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1. Introduction. All rings considered have unities, and all modules are unital
right modules. The notations N <°M and K <®M indicate that N is an essential
submodule and K is a direct summand of M, respectively. A summand will always
mean a direct summand. K is a complementary summand of L in M if M = K & L.
A closed submodule of M is one that has no proper essential extensions in M. A
module M is extending if every closed submodule of M is a summand. The graph of
a homomorphism ¢ : X —> Y is the submodule () = {x —p(x): x € X} of XD Y.
A homomorphism ¥ : U — V is called faithful if ¥ = 0 only if U = 0. For modules
A and B, ¢ : A> X — B will denote a partial homomorphism X — B. B is said to
be A-injective if for any ¢ : A > X —> B, there exists a homomorphism ¢ : A — B
that extends ¢ (see G. Azumaya, M-projective and M -injective modules, unpublished
work, 1974, and [1]). Baba [2] generalized the notion of A-injectivity as follows:

B is almost A-injective if for any ¢ : A > X —> B, there exists a homomorphism
@1 : A—> Bthat extends ¢ (injectivity behaviour), or there exists a non-zero summand
Az < A and a homomorphism ¢, : B—> A such that g9 = 74, |x, Where 4, is the
projection of 4 onto A4, (which we refer to as opposite injectivity behaviour). We
note that for an indecomposable module A, we have that B is almost A-injective if
and only if for any ¢ : 4 > X —> B, there exists a homomorphism ¢, : 4 —> B or a
homomorphism ¢, : B—> A4 such that the following diagrams commute:

0—=X—>4 0—>=X—>4
% 7
/ /
(pilz/wl (ﬂl//wz
B B

* Dedicated to Professor Patrick F. Smith on his 65th birthday.

https://doi.org/10.1017/50017089510000182 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089510000182

112 DERYA KESKIN TUTUNCU, SAAD H. MOHAMED AND NIL ORHAN ERTAS

In the following we investigate cases where we have a mixture of the two behaviours.
For ¢ : 4> X — B, we associate a class, denoted by [[¢ : 4 > X — B]], consisting of
all commutative diagrams

T4y T4y
Ay <— 4 ——> A

|

(%] X o1

{

B, <;7_[B2 B 4>”B| B

where A = A, @ A>, B= B ® By, and 4, and g, i = 1, 2, are the natural projections.
(The commutativity of the diagram is equivalent to: for x = a; + a» and ¢(x) = by + by,
we have ¢;(a;) = by and ¢»(by) = ay.)

B is said to be A-ojective if for any ¢ : A>X —> B, there exists D € [[p :
A > X —> B]], with ¢, being a monomorphism [5, 8]. As a generalization we say that
B is A-mixed injective if for any ¢ : A> X — B, there exists D € [[¢ : 4> X — B]]
with ¢, faithful. [4, 7] are the general references for notions of modules not defined in
this work.

2. Mixed injectivity. In this section we study various types of generalizations of
injectivity under one umbrella. First we note that

(1) [[¢ : A > X —> B]] is not empty, as it always contains the trivial diagram
0 A
0‘ )0
B 0
By a non-trivial diagram, we mean one in which 4, @ B # 0. If such a diagram

exists for each ¢ we say that B is A-basic injective.
(2) For ¢ = 0, we have the diagram
A
)0
B

0
-

iH

T

1
¢
1

X <—

|

<~
0

*1>

0<"—4
|
0 X
|
0<TB—>

1
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PROPOSITION 2.1. For modules A and B,

(1) B is A-injective if and only if for any ¢ : A> X —> B, there exists D € [[¢
A>X —> B]|with A, ® B, = 0.

(2) B is A-ojective if and only if for any ¢ : A> X — B, there exists D € [[¢
A > X —> B]] with Ker ¢, = 0.

(3) B is A-mixed injective if and only if for any ¢ : A > X —> B, there exists D €
lp : 4> X —> Bl with ¢ faithful.

(4) B is almost A-injective if and only if for any ¢ : A> X —> B, there exists D €
[[¢ : A>X —> B]] such that A, = 0 implies B, = 0.

