT* to TUT* for increasing k.

Lemma 4. Let k € N. Then
o(x)
<sup f Hf —
Lyz—Ilyn  xek 0

e
HT(H —hr* ;

1/2
2 dr
U; —
Ly —>Lo; Q(-x)
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Proof. First note that ||f]|, , < oo implies [|f||, , < oo for £-almost every ¢. For any k € N
and f € Ly » we have

HT*)(x, ) = H)@)  and  (OT*)(x, 1) = Ui(f),
so that

1gn () (x)

~ o~ llelloo .
T(H - DYT*f(x) = /0 (i = Upy) A0S0

It follows that

- - llelleo
|7~ vy [ = vare) O @

2

Z,HZ/I;
llollo 1

// ‘(Hk U )‘ K(t)(x) o(x)

fK o(y)dy
/mnoc /
K()

vola(K(2))
VOld(K @) flele yol,(k(s)) ds
lollos
_ f ‘ H(H"—Ut)fH o) dr
lellss
)

- /m
L

o(x)
< Ilfllz,, sup f

xekK

dt

#t v

I£113,, €(r) dt
Ly —Ly,

2 dx volg(K(1))
H_U 2 d
t t Loi—La, lf(x)| VOld(K(t)) fO”Q”oo VOld(K(S)) ds

2 o(x)
Nio 1o, Q(x) e Jx o) dy

2 dr

H* —
Lz =L Q(x)

O

Remark 1. If there exists a number g € [0, 1] such that |H; — Uillr,,1,, < B for any 7€
(0, llellso), then one obtains (as a consequence of the former lemma) that

H TH*T* — S

S T PR

Lyx—>Lox

Here we have employed the triangle inequality and the fact that
Hf = Udlley 1o, < 1H; = Uillf, 1, < B

see for example [33, Lemma 3.16].

Now a corollary follows which provides a lower bound for gap(TFIk ).
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Corollary 1. Let us assume that gap(U) > 0, i.e. |U — Sleystny, <1 and let

o(x) 2 dr 172
Bi = sup / —
xeK \JO Ly—La; (%)

gap(TH*T*) > gap(U) — . (7)

H — U,

Then

Proof. It is enough to prove

"TﬁkT* -

< U =Sy yts, + B

L2.71‘>L2,71

By H* = U + H* — U and Lemma 4 we have

HTﬁkT* _5

= HTUT* — S+ TH — T

L2,rr_)L2,7z L2,7z _>L2,7r

< U= Sllg, 15, + bt
O

Remark 2. If one can sample with respect to U; for every 7> 0, then H; = U;, and in the
estimate of Corollary 1 we obtain f; = 0 and equality in (7).

Now let us state the main theorem.

Theorem 1. Let us assume that for almost all t (with respect to £) H; is positive semidefinite

on Ly, and let
/@(x) 2 dr 12
. = Su —
2 xellz 0 Ly—~Las 0(x)

Further assume that limg_, oo B = 0. Then

gap(U) — B
k

H— U,

<gap(H) < gap(U), keN. 8)

Several conclusions can be drawn from the theorem. First, under the assumption that
limg_, o B =0, the left-hand side of (8) implies that in the setting of the theorem, when-
ever the simple slice sampler has a spectral gap, so does the hybrid version. See Section 4 for
examples. Second, it also provides a quantitative bound on gap(H) given appropriate estimates
on gap(U) and By. Third, the right-hand side of (8) verifies the intuitive result that the simple
slice sampler is better than the hybrid one (in terms of the spectral gap).

To prove the theorem we need some further results.

Lemma 5.

1. For any t € (0, |lolloo) assume that H, is reversible with respect to U;. Then H is self-
adjoint on Ly ;.

2. Assume that for almost all t (with respect to £) H, is positive semidefinite on Ly ;, i.e. for
all f € Ly 4, it holds that (Hf, f); > 0. Then H is positive semidefinite on Ly ;.
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Proof. Note that ||f]l,,,, < oo implies |[f(-, D)l ; < co for almost all 7 (with respect to £).

Part 1: Let f, g € L, ,; then we have to show that
(Hf . g)u = (f He)y-
Note that for f, g € Ly ;, we have for almost all ¢, by the reversibility of H;, that
(Hf (0, 8¢, 0)e = (FC, 0, Hig(, D)1
Since

(Hf, g)y = /K Hf (x, 0g(x, 1) p(d(x, 1)

drdx
volyy1(Kp)

o)
Z/ f f(y7 t) Hl‘(xv dy)g(xa t)
Kk Jo K@)
llelleo
Z/ / (. 1) Hi(x, dy)g(x, 1) Uy(dy) £(2) dt
0 K JK(1)

llellco
=/0 (Hif (-, 1), g(-, 0); £(r) dt,

the assertion of Part 1 holds.

