
PSEUDOVALUATIONS OF POLYNOMIALS 

R. NELSON 

A valuation of a ring K is a function 

W: K-+A, 

where A is an archimedean ordered field and W has the properties of the 
absolute valuation; see (2, chap. X) . The theory was extended in 1936 by 
K. Mahler (1), who introduced the concept of pseudovaluations. Whereas for 
a valuation we must always have 

W(db) = W(a)W(b), 

for a pseudovaluation it is sufficient that 

W(ab) < W{a)W(p). 

Two pseudovaluations are to be regarded as equivalent if they give the 
same topology. There arises the problem of determining all the independent 
pseudovaluations of any given ring. 

This presents great difficulties in the case of the ring of polynomials in an 
indeterminate symbol, z, with complex coefficients. In this paper we consider 
only those pseudovaluations which coincide with the trivial valuation in the 
coefficient field. Each of these is shown to be equivalent to a sum of finitely 
many pseudovaluations of a simple type. 

1. We begin by introducing a concept which will be prominent in our 
investigation. 

A formal expression such as 

a = Pifip2
fK ..p/\ 

where pu p2, . . . ,pt are distinct prime polynomials and / i , /2 , . . . ,/* are 
each equal to a positive integer or to zero or infinity, will be known as a 
pseudopolynomial. 

Every pseudopolynomial can be uniquely associated with a class of equivalent 
pseudovaluations. Denoting the representative pseudovaluation associated 
with the pseudopolynomial à by W(p\a), we may define: 

(a) W(p|l) = U(p) = 0, the improper valuation. 

(b) W(p\0) = Wo(p) = j j *™ P " jj' the trivial valuation. 
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(c) If p is a prime polynomial and / is a positive integer, 

W(o\pf) =1° for p s 0 (mod* ' ) , 

the residue class valuation. 
By W(p\pœ) we denote the *-adic valuation, 

^ 1 * > - { « - / forp*0,#1|p. 

(d) Finally, if a = piflp%f2. . . £ / ' , we define: 

T = l 

where 
| 0 f o r / = 0 , 

* W \ 1 f o r / ^ 0 . 

I t is clear that W{p\a) is now uniquely defined, and it is easily seen that 
different pseudovaluations of types (a), (b), and (c) are not equivalent to 
each other. 

2. The infinitely many pseudovaluations associated with the same finite 
prime polynomial, p, satisfy the relations 

W(p\p) C W(p\p*) C W(p\p*) C . . . C W W " ) , 

so that the sum of finitely many of these W(p\pf) is equivalent to the summand 
with the highest value of / . 

Further, the following two statements present no difficulty: 
(a) If the pseudopolynomial a is the least common multiple of the finitely 

many pseudopolynomials ai, a2l . . . , ag (i.e., if cii\a (I = 1, . . . , q) and, if 
àt\b (I = 1, . . . , q), then a\b) then 

£ W(p\al) ~ W(p\a). 

(b) If a\b, then 
W(p\a) C W(p\b). 

We make the following two definitions: 

Definition 1. If the pseudovaluations I^i(p), W^p), . . . , WT(p) are inde­
pendent, then their sum, 

Wi(p) = t , Wt(p), 
1=1 

is called their direct sum. 

Definition 2. If the pseudopolynomials ai, a2, . . . , aq are mutually prime in 
pairs, then their least common multiple is known as their direct product. 
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I t is then true that: 
(c) If a is the direct product of #i, a2, . . . , aq, then the pseudovaluation 

W(p\a) is equivalent to the direct sum of the pseudovaluations 

mp]âi), w(p\as),..., W(fi\at). 

This property in fact follows quite easily from the following theorem: 

THEOREM 1. Let pifl, p2f2, . . - , p/* be powers of finitely many different 
primes of P , with exponents equal to a positive integer, or to zero or infinity. 
Then the pseudovaluations 

Whips*), W(j>\pJ*), . . • , W(p\pt'*) 

are independent of each other. 

