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Abstract

While the convergence properties of many sampling selection methods can be proven,
there is one particular sampling selection method introduced in Baker (1987), closely
related to ‘systematic sampling’ in statistics, that has been exclusively treated on an
empirical basis. The main motivation of the paper is to start to study formally its
convergence properties, since in practice it is by far the fastest selection method available.
We will show that convergence results for the systematic sampling selection method are
related to properties of peculiar Markov chains.
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1. Introduction

Let (X)x>0 be a nonhomogeneous Markov chain on a locally compact metric space E with
transition kernels (K,),>1 and initial law ng defined on the Borel o-field B(E). Furthermore,
let By (FE) be the set of bounded B (E)-measurable functions.

Given a sequence (g,),>1 of positive functions in B, (E), suppose that we want to calculate
recursively the following Feynman—Kac formulae, (17,,),>1:

Yu(f)
Ya(D)’

M (f) = f € By(E),

where .
Ya(f) = E(f(Xn) I1 gk(xk_1)>.
k=1

Note that most nonlinear filtering problems are particular cases of Feynman—Kac formulae.
Following [9] and [12], let M (E) denote the set of probability measures on (E, B(E)). If
uw € Mi(E) and n > 0, let u K, be the probability measure defined on B, (E) by

uKn(f) = u(Ky f) = /E/Ef(Z)Kn(x,dZ)M(dX)-
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In order to understand the relation between the n,,s forany n > 1, let vy, : M{(E) — M (E)
be defined by
1n(gnf)
V() f = ==,
n(gn)

and let ®,, denote the mapping from M;(E) to M;(E) defined by

D,(n) = Yu(MKy.

Then it is easy to check that, for any n > 1,

neME), feByE),

M = Pn(Mu—1). (1.1)

Note also that, for any n > 1, the mapping ®,, can be decomposed into

Mn = Ynr1(0n), Mnt1 = MuKns1, n >0, n € Mi(E). (1.2)

Furthermore, note that the first transformation, 7,, +> 7,, is nonlinear, while the second
transformation, 7),, > 1,41, is linear.

Even though the forward system of equations (1.1) looks simple, it can rarely be solved
analytically, and if an analytic solution did exist, it would require extensive calculations. This
is why algorithms for approximating (1, ),eN, starting from 7o, are so important. One such
method, presented in [7], [11], and [12], is to build approximations of the measures (1,),eN
using interacting particle systems. The algorithm uses decomposition (1.2) and, by analogy
with genetics, the first step, which is related to a sampling selection method, is often referred
to as the selection step and the second step is termed the mutation step, while in reality it is a
Markovian evolution of the particles. The speed of any algorithm depends on the two steps.
In [19] the authors focused on the mutation step; in this paper we focus on the sampling selection
process.

In this paper we discuss the properties of a particular algorithm, called the ‘systematic
sampling’ selection in this paper and the ‘stochastic universal sampling’ selection in the genetic
algorithms literature. It seems to have first appeared in [2]. It has been reintroduced in the
filtering literature in [5]; see also [17].

In what follows, a description of the general algorithm is given in Section 2, with a few
examples of sampling selection methods, together with some tools for studying its convergence.
In Section 3 we focus on the systematic sampling selection method, giving some properties, and
stating some convergence results and a conjecture, based on results for Markov chains which
we prove in Appendix A. Finally, in Section 4 numerical comparisons between the sampling
selection methods are made through a simple model of nonlinear filtering for noisy black-and-
white images. It serves two purposes. Firstly, to illustrate that our conjecture holds. Secondly,
to show that, in terms of precision, the systematic sampling selection method performs as well
as other methods.

2. Algorithm and sampling selection methods

The general algorithm for approximating the solution of (1.1) is given first, following the
exposition in [9] and [12], and particular sampling selection methods are presented second.
Throughout the rest of the paper, it is assumed that, for any n > 1,

0 < inf g,(x) < sup g, (x) < +o0.
xek x€E
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2.1. General algorithm

Let N be an integer representing the number of particles and, for any n > 0, let &, =
{Sn, ey é;‘,iv } denote the particles at time n and set

1 N
N _ .
=y 2%
1=

e At time n = 0 the initial particle system &y = {é&, R Sév } consists of N independent
and identically distributed particles with common law ng.

e For each n > 1, the particle system &, = {énl, e, S,ﬁv} consists of N particles and is
obtained in the following way.

Sampling/selection. First calculate the weights vector W, € (0, 1)V, where

i
W,';zjf”@#, i=1,...,N. 2.1
Zi:l &n (%';17])
Then select, according to a given sampling selection method, a sample §,1_1 =
{5,: Preee Sliv 1} of size N from &, | with weights (W,).

Evolution/mutation. Given &,_,, the new particle system &, consists of particles é’
chosen independently from the law K, (S _1»dx), 1 <i < N. In other words, for any
= ..., ) e EN,

N
P, € dx | &1 = 2) = Q) Ku(z', dx').