Part 2. We have to prove for all f € L, ,, that
(Hf f)p = / Hf (x, f (x, 1) p(d(x, ) > 0.
KQ

Note that for f € L, ;, we have for almost all # that

By the same computation as in Part 1 we obtain that the positive semidefiniteness of H, carries
over to H. 0

The statements and proofs of the following lemmas closely follow the lines of argument
in [39, 40] and make essential use of [40, Lemma 12 and Lemma 13]. We provide alternative
proofs of the aforementioned lemmas in Appendix A.

Lemma 6. Let H be positive semidefinite on L, . Then

H THH T _

< HTFIkT* _s

keN. )

9
Lyz—>Lon Ly =Ly n

Furthermore, if

H — U,

1/2
2 dr /
Ly —~Ly, Q(x)

o(x)
Bk =sup /
xeK 0
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and limy_, o0 Bx =0, then

WU —=Sl1ys10, SIH =S, -1, -

Proof. LetSy: Ly, — L3 5 and the adjoint S7: Ly » — Ly, be given by
S1() =/K f(x, ) u(d(x, s)) and S7(g) =/Kg(X)JT(dX)-
4

Thus, (Sif, &)= = {f, S’fg)ﬂ. Furthermore, observe that SlS’l‘ =S.Let R=T — S and note that
RR* =1 — S, with identity 7, and RR* = (RR*)?. Since RR* # 0, and by the projection property
RR* = (RR*)?, one gets ||RR*||L2Y”_,L2JT = 1. We have

RH*R* = (T — S)HNT* — §7)

= TH*T* — TH*S} — $1H*T* 4 $1H*S} = TH*T* — 5.

Furthermore, || S 11?:15*1k || L L= 1. By Lemma 12 it follows that
2.u—>L2,

HRﬁkHR*

< HRI?"R*

’

L2,7z_>L2,rr LZ,JT_)LZJT

and the proof of (9) is completed.
By Lemma 4 we obtain || T(H* — U)T* || Lposlns = Bk, and by (9) as well as Lemma 3 we
obtain Y Y

[Tt —s <|H =Sl -1,,. keN.

L2,rr_)L2,r(

This implies by the triangle inequality that

lim HTFI"T* _5

k— 00

=|U-S
. I iy, —Lsr >

and the assertion is proven. i

Lemma 7. Let H be positive semidefinite on Ly, w- Then

V= SIS, ., < ”TﬁkT* _s (10)

,
L2.7r‘>L2,7r

for any k e N.

Proof. As in the proof of Lemma 6 we use RH*R* = TH*T* — S to reformulate the
assertion. It remains to prove that

| RER" <|riR*

k
HLz,nﬁLz,n Ly z—Lo 5 ’

Recall that RR* is a projection and satisfies |RR*||z, .7, . =1. By Lemma 13 the assertion
is proven.

Now we turn to the proof of Theorem 1.
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Proof of Theorem 1.By Lemma 5 we know that H: Ly ;. — Ly, is self-adjoint and positive
semidefinite. By Lemma 6 we have

”U - S”Lz’”—)Lz‘ﬂ = ”H - S”Lz‘”—)Lz_” .

By Theorem 1 we have for any k € N that

”TﬁkT* _5

<0 =S, 11, + Br- 1)

L2,7r_>L2,7r

Then
— Bk

U—S§ >HT?1’<T*—S
1V =Slty, 1, = A

k
= I1H =Sl , 1, — P

> 1— k(l - ”H_SHLZ,H—)LZ,U )_ IBk

=1—k gap(H) — Bk,
where we applied a version of Bernoulli’s inequality, i.e. 1 —x" <n(l —x) forx>0andn € N.
Thus
gap(U) — B
k
and the proof is completed. U

=< gap(H),

4. Applications

In this section we apply Theorem 1 under different assumptions with different Markov
chains on the slices. We provide a criterion for geometric ergodicity of these hybrid slice
samplers by showing that there is a spectral gap whenever the simple slice sampler has a
spectral gap.

First we consider a class of bimodal densities in a 1-dimensional setting. We study a
stepping-out shrinkage slice sampler, suggested in [26], which is explained in Algorithm 1.

Then we consider a hybrid slice sampler which performs a hit-and-run step on the slices in a
d-dimensional setting. Here we impose very weak assumptions on the unnormalized densities.
The drawback is that an implementation of this algorithm may be difficult.