Proof. The theorem states that, given t polynomials, 71, y2, . . . , yt, we can 
find an infinite sequence of polynomials, «i, a2, az, . . . , such that 

l i m ^ W((yr - an)\p/r) = 0 (r = 1, 2, . . . , t). 

Now, since pi, p2, . . . , pt are distinct prime polynomials, we know that for 
any integer, / , the set of congruences 

a = yr(prf) (r = 1, 2, . . . , t) 

has the solution 

a = 7 ( / ) (mod c) 

for some polynomial Y ( / ) , where c = p\fp2
fp%f'. . . £ / . 

We put ÛJW = 7(w) for all w. So we have aw = yr(prn) for all w, and the infinite 
sequence of aw's thus defined clearly satisfies the conditions of the theorem. 

3. Having studied the special type of pseudovaluation 

W{p\a), 

we now consider the general pseudovaluation 

W(P) 

and we seek to find a pseudovaluation of the above special type equivalent 
to it. (It will be remembered that we stipulate that W(a) = Wo(a), when a is 
a complex number.) 

For brevity we write 

U{p) for W(p\l), 

Wo(p) for W(p\0), 

\p\P for W(p\p°>), 

and W,t(p) for W(p\p') (f = 1, 2, 3 , . . . ) . 
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We shall exclude the case for which W(p) is equivalent to the improper 
valuation Z7(p), i.e., is identically zero. We shall also exclude the uninteresting 
case 

W(p)l==° iorf> = °> 

for then W(p) is equivalent to W0(p). 
Hence there exists an element a 9e 0 such that W(a) < 1. We note that a 

is not a constant, for otherwise W(a) = 1, by hypothesis. 

4. THEOREM 2. To every pseudovaluation of the ring P (for which W (constant) = 
Wa(constant)) there corresponds a positive constant, ci, such that, for every 
element p G ? , 

W(P) < Cl. 

Proof. We have the polynomial a 9e a constant, such that 

W(a) < 1. 

Let £ be any element of P ; then it can be written as a sum 

/ 

0 

ach that 

degree (ak) < degree (a) (k = 0, 1, . . . , / ) . 

_j UkC 
0 

where the aks are polynomials such that 

Therefore 

W(ak) < £ W(zY <(d + l)max(l, W(z)d), 

which depends only on d, the degree of a, and on W. Hence W(ak) is bounded, 
say W(ak) < c\ (k = 0, 1, . . . , / ) . Thus 

W(0<J2W(ak)W(ak) 
o 

°° cf 

< c'xY. Wipif = * N , a constant. 
o 1 — W(a) 

5. Definition 3. An element, 7 ^ 0, of P is called a W-element if there 
exists a second element, 8 9^ 0, of P such that 

l imM œ W(y'ô) = 0. 

There do in fact exist TF-elements, for a has the property 

l i m , ^ J7(a>-1) = 0. 

THEOREM S.Ify is a W-element and Y|Y*, 7* 9^ 0, then 7* is also a W-element. 
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Proof. Let 7* = 70. We have a M O such that l im^ œ W(yjÔ) = 0. Hence 

l im„ œ W(y*'ô) < l i m , ^ W(p>)W(y>S) 
< Cl limMoo W(y'ô) = 0. 

THEOREM 4. 7/ 71 and 72 ar£ W-elements, then so is 71 — 72. 

Prw/ . We have 5i 5* 0 such that l i m ^ ^(71^1) = 0, and h 5* 0 such 
that lim^oo ^ ( 7 2 ^ 2 ) = 0. Now, 

W((yi - 72)^1 ô2) < W(y1*ô1ô2) + W(y2
jô182) 

< TF(ô2)^(7i^i) + T7(ôi)T7(72^2), 

whence l im^^ W((yi — 72)^1 $2) = 0, i.e. 71 — 72 is also a T^-element. 

6. Denote by 9ft the set consisting of the null element, 0, and all PF-elements 
of P . 

(a) If y eTl and 7 | 7* , then 7* 6 9ft. 

Proof. If either 7 = 0 or 7* = 0, the result is clear. Otherwise, 7, and hence 
also 7*, is a JF-element. Hence 7* Ç 9ft. 