Note that in order to describe a sampling selection method, it suffices to define how the num-
bers M,%, e, M,ﬁv € {0, 1, ..., N} arerandomly selected, with M, representing the number of
times particle &, appears in the new sample. Therefore, we can write

ﬁff—1=—2 g, Z

A sampling selection method will be said to be condltlonally unbiased if, for any i €
{1,...,N}andany k > 1, E(M}_ | &—1) = NW,.

Remark 2.1. Conditional unbiasedness yields the property that
EG f | §-D = @), f € By(E), (2.2)

since

EMY £ 1 &0—1) = BEEMY f | &umt, énm1) | E1—1)

1 N . .
=E<NZ:M:,an(%}Il_1) En—l)

—ZWK FE-D

=, (77;1 1)(f)

https://doi.org/10.1239/aap/1214950212 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1214950212

Systematic sampling selection 457

The mean square error of a particular sampling selection method can be obtained using the
following useful result from [12]. Before stating the result, define, for any measurable n with
values in M (E),

Inl3 = sup E((nf)).
f€BL(E), | flloo=<1

Theorem 2.1. ([12, Theorem 2.36].) Assume that the sampling selection method is condition-
ally unbiased and that the following condition is verified for all 1 < k < n: there exists a
constant Cy, such that, for all N-dimensional vectors {q', ..., q"} € RV,

1 &L \?
E((N E(M,i - NW;{)qz>

Then, for all 1 < k < n, there exists a constant C ]/( such that

1 .
“Ek—l) < ch max_|q'|%. (2.3)

1<i<N

C/
N _ 2 k
Ine —mllz < N

In what follows, only conditionally unbiased sampling selection methods are considered.
As shown in Remark 3.2, we can see that, in general, the systematic sampling selection method
defined below does not satisfy condition (2.3), while classical sampling selection methods, like
the ones listed in Section 2.3, do satisfy condition (2.3). Therefore, weaker conditions must be
imposed in order to obtain mean square convergence. In fact, we have the following result.

Theorem 2.2. Let (an) be a sequence such that ay/N — 0 as N — oo. Assume that the
sampling selection method is conditionally unbiased. Then

lim ay max || — 20
N—oo NlSkSn ”nk nkHz

if and only if, for any f € Bp(E),

1 1 v i i i 2
Jim_ay max E((ﬁ ;(Mk —NWk)f(Skl)) ) =0. (2.4)

—00 1<k<n

Moreover, supy- | ay maxi<k<n ||n,1€V — Mk ||% is finite if and only if

1 & i i i ’
sup ay max E((ﬁ Z(Mk —NWk)f(ék_l)) > < 00.
i=1

N>1 1<k<n

Proof. Suppose that ay /N — 0, and let f € B,(E) be given. First note that, using the
unbiasedness condition together with (2.2), we have, for any k € {1, ..., n},

E(n) f —m)?) =EB(mY f — @YD D +E(@el_ D f — me ).

Since gx > cx > 0 for some positive constant cg, k > 1, by hypothesis, it follows that

lim ay max [N — 20
Nm ay max Ime — mellz
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if and only if, forany k = 1, ..., n, limy—oc ay E((n) f — @ ) £)*) = 0. Next, it can
be easily shown that, forany k =1, ..., n, E((n,ivf — @, (Mk—1) f)?* | £&—1) can be written as

N

1 . . 2
E((N S - NW@)ka@;z_l))

i=1

Since Ky f € By(E),

1
5k-1> + N‘I’k(n;iv_l)(kaz — (K ).

0 icp N 2 _ 2 i 2

< kM) (K f° = (Ki )7 = =11 f 1l
N N

and ay /N — 0, it follows from the calculations above that

li E N, ® N 2y _ 0
Jim ay max E((r f = ®x(re_1) £)7)

if and only if (2.4) holds. The rest of the proof is similar, so it is omitted.

2.2. Systematic sampling

By obvious analogy with systematic sampling in statistics, the first sampling selection
method that is described is simply called ‘systematic sampling’. It appears that this method
was first proposed in [2] under the strange name ‘stochastic universal sampling’, in the context
of unbiased sampling selection for genetic algorithms. However, nobody has formally studied
its convergence properties.

As opposed to the definition given in [2], the sampling selection method can simply be
defined in the following way. For n > 1, let U, be a uniform random variable on [0, 1) and
note that, for w € [0, 1], M(w, U,) := |[Nw + U, ], where | x] denotes the integer part of x.
Then

M, = MW, Uy),
M} =MW, + -+ Wy Up) =MW, +- -+ Wi U),  k=2,....N.

Since M (1, U,,) = N, we find that ZlN= | M,’; = N. Therefore, the number of particles is always
equal to N. Properties of the systematic sampling selection method are examined in Section 3.

2.3. Other sampling methods

We can classify the various sampling selection methods into two categories, according to
whether the number of particles is constant or random. The following list is by no means
exhaustive. We concentrate on ‘classical’ selection methods. For the first two methods, N is
constant, while N, fluctuates in the last two methods. For other sampling selection methods,
we refer the reader to [9], [11], [12], and the references therein. See also [4] for a recent review
of the comparison of various selections. Note that the last two methods are particular cases of
what is known as ‘branching selection methods’ in the filtering literature. However, there are
many other sampling methods, for example, the tree sampling method proposed in [9]. The
latter is more computationally demanding, and since it is not as simple to implement as the
other methods, it is not considered here.