Proof. We only need to prove (4). Assume B is almost A-injective, and consider
¢ : A> X — B. The injectivity behaviour corresponds to the diagram

M

The opposite injectivity behaviour corresponds to the diagram

0
<~ H—

R

<T*>

7'[,42 JTAI
Az %A HAI

%) X 0
d
B=i— B0
with 4, #* 0.
Conversely, assume the condition. Given ¢ : 4 > X — B, we have a commutative
diagram

7TA2 7TA1
Ay <=—— 4 —— A

|
2 X @1
|

B, < B By

We consider two cases.
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(1) A, = 0: The hypothesis implies B; = B and we have the commutative diagram

A
B
which gives an injectivity behaviour.
(2) A2 # 0: We may define ¢} : B—> 4 as ¢5 = ¢, on B and ¢} = 0 on B;. Then
the diagram reduces to

%

0
1
0
0

%

H

R

H

ﬂAz T[AI
Ar<=—— A —— A

|
@ X 0
d

B=a— B0

This is an opposite injectivity behaviour. O
The proof of the following lemma is straightforward.

LEMMA 2.2. Let M = A® B, where B#0,A= A, ® A, B= B, ® B, and ¢, :
By — A;. Consider the following conditions:

(1)A>, ® B, =0.

(2) Ker ¢y = 0.

(3) @2 is faithful.

(4) Ay = 0 implies B, = 0.

(5) A2 @ B; #0.

Then (1)=(2)=3)=4)=(5).

As an immediate consequence of the above lemma and Proposition 2.1, we have
the hierarchy

injectivity = ojectivity = mixed injectivity = almost injectivity = basic injectivity.

Now we give examples to separate these cases.

ExAMPLES 2.3. (1) Let A = Z4 and B = Z4. Then B is A-ojective, and is not A4-
injective.

(2) Let A4 be an injective module with exactly one non-zero proper submodule S.
Let B be an indecomposable module that contains a simple submodule not isomorphic
to S. Then B is A-mixed injective and is not 4-ojective.

(3) Let 4 be an extending module whose socle is maximal and contains more than
one homogeneous component. Let B be an indecomposable module such that 4 and
B have no non-zero isomorphic submodules, and B is not 4-ojective. Then B is almost
A-injective and is not A-mixed injective (cf. Theorem 3.6).
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(4) Let 4 be indecomposable. Let B = B; & B, such that 4 and B have no non-zero
isomorphic submodules, B; is A-injective and B is not A-injective. Then B is A-basic
injective and is not almost 4-injective.

However, for uniform modules, we have the following proposition.

PROPOSITION 2.4. For an indecomposable module A and a uniform module B, the
following are equivalent:

(1) B is A-basic injective.

(2) B is almost A-injective.

(3) B is A-mixed injective.

(4) B is A-ojective.

Proof. We only need to prove (1)= (4). Given ¢ : 4 > X — B without loss of
generality, we may assume that ¢ # 0. The hypothesis gives only the following two
diagrams:

0 1 1 0

0=—X—>4 A X 0
OT iw l@ sz i@ i()

In the second case, we have g9 = 1x. Hence, Ker ¢, N o(X) = 0. However, ¢(X) is
essential in B, and consequently Ker ¢, = 0. ]

The above proposition yields the following generalization of [8, Theorem 13],
which is also a generalization of [3, Lemma §].

THEOREM 2.5. Let M = M| & --- ® M,,, where the M; are uniform. Then M is
extending and the decomposition is exchangeable if and only if M; is M;-basic injective

foralli#j.

Next we give characterizations for different types of injectivity analogous to that
given in [8] for ojective modules. First we need some lemmas.

LEMMA 2.6. Let M = A® Band g : A>X —> B. Then
MHXeB={(p)®B

(2) Kergp = (o) N A.

(3) ¢ is a monomorphism if and only if (p) N 4 = 0.

(4) ¢ =0 if and only if (p) < A.

Proof. We prove only (2) and (4), the rest being obvious.
2)xeKerop=9p(x)=0=>x—p(x)=x€ ()N X <AN (p);

and ae{p)NAd=>a=x—¢(x) for some xeX
=>x—a=¢p(x) e ANB=0
= a=x and x e Kergp.

(4) We have ¢ =0 if and only if X = Kergp = (¢) N 4. Also ¢ =0 if and only if
X = (p). Hence, ¢ = 0 if and only if () = (¢) N 4 if and only if {p) < 4. ]
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LEMMA 2.7. Let N<A®B. Then NNB=0 if and only if there exists ¢ :
A>X —> B such that N = (¢). Moreover, ¢ =0 if and only if N<A, and ¢ is a
monomorphism if and only if NN A = 0.