(b) If 71 G 9ft and 72 G 9ft, Jfon (71 - 72) G 9ft. 

Proof. If 71 = 72, the result is clear; so also if 71 = 0 or 72 = 0. Otherwise, 
71 and 72 are both TF-elements and so, therefore, is 71 — 72, ^ 0. Hence 
71 — 72 6 9ft. 

From these two results, it follows that 9ft is an ideal of P , and it is not the 
null-ideal, since W-elements do exist. Further, since P is a principal ideal 
ring, we have 9ft = (70) for some polynomial 70. 

Definition 4. This polynomial, 70, defined as above, we call the principal 
character of W(p). 

From this definition, we have the following theorem: 

THEOREM 5. A polynomial, 7, is a W-element if and only if y ^ 0 and 70I7. 

The proof is self-evident. 

THEOREM 6. The principal character, 70, of W(p) is square-free, i.e., it is not 
divisible by the square of any polynomial. 

Proof. We shall show that if there exists a W^-element, 7, such that p2\y, 
where p is any prime polynomial of P , then there must also exist a T^-element, 
7*, such that p\y* but p2 \ 7*. 

Let 7 = pgq, where g > 2 and (q, p) = 1. Put 7* = pq; then y*° = yq0-1. 
We have 0 ^ 0 such that limMoo W(yjô) = 0. Now 

y*j$ _ y[3/g]$.y*U-V/9]9)q(s-i)[j/o]t 
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Hence W(y*'ti) < W(yU/nô)W(y*^j/0W)W(q<e-1WW). But W(y*V-V"M) 
and W(q{9~l)[j/g]) are both <ch by Theorem 2, and W{y^'g^b) -> 0 as j -> 00. 
Hence l im^^ (7*^) = 0, i.e., 7* is a PT-element. 

7. Definition 5. A polynomial, <5 ^ 0, is called a ^-element if 

l i m ^ W(y>6) = 0 

for every PF-element 7. 

It follows easily from the definition that if ô is a ^-element and ô\ô*, then 
<5* is also a ^-element. 

Similarly, if di and Ô2 are two different "^-elements, then 8i — <52 is also a 
^-element. 

Hence the set of all ^-elements, together with zero, forms an ideal, which 
we will call 31. We have 31 = (<5o) for some polynomial <50. 

Definition 6. The polynomial <50 is called the subsidiary character of the 
pseudovaluation W(p). 

The following result holds: 

(a) The subsidiary character, 80, is different from zero. 

Proof. Every J^-element can be written as 7 = jfry0, where 70 is the principal 
character; there exists a polynomial, $0*> such that 

l i m ^ W(y0%*) = 0. 

Hence, since W(y%*) < WW)W(y*%*) < Ci W(y0%*)9 by Theorem 2, we 
have lim^oo W(y%*) = 0. Therefore 50* is a ^-element and so ô0|50*, a n d 
ôo* 5* 0, whence d0 5* 0. 

Furthermore: 

(b) The two characters, 70 and ô0, of W(j>) are relatively prime. 

Proof. We know from the above that there is at least one ^-element, 50*. 
Let ô = gô*, where (ô*, 70) = 1 and q\yog, for some natural integer, g. 
Let 7 be any PF-element. Then, from Theorem 5, 7O|Y; hence 7O*7|Y^ Therefore 

q\yg, and so yg = ge, for some polynomial e. 
We have thus 

0 < limMoo W(y'ô*) = l imM œ W(y'-y<b*) 

= limMoo W(y>.qâ*) = limMoo W(y%*-e) 

< Ï T ( e ) l i m ^ J F ( 7 ' V ) = 0, 

since 7 is a PF-element and 50* a ^-element. Hence ô* is a ^-element, and so 
b0\b*. But (<5*, 70) = 1. Hence, a fortiori, ($<,, To) = 1. 
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8. Now let 

°*<P) = ( v ( p ) i , f
forTo = j' 

{12p\yo \p\v f ° r To F* 1, 
and 

o**(n\ = IU(P) f o r ôo = x» 
W lE / i | 5 o Wy(p) for ô o ^ l . 

We proved in the last section that 70 and 50 are relatively prime; hence 
a = 7? 50 7

e 0 is a direct product. 
Thus 

I ^ | a ) ~ û * ( p ) + Û * * ( p ) 

is a direct sum. We shall now attempt to show that W(j>) and W(p\a) are 
equivalent. 

9. Let «i, a2, «3, . . . be an infinite sequence of elements of P such that 
limMoo W(pLj) = 0. We wish to show that then both (a) lim j_^œ 2* (aj) = 0 
and (b) l i m ^ û * * ( a , ) = 0. 

Put 6] = («/, 70^0), and so 6j = <j>j<*j + ^ Yoy<>o for some two elements, 
<t>j and ^ , of P . By Theorem 2 we have W(4>j) < ci and W ( ^ ) < ci. Hence 
1^(0,) < Ci{TF(ay) + T^(TO^O)} . But W(aj) and W^o'So) both tend to zero 
as j —> 00 ; hence 

l i m , ^ TF(0,) = 0. 

Thus the new sequence, 0i, 02, 03, . . . , has also the limit zero with respect to W. 
We have 

Oj = (aj, yo'Bo) = (aj7 y0
j) (aj} do) (j = 1, 2, 3, . . .) 

and so the two statements: (a) limMoo 0*(ay) = 0 and (b) l im^ œ Î2**(c^) = 0 
are equivalent to the following: 

(a') All elements 6j with sufficiently large index j , are divisible by an 
arbitrarily large power of 70; 

(V) All elements 6j with sufficiently large index j , are divisible by 80. 
We shall prove these two statements by indirect means. 

10. First suppose (a') to be false, and therefore that there exists an infinite 
subsequence, 0;1, 0j2, 6j2, . . . , such that yoa\\Ojy (y = 1, 2, 3, . . .). This is only 
possible if 70 ^ 1, and so 70 = pi pi. . . p/, where pi, p2l . . . , pf are finitely 
many different prime elements. 

Because of our assumption, we can write 

hv = («;„ &o)piei>p2e» . . . pf" (? = 1, 2, 3, . . .), 

where the exponents, eu, e2v, . . . , efv, are non-negative rational integers, 
which are not all unbounded as v —» œ. 
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W e may assume, wi thout loss of generality, t h a t the exponents eu, e2v,..., egv 

all tend to infinity with v and t h a t the other exponents, eg+itV, eg+2,v, . . • , efv, 
are therefore bounded for all v. Here we have g < / — 1 (and possibly g = 0) . 

Hence the expression 

(a ,„ Ô O ) / V + I ' ' + 1 ' ' / V M ' ' + » . ' • - • PS" 

can take a t most finitely many values. 
Since 6jp is an infinite subsequence, we may, by taking a further subsequence, 

assume t h a t 

(aj9, ôo)pg+ie'+1"pff+2e'+'-' . . . pf
ê" = t 

where t is a fixed element of P. 
So we have 

hv = tpiei>p2e2>...pçe«> 

where the exponents, eiv, e2v, . . . , egv, are non-negative rational integers which 
tend to infinity with v. 

Hence, for all sufficiently large v, 6jv is divisible by an arbitrari ly large power 

Of 70* = Pl P2 • • • pg. 
Further , l i m ^ œ W(0Jv) = 0. 
Denote by 7 ^ 0 an element of P such t h a t 

70* |Y , ( 7 , Pg+l Pg+2 ...p/) = l. 

Let jV(i), for all sufficiently large na tura l integers i, be the greatest j v for which 
Qjv\yH. Since (70*) l\y% it is clear t h a t ./„(*) —> 00 with i. But , from the definition 
of j»(i), we have yH = X* 0y„(t-) for some element Xz-; and, from Theorem 2, 

W(\t) < a. 
Hence 

W(yH) < Cl W(fiJwU)), 
and so 

0 < l i m ^ W(yH) < ^ l i m , ^ W(dJvU)) = 0. 

Therefore 7* mus t be a ^ - e l e m e n t . Bu t this contradicts Theorem 5, for, by 
its construction, 7 is not divisible by 70. 

