Nagoya Math. J., 236 (2019), 214-250
DOI 10.1017/nmj.2018.34

HIGHER IDELES AND CLASS FIELD THEORY

MORITZ KERZ anD YIGENG ZHAO

Abstract. We use higher ideles and duality theorems to develop a universal
approach to higher dimensional class field theory.
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81. Introduction

In higher dimensional class field theory one tries to describe the abelian
fundamental group of a scheme X of arithmetic interest in terms of idelic
or cycle theoretic data on X. More precisely, assume that X is regular and
connected and fix a modulus data, that is, an effective divisor D on X. Let
72 (X, D) be the abelian fundamental group classifying étale coverings with
ramification bounded by D. One defines an idele class group C(X, D) which
is a quotient of the idele group

I(UC X) = P Kjlp)(k(P))
PeP

by a modulus subgroup depending on D and certain reciprocity relations.
Here P € P runs through some set of chains of prime ideals and k(P)
is a generalized form of Henselian local residue field at the chain P; see
Section 2.1 and [Kerl1].

One then constructs a residue map

p:C(X, D) — m(X, D)

which we show to be an isomorphism after tensoring with Z/nZ (n > 0) in
the following situations:

(i) X is a smooth proper variety over a finite field, recovering (with simpler
proof) the main result of [KS86] for varieties; see Section 3.

(ii) X is an (equal characteristic) complete regular local ring with finite
residue field, recovering in case dim(X') = 2 results of [Sai87], recovering
in case n is invertible on X results of [Sat09] and completing our
understanding in case X is of equal characteristic p and n is a power
of p; see Section 4.

(ili) X is a smooth proper scheme over an (equal characteristic) complete
discrete valuation ring with finite residue field, recovering results of
Bloch and Saito, see [Sai85], for dim(X) =2 and results of [Forl5] for
n invertible on X and completing our understanding in case X is of
characteristic p and n is a power of p; see Section 5.

Here is an outline of our universal strategy to all three cases of the
reciprocity isomorphism p in higher dimensional class field theory listed
above:

https://doi.org/10.1017/nmj.2018.34 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2018.34

216 M. KERZ AND Y. ZHAO

Step 1: Show that C'(X, D) is isomorphic to a Nisnevich cohomology group
of relative Milnor K-sheaf IC% p, for example, in case (i) above one has an
isomorphism

C(X, D) = H(Xnis, Ki'xp)s
where d = dim(X).

Step 2: Show that the Nisnevich cohomology of the relative Milnor K-sheaf
with finite coefficients is isomorphic to a certain analogous étale cohomology
group, for example, in case (i) and for n = p™ a power of the characteristic
p of the base field one has an isomorphism

Hd(XNi57 KQ,JX\D/”) = Hd(Xéh WmQSl(\DJOg)

where WdeX| D.log is a relative de Rham—Witt sheaf. This isomorphism is
established by comparing coniveau spectral sequences and observing that
based on cohomological dimension arguments there is just one additional
potentially nonvanishing row in the spectral sequence in the étale situation,

which however disappears at the end by known cases of the Kato conjecture.

Step 3: Arithmetic duality tells us that the étale cohomology group from
Step 2 is isomorphic to an abelian étale fundamental group, for example, in
the special case as in Step 2 the profinite group limp H?(Xg, Wng(| D,log>’
where D runs through all effective divisors with a fixed support X \ U, is

Pontryagin dual to the (discrete) cohomology group H'(Us, Z/n7Z).

§2. Higher ideles and Milnor K-sheaves

2.1 Higher ideles
Let X be an integral Noetherian scheme with a dimension function d.

Recall that a dimension function on a scheme X is a set theoretic function
d: X — Z such that:

(i) forallze X, d(x)>0;
(ii) for z,y € X with y € {x} of codimension one, d(z) =d(y) + 1, where
{z} denotes the closure of {z} in X.