Proof. (=): Define X = AN(N & B) and ¢ : X — B as the restriction to X of
the projection N @ B— Balong N. Givenn € N,letn =a+ bwitha € Aand b € B.
Hence, a=n—be AN(N @& B) = X. This gives ¢(a) = —b; hence, n = a — ¢(a) €
(p). Now consider x € X. Then x = n+ bwithn € N and b € B. Hence, ¢(x) = b and
s0 x — ¢(x) = n € N. This proves that N = (¢).

(«<): Obvious.

The last statement follows from Lemma 2.6. O

Some arguments in the proof of the following theorem are similar to those given
in [8, Theorem 7].

THEOREM 2.8. B is A-basic injective if and only if for any submodule N of M = A & B
with NNB=0, we have M =N ® A ® B with A’ <A,B <B and N<N # M.
Further, we have the following:

(1) B is A-injective if and only if M = N’ @ B.

(2) B is A-ojective if and only if NN B = 0.

(3) B is A-mixed injective if and only if N' N B is not a non-zero complementary
summand of B' in B.

Proof. ‘Only if’: By Lemma 2.7, there is ¢ : 4 > X —> B such that N = (). The
hypothesis yields a non-trivial diagramin [[¢ : A > X —> B]]. Then, by Lemma 2.6 (1),

M=A®B=4,®B & A& B,
= (p1) ® B & 42 ® (¢2)
= (¢1) ® {(p2) © 42 ® B.

We prove (@) <{(p1) ® (¢2). Let x = a; + a» and ¢(x) = by + b,. We get from the
diagram ¢;(a;) = b; and ¢»(b,) = a. Hence,

X —@(x)=a; — by — (by — ax) = a1 — @1(a1) — (by — v2(b2)) € (1) D (¢2).

Thus, N = (p) <{¢1) ® (¢). Define N' = (1) ® (¢2), A" = 4> and B’ = B;. Then
M=N=&A®B withN<N # M.

‘If*: Consider ¢ : A > X —> B. Clearly, (¢) N B = 0. The hypothesis then yields
a decomposition M =N @ A’ d B with A’ <A, B <B and (¢p) <N’ # M. For
simplicity, let 4= A, and B =B;. Then M =N ® A, ®B,. As M AN, A, ®
B; # 0. By the modular law, 4 = A; @ A, and B = B; & B,, where 4|1 = AN(N' &
By) and B, = BN(N' & A,). Let n; denote the projection of M onto B; along
N' @ A,, and n, denote the projection of M onto A, along N’ @® By. It is clear
that 41 @ By <Kern, and A, ® B, <Kern;. Also (¢) <N <Kern;,i=1,2. Then
for every x € X, nip(x) = ni(x) and n;ry, =0 = niwp, for j #i=1,2. Define ¢ =
m 4, and @2 =m [p,. Then mp e(x) = mmp e(x) = nie(x) = n(x) = M (x) =
1704, (X); 2773, 0(X) = M7 B, P(x) = MP(X) = N2(X) = N2704,(X) = 7.4, ().

(1) Obvious.

(2) One can easily check that Ker ¢, = N’ N B. Hence, ¢, is a monomorphism if
and onlyif NN B=0.
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(3) We have B, = BN (N' @ A’) and Ker g, = N’ N B. If N' N B # 0, then clearly
By # 0. As ¢ is faithful, ¢, # 0, and hence, B, # Kerg, = N’ N B. It then follows that
B=B ®B,+ B & (N NB).

Conversely assume that N’ N B is not a non-zero complementary summand of
B in B. If NN B =0, then ¢, is a monomorphism. On the other hand, NN B # 0
implies B # B’ @& N' N B. This gives B, # N’ N B = Ker ¢,, and hence, ¢, # 0. In both
cases ¢, is faithful. O

COROLLARY 2.9. B is A-injective if and only if for any complement C of B in
M=A®Bwehave M = C® B.

COROLLARY 2.10. B is A-ojective if and only if for any complement C of B in
M=A®B wehave M = C® A ® B withA' <A, B <B.

We end this section by proving that 4-mixed injectivity passes to summands of A.
The main idea of the proof is suggested in [6, Proposition 1.5]. We were not able to
give a proof using the characterization of mixed injectivity given in Theorem 2.8 (cf.
[8, Proposition §]).

PROPOSITION 2.11. Let A and B be modules and let A* < ® A. If B is A-mixed injective,
then B is A*-mixed injective.

Proof. Let A = A*® A*. Given a homomorphism ¢ : A* > X — B, define
U: X@A*— Bby ¥V |y=¢ and V¥ |4~«=0. As B is A-mixed injective, we get
decompositions 4 = A} ® A, and B = B; & By, together with homomorphisms ¢, :
Ay —> By and ¢, : B, —> A, with ¢, faithful such that the following diagram

commutes:
7TA2 7'[,41
Ay<=— X DA™ —— A
%T lq’ lw
B~—F—B——F,— 5B

Clearly 7 4,(4*) =0, and so 4™ < A4;. Hence, 4| = A™ & (41 N A*). 1t follows that
A=A ® (41N A*) D A,, and consequently, A* = (A; N A*) ®[(4r ® A**) N A*].
Let A} = A; N A*and 43 = (Ay @ A™) N A*. Now A = AT @ A5 ® A™ = AT @ 4™ @
A5 = A ® A5. Let A denote the natural projection of 4 onto 43 along A, and let
n =X |4,. Clearly n is a monomorphism, and hence, n¢; is faithful. Let 7; and
denote the natural projections of 4* onto 4] and 43, respectively. Now we have the
diagram

I
A2<£X®A** L)Al
@T l\p lwl

B, B B

7By 1
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Given x € X, then x = aj + a} with a] € A7 and a} € 45. Then aj = a, + a** for
a) € Ay and a™ € A*. Hence, x = (a] + a**) + a2, and a} = AM(a5) = AMax + a™) =
Maz) = n(az). Assume that ¢(x) = b1 + b>. Then, ¢1(a}) = gi(a] + a*) = 14, (x) =
ﬂfl‘I’(X) = 75,¢(x) = b1; Nea(b2) = Na1p, P(X) = N7, V(X) = N4, (x) = n(a2) =D
az.

3. Symmetric injectivity. B is A-essential injective if for any ¢ : A > X —> B with
essential kernel, there exists a homomorphism ¢; : A —> B that extends ¢ (cf. [9]).
We note that essential injectivity behaves like injectivity concerning direct sums and
summands.

PROPOSITION 3.1. (¢f. [9, Lemma 4]). B is A-essential injective if and only if for any
submodule N of M = A ® BwithN N B=0and N N A<°A, wehave M = N’ ® B with
N<N.

COROLLARY 3.2. B is A-essential injective if and only if for any complement C of B
inM=A®BwithCNA<°A, we have M = C @ B.

LEMMA 3.3. Let M = A & B. If Bis A-mixed injective, then B is A-essential injective.

Proof. Let N<M with NN B=0and NNA<°A. As B is A-mixed injective,
by Theorem 2.8, we get M = N' @ A’ ® B with N<N', A’ <A and B <B. Now
(NNnA)NA=NNANA)=NnNnA =0. Hence, A’ =0, and therefore, M = N' &
B'. This implies B= B '@ N’ N B. Hence, N'N B = 0, by (3) of Theorem 2.8. It then
follows that M = N’ & B. O

By Theorem 2.8, B is A-ojective if and only if for any submodule N of M =
A®Bwith NNB=0,wehave M =N & A ® B with A’<A,B <B, N<N’ and
NN B = 0. We modify this characterization to give equal attention to both 4 and B.
We say that 4 and B are symmetrically injective if for any submodule N of M = A & B
with NN(AUB)=0, we have M =N @ A ® B with A’<A,B <B,N<N and
NN (AU B) =0. (Note that for submodules X, Y and Z of M, X N(YUZ) =0 if
andonlyif XNY =0and XNZ =0.)

THEOREM 3.4. The following are equivalent:

(1) A and B are symmetrically injective.

(2) For any monomorphism ¢ : A> X —> B, there exists D € [[¢ : A> X —> B]],
with @1 and ¢, being monomorphisms.

(3) For any monomorphism WV : B>Y — A, thereexists D' € [[V : B> Y — A]],
with V| and V5 being monomorphisms.

