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Introduction. In 1954 A . J . Hoffman and O. Taussky [ l ] 
showed that if A i s an n-square complex matr ix with e igen­
va lues X = (X^, . . . , X ) and P i s a permutation m a t r i x for 
which «A + PA* has e igenvalues aX + pPX for some a$ 4 0 
then A i s normal . Here X i s the conjugate vec tor of X. As a 
companion result they a l so proved that if the e igenvalues of AA* 
are Xi(PX)i, i = 1, . . . , n then A i s normal . (See footnote. ) 

In this note we obtain s imi lar character izat ions of normal 
m a t r i c e s . Our main resul ts are contained in the 

THEOREM. JLet a be a complex number, 0 4 \CL\ 4 1, and 
let X = (X^, . . . , Xn) be the e igenvalues of A. If S i s a real 
orthogonal m a t r i x and orA + A* has e igenvalues S(a\ + X) then 
A i s normal . If U i s unitary and AA* has e igenvalues 
Xi(UX)i, i = 1, . . . , n then it a l so fol lows that A i s normal . 

We prove the f irst part of the theorem in a sequence of 
l e m m a s . 

The second part i s very easy and we indicate this at the 
end of the paper. 

Editor 's footnote. A* denotes the conjugate complex transpose 
of A. A i s ca l led normal if it commutes with A*. By a theorem 
of Schur and Toepl i tz , A i s normal if and only if there e x i s t s a 
unitary m a t r i x U and a diagonal matr ix D such that U*AU = D. 
Cf. Linear Algebra and Matr i ces , by H. W. E. Schwerdtfeger, 
(Groningen, 1950), p. 204. 

1 The work o this author was completed under a Postdoctorate 
Fe l lowship of the National Research Council of Canada. 
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A lower triangular m a t r i x L sa t i s f i e s 1 ^ = 0 for i < j . 
*^,n u P P e r tr iangular m a t r i x i s the transpose of a l ower tr iangu­
lar matr ix . If X i s any n-square m a t r i x | | x | | wi l l denote the 
Frobenius norm of X: 

( S * . Jx. . |2)*=(tr(XX*))* 

LEMMA 1. If L. i s l ower tr iangular and a, p are complex 
numbers then 

tr[ (aL + p L * ) 2 ] = 2 a p | | L | | 2 . 

Proof. 

tr[(aJL + PL*) 2 ] = a t r (L 2 ) + 2aptr(UL*) + p 2 t r ( L * 2 ) . 

Note that the set of l ower tr iangular m a t r i c e s i s c l o s e d 
under mult ipl icat ion and hence this las t e x p r e s s i o n b e c o m e s 

2«P1|L||2. 

L E M M A 2 . If d = ( d l f . . . , c^) sa t i s f i e s ad + "d = S{a\ + T) 
for | a | 4 1 and S i s real orthogonal then 

S n d 2 = 2 n X2 . 
k = l k k = l k 

Proof. L»et X = a + ib , d = x + i y , a = w + i6 where a, b , 
x, y , w , and 6 are real . Then equating real and imaginary parts 
separate ly of ad + "d = S(a\ + ~X) we have 

(w + l ) x - 6y = S[(w + l ) a » 6b] 
(1) 

6x + (w » l ) y = S[6a + (w » l ) b ] . 

Denote the 2n-square m a t r i x 

/ ( w + 1)1 -61 \ 

\ 61 (w - 1 ) 1 / 

by F . Now d e t F = ( | a | Z - l ) n 4 0 and hence from (1) we conclude 

x + y = (S + S)(a + b) = Sa + Sb 

where + indicates direct sum. Thus 
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= (x, x) + 2i(x,y) - (y,y) 

= (Sa, Sa) + 2i(Sa, Sb) - (Sb, Sb) 

= (a,a) + 2i(a,b) - (b,b) 

= r
k = i { a k + i V 2 

k = l k 

Here ( , ) indicates the usual unitary inner product of two 
n-tuples . 

To proceed to the proof of the first part of the theorem 
select a unitary mat r ix R that brings aA + A* to tr iangular form 
with zero below the main diagonal. Let B = RAR* and set 

B =D + L + V 

where D = diag(d^, . . . , 6^) and L and V a re lower and upper 
t r iangular ma t r i ce s . Then 

aB + B* = (aD + D) + (ffL + V*) + (aV + L*). 

Let d = (d^, . . . , d^) and let y = (y^, . . . , yn) be the n-tuple 
of numbers on the main diagonal of oB + B*, i. e. , the eigen­
values of aA + A*. Then 

ad + "d =y = S{a\ + T) , 

a L + V* = 0, 

and we conclude that 

B = D + L - âL*. 

By lemma 2, 

s n d2=s n x2 

k=i k k=l k 
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and hence 

t r ( B 2 ) = Z k ^ X ^ = t r (D 2 ) . 

But 

t r (B 2 ) = t r [ ( D + L » f f L * ) 2 ] 

= tr (D 2 ) + 2tr[(L, - â L*)D] + tr [ (L - a L*} 2 ] . 

Note that tr[(L. - ffL*)D] = 0 and thus 

tr[ (L - Ô L * ) ] = 0 , 

By l e m m a i 

-2â||Li|2 = 0 

and hence 

Thus B = RAR* i s a diagonal m a t r i x and from th i s it fo l lows 
that A i s normal . 

To see the las t part of the t h e o r e m note that 

0 < tr(AA*) = ( X , U X ) = | ( X , U X ) | < || X || | |UX|| 

Thus if RAR* = diag(X^, . . . , Xn) + L., where L i s l ower 
tr iangular and R i s unitary then 

t r ( A A * ) = S . n J X . | 2 + | | L | | 2 < S . " I X . | 2 

1 = 1 ' I* — 1 = 1 ' l ' 

and L. = 0. This c o m p l e t e s the proof. 
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