We also denote d =d(n), where 7 is the generic point of X. Let d,, be
the minimal of the integers d(x) for z € X. For an effective Weil divisor D
of X, we denote U =X \ D.
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DEFINITION 2.1.1.
(i) A chain on X is a sequence of points P = (pg, p1, ..., ps) of X such
that
{po} C{p1t - C{ps}
(ii) A Parshin chain on X is a chain P = (pg, p1,...,ps) on X such that

d(pi) =1+ dp, for 0 <i < s.
(iii) A Parshin chain on the pair (U C X) is a Parshin chain P=

(po, p1,---,ps) on X such that p;€ D for 0 <i<s and such that
ps € U.

(iv) The dimension d(P) of a chain P = (pg, p1,...,ps) is defined to be
d(ps)-

(v) A Q-chain on (U C X) is defined as a chain P = (py, ..., ps—2, ps) On
X for 1<s<d, such that d(p;)=i+d,, for i€{0,1,...,s—2,s},
pieEDfor0<i<s—2and ps;eU.

We also recall the definition of Milnor K-theory.
DEFINITION 2.1.2.

(i) For a commutative unital ring R, the Milnor K-ring KM (R) of R is
the graded ring T'(R*)/I, where I is the ideal of the tensor algebra
T(R*) over R* generated by elements a ® (1 — a) with a,1 —a € R*.
The image of a; ® - - - ® a, in KM(R) is denoted by {a,...,a,}.

(ii) If R is a discrete valuation ring with quotient field K and maximal
ideal m C R we define KM (K, n) C KM(K) be the subgroup generated
by {1+ m", K*, ..., K*} for an integer n > 0.

DEFINITION 2.1.3. Let P = (po,...,ps) be a chain on X.

(i) We define the ring 09(7 p» which is a finite product of Henselian local

rings, as follows: If s =0 set OQ(’P = (’)ELQPO. If s > 0 assume that O?{ pr
has been defined for chains of the form P’ = (pg,...,ps—1). Denote
R= Oé‘( pr» let T' be the finite set of prime ideals of R lying over p;.

Then we define
OA})L(’P = H R{JL
peT

(ii) For a chain P = (pg,...,ps) on X we let k(P) be the finite product
of the residue fields of Og}’ p- If s > 1 each of these residue fields has a
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natural discrete valuation such that the product of their rings of integers
is equal to the normalization of (’)é‘( pr/Ps, where P = (po, ..., ps—1)-

Let P be the set of Parshin chains on the pair (U C X), and let Q be the
set of @Q-chains on (U C X). For a Parshin chain P = (py, ..., pi_4, )€ P
of dimension d we denote by D(P) the multiplicity of the prime divisor
{Pd—d,,—1} in D.

DEFINITION 2.1.4.

(i) The idele class group of (U C X) is defined as

I{UCX):=P Kilp(
PepP

and endow this group with the topology generated by the open
subgroups

@ Ki'(k(P),D(P)) CI(UCX),
alP-a

where D runs through all effective Weil divisors with support X \ U.
(ii) The idele group of X relative to the fixed effective divisor D with
complement U is defined as

I(X,D):= Coker( @ K} (k(P),D(P))—»I(UC X)).
PeP
d(P)=d

(iii) The idele class group C(U C X) is

O(U C X):= Coker<€B K (k(P)) & 1(U ¢ X)),
PeQ

where @ is defined to be the sum of all QF7F for P =
(p07 cee 7p8727p) €Qand P= (pOa cee apsf%psflaps) eP:

— if ps_1 €D, then QPP is the natural map Ké\flp,)(k(P’)) —
K %P)(k‘(P)) induced on Milnor K-groups by the ring homomor-
phism k(P') — k(P);

— if ps_1 €U, then QF'7F is the residue symbol d(P,)(k(P’)) —
Kd(P,,)(k:(P”)) where P” = (po, ..., ps—1).
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(iv) The idele class group C'(X, D) of X relative to the effective divisor D
is defined as