Motivated by this difficulty, we study a combination of the previous sampling procedures
on the slices. The resulting hit-and-run stepping-out shrinkage slice sampler is presented in
Algorithm 2. Here we consider a class of bimodal densities in a d-dimensional setting.

4.1. Stepping-out and shrinkage procedure

Let w > 0 be a parameter and o: R — (0, c0) be an unnormalized density. We say o € R,,
if there exist 71, 12 € (0, |lollo, ) With # < £ such that the following hold:

1. Forallte€ (0, #1) Ult2, llolls ) the level set K(¢) is an interval.

2. Forall t € [#1, 1p), there are disjoint intervals K (¢), K>(¢) with strictly positive Lebesgue
measure such that

K()=K1(1) UKz (),
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and for all ¢ > 0 it holds that K;(r+ ¢) C K;(r) for i=1, 2. For convenience we set
Ki(ty=0fort & [t1, 12).

3. Forall € (0, |lo]l, ) we assume §; < w, where
5 infrek, (), sekon 1r — 51, 1€, ),
t=
0 otherwise.

The next result shows that certain bimodal densities belong to R,,.

Lemma 8. Letf 01: R — (0, 00) and 02: R — (0, 00) be unnormalized density functions. Let
us assume that 91, 02 are lower semicontinuous and quasi-concave, i.e. the level sets are open
intervals, and

i |r —s| < w.
rearg max o1, s€arg max 0o

Then omax := max{o1, 02} € Ry.

Proof. For t € (0, |lomaxlls ) let K,
and g, of level ¢. Note that

(®), Ko, (1), and K, (1) be the level sets of gmax, 01,

max

Komax () = Ko, () U Ky, (1).
With the choice
1 =inf{t € (0, lomaxlloo ) : Ko, (1) N Ko, (1) = ¥},
n=min{l|lo1llw » 2100}
we have the properties 1 and 2. Observe that arg max ¢; C Ky, (¢) for i = 1, 2, which yields

inf lr—s| < inf |r—s| <w.
reKg, (1), seKo, (1) rearg max o1, s€arg max 2

O

In [26] a stepping-out and shrinkage procedure is suggested for the transitions on the level
sets. The procedures are explained in Algorithm 1, where a single transition from the resulting
hybrid slice sampler from x to y is presented.

Algorithm 1. A hybrid slice sampling transition of the stepping-out and shrinkage procedure
from x to y, i.e. with input x and output y. The stepping-out procedure has input x (current
state), t (chosen level), w > 0 (step size parameter from R,,) and outputs an interval [L, R].
The shrinkage procedure has input [L, R] and output y:

1. Choose a level t ~U(0, o(x));

2. Stepping-out with input x, t, w outputs an interval [L, R]:
(@) Choose u~U[0,1]. Set L=x—uwand R=L+ w;
(b) Repeat untilt > o(L), i.e. L& K(t): Set L=L — wy
(c) Repeat untilt> o(R), i.e. R ¢ K(t): Set R=R + w;
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3. Shrinkage procedure with input [L, R] outputs y:
(a) SetL=Land R=R;
(b) Repeat:
i. Choose v~U[O0, 1] and set y=L+ v(R — L);
ii. Ify € K(¢) then return y and exit the loop;
ili. Ify <xthenset L=y, else R=y.
For short we write |K(¢)| = vol (K(?)), and for ¢ € (0, ||0]lc0) We set

) (V=8 K@)
t w o (IK®OI+8)

Now we provide useful results for applying Theorem 1.

Lemma 9. Let o € R, with t, > 0 satisfying the properties 1 and 2 of the definition of R,
Moreover, let t € (0, ||0]co)-

1. The transition kernel H; of the stepping-out and shrinkage slice sampler from Algorithm
1 takes the form

Hix, A) = 7, U&) + (1 = ) [T,y 1 () + Ly (0 Ur 2]
withx e R, A € B(R), and
|Ki(DNA|
KO ° te [tla t2)7

07 te(()’ tl)U[t27 ”Q”OO)’

Uz,i(A) =

fori=1,2; ie. inthe case t € [t1, t2) we have that U, ; denotes the uniform distribution
in Ki(t). (Fort € (0, t1) U[t2, llolls ) we have H; = U, since §; =0 yields y; = 1.)

2. The transition kernel H; is reversible and induces a positive semidefinite operator, i.e.
forany f € Ly ;, it holds that (Hf, f); > 0.

3. We have ||H; — Ut”LI,Z‘)Lt,Z =1—yrand

| o 12
ﬂks(gfo (1—yf>2"dr) . keN. (12)

Proof. Part 1. For t € (0, t1) U [#2, ||olloo) the stepping-out procedure returns an interval
that contains K(¢) entirely. Then, since K() is also an interval, the shrinkage scheme returns a
sample with respect to U; in K(¢).

For t € [t1, 1), i € {1, 2}, and x € K;(¢), within the stepping-out procedure, with probabil-
ity (w — &;)/w an interval that contains K(¢) = K1(¢) U K»(¢) is returned, and with probability
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1 — (w — §;)/w an interval that contains K;(r) but not K(f) \ K;(¢) is returned. We distinguish
these cases:

Case 1: K(t) contained in the stepping-out output:

Then with probability |K(?)|/(|K(?)| + §;) the shrinkage scheme returns a sample with
respect to U;, and with probability 1 — |K(¢)|/(|K(t)| + J;) it returns a sample with respect
to U, ti-

Case 2: K;(t), but not K(¢) \ K;(?), contained in the stepping-out output:

Then with probability 1 the shrinkage scheme returns a sample with respect to Uy ;. In total,
for x € K;(t) we obtain

w8y IKO) Kol
A )= R, U+ O i) V)
+ (1= 2200, )
w

=yUA) + 1 — y) U, i(A),

where we emphasize that for t € (0, #1) U [2, ||o]lco) it follows that y; = 1 (since §; = 0), so that
H;(x, A) coincides with U;(A).

Part 2. For A, B € B(R) we have

/A Hy(x, A) U(d) = y, U(BUS(A)

- /A [k, () Ur1 (B) + 1y () Us 2(BY] Ur(d)

|K1(2)] |K2(2)]
U 1(AU; (B
K| 11 AU 1(B) + K]

=% UBUA) + (1= 7| Una)Ui2(B)].

which is symmetric in A, B and therefore implies the claimed reversibility with respect to Us.
Similarly, we have

K10l
K@)

K2 (@)l

Us 1 (F)2
()" + K]

(Hf )=y U + (1 — )/z)[ Uz,z(f)z} =0, 13)

where U, ;(f) denotes the integral of f with respect to U, ; for i = 1, 2, which proves the positive
semidefiniteness.

Part 3. By virtue of [33, Lemma 3.16], the reversibility (or equivalently self-adjointness) of
H;, and [42, Theorem V.5.7], we have

1H: — UtllLy,— 15, = sup [(Hf, ) = sup (Hif . f), (14)
Ifll2,.<1, Ur()=0 Ifll2,.<1, Us()=0
where the last equality follows by the positive semidefiniteness. Observe that for any f € L;
with s € [11, o) we have by Uy ;(f)*> < Uy ;(f*) for i = 1, 2 that

1K1 (5) IKa(s)] L Ki()
Lo Usa(f)? <
K| Kl 2= kol

|K2(s)|

Us 1 (F?
LURRT

Us,l(f)2+

Us2(FH) = If113.-
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Therefore, the equality in (13) yields

IH; = Uiy, 15, < sup (L= wllIf13,=1— (15)
Ilfll2.:<1, Ui (f)=0

For 1€ (0, t1) U [12, |lo]loo), by Hy=U; and 1 — 3, =0 we have an equality. For ¢ € [#1, 12)
with
|K(®)| |K(®)|

h(x) = ——— 1K1(t)(x) - m

K1(0) K20

the upper bound of (15) is attained for f = //|| k|2 ; in the supremum expression of (14).

We turn to the verification of (12). For ¢ € (2, |loll5, ] we have 1 — y; =0, and for ¢ € (0, 1)
the function 1 — y is increasing, which also yields that ¢ +— (1 — yt)Zk is increasing on (0, 2)
for any k € N. By [33, Lemma 3.16] we obtain

IHE = Ullzy,—1,, < (1= .

Consequently, we have

Br < sup / (1 — yp*dr. (16)
re(0,6) T

Furthermore, note that for a € (0, 00), any increasing function g: (0, a) = R, and p, g € (0, a)

with p < g, it holds that

1 [P 1 r4
—/ gndr< —/ g(r)dr. a7
P Jo q Jo

The former inequality can be verified by showing that the function p — G(p) for p > 0 with
G(p)= % fé’ g(r) dt satisfies G'(p) > 0. Applying (17) with g(r) = (1 — y;)** in combination
with (16) yields (12). O

By Theorem 1 and the previous lemma we have the following result.

Corollary 2. For any o € R,, the stepping-out and shrinkage slice sampler has a spectral gap
if and only if the simple slice sampler has a spectral gap.

Remark 3. We want to discuss two extremal situations:

e Consider densities ¢o: R — (0, co) that are lower semicontinuous and quasi-concave,
i.e. the level sets are open intervals. Loosely speaking, we assume we have unimodal
densities. Then for any w > 0 we have o € R,, (just take #; =, arbitrarily) and 6; =0
for all 7 € (0, ||o]lec)- Hence H; = U, for all £ € (0, ||0]|c0), and Algorithm 1 provides an
effective implementation of simple slice sampling.

e Assume that o: R — (0, co) satisfies the properties 1 and 2 from the definition of R,,
for some w > 0, but for any 7 € (0, ||o||co) We have §; > w. In this setting our theory is
not applicable and it is clear that the corresponding Markov chain does not work well,
since it is not possible to get from one part of the support to the other part.

4.2. Hit-and-run slice sampler

The idea is to combine the hit-and-run algorithm with slice sampling. We ask whether a
spectral gap of simple slice sampling implies a spectral gap of this combination. The hit-and-
run algorithm was proposed by Smith [38]. It is well studied (see for example [3, 5, 12, 13,
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16, 17, 35]) and used for numerical integration (see [33, 34]). We define the setting and the
transition kernel of hit-and-run.

We consider a d-dimensional state space K CR¢ and suppose o: K — (0, 00) is an
unnormalized density. We denote the diameter of a level set by

diam(K(¢))= sup |x—y|
x,yeK(t)

with the Euclidean norm |-|. We impose the following assumption.

volg(K(1))

Fam(K(1)) exists, and there are numbers c, € € (0, 1] such

Assumption 2. The limit k := lim; g

that
voly(K(1)

inf ———— =c¢>0. (18)
1e0,e) diam(K ())?

Note that under Assumption 2 we always have « > c. If K is bounded, has positive Lebesgue
measure, and satisfies inf,cx 0(x) > 0, then Assumption 2 is satisfied with « = ¢. Moreover, for
instance, the density of a standard normal distribution satisfies Assumption 2 with unbounded
K, where again ¢ = «. However, the following example indicates that this is not always the
case.

Example 1. Let K = (0, 1)2 and o(x1, x2) =2 — x1 — x2. Then for t € (0, 1] we have
K(1)={(x1,x) € (0, 1)’ x2 € (0, min{1,2 — 1 — x; })},

so that volL,(K(t))=1 — t2/2. Moreover, the fact that {(a, 1 —a): a €(0, 1)} C K(¢) yields

diam(K (7)) = V2, so that for e =1 we have c=1/4 and k = 1/2.

In general, we consider Assumption 2 a weak regularity requirement, since there is no
condition on the level sets and also no condition on the modality.

Let S;—1 be the Euclidean unit sphere and o7 = voly—1(Sg—1). A transition from x to y by
hit-and-run on the level set K(¢) works as follows:

1. Choose 6 € S;—1 uniformly distributed.

2. Choose y according to the uniform distribution on the line x 4 r6 intersected with K(¢).
This leads to

Hy(x, A) = / / L5t —2 9
Sa_t JLi(x.,0) voli (Li(x, 0)) oq4

with
Li(x,0)={reR|x+r0 € K(1)}.

The hit-and-run algorithm is reversible and induces a positive semidefinite operator on Ly ;;
see [35]. The following property is well known; see for example [5].

Proposition 1. For t € (0, llolls, ), x € K(t) and A € B(K) we have

2 dy
HAx,A):—/A e 19)

od M ol (Lex, f=p)
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and
2 voly(K(1))
oy diam(K(1))?"
Proof. The representation of H; stated in (19) is well known; see for example [5]. From this
we have for any x € K(¢) that

IH: = UtllLy 1, < (20)

2 voly(K(®)  vola(K(1) NA)

Hi(x,A)> —— .
oy diam(K(1)4  voly(K (1))

3

which means that the whole state space K(¢) is a small set. By [18] we have uniform ergodicity,
and by [33, Proposition 3.24] we obtain (20). (]

Furthermore, we obtain the following helpful result.

Lemma 10. Under Assumption 2, with

o(x)
Bk = sup /
xeK 0

we have that limy_, o, Br = 0.