2.3.1. Simple random sampling. This selection method is based on simple random sampling
without rejection. It follows that

ML, ..., MYy ~ Multinomial(N, W), ..., W),

https://doi.org/10.1239/aap/1214950212 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1214950212

Systematic sampling selection 459

where (W,i)15,- <n is given in (2.1). This sampling selection method is the classical selection
method and has many interesting properties that have been studied mainly by Del Moral and
coauthors; see, e.g. [11]. In particular, the conditions of Theorem 2.1 are satisfied; we can also
prove a central limit theorem and large deviations properties.

2.3.2. Remainder stochastic sampling. This algorithm was first introduced in [3] in the context
of unbiased sampling selection for genetic algorithms; see also [1] and [2] for comparisons
between sampling selection methods in the latter context. It is also defined as ‘residual
sampling’ in [18]. It is a much faster algorithm to implement than the simple random sampling
selection method, it satisfies the conditions of Theorem 2.1, and Douc and Moulines [13]
recently investigated some of its convergence properties. See also [12] and the references
therein. To describe the selection method, first define N = N — ZlN: [ INWE ] = ZlNzl (NWi},
where {x} stands for the fractional part of x, i.e. {x} = x — [ x]. Next, allocate the (possibly)
remaining N particles via simple random sampling, i.e.

ML —wly, . MY — [WN]) ~ Multinomial(N, W), ..., WN),

where W,’, = {NWfl}/Z;V:l{NW%, 1 <i < N. Infact, N and N are of the same order; thus,
the speed of this selection method is almost the same as for the simple random sampling selection
method.

2.3.3. Binomial sampling. As stated before, for this sampling selection method and the next
one, the number of particles at time n is random and denoted by N,, n > 0. Of course,
Ny is fixed. For n > 1, and given that §,_; and N,,_1, M,}, e, M,ILV"—] are independent and
M ~ Bin(N,—1, Wi) fori = 1,..., N,_1. It follows that

Nn—1

Ny= ) M.
i=1

This sampling selection method is a little faster to implement than the simple random sampling
selection method, but a major drawback is that there is no control on the number of particles.
Moreover, P(N, = 0) > 0.

2.3.4. Bernoulli sampling. The Bernoulli sampling selection method was introduced in [10].
See also [6] and [8] for additional properties of this sampling selection method. It is worth
noting that M,’; takes the same values as in the systematic sampling selection method, provided
that N,—1 = N. Forn > 1, and given §,_1 and N,,_1, M,%, R M,I,V”’l are independent, where
M_ is defined by

Mr"l = LN,,_1W12J +8£,, 8;1 ~ Ber({NnW,i}), 1 <i=< Ny
Note that N,, > 1 and that the following alternative representation also holds:

M= |NW, + -+ W)+ Uil = INW, +-+ Wi )+ ULl
where U,}, e, U,{V’H are independent and U,’; ~ Unif ([0, 1)), given &,_1 and N,,_1.

3. Some properties and results for systematic sampling selection

Throughout the rest of the paper, the selection method used is the one defined in Section 2.2.
Let us begin with some elementary properties of the systematic sampling selection method.

https://doi.org/10.1239/aap/1214950212 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1214950212

460 I. GENTIL AND B. REMILLARD

Lemma 3.1. Suppose that U, is uniformly distributed over [0, 1). Then, conditionally on &,_1,
we have, foranyi € {1,..., N},

M! — [NW' | ~ Ber({NW'}).
In particular, foranyi € {1,..., N}, E(M,’; | &—1) = NW;.

Proof. 1t suffices to show that whenever U ~ Unif ([0, 1)) and x,y > 0, |[U +x + y] —
LU + x| — |y] is a Bernoulli random variable with parameter p = {y}. To this end, first note
that V = {U + x} is also uniformly distributed on [0, 1). Furthermore,

WU +x+y] = U+x] =Lyl =UU+x}+{y}] =LV +{y}] ~Ber({yh:

hence the result holds.

Remark 3.1. Using the same proof as in Lemma'3.1, we obtain, conditionally on &,_1, M,’l +
o My — IN(WE+ -+ W] ~Ber((N(W. + ..+ W)} foranyi < j € {l,..., N}.
Also note that, since the sampling selection method is unbiased, for any n > 1, we have (2.2).

To obtain L2-convergence of the algorithm based on the systematic sampling selection
method, we apply Theorem 2.1 of [12]. All the sampling selections presented in Section 2.3
satisfy property (2.4). If N, is random, there is a similar condition to (2.4). But, as we show
next, systematic sampling behaves differently.

Remark 3.2. Inequality (2.3) is not verified in general for the systematic sampling selection
met_hod. Here is an i_llustration. Suppose that N = 2m and let, for any i € {1,..., N/2},
W,%’ =1/2N and an”l = 3/2N. Then we can check that, forany 1 <i < N/2,
My =1 ifU, €10, ),  MIT'=2 ifUu,eld D),
MY =1 ifU, €0, )), MY =0 ifU, e[} D).

Next, if 1 <i < N/2,set g% = 1and g%~ = —1. It follows that

1< AN 1
E((ﬁ i;(M;‘ —prql) sk_1> =7

which shows that inequality (2.3) is false.

The description of all the sampling selection methods in Sections 2.2 and 2.3 prove that
the systematic sampling selection method is the least computationally demanding. In light of
Remark 3.2, we can see that the L?-convergence of the particle system with the systematic
sampling selection is not easy. However, we believe that the following conjecture holds.

Conjecture 3.1. Suppose that no and (K,)n>1 are absolutely continuous laws, and consider

that M,}, ey M,{V are obtained using the systematic sampling selection method. Then, for all
f e Bp(E)andn > 1, (2.4) holds withay = 1, i.e.
1M . \2
IJiinOOE(<N XI:(M,’, - ng)f(g,;_l)) ) =0. (3.1)
i=
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Note that it follows from Theorem 2.2 that the above conjecture is equivalent to ||17,]lv -
NMnll2 = 0as N — oo for any n > 0. In what follows, we try to determine why Conjecture 3.1
might be true. To this end, first note that, forany 1 < k < N,

MK —NWE = (NW! - + WY LU — INW) + -+ W U,

Now, set F,? = 0and F;’f = ZI;ZI g,,(S,{_l), 1 <k <N.Forany @ > 0and any f € B,(E),
further define

. U (R Fl
Z, (fa)= ﬁ Zf(§n1)<{ o + Un} - {? + Un})
k=1
N
=7 D FEDUAST Y = (SED.
k=1

where S¥ = F¥/a + U, and S? = U,,. Then, setting

X
g = 2 gn(&),
k=1
and defining YN (f) = ZN (f, §), we have
1 M . .
YN(f) = —= ) (M, —NW) fEl_).
N 5
So we can rewrite (3.1) in the form
lim ~ B (1)) =0
N—oo N n '
Unfortunately, working with Y,{V appears to be impossibly difficult, so instead we could work
with a more tractable quantity, namely Zflv . In the case in which n = 1 we have the following
result, which is a first step in proving Conjecture 3.1. Before stating it, recall that D([0, 1]) is

the space of cadlag functions (i.e. those that are continuous from the right with left limits) with
Skorokhod’s topology.

Theorem 3.1. Assume that the law of {g1 (S&)} is absolutely continuous. Then, for any o > 0
and any f € Bp(E), the sequence of processes By € D([0, 1]) defined by

BY, )=z (f.), relo.1],
converges in D([0, 1]) to 0 By, where By is a Brownian motion and
lim B(Z} (f.@)*) =0>.
N—o00
The proof of Theorem 3.1 is an easy consequence of Theorem A.2 in Appendix A with

Xk = fED), Y = {g1(E})), and f(x,y,5) = x(y —s). In addition, there is an ‘explicit’
expression for 0. More details can be found in Appendix A.
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Remark 3.3. Theorem 3.1 does not prove Conjecture 3.1 in the case in whichn = 1. However,
if we are willing to deal with a random number of particles at step n = 1 then the following
interesting result is obtained. Set N1 = |[U; + Z?’zl gl(é(’)() /o], and define

ANI =—ZM1 Ek

Then, as N — 00, Ni/N — no(g1)/a and lim supy_, o N||nf]l — m||% < 00.

To prove convergence for higher orders, i.e. n > 1, we would need results from nonhomo-
geneous Markov chains. This approach will be examined in the near future using, for example,
the results of [20].

Remark 3.4. In order to keep N; fixed, we could try to control the Z{V (g1)—Z {V (o) term.
Since

VN(@1 —a) ~ \Jno(g)) Z,

where ‘~’ represents an intuition for the computation and Z ~ N (0, 1), it follows that

/ Mo( 2
ﬁ(i _ l) _ VO D).

g1« n%(g1)

If we could differentiate term by term, we would obtain

NEE) ,/no(gl

2V (81) — ZV (@) ~ no(K1 fg1)———

e 2= e ¢
So we could guess that
V(gD
~ () ———— 702D Z + By.a(l).

On the other hand, if the sequence zZN () was tight for « in a closed interval not containing 0
then we would obtain Z {V (g1) — Z{' (¢) — 0 in probability. There is no indication so far in
favor of one of these two approaches.

4. Numerical comparisons

The numerical comparisons will be made through a simple model of filtering for tracking a
moving target using noisy black-and-white images. It serves two purposes. Firstly, it illustrates
that our conjecture holds. Secondly, it shows that, in terms of precision, the systematic sampling
selection method performs as well as the other selection methods.

The main interest of this model is that we can explicitly compute the exact filter, that is,
N, 1s known for any n > 1 (see, e.g. [15]), enabling us to make a comparison between the
approximation (17,]1v ) N0 and the optimal measure 7,,.

4.1. Description of the model

We will assume that the target moves on Z? according to a Markov chain. Observations con-
sist of black-and-white noisy images in a finite fixed region R C Z2. More precisely, let (X,,), >0
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be a homogeneous Markovian chain with values in X = {w € {0, I}Z: erz wlx) = 1}
Of course, the position of the target at step n is xg if and only if X, (xp) = 1. Set
M(a,b) =P(Xpqi1(a) =1 Xp(b) = 1), a,bel’ 4.1

Note that M describes the movement of the target exactly.
The model for observations Y, € {0, 1}R, k=1,...,n,isthefollowing. Given Xo, ..., X,
assume that the {Y,, (x)}1cg are independent and, for any x € R,

P(Y,(x) =0 | X,(x) = 0) = po. PY,(x) =11 X,(x) =1) = p1,

where 0 < po, p1 < 1. For a more realistic result, we can assume that % < po, p1 < 1. We
want to compute the distribution of X conditionally to Y,,, where Y, is the o -algebra generated

by the observations Y1, ..., Y, and Y is the trivial o -algebra. As in Section 2 of [15], note that,
for any (w, ®') € {0, 1}¥ ® X, the conditional probability P(Y; = o | X; = ') = A(w, o)
satisfies

- 1—po\ pop1 (o)
Alw, o) = pifi=1a - 1)( ) ’
Po PO\ " (1= po)(I—p1)

where (0) = ) g o) and (ww') = Y p (X)) (X).

Let P be the joint law of the Markovian targets (with initial distribution v) and the
observations. Also, let Q be the joint law of the Markovian targets (with initial distribution v)
and independent Bernoulli observations with mean % Furthermore, let §, be the o-algebra
generated by Yy, ..., Y,, Xo, ..., X,. Then it is easy to check that, with respect to g, P is
equivalent to Q and

dp
dQ

n
=[12"%Aw;. xp.
j=1

n

Furthermore, define L, = []j_; A(Y;, X;). Denoting by Ep and Eq the expectation with
respect to P and Q, respectively, observe that, for any f € 8,(X), we have

_ EQ(f(Xn)Ln | yn)
EQ(Ln | yn)

This formula is a consequence of the properties of the conditional expectations and, in the
context of filtering, (4.2) is known as the Kallianpur—Stribel formula; see, e.g. [16].

Denote by K the Markov kernel associated with the Markov chain (X},),>¢ defined by M, as
in (4.1). We can check that 7,, and 7,, satisfy (1.2) with g,,(x) = A(y,, x) and K, = K. Also,
note that in this case g, takes only two values, which can be assumed to belong to Q (the set of
all rational numbers) because of rounding errors. It follows from Remark A.2 in Appendix A
that

Mn(f) = Ep(f (Xn) | Yn) 4.2)

sup E(N1[ln)"! —m|1%) < oo.
No>1
The results proved in Section 2 of [15] provide an algorithm for recursively computing the
exact filter, i.e. the law of X, given Y,,. In the next subsection we will compare the results from
the exact filter with those obtained using the Monte Carlo algorithm described in Section 2 with
various sampling methods.
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4.2. Simulation results

In what follows, R is chosen to be the window of size 100 x 100 defined by R = {0, . . ., 99}2.
To make things simple, the target starts at (50, 50) and moves according to a simple symmetric
random walk, i.e. it goes up, down, right, or left to the nearest neighbor with probability %. The
estimation of the position of the target is taken to be the mean of the various measures. The
simulations were performed with pgp = 0.9 and p; = 0.9, with a 10% error in the pixels.

We use two methods of comparison for the sampling methods described in Section 2,
i.e. simple random sampling (SRS), remainder stochastic sampling (RSS), systematic sampling
(SyS), binomial sampling (BiS), and Bernoulli sampling (BeS).

The first method of comparison between the selection methods and the optimal filter (OF)
is based on the mean square error. We computed ||17,1,V — nu |2 for different values of n (1, 2, 3,
4,5, and 100) and N (1000, 10 000, 30 000, and 50 000). These results are reported in Table 1.
We find that Conjecture 3.1 holds and that there is no significant difference, in terms of the
precision as measured by ||n,11v — nnll2, between the selection methods.

The second method of comparison illustrates how efficient the sampling methods are at
estimating the exact position of the target. We also compute the efficiency of the OF. More
precisely, we compute the mean absolute error between the estimated position and the true
position, as calculated over several time intervals, namely [2, 100], [10, 100], and [30, 100].

TaBLE 1: Differences in L2 between the particle filters and the optimal filter for one target performing a
simple symmetric random walk in images of size 100 x 100 with a 10% error in the pixels.

n
Sampling

N method 1 2 3 4 5 100

1000 SRS 0.27 0.78 079 081 1.0 1.1
RSS 0.12 0.37 064 0.65 0.68 13
SyS 0.07 0.28 0.31 0.85 054 1.1
BiS 0.04 0.058 0.087 0.15 0.17 093
BeS 0.07 0.16 0.21 0.65 0.69 13

10000 SRS 0.031 0.11 026 040 036 1.2
RSS 0.039 0.12 040 050 091 12
SyS 0.025 0.13 022 038 040 13
BiS 0.028 0.049 0.082 0.15 0.17 0.96
BeS 0.028  0.07 0.11 023 025 1.1

30000 SRS 0.018 0.10 0.23 022 050 14
RSS 0.17 0.10 0.23 021 056 14
SyS 0.018 0.098 0.17 020 025 1.0
BiS 0.027 0.048 0.8 0.15 0.17 0.95
BeS 0.018 0.056 0.10 0.17 0.22 097

50000 SRS 0.013 0.094 0.26 022 037 12
RSS 0.021 0.068 0.18 026 039 13
SyS 0.012 0.095 0.26 024 045 12
BiS 0.02 0.04 0.08 0.15 0.17 0.70
BeS 0.017 0.052 0.086 0.16 020 1.2
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TABLE 2: Mean absolute error for one target performing a simple symmetric random walk in images of
size 100 x 100 with a 10% error in the pixels.

Sampling "
N method  [2,100] [10,100] [30, 100]
OF 4.1 29 0.8
1000 SRS 574 60.3 56.2
RSS 51.8 53.6 43.8
SyS 42.7 43.7 36.9
BiS 54.0 56.5 455
BeS 13.8 12.1 6.9
10000 SRS 76.0 81.0 64.1
RSS 1.9 0.8 0.5
SyS 2.4 0.7 0.5
BiS 6.4 6.7 0.5
BeS 71.5 82.5 85.4
30000 SRS 8.7 3.0 0.5
RSS 2.4 0.6 0.4
SyS 39 1.5 0.4
BiS 4.0 2.1 0.5
BeS 8.1 6.2 0.4
50000 SRS 39 3.4 0.9
RSS 10.2 52 0.7
SyS 5.0 2.5 0.6
BiS 4.8 2.1 0.8
BeS 3.6 1.5 0.3

The number of particles N takes the values 1000, 10 000, 30 000, and 50 000. The results are
reported in Table 2.

According to these results, we conclude that the algorithm based on the systematic sampling
selection method performs quite well, provided that the number of particles is large enough.
Again, we also conclude that there is no significant difference, in terms of the precision as
measured by the mean absolute error, between the selection methods. Furthermore, based on
the results of Table 2 for the time interval [30, 100], note that when the target is precisely
detected, the error seems to stabilize near 0, indicating that the distance between n,llv and 7,
might be uniform on n.

Surprisingly, the Monte Carlo based approximate filters seem to perform better than the
optimal filter, but recall that the optimal filter is optimal when the precision is measured by the
mean square error.

Finally, let us recall that in terms of the two measures of precision chosen here, there is
no significant difference between the different selection methods. We never anticipated that
a simple method (in terms of the computational complexity), like the systematic sampling
selection method, would be more precise than other proven selection methods. We are just
glad that it performs as well as its competitors and that its main advantage is its simplicity.
Furthermore, the numerical comparisons have showed that Conjecture 3.1 seems plausible, at
least in the special case considered here.
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Appendix A. Convergence results for a Markov chain

Suppose that (X;, ¥;);>1 are independent observations of (X, Y) € 3 := R x [0, 1) of law
P with marginal distributions Py and Py, respectively. Furthermore, let A denote Lebesgue’s
measure on [0, 1). Given Zy = (Xg, So) € R x [0, 1), set Z; = (X;, {S;}), where S; =
Si-1+ Y, i>1.

For n € 7Z, set e,(s) = e s € [0,2), and let £, = E(e,(Y)). Furthermore, set
N ={n € Z: &, = 1}. Recall that (e;,) <7 is a complete orthonormal basis of the Hilbert space

H = L%([0, 1), ) with scalar product (f, g) = fol f(s)g(s)ds and norm || f|l2 = /(f, f)-
It is easy to check that (Z;);>0 is a Markov chain on 3 with kernel KX defined by

K fx,s) = /3 FOL s+ yDP@Y.dy).  f € By(3), A1)

and stationary distribution 4 = Py ® L. Note that, for any f € L(w), by Tonelli’s theorem,
X f is well defined, depends only on s € [0, 1), and belongs to H since

1
||J<f||§5[)£f2(x,{s+y})P(dx,dy)ds

1
=// F2(x, u) du P(dx, dy)
3J0

= /3 A (@)u(dz)
_ 2
- ”f”Lz(/L)'
Finally, let &£ and 4 be the linear bounded operators from Lz(pc) to H defined by
Lf(s) = Z(Kf, ep)en(s) and  Af(s) = fRf(x,S)Px(dx), s €[0, D).
neN

Theorem A.1. Let f € Lz(u) be given, and set Wy = (1/N) Z,iv:l f(Zk). Thenthe following
assertions hold.

(1) If the initial distribution of Zy = (Xo, So) is i then Wy converges almost surely and in
mean square to 'W given by

W=Lf(S0) =D (KFen)ea(S0)- (A2)

neN

If, in addition,

3 (K f el [(Afr el

(A.3)
neTN 11— &l
then NE((Wy — W)z) converges as N — oo to
2 2 (Kf7 en)('Afv 6‘I‘l)
1f 172 = ILAIZ+2 D — (A4)

neZ\N
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(ii) If the initial distribution of Zy = (Xo, So) is u, if N = {0}, and if

2
Z |(K S, en)l < . A5)

— 2
nezvoy 1= Gl

then the sequence of processes By, defined by By (t) = \/N(WLN” —u(f)), t €[0,1],
converges in D([0, 1) to o B, where B is a Brownian motion and o is given by (A.4).

(iii) IfPy admits a square integrable density h then the Markov chain is geometrically ergodic,
that is, there exists p € (0, 1) such that, for any f € L*(1),

|K" £ (Zo) — (O < hl2p" 2N f 2. n=2.

Proof. For simplicity, set Y = K f € H. To prove (i), start the Markov chain from u and
denote the law of the chain by Q. Then the sequence (Z,),>0 is stationary and Birkhoff’s
ergodic theorem (see, e.g. [14, Section 6.2]) can be invoked to claim that Wy converges
almost surely and in mean square to some random variable 'W. To show that ‘W is indeed
given by (A.2), it suffices to show that E((Wy — W)2) — 0as N — oo. First, note that
E(W?) = [[Lf13 = ,cn |(¥, en)>. Next, set o(s) = Af(s). If n € N then e, (Y) = 1
P-almost surely and it follows, by Fubini’s theorem, that

1
W en) = /0 /3 F(x, (s + yDen®) P(dx, dy) ds

1
=//f(x,u)en(u)P(dx,dy)du
0J3

= (¢, en).
As a result, E('WZ) = ZnGN [(e, en)lz. Next, using the fact that, for any £ € Z and any
s,y €10, 1), we have e ({s + y}) = ex(s + y) = er(s)er(y), it follows that
Kei(s) = /3 ex({s + yh P(dx,dy) = / ex({s + yH Py(dy) = frek(s), s €[0,1).
[0.1)

Hence, for any k > 1 and any n € Z, we obtain
Kke, = tke,. (A.6)
Now, using the Markov property of the chain together with (A.6), we have
E(WyW) = E(WyW)

[ A— —
=~ Z Z (Y, en) E(f (Zk)en(S0))

k=1 neN

N
_ 1 3 Y W e B £(Sp)en(S0)
N
>

=1 neN

z=|

> W) (K en)

1 neN

z|~

k

k

1 N -

==Y > > e e (K e en)
J€EZ

k=1 ne~N

=
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I
z| -
Mz

Y WenNW et e en)

1 neN

~
Il

(¥, en) P!

eN

Il
z| =

2IM=8

[TJ

(

since, by definition, ¢, = 1 foranyn € N.
Next, using stationarity, the Markov property, (A.6), and the identity

3

N-1
1 N

2 d N -2
i1 N-— —
N_ZZZJ _1_Z_(1_Z)2’ zeC z#1,
k=1 j=1

it follows that

1 ) N—1 &k ‘
E(WR) =+ EG(Zo) + 5 D D EKI™'9(S0) f (Z0))
k=1 j=1
1 ) N—1 &k '
= 12+ 55 20 D (K9
k=1 j=1
1 2 N—1 &k )
= 12 + D, enmo,en)(m o )
neZ k=1 j=1
1 N -1 -
= I M2y + —5— ZN(W, en) (@, en)
—(N=-1_ &-¢
> Whele, en>( - g )
neZ\N 1- Cn (1 - é‘n)2
1,5 N-—1 )
-1 Cn - CN
> e, en>( n )
N2 nETNN fn (1 - é‘n)2

Collecting the expressions obtained for E(Wj%,) and E(Wy W), we obtain

E(Wy — W)*) = ||f||Lz(M) E('w2)
Z<we)«p—e)(N_1—§"_§'{v> (A7
neZ\N 1 _gn (1 _gn)z

Since Y,z (V. n)l1(@. en)] is finite,

N
27

sup

neZ\N

‘N—l —¢N
1 —¢&, (1—;“)2

5
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it follows, from (A.7) and the dominated convergence theorem, that
lim E(Wy — W)?) =0,
N—o0
and under the additional condition (A.3), we also obtain

(V. en) (@, en)

. N 2
Jim N E(Wy = W) = 1112, ~EOW) 42 3 SR

neZ\N

This completes the proof of (i).

The proof of (ii) is inspired by Durrett [14]. First, note that, since N = {0}, Lf = u(f)
forany f € LZ(M) and it follows from (i) that (1/N) Zli\]:] f (Zx) converges almost surely and
in L? to u(f) forany 1 < p < 2. Moreover, given any f € L!(u), we can find f, € L?(u)
such that | f — fn”Ll(m < 1/n. It follows that, for any n > 1,

2
)=:

Since the latter is true for any n > 1, we conclude that (1/N) Zk 1 f(Zy) converges in L'to
w(f). By Birkhoff’s ergodic theorem, (1/N) Zk 1 f(Zy) converges almost surely to p(f).
Next, let D be the subset of H defined by

pofren 3 et )

neZ\{0}

1 Y 2 1 Y
lim supE(‘ﬁ 1; F(Zy) - u(f)D <= +lim supE(‘N k; Fa(Zi) — 1 fn)

N—o00 N—o0

and let E be the operator from D to H that satisfies

= ¥ e,

1
neZ\{0}

1]

Note that, since (I — K)Eh = (I — L)h, E = (I — K)~'(I — £) on D. Let D be the
setof all f € L2(,u,) such that f satisfies (A.5), i.e. X f € D. Then E can be extended to a
mapping from D to L?(u) viz. Ef = (I — L) f + EX f. Using XL = LXK = L, we obtain
E={—-K)"'(I—-&£) onD. Next, if f € D, set g = Ef. Since L f = u(f), it follows
that

N

1
VN(Wy — = — Zy) — Kg({Sk—
Wy — () NG > (2(Zx) g({Sk—1)) +

Kg(So) — Ke({Sn D).

1 1
. NG N
Now, setting F; = o{Z;: j < k}, the terms & = g(Zy) — K g({Sx—1}) are square-integrable
martingale differences with respect to (£;) >0, i.e. E(§x | Fx—1) = 0, and because g% and

(X g)? both belong to L' () it follows from (i), as shown above, that

1 N N
~ 2 EE& | A Z K2 USk1h) — (K> ({Sk—1))
k=1 k=1
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converges almost surely to u(g?) — u((Kg)?). Note that, since Kg = ZKX f, we have
(K g, Lf) =0 and expression (A.4) can be written as

0% = (I = L) flI}2,) +2EX f. AS)
= I = JOglI7s(,,) +2(Kg, AS)
=11 = K)gllja, +2(Kg, AU — L) f)
= I(I = FOglI7 s,y +2(K g, AU = K)g)
= u(g® — 28K g + (Kg)) + 2u(g K g) — 2u((Kg)*)
= u(g®) — n((K ).

Finally, because of the stationarity of (§x)x>1, it follows that, for any ¢ > 0,

1 N
~ Y EE 1(&| > ev/N)) =E(E 1(1&] > ev/N)) > 0 as N — oo.
k=1

The conditions of Theorem 7.4 of [14] are all met, so we may safely conclude that by defining
the process By (1) = \/N(WLN[J — u(f)), t € [0, 1], By converges in D[0, 1] to o B, where
B is a Brownian motion.

To prove (iii), first note that, since the density # of Y is square integrable, then & = {0},
Sup,> 1¢nl = p < 1, & = (en, h), and ||h||% = ,ez |¢n|%. Therefore, for any g € H,

> 18 el leal < ligll2linll2 < oo
nez
It follows that, for any & > 2,
KA =Ky =Y (W ety e,
nez

with the series converging absolutely. Thus,

sup | KX f(s) —u(H)l = sup [KIy(s) — ay)l

20€3 s€[0,1)
< Y W enlltlp*?
neZ\{0}
< hl2ll 1l 200"

This completes the proof of the theorem.

Remark A.1. Note that if ¢, = 1 for some n > 0 then k > ¢ is n-periodic, so {{x: n €
Z \ N} is finite. Therefore, SUPgez\w 1Skl =p <1 and condition (A.3) is satisfied. Also, if
Py has a nondegenerate absolutely continuous part then & = {0} and sup,,~.{ |{x| = p < 1, s0
condition (A.3) holds. -

The next result is a straightforward extension of the previous theorem. Before stating it,
denote by v the joint law of (Z1, Sp), where Sp ~ Unif ([0, 1)).
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Theorem A.2. Suppose that f € L*>(v), and set Wy = (1/N) Z,ivzl f(Zk, {Sk=1}). Then the
following assertions hold.

(1) If the initial distribution of Zy = (Xo, So) is i then Wy converges almost surely and in
mean square to 'W given by (A.2), where

K f(s) = /3 £, (s + v} 5) P(dx, dy).

If Af(s) = f3 f(x,s, {s —y}) P(dx,dy), s € [0, 1), and if, in addition,

3 [(HCf el 1CAS el _
11— &ul

00, (A.8)
neZ\N

then N E(Wy — 'W)z) converges as N — o0 to

‘K s &“n ‘A s “n
£, — £ f13+2 3 KLl o) (A9)

neZ\N L=

(i) If N = {0}, if the initial distribution of Zy is u, and if
K f, en)|?
> Klf—e")zl < o0, (A.10)
neZ\{0} | - §n|

then the sequence of processes By, defined by By (t) = «/N(WLN,J —u(f), t €[0,1],
converges in D([0, 1]) to o B, where B is a Brownian motion and o?is given by (A.9).

(iii) IfPy admits a square-integrable density h then the Markov chain is geometrically ergodic,
that is, there exists p € (0, 1) such that, for any f € L2(/L),

K" f(Z1, S0) — w(H < 1hl2p" 21 f 2y, 7> 2

Remark A.2. Suppose that Xj is bounded, and set f(x, y,s) = x(y — s). Then it is easy to
check that, for any n € N,

(K f. en) = / ({3 + s} — 5) P(dx, dy)en(s) ds
3x[0,1)

_ / xu(en(y) — 1)enG) P(dx, dy) du
3x[0,1)
:O,

since P(e, (Y) = 1) = 1. It follows from Theorem A.2 that

1 N
Wy = N’;xmsk} —{Sk—1))

converges to 0 almost surely and in mean square.
Furthermore, if card(~) > 1 then condition (A.8) holds and supy > N E(W,%,) < 00, while

if Py is absolutely continuous then condition (A.10) holds and VN Tx converges in law to a
centered Gaussian random variable with variance o2 given by (A.9).
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