C(X, D) = coker<@ KM (k(P)) % I(X, D)) .
PeQ

2.2 Milnor K-sheaves
Let X be an integral scheme. Recall the Milnor K-sheaf KM is defined as
the Nisnevich sheafification of the presheaf on affine scheme Spec(A) given
as follows:
A KM(A) =P (A" @z -+ ®z A) /1,
ieN -

% times
where [ is the two-sided ideal of the tensor algebra generated by the
elements a ® (1 — a) with a, 1 —a € A*. This sheaf is closely related to a p-
primary sheaf if X is of characteristic p > 0, so-called logarithmic de Rham-—
Witt sheaf W;, Q' |, on the small Nisnevich (resp. étale) site, which is a
subsheaf of W, Q% (cf. [IlI79]) Nisnevich (resp. étale) locally generated by
dlogzi]m A - -+ A dloglzy]y, with z; € O% for all i, dlog|x]y, = d[z]m/[z]m
and [z],, is the Teichmiiller representative of z in W,,Ox.

These notations can be generalized to a relative situation with respect
to a divisor. Let i: D — X be an effective divisor with its complement
j:U=X\D—X.

DEFINITION 2.2.1. Let r € N. We define:

(i) [RS18, Definition 2.4] the relative Milnor K-sheaf lCiV[XI p on the small

Nisnevich (resp. étale) site is defined to be the subsheaf of j. KM,
Nisnevich (resp. étale) locally generated by {z1,...,z,} with x17€
ker(O% — Of) and z; € O for all i. Note that if X is a regular
scheme over a field, then IC%(| pC IC%X by the known Gersten con-
jecture [Ker09] (see also [RS18, Corollary 2.9]).

(ii) [JSZ18, Definition 1.1.1] in the case that X is of characteristic p > 0,
the relative logarithmic de Rham—Witt sheaf WmQTX| D.Jog O the small
Nisnevich (resp. étale) site is the subsheaf of j, Wy, Nisnevich
(resp. étale) locally generated by dlog[z1]m A - - - A dlog[zy]m with 21 €
ker(O% — OFf)) and z; € O for all . Similar to the relative Milnor K-
group, we also have WmQrX|D,log C WmQTX,log in the case that X is a
regular scheme.
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We will show relations between them in a local case, and then we may
use these results in different settings. In the following, we fix the notation
as follows: Let R be a Henselian regular local ring of characteristic p >0
with the residue field k. We assume that k is finite. Let D be an effective
divisor such that C':= Supp(D) is a simple normal crossing divisor on X :=
Spec(R). Let {Dy}xea be the (regular) irreducible components of D, and
let iy : Dy — X be the natural map.

THEOREM 2.2.2. The dlog map induces an isomorphism of Nisnevich
sheaves on Xnis

dlog[—] : KMy p/ (P KM NI p) = WYk b 1o
{:1:1, ooy Tpy o dlog[z]m A - - - A dlogzy]m,

Proof. The assertion follows directly by the following commutative
diagram

rX|D/(p ’CerIC X|D) HIC x/p™

dlog¢ dlogl%

W QX\D log W, QXlog

where the right vertical map is an isomorphism by Bloch—Gabber—
Kato theorem [BK86] and Gersten resolutions of e*ICyX and €, W, {0y log
from [Ker09, GS88]; here €: XNjs — Xzar is the canonical map. [

In order to study the structure of the relative logarithmic de Rham—-Witt
sheaves, we introduce some notions here. We endow N* with a semiorder
by

n:=(ny)rea =10 = (n))rea ifny>=n) for all A€ A.