1/2
H_U 2 dr
! ! Ly —~Ly; Q(.X')

Proof. By (20) and [33, Lemma 3.16], in combination with reversibility (or equivalently
self-adjointness) of H;, it holds that

2k
? §<1 2M> . @1
Ly~ Lo,

HHf —u,

oy diam(K(1)¢
Let gk : [0, llelloo) = [0, 1] be given by
2k
2 voly(K()
(1 B adiangi(l((r))d) » 1€(0, llelleo),
2k 2k
(1 - (,—d) ) t=0,

which is the continuous extension at zero of the upper bound of (21) with k >ce
(0, 1] from Assumption 2. Note that limg_ ~ gx(#) =0 for all 7€ [0, |olloo) and B <

k() =

1/2
SUP (0, 1ol ] (% Jo 8k(®) dt) . Considering the continuous function

L[y gedde, re(0, lolloo],
8r(0), r=0,

hi(r) =

the supremum can be replaced by a maximum over r € [0, ||oll, ] which is attained, say for
r® €0, llollo 1, ie. fr < h(r®)!/2. Define
i wen = 1P 110 =0, ke N} € Py,

e = (79|19 € (0, &), k € N} € (P,

(P wen = {10 = e k €N} € (P e,
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Without loss of generality we assume that (r(()k))keN #0, (rgk) JkeN # ¥ and (rgk))keN # (). Then
limy_ oo hk(rg‘)) =0, and using Assumption 2 we have

2k
: N , 2e\" _
0< lim h(r;") < lim sup gi(s) < lim (1—— =0.
k— 00 k—00 5¢(0,¢) k— o0 o4

Moreover, by the definition of (rgk) )keN, note that 1/ rgk) -1 1< el forte (0, 00), so

0.5
that
lellss X ,0,(2) lolloo 1, w,@)
lim /(") = 1im On ) (di = lim —202 o (5dr = 0.
k— o0 k—o0 Jo r(lk) 0 k— 00 rik)
Consequently limy_, oo Ax(r®) =0, so that limy_, o0 B < limg_s o0 Ax(F*)1/2 = 0. O

By Theorem 1, this observation leads to the following result.

Corollary 3. Let o: K — (0, 00) and let Assumption 2 be satisfied. Then the hit-and-run slice
sampler has an absolute spectral gap if and only if the simple slice sampler has an absolute
spectral gap.

We stress that we do not know whether the level sets of ¢ are convex or star-shaped or have
any additional structure. In this sense the assumptions imposed on o can be considered weak.
This also means that it may be difficult to implement hit-and-run in this generality. In the next
section we consider a combination of hit-and-run, stepping-out, and the shrinkage procedure,
for which we provide a concrete implementable algorithm.

4.3. Hit-and-run, stepping-out, shrinkage slice sampler

We combine hit-and-run, stepping-out, and the shrinkage procedure. Let w > 0, let K C RY,
and assume that o: K — (0, 0o0). We say o € Ry, if the following conditions are satisfied:

1. There are not necessarily normalized lower semicontinuous and quasi-concave densities
01, 02: K— (0, 00), i.e. the level sets are open and convex, with

w
i lz =yl <=,

y€arg max g1, zEarg max 02 2
such that p(x) = max{o1(x), 02(x)}.

voly (K (1))

2. The limit « := lim, o diam(K(7))?

exists, and there are numbers ¢, ¢ € (0, 1] such that

voly(K(1))
mf ———— =c.
te(0,¢) diam(K(#))4

Fori=1, 2, let the level set of p; be denoted by K;() for ¢ € [0, ||0;ll ), and set K;(¢) = ¥ for
t > ||0illoo- Then, since 0 = max{o, 02}, it follows that K(¢) = K1 () U K»(¢). If K is bounded
and has positive Lebesgue measure, then the condition 2 is always satisfied. For K = R? one
has to check the condition 2. For example, o: RY — (0, 0o) with

o(x) = max{exp(—a |x|* ), exp(—B |x — xo|* )},

https://doi.org/10.1017/apr.2024.16 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2024.16

1460 K. EATUSZYNSKI AND D. RUDOLF

and 28 > « satisfies the conditions 1 and 2 for w = 2 |xp|. The rough idea for a transition from
X to y of the combination of the different methods on the level set K(7) is as follows. Consider
a line/segment of the form

Li(x,0)={reR|x+r0 € K(t)}.

Then run the stepping-out and shrinkage procedure on L;(x, 6) and return y. We present in detail
a single transition from x to y of the hit-and-run, stepping-out, and shrinkage slice sampler in
Algorithm 2.

Algorithm 2. A hybrid slice sampling transition of the hit-and-run, stepping-out, and shrink-
age procedure from x to y, i.e. with input x and output y. The stepping-out procedure on Ly(x, 6)
(line of hit-and-run on level set) has inputs x, w> 0 (step size parameter from Rgq ) and
outputs an interval [L, R]. The shrinkage procedure has input [L, R] and output y = x + 56:

1. Choose a level t ~U(0, o(x));
2. Choose a direction 6 € Sy_1 uniformly distributed;
3. Stepping-out on Li(x, 6) with w > 0 outputs an interval [L, R]:
(a) Choose u~U[0, 1]. Set L=uw and R=L+ w;
(b) Repeat untilt > o(x + LO), i.e. L & Li(x, 0): Set L=L — w;
(¢) Repeatuntilt> o(x+ RO), i.e. R & Li(x, 0): Set R=R+ w;
4. Shrinkage procedure with input [L, R] outputs y:
(a) Set L=Land R=R;
(b) Repeat:
i. Choose v~UJO0, 1] and set s=L + v(R — L);
ii. Ifs € Li(x, 0) returny = x + s6 and exit the loop;
ili. Ifs <O then set L=s, else R =s.
Now we present the corresponding transition kernel on K (). Since o € R4, we can define
for i =1, 2 the open intervals
Lii(x,0)={seR|x+s0 € K(t)}
and have L,(x, 0) = L; 1(x, 8) U L; 2(x, 0). Let

86,0 = lr—sl,

inf
rel; 1(x,0), seL; 2(x,0)
and note that if §; g , > 0 then L; 1 (x, 0) N L; 2(x, 6) = 0.
We also write for short |L(x, 0)| = vol;(L,(x, 8)), and for A € B(K), xe K, 6 € S;_1, let
Axp={seR|x+ 56 € A}. With this notation, for # > 0, the transition kernel H, on K(¢) is
given by
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|Li(x, )N A g
Hi(x,A) = ,)———
1(x, A) /d 1 |:Vt(x ) IL,(x. 0)|

2
+ (1= 7. ) Y L)

—
i=1 d

|LriCx, ) NAcol | do
|Lyi(x, 0)|

with

W—=bixp) L, 0)|
Li(x, )] + 8110

yl(xv 9) =

The following result is helpful.
Lemma 11. For 0 € Ry, and for any t € (0, |0l s, ), the following hold:

1. The transition kernel H; is reversible and induces a positive semidefinite operator on
Ly, ie. forf € Ly, it holds that (H,f, f); > 0.

2. We have

vola(K(1))

" g diam(K(0)d 22

||Hl - Ul“szt—)Lz’, =<

in particular limg_, o Br = 0 with By defined in Theorem 1.
Proof. First, note that L,(x + 56, 0) = L;(x, 0) — s, |L:(x + 56, 0)| = |L:(x, )|, and y;(x +
56, 0) = y;(x, 0) forany x e R?, 0 € S4_1, and s € R.
Part 1. The reversibility of H; with respect to U, (in the setting of o € Ry ) is inherited by
the reversibility of hit-and-run and the reversibility of the combination of the stepping-out and
shrinkage procedure; see Lemma 9.
We turn to the positive semidefiniteness. Let C; = voly(K(¢)). We have

dr dx do

,Hif )1 = , 0 0) —0—mM8M  — —
{fs Hif )i /541 /K(t) yi(x, 0)f (x) L,(x,e)f(x+r )|Lz(x, DI C, o

2
dr  dx do
+ / f A= pe @ [ fatrg —or 4
; Sa-1 JKi(0) t Ly,i(x,0) |Lii(x, 0)| Ci 0a

We prove positivity of the first summand. The positivity of the other two summands follows
by the same arguments. For 6 € S;_; let us define the projected set

PyL(K(n)={xeR? %16, IseR s.t. X+ 0s € K(1)}.

Then
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/ / (x, 0)f (%) fatroy e dd
Sa_1 JK@) n Li(x,6) IL(x, )| C; 04

=/ / / (X + 56, 0)f (X + s6) x
Sa—1 Y Py (K1) JLi(%,0)

/ FG+(r+ 9)8) dr dsdx do
x+(r+s - —
L(Gi+56.6) |Li(x+50,0)] C; o4

:/ / / VX, 0)f (x +50) x
Sa-1 JPyL (K@) JLi(E.0)

dr ds dx do
|L:(%,0) —s| C; oq4

%, 0 y 2 dx do
=/ / M([ f(x+u9)du> — —=>0
Sa-1 I, k@) e, O] \J1,z.0) Ci oa

This yields that H, is positive semidefinite.

/ fGE+(r+90)
LiE,0)—s

Part 2. For any x € K(¢) and measurable A C K(¢) we have

ds  do
Hix, A) = / w0 [ st —S 9
Su1 Li(x,60) |Li(x, )] o4

f / (5, )14 (x — s6) —2
s Jo VA |Lt< 6)|<rd

+/ /00(9)1(+9) ds__do
ye(x, x4+ s0) ——— —
s Jo T IL(x, )] og

:/ v 3D 14— y) / V5D 1a(e+y)
RY gy R o4

- \Li(x, ﬁ)‘ Iyl AL, ﬁ)‘ |y 4!
2 yex, 5537 . volg(K(1)  vola(A)
" oa s e — v | L, & = y‘)‘ og diam(K(1))?  voly(K (1))

Here the last inequality follows from the fact that &, 9 <w/2 and |L:(x, 8)| 4 6;x0 <
diam(K(¢)). Thus, by [18] we have uniform ergodicity and by [33, Proposition 3.24] we obtain
(22). Finally, limg_, o, Bx = 0 follows by the same arguments as in Lemma 10. (]

By Theorem 1, this observation leads to the following result.
Corollary 4. Let 0 € Ry, Then the hit-and-run, stepping-out, shrinkage slice sampler has an
absolute spectral gap if and only if the simple slice sampler has an absolute spectral gap.
5. Concluding remarks

We provide a general framework to prove convergence results for hybrid slice sampling via
spectral gap arguments. More precisely, we state sufficient conditions for the spectral gap of an
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appropriately designed hybrid slice sampler to be equivalent to the spectral gap of the simple
slice sampler. Since all Markov chains we are considering are reversible, this also provides a
criterion for geometric ergodicity; see [28].

To illustrate how our analysis can be applied to specific hybrid slice sampling implemen-
tations, we analyze the hit-and-run algorithm on the slice on multidimensional targets under
weak conditions, as well as the easily implementable stepping-out shrinkage hit-and-run on the
slice for bimodal d-dimensional distributions. The latter analysis can in principle be extended
to settings with more than two modes, at the price of further notational and computational
complexity.

These examples demonstrate that the robustness of the simple slice sampler is inherited
by appropriately designed hybrid versions of it in realistic computational settings, providing
theoretical underpinnings for their use in applications.

Appendix A. Technical lemmas

Lemma 12. Let Hy and H» be two Hilbert spaces. Furthermore, let R: Hy — H| be a bounded
linear operator with adjoint R* : Hy — Hy, and let Q: Hy — Hj be a bounded linear operator
which is self-adjoint. Then

<19l —H,

H —H, Hi—H,

Let us additionally assume that Q is positive semidefinite. Then

“RQk+1R* RQkR*

=19l ~H,

H1—>H1 H1—>H1 '

Proof. Let us denote the inner products of Hy and H by (-, -)1 and (-, -)», respectively. By
the spectral theorem for the bounded and self-adjoint operator Q: H» — H» we obtain
(OR'f, R*f)>
IO A dvg ger(A),
(R fv R f>2 spec(Q)

where spec(Q) denotes the spectrum of Q and vy g+ denotes the normalized spectral measure.
Thus,

(O IR*f, R*f),|
= sup
Hi—Hi  (f.f),£0 fs/h

(R*f, R*f)2 [(QKTIR*f, R¥f)s|

HRQk'FlR*

= Sup * £3

gm0 (R*f, R*f)2

R*f, R*

= sup M / s dVQ,R*f()\)'

=0 spec(Q)

(R*f, R*f)2
<1Qla,—H, sup #/ Ak dvg rer(X)
om0 O Jspec)

=llol sup KSR (10K R*f, R*f),
H,—H, (Ff)1 20 (f»f)l (R*f, R*f)z

=10llg,~u, |RIQIF R

Hi—H,
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Here we used that the operator norm of Q: Hy — H» is the same as the operator norm of
|Q| : Hy — H. If Q is positive semidefinite, then O = |Q]|. O

Lemma 13. Let us assume that the conditions of Lemme 12 are satisfied. Furthermore, let
2
IRz, = |RR* 1, g1, < 1. Then

|ROR* |}

I, = |R1CH R

H]—)H] '

Let us additionally assume that Q is positive semidefinite. Then

k k
|ROR" [y, .1, < |RO®], -

Proof. We use the same notation as in the proof of Lemma 12. Thus

|RoR"[

— wp <<R*f, R*f)2 1KQR'Y. R*f)zl)"

= u
1 Fmo N (A1 (R R )2
R* R* k k
= sup SR 2) / 3. dvg ger (1)
(1170 {fh spec(Q)
(R*f, R*f)2 \*
< sup ( L f2> / ALK dvg ger(h)
(ff)17#0 spec(Q)
— sup <<R*f R') z)" (101 'Y, R*f)o
{(f)170 (R*f, R*f)>
~ sup <<R*f, R*f)z)k_l (IQI° R*f, R*f)o
(fsf)l?éo (fvf)l (faf>1
* k px* k p*
HRR ||H1—>Hl HR|Q| R H,—H, = HRlQl k H|—H, '

Note that we applied Jensen’s inequality here. Furthermore, if Q is positive semidefinite, then
Q = |Q|, which finishes the proof. O
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