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A NEW METHOD IN ARITHMETICAL
FUNCTIONS AND CONTOUR INTEGRATION

BY
BRUCE C. BERNDT

1. Introduction. If f is a suitable meromorphic function, then by a classical
technique in the calculus of residues, one can evaluate in closed form series of the
form,

0 -]
2 fm) or 3 (=1)f(n).
n=—00 n=—00
Suppose that a(n) is an arithmetical function. It is natural to ask whether or not
one can evaluate by contour integration

[+ o]

(L.1) S amf(m) or 3 (—1ra(m)i(n),

n=—00 n=—ow
where f belongs to a suitable class of meromorphic functions. We shall give here
only a partial answer for a very limited class of arithmetical functions.
Our techniques are applicable to arithmetical functions which have the repre-
sentation,

a(n) = g g(dh(d, n),

where g and / are arithmetical functions such that for each fixed d, /(d, z) is a poly-
nomial in z. In fact, more generally, instead of summing over all divisors of n,
we may sum instead over any subset of the divisors of n, in particular, the divisors
in an arithmetic progression 4(q, @)={mq+a:q>1, a>0, (g, a)=1, m>0integral}.
Thus, our methods are applicable to the arithmetical functions,

a(n, q, a) = dZ g(d)h(d, n).
deAI(:a)

Note that a(n, 1, 0)=a(n). In the proofs of our results, we shall need the supple-
mentary arithmetical functions,

a™(n, g, a) = ﬁ g(d)h(d, n).

dln
dedl(q.a)

Plainly,
lim a"™(n, q, a) = a(n, q, a).

m= oo
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Clearly, we also need a growth condition on a(n). Suppose that a(n)=0(n") as n
tends to oo, where b is some fixed real number.
In general, we are not able to sum

[+0]

(12) S a(n, g, a)f(n) or S (=1Ya(n, g, a)f(n)

in closed form. Instead, our results transform the series of (1.2) into series generally
involving an arithmetical function different from a(n, ¢, a). In another paper [1]
we have shown how to evaluate in closed form by the calculus of residues series of
the form (1.1) when a(n) is a primitive character.

In the sequel, we make the following assumptions on f. Let f be meromorphic in
the extended complex plane. Suppose that | f(z)| <4 |z|~° for some positive numbers
A and ¢, uniformly as |z| tends to co. (In the theorems below, more restrictive
lower bounds on ¢ will be required.) Let {z;, . . . , z;} be the complete set of poles
of f, and put S={z,, ..., z;} U {z,}, where z,=0. The residue of a meromorphic
function g at the pole z’ will be denoted by R{g, z'}.

We shall illustrate our method with four different arithmetical functions, or
classes of arithmetical functions. We shall conclude the paper with several examples.

2. Main results. For complex z, let

d—1 . [a/2] .
S(d, Z) = z e21nz:/d and T(d, Z) — z e2mz1/d-
=0

i=—[(da—1)/2]

THEOREM 1. Let

4)"(z,q,0) = Y d*7'SWd, z)
deATq.a)
and
B{™(z, q, a) = > 47T, 2).
deilqul,a)
Then if ¢>sup{l, v+1},
o —aiz 4 (m)
ey 3 o gaf() = —lin 3 gFEATELDIE )
n’z—éoo m—® 7.8 Sln(ﬂ'Z)
and
) n . B(m)
z (_1) G-v(n’ q, a)f(n) — __hm z R{'rr v (Z’ q9 a)f(z) , Z’-}.
n=—c0 m=ow z.eS Sln(7TZ)
n¢gS
Note that

o,(n,1,0) = a,(n) =D d".

aln

https://doi.org/10.4153/CMB-1973-060-6 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1973-060-6

1973] A NEW METHOD IN ARITHMETICAL FUNCTIONS 383

Proof. If N is a positive integer, let Cy, denote the square whose sides of length
2N+1 are parallel to the coordinate axes and whose center is the origin. Assume
that N is chosen large enough so that S is contained on the interior of Cy. The
residue of we "*A4{™(z, g, a) f (z)/sin(wz) at the integer n ¢ S is

A™(n, g, a) f(n) = o{™(n, g, a) f(n),
where we have used the elementary fact that

d, if dln,
S(d’”)‘{o, if dl|n.

Hence, by the residue theorem,

—7iz2 4(m)
1 [ me™A™(z, q, a)f(2) iz

2.2) 27i Jow sin(7rz)
. N —uiz 4(m)
— Z G:M)(n, q a)f(n) + z R{We Av. (Zy q, a)f(Z)’ Zj}.
n:&zv 7,68 sin(wz)

Now, there exists a constant M =M (m, v), independent of N, such that for all z on
CZV?
AP g, )

sin(7rz)

<M.

Thus,

b

f ANz 4, 0/() } 42N+1)MA
ow sin(wz) (N+3)°
which tends to 0 as N tends to co since ¢>1. Thus, upon letting N tend to oo, we
find that from (2.2),

5 g TIANE L DI )

sin(7z)

(2.3) éwa‘v'"’(n, g, a)f(n) = —

n¢S
We now take the limit of both sides of (2.3) as m tends to co. We have [2, p. 260]

z,e8

o™(n, q, a) < d(m)n” = 0(n"*?)

for every ¢>0, where d(n)=0,(n). Hence, since ¢c>»+1, by the dominated con-
vergence theorem we may take the limit on m inside the summation sign on the left
side of (2.3). This concludes the proof of (2.1). The proof of the second part of
Theorem 1 follows along the same lines.

Let r, s and ¢ be positive integers with s <2. Let u,(n) denote Klee’s generalization
[3] of the M&bius function, i.e., if n=]];_, pi* is the canonical factorization of »
into primes p;, 1<i<k, then

1, n=1,
:ur(n) = (_I)k’ a;=r, 1 S i< k
0, otherwise.
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The next theorem concerns the wide class of arithmetical functions,
Pr.s.dn) =dl2 Hi(d)(nd)".

Several well known arithmetical functions are special cases of the above. Thus,
¢1.11(M)=9¢(n), Euler’s g-function, and ¢, ,,(m)=vy(n), Dedekind’s y-function.
For arbitrary ¢, ¢, ,(n)=J,(n), Jordan’s totient function, and ¢, , (n)=wy,(n),
an extension of u(n) by Suryanarayana [4]. For arbitrary r, ¢,,,(m)=0.(n),
Klee’s totient function [3], and ¢, ,,(n)="Y,.(n), another extension of w(n) by
Suryanarayana [4].

THEOREM 2. Define

m < 4(d)
C:,s,;(z’ q, a) = Zt d=zl :it_'H'_ S(d, Z)
d ded(q,a)
an
(m) ¢ w () }
D’r,s,t(zy 9, (l) =2z d=21 dH_l T(d, h).
daeAl(q,a)
Then if c>t+1,
© —ﬂzC(T) ,q,a
(2.4) > Qrsdn, g, a)f(n) = —lim Y R:Tre r,..,f(z g9, a)f(2) , z,-}
fopo m-w 2,68 sin(7z)
and

7Dz 4, )f (2) }
z;(-

sin(wz) ’

S (1 il 0, @) = —lim 3 &

n=—o0 m= o z).eS

Proof. Proceed exactly as in the proof of Theorem 1 with A\ (z, ¢, a) and
B{™(z, g, a) replaced by C\™(z, ¢, a) and D{"(z, q, a), respectively. Observe that

!(Pr(rsn.:(n, q, a)] < d(n)nt = O(nl-.ls)’

for every ¢>0. Thus, since ¢> 41, we may again apply the dominated convergence
theorem to obtain

lim 3 g g, Qf() = 3 g,.dn, d, @)f(n).

m—> o0 N=—aw0 N=—00

n¢S n¢S

We shall state our last two theorems for only the case g=1, a=0.
Let r(n) denote the number of representations of n as the sum of two squares.
Then [2, p. 242],

r(n) = 43 z(d),

d|n
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where
0, ifn =0 (mod 2),
2=y 1, ifn =1 (mod4),
—1, ifn =3 (mod 4).

Define r(—n)=r(n) if n is a positive integer.
THEOREM 3. Let
E™z) =43 xd) S, z)
i=1 d
and
F'™(z) = 4 z’%) T(d, z).

d=1

Then if c>1,

5 rsn = —tim 3 R[TEEOIQ )
n:ggoo m= o z;e8 SlIl(7TZ)
and
(2.5) f (=1)"r(n)f(n) = —lim zR{m, z,.}.
n:é—soo m— oo 2,68 Sln(ﬂz)

Proof Proceed as in Theorem 1. Observe that
[r™@m)| < 4d(n) = 0(n")

for every ¢>0. Thus, since ¢>1, we may again apply the dominated convergence
theorem.
Recall the definition of A(n):

__[logp, ifn = pF,
Aw) = {0, if n # p¥,

where p is an arbitrary prime and k is a positive integer. Clearly,

> A(d) = logn.
dln
THEOREM 4. Let
G(m)(z) — E‘A(_—d) S(d, Z)
d=1 d
and
H ) = 2D 14 )
i=1 d
Then if ¢>1,
< ~1iz(m)
3 log [n| f(n) =—lim R{zze__G_@sz) ’ z,-}
n:ggoo m- o zieS Sln(ﬂz)
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and

© (m), .
S (=1 log Inlfm = ~lim 3 RIFD )
n"zg’oo m=w z;eS sm('rrz)

3. Examples. For brevity, we confine our attention to the case g=1, a=0.
Let f(2)=1/(z2+a?, asni, where n is an arbitrary integer. Apply (2.1). The
residues at 0 and 4-ai, are respectively,

m
a—2 z dv
d=1
and
m a—1
_ m dv—l z e:i:naZF21raJ/d
2a sinh(ma) i=1 =0

A straightforward calculation yields

d—1
(3.1) 3 (ema2maild . gmmatinaildy — ) sinh(ma)coth(mal/d).

=0

Hence, by (2.1) if v<1,

5y oo L zd{ coth(ma/d)— 1}

n=1 n2+ a2 2a a=1

By calculations similar to the above and each using (3.1), we have

E r(") = ‘%glx(d){ff coth(wa/d)—l}
and
(3.2) é ;’f_ Z sz EA((J){— coth(ma/d)— 1}

If f(2)=z"Yz2+a?)2, (2.4) gives

> Prodm) 1 Ju(d)fma -
(33) ngl n'(n®*+a®) 2a2d§1 {d coth(mafd)— 1}

In particular, since Y2, u(d)/d=0,
) T Lpd)
—_— = coth(wa/d
s n(n®+a®)  2a dg:l (mald).
On the other hand, (2.5) yields

%(-—:)_’lrgn) 2 Ex(d) — Csch(n-a/d) 1}
n=1 N°4a

Identities similar to the previous 1dent1ty hold for the other arithmetical functions
studied here.
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We give a few additional miscellaneous examples for our theorems.
If f(z)=1/22,

© 2 © A(d)
6 a=1 d2
which is well known [2, p. 253] and can also be obtained from (3.2) by letting a
tend to 0. Similarly, if

’

L(s,x) =2 z(mn™,  Res >0,
n=1
we have

Eri") 2 1.2

n=1

which is again known [2, p. 256], and
2 (=D™(n) —=°
> =

n=1 I12 3

L(2, 7).
If f(z)=1/z"2,
‘pr S, t(n) ,u/r(d)
Z t+2 z 1 4t ?

which is well known if r=s=t=1 [2, p. 250]. This can also be obtained from (3.3)
by letting a tend to 0.

Let f(z2)=1/(z*4a%), z# p*n, where p=exp(mi[4) and » is an arbitrary integer.
Then if v<3,

% om _ 1 Zd”Tcot(ﬂap/d)+7 cot(wap/d)— 2}

=1 nt+a? 4a =1

The author is very grateful to D. Suryanarayana for suggesting the use of
(pr,s,t(n)'
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