D, =) n\D,

For n = (ny)xea € N let

AEA
be the associated divisor. For v € A we set 6, =(0,...,1,...,0) € N},
where 1 is on the vth place, and we define the following Nisnevich sheaves
forr>1
gr&l/’CT,X: TX\D / rX|Dn+5’

grﬂﬂ/WmQrX’log = WmQX‘Dﬂ,IOg/WmQX‘D

n+dy 710g '
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PROPOSITION 2.2.3. [RS18, Proposition 2.10]  Let n = (ny)xea € N4,
and letve A, r > 1. Assume n, =0 and set

Dy, = Z nx(DxN D,).
AeA\{v}

Then there is a natural isomorphism of Nisnevich sheaves
N = M
gr® IC,,X — KD, 1Dy 0

Proof. The argument in [RS18] works verbatim for our case. [

THEOREM 2.2.4. If D is reduced, then dlog induces an isomorphism of
Nisnevich sheaves

dlog[—] :’Ci,wxm/pm = W% p 10g
{z1,..., 2} = dlog[zi]m A - A dlogxy]|m.

Proof. By the commutative diagram

KM p/p™ ——= KM /p™

dlog£ dlogl%

W% s W,, %

X|D,log X,log

it is enough to show that IC |D/p — IC v/p™. On the other hand, we
have the following Commutatlve diagram:

0 —= K rnX|D T ICTX - ICT‘X/IC'I’X|D —0

O S

M M M M
0 ]CT7X|D ]CT,X ]CT,X/K:T,X|D 0

Combining the fact [GLO0, Theorem 8.1] and the Gersten resolution [Ker09],
we know that KM, rx 1s p-torsion free. Therefore the middle vertical map is
injective, so is the first vertical map. By the snake lemme, it is sufficient
to check that the third vertical map p™ /,CTX|D %X/IC%X\D is
injective. This follows from the above Propos1t10n 2.2.3, by noting that
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ICA/IX /lCi\’/IX| p is a successive extension of sheaves gr™” IC;’,\j[X and the map
P in*le{\,/[Du\Dm — i,,,*lCi\’/[DV‘DM is injective (similar to the injectivity of
the first verticalyrinap in the abovgdiagram). We remark that the assumption
in Proposition 2.2.3 is satisfied, since D is reduced. [

PROPOSITION 2.2.5. [JSZ18, Proposition 1.1.9] Let X, D be as above.
Then we have:

: d _ d .

(1) WmQX,log - WmQX|Dred,10g’

(ii) for n>1, the quotient gr™'W,, Q% log S @ coherent O%V -module, for
some e > 0.

Proof. In the case that d=1 (i.e., R is a discrete valuation ring), the
assertions have been given in [BK86, (4.7), (4.8)]. For general d, in [JSZ18§],
the graded pieces have been studied in the case that R is the Henselization
of a local ring of a smooth scheme over k. But note that the argument also
works in our setting. We only need to show (i). By Theorem 2.2.4, we see
that, for n < 1,

n,v M m o~ ; M mo__ d _
gl"* ’Cd,X/p — Y/VV*IC(LDU‘DU,E/Z) — ZVv*WmQDulDu,ﬂ,log — 0,
where the vanishing is by dimension. 0

83. Class field theory for proper varieties over finite fields

In this section we reprove the main results of the class field theory of
smooth proper varieties over finite fields with ramification along divisors D,
which originally are due to Kato and Saito [KKS86].

Let X be a smooth proper variety of dimension d over a finite field k, let D
be an effective divisor such that C':= Supp(D) is a simple normal crossing
divisor on X, and let j:U :=X — C — X be the complement of C. Let
{Dx}xea be the (smooth) irreducible components of D, and let iy : Dy <
X be the natural map. We use the dimension function d(z) = dim({z})
for z € X. We also denote by X, :={z € X| d(z) =r} the set of points of
dimension r of X and X" := X,_, the set of points of codimension r of X.