Proof. (1)<(2): The proof is almost the same as in Theorem 2.8. We only need to
note the following observations:

(1)=(2): ¢ is a monomorphism, as NN A =0 (Lemma 2.6), and it is easy
to check that Kerg; = NN A and Kerg, = N'N B, and therefore, ¢; and ¢, are
monomorphisms if and only if N'N (4 U B) = 0.

(2)=(1): For a monomorphism ¢ : 4> X — B, (p) N 4 = 0 (Lemma 2.6), and
clearly (¢) N B =0. Hence, (p) N (4 U B) =0.

(1) (3): Follows by symmetry. O

REMARK. Let X, Y and Z be submodules of a module M with ZN (X U Y)=0. By
Zorn’s lemma, we can find a submodule Z’ of M maximal with respect to the property
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that Z<Z and Z’ N (X U Y) = 0. Clearly Z’ is a closed submodule of M. An example
of such a submodule is a complement C of X with CN Y = 0 (or a complement C of
Y with CN X = 0).

The following corollary is analogous to Corollary 2.10.

COROLLARY 3.5. A and B are symmetrically injective if and only if for any submodule
KofM = A® Bmaximalwith KN (AU B)=0,wehave M = K ® A’ ® B withA' < A
and B' < B.

THEOREM 3.6. Let M = A @ B with A extending. Then the following are equivalent:

(1) B is A-ojective.

(2) B is A-mixed injective and A and B are symmetrically injective for every A <®A.

(3) B is A-essential injective and for every closed submodule K of M with K N (A U
B)=0,wehave M = K® A & B with A’ < A and B' < B.

Proof. (1)=(2): That B is A-mixed injective is trivial. Also B is 4-ojective by [8,
Proposition 8], and A is extending. Hence, there is no loss of generality if we assume
that 4 = 4. Let K be a submodule of M maximal with K N (4 U B) = 0. Then K is
a closed submodule of M with KN B = 0. As A is extending, we get by [8, Lemma
9)that M = K@ A’ @ B’ with A’ < 4 and B’ < B. Hence, A and B are symmetrically
injective.

(2)=(3): B is A-essential injective by Lemma 3.3. Let K be a closed submodule
of M with KN(AUB)=0. Now K& B=(K ® B)N A® B. Since A is extending,
(K®@B)NA<¢A;, where 41 <®A4. Let A=A, ® A, and N=A; ® B. Then K<N
and K @ B<°N. Hence, K is a complement of Bin N. As K N 4| = 0, K is maximal in
N such that K N (4; U B) = 0. Since 4 and B are symmetrically injective, we get N =
K@ A, ® B withd|<A;and B <B.Hence, M = A2 ®N =KD (4, D 4)® B

(3)=(1): Let C be a complement of B in M. Since A4 is extending, C N 4 <°A4*,
where 4 = A* @ A™*. Let N = A* @ Band C* = C N N. Then by [8, Lemma 2], C* is
acomplementof BInN.Now C*NA*=CNNNA*=CNA*=CNANA*=CN
A <°A*. As B is A-essential injective, B is A*-essential injective. Hence, N = C* @ B,
by Corollary 3.2. This gives M = C*® A™ ® B= C*® L, where L = A** @ B. Let
C* = CNL.Then C = C* @ C**. Clearly C** is a closed submodule in M. Also C** N
A=LNCNA<LNA*=0. Then C*N(4U B) = 0. The hypothesis then implies
that M = C* ® A’ ® B with A’ <Aand B <B.Hence,L=C*@® (A’ NL)® B, and
consequently M =C*dL=C*dC* DA NLYDdB =Cd (4" NL)®d B. Hence,
by Theorem 2.8 (2), B is A-ojective. [

COROLLARY 3.7. Let A and B be extending, and A be B-ojective. Then B is A-ojective
if and only if B is A-mixed injective (if and only if B is A-essential injective. )

THEOREM 3.8. Let M = A @ B such that A and B are extending. Then the following
are equivalent:

(1) M is extending and the decomposition is exchangeable.

(2) A is B-ojective and B is A-essential injective.

(3) B is A-ojective and A is B-essential injective.

(4) A is B-ojective and B is A-mixed injective.

(5) B is A-ojective and A is B-mixed injective.

Proof. Corollary 3.7 and [8, Theorem 10*]. 0
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