11 . From now on, therefore, we may assume t h a t (a ' ) , and hence (a) , is t rue. 
Now let us suppose t h a t (V) is false; there exists, therefore, an infinite 

subsequence, 0jlt 0j2, 6jZJ . . . , of the sequence 6j} all elements of which are 
not divisible by <50. 

Since <50 possesses only finitely m a n y divisors, we m a y assume, by replacing 
djv by an infinite subsequence of itself, t h a t (djv, <50) = (ajv, <50) = 50* for all v, 
where 50* is a proper divisor of 50 (i.e. if <50 = <50*<50**, t n e n ^0** 3^ 1). Hence 
we have 

* j , = *o*(a,„Yo' ' ) (v= 1 , 2 , 3 , . . . ) . 

https://doi.org/10.4153/CJM-1967-118-2 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1967-118-2


PSEUDOVALUATIONS 1301 

I t is evident that, for all sufficiently large v, 6jy is divisible by an arbitrarily 
large power of 70. 

For every sufficiently large natural integer, i, let jv^) be the grea tes t^ for 
which 0yjY*5, where 7 is an arbitrary W^-element and 8 is a polynomial such 
that 80*|8 and (8, 80**) = 1. 

Since 70*17*8, it is clear that j„(z) —» 00 as i —» 00. But, from the definition 
of jvd), we have 

7*8 = iiiSMi) 

for some polynomial /**; and, from Theorem 2, T^(M0 < £1. Hence 

JW«) < d w(eMi)) 
and, since 

l i m ^ W(6Mi)) = 0, 
we have 

l i m ^ W(y'ô) = 0. 

Therefore 8 is a ^-element, and this cannot be, since 80 does not divide 8. 

12. We have now also proved (b') and so (b). 
Clearly the limit equations (a) and (b) can be more briefly expressed in 

the form 
12* C W and 12** C W. 

So we have 

12* + 12** C W. 

To conclude this paper, we shall show that 

W C 12* + &** 

and therefore 

PF~12* + 12**. 

To this end, let «i, a2, «3, . . • be an infinite sequence of elements of P such 
that both 

lim^œ12*(<*;) = 0 
and 

limMœ12**(^) = 0. 

It will be proved that it is then true that 

limMoo W(aj) = 0. 

Clearly we may assume without loss of generality that every member of the 
series aj is different from zero. 

We know that, for all sufficiently large natural integers, j , aj is divisible by 
an arbitrarily large power of 70 and by 80. 
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Let i(j) be the greatest natural integer for which 

To^h, 

It is clear that i(j) —> °° as j —» oo. 
Put a;- = joia)Pj where pj is an element of P different from zero. 
Since 70 is prime to ôo, it is evident that, for sufficiently large j , pj is divisible 

by d0. So, for large values of j , we may put pj = 80 o-j, where, by Theorem 2, 
W((Tj) < ci. We have therefore 

0 < limMoo W(aj) < Cl limMco (yo
ia)ô0) = 0. 

So, the proof of the equivalence 

W ~ 0* + 0** 

is now completed. By §8, this can be put in the form 

W(p) — W(p\a) 

where à denotes the pseudopolynomial 7o°°5o, which is uniquely determined 
by the pseudovaluation W(p). 

In the proof we have assumed that W(p) is equivalent neither to the trivial 
valuation nor to the improper valuation. But, in these two cases, we have, in 
the notation of the first section, W(p) ~ W(p\0) and W(p) ~ W(p\l) 
respectively, so that we have a result of the same form. 

To conclude our discussion, we can therefore formulate the following 
theorem : 

To every pseudovaluation, W(p), of P {which is equivalent to the trivial valuation 
over the constant field) there corresponds a pseudopolynomial, a, such that 

W(p) — W(p\a) 

where W(p\a) denotes the special pseudovaluation corresponding to a. 
With the exception of the two special cases, à = 0 and a = 1, we have 

~ OOP, 

a = To do, 

where 70 is the principal character and 80 the subsidiary character of W(p). 
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