3.1 Idele class groups

The K-theoretic class group H d(XNiS, Kgf[xl D) is introduced by Kato and
Saito in [KS86], and they also give an idelic description of the dual of this
class group. In [Kerl1], we give a direct description of this class group, and
prove the following theorem.
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THEOREM 3.1.1. [Kerll, Theorem 8.4] There exists a unique isomor-
phism
px,p: C(X, D) = H(Xnis, K}'x p)

such that the following triangle commutes

P Z

z€Xo
PX,D
C(X, D) HY(Xis, Kif'x p)

where 1 is the obvious map, and inis is the map from [KS86, Theorem 2.5].

3.2 The /-primary part

In this subsection, we study the group H¢(Xnis, ICQ/[X‘D)/E’”, and compare
it with H24(Xe, i),

The coniveau spectral sequence for an abelian étale (resp. Nisnevich)
sheaf F on X (resp. Xnis) writes

EVE(F) = @@ HI"(Xer, F) = HP (X, F)
reXP
Ef:l%is<]:) = @ H£+q(XNis7 f) = Hp+q(XNi57 F)?
reXP

where XP? is the set of points of codimension p of X. Note that the degen-
eration of the coniveau spectral sequence due to cohomological dimension
(cf. [KS86, 1.2.5]) for IC(%QD on Xnis gives rise to a short exact sequence

@ HH (X, ’Cé\{xm) - @ H(Xnis, Ici\lf[X|D)
reXd-1 zeX®
(3.2.1) — HY(Xnis, Ki'x1p) = 0.
We now study the coniveau spectral sequence for j u?yﬁl on Xg.

PROPOSITION 3.2.1. Let X be a smooth (not necessarily proper) variety
over a finite field of dimension d. For any x € X®, we have

Hg+d+1(Xét> ]',uzgncll) = H;(rl+d+1 (Xétv )u%g))
that is, EI’gjl(jlufnﬁl) = E"dJrl(MZ@Wil). In particular, we have EdiQ’dJrl(j!uZ@,ﬁl)

1,6t 2,6t
_ pd—1ld+1/. ®@dy _
- E2,ét (]!Mm) =0.
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Proof. We prove the first claim by induction on the codimension a. For
x € X% we denote by X, = Spec((’)ggr) the Henselization of X at z, and
Y, =X, \{z}. If a=1, then any divisor of X, must have support in the
closed point {z}. Therefore

Sy, = ngnly,

by the definition of j;. Using the localization exact sequences twice, we
obtain

Hacjl+2(Xét7 J'MZ@Tg) = Hd+1(YI,ét7 ]'M?ﬂ?) = Hd+l (Yw,ét7 /'LZ@W?)
= H;H_Q(Xéta M?rril)v

where the first isomorphism is due to j M%?ff]x =0, and the second iso-
morphism is by the vanishing H92(X, ¢, uid) = H32 (g, p3d) =0 =
H3 (g, p30) =2 HHY (X, g, u50), where we use the fact that cdy(z) <
d+ 1 — codimx(x) (cf. [Sat09, Lemma 4.2(1)]).

For general codimension a > 1, the coniveau spectral sequence on Y, and
cohomological vanishing give us an exact sequence

D 1 it o @ H o)
yey2—? yevs ™!

(3.2.2) — H (Y6, i) — 0.
On the other hand, the localization exact sequence for j ,u%?ff on X, tells us
(3.2.3) H Yy a0, i) = Hy T (X e i),
Indeed due to cdy(z) < d+ 1 — codimy (z) we have
H Xy a0, i) = 0= H (X a0, ipgod).
Combining these facts, we get the following diagram with exact rows

1 . . 1 .
D HY ' Yoo, insd) = @ Hy (Ve pdd) = HETTN( X, 60, indd) = 0
yeys? yeyg!

| i

d—1 d d d d+1 d
@ HZ+ (Xx,étvu?m) - @ H’ller (Xx,étvﬂ%n) - Hg+ + (Xx,étmu'%n) — 0
yexg? yexg!
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The first two vertical maps are isomorphisms by induction. Hence the

third vertical arrow is also an isomorphism. Thanks to [JSS14, Theorem

3.5.1], we see that the complex Eigj l(u%ff) is the Kato complex of u%,‘f

(cf. [KS12, (0.2)]) up to a sign. By the known Kato conjecture on vanishing
of cohomology groups of this complex at places d — 1 and d — 2 (cf. [KS12,
Theorem 8.1]) we obtain the second part of Proposition 3.2.1. [

COROLLARY 3.2.2. We have the following exact sequence

P B Xew ) = @ HZ (Ko, i) = H* (Xe, ) = 0.
reXxd—1 rcXd

Proof. By the above proposition, we have EQd’St (jgug?ﬁl) = H?(Xg, j!%@,ﬁl).
i

Using the Galois symbol maps and induction on codimension, Sato
constructs the localized Chern class map and proves the following theorem.

THEOREM 3.2.3. [Sat09, Theorem 1.2 and Section 3] For any = € X9,
there exists a canonical surjective map

d,l .
YT pom s HE(Xnis, Koy p) /07 = HE(Xa, gt

which is called the localized Chern class map. Moreover, if =€ X?, the
localized Chern class map

o7

d] .
Cl)f,oDc,x,em : H:Ccl(XNiSa ’C(]i\?xm)/gm - Ha%d(Xét, ]!M%l)
1s bijective.

COROLLARY 3.2.4. There is a canonical isomorphism

HY(Xnis, Ky p) /07 22 H* (Xer, i)

Proof. We have the following commutative diagram with exact rows:

—1 M s M M s
G?i le (Xnis» Kg, x 1 p)/t™ = @ng(XNisw’Cd,x‘D)/Zm > Hd(XNivad,x‘D)/Zm >0
rzeXa— zeX
\

d,loc d,loc
¢ X D,z em B \L °IX D,z em !

— . d . d . d
® lHﬁd H(Xep, qrubm) —> @ngd(XéhJ!l"?m) — B2 (Xg, jipgm) —> 0,
reXa— zeX
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where the first exact row follows from the exact sequence (3.2.1) by tensoring
with Z/¢™Z, the second is Corollary 3.2.2. By Theorem 3.2.3 the first
vertical arrow is surjective and the second is bijective. Then the assertion
follows from an easy diagram chasing. 0

THEOREM 3.2.5. [Sai89, Lemma 2.9] There is a perfect pairing of finite
Z]0"Z-modules
Hi(Ug, pS8) x HX 1 ( Xy, jiuld") — H* 4 (X, jiuld) S 2/0m 2.
In particular, in case i = 1, » =0, we obtain
(3.2.4) HY(Xer, i) /07 = 73> (U) 0™
In summary:

COROLLARY 3.2.6. We obtain canonical isomorphisms
m p)f(\:JD d M m ~ _ab m
C(X, D)/t = H(Xnis, Kg xp)/t™ =m”(U) /™.

3.3 The p-primary part
In this subsection we want to compare the group H%(Xnis, ICéV[X| p)/P"

with the group Hd(Xém WngﬂD,log)'

The coniveau spectral sequence for a p-primary étale (resp. Nisnevich)
sheaf F on Xg; (resp. Xnis) writes

EV4(F) = @ HE'(Xe, F) = H" (X, F)
reXP

BV (F) = @ HEY(Xnis, F) = HPH(Xyis, F).
reEXP

We know that E{'% (F) =0if ¢ > 1 or p>d, and EY{; (F) =0if ¢>0or
p>d.

THEOREM 3.3.1. The canonical map
d = d
H(Xis, WmQSlﬂD,log) — H (X4, W25 1og)

s an isomorphism.

Proof. By the coniveau spectral sequences, it follows from the following
two propositions. 0
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PROPOSITION 3.3.2. Let X be a smooth (not necessarily proper) vam—

ety over a finite field of dimension d. The map E} et(VV QX‘Dlog) =N

1et(W QXlog) is an isomorphism of complexes. Therefore we have

ES N w,,0d ES 2N (W, 00 0.

2,6t X|D, log) 2,ét X|D, log)

Proof. For z € X%, we denote by X, := Spec((’)?(’x) the Henselization of
X at z, and Y := X, \ {}. We want to prove that

H$+I(X? WmQC)lﬂD,log) Ha+1(X Win QX 1og)

If a =1, then any divisor of X, must have support in the closed point
{z}. Therefore, we have

w, QX\Dlog| =W, QX log‘Yz

by the definition of W, QX| Dilog . Using the localization exact sequences
twice, we obtain

Hl(XCE’éthQ?ﬂD,log) — H' ( zCt7VV QX\Dlog) - HQ(XCt7W QX\Dlog) —0

| l

Hl(meétv Wng{,log) — H' ( -T,éthQ.c)l(,log) - Hg(XéthQ.c)l(,log) —0

We claim that the first vertical arrow is surjective: Indeed, we have the exact
sequence

Hl(Xx,éta WmQSlﬂD,log) - Hl(Xx ét> WmQSZ( log)
— Hl(Xeta W Q log/W QX|Dlog)

where H'(Xg, W, Q4 log/ngg(\D,log) =0 since this sheaf is a successive
extension of coherent sheaves by Proposition 2.2.5. We conclude that the
third vertical map in the previous commutative diagram is an isomorphism.

For general codimension a > 1, we prove this by induction. The coniveau
spectral sequence on Y, gives us the exact sequence

a—1 d a d
@ Hy (Yaet, WmQX|D,log) - EB Hy (Yx,éta WmQX|D,log)
yeyxa—Q yeyxa—l

(331) — Ha(ym,étv WmegﬂD’log) — O
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On the other hand, the localization exact sequence for W,,Q4
tells us

X\Dlog n X,

(3'3-2) Ha(Ym,éh Wngqu 1og) = Hg+1 (Xa:,éh WmQ§(|D 10g)a

since we know that H* (X, 4, Wi, QX|D log) > HoH (2, W, QX|D 1Og) 0
and similarly H*(X, ¢, W, QX|Dlog) H(xe, Win QX|Dlog) 0. Combin-
ing these facts, we get the following diagram with exact rows:

- d 1 d
@ 2Ha (Y"c ét> W"LQX|Dlog)% @ 1H;(Ym,étvW?YLQX‘D=10g>%H;+ (X.’I‘/,étVWNLQX‘Dylog)%O
Yi yeEYE ™

] |

-1
@  HI Xyt W Q% 10) ™ @ HE (X a0, Win Q% 10p) — HETH (X4 60, Win Q% 15,) =0

yex2?2 yexa—1

The first two vertical maps are isomorphisms by induction. Hence the third
vertical arrow is also an isomorphism Thanks to [JSS14, Theorem 4.11.1],
we see that the complex E7 et(VV Q4 1Og) is the Kato complex of Wmﬁ%log
(cf. [KS12, (0.2)]) up to a sign. By the known Kato conjecture on vanishing of
the cohomology groups of this complex at places d — 1 and d — 2 (cf. [JS03]),
we obtain the second part of Proposition 3.3.2. [

PROPOSITION 3.3.3. Let X be a smooth (not necessarily proper) over a
finite field k of dimension d. For any x € X?, the canonical map

(333) H;(XNiS7 Wmﬁ?ﬂD,log) - Hg(Xétv WmQ§(|D7log)

s an tsomorphism.
That is, there is a natural isomorphism of complezes

e.0
1NIS(W QX|D10g) = B s (Wm QX|Dlog)

Proof. To prove this, we use Proposition 2.2.5(ii). We reduced to the
case that D is reduced, since the quotient WmQ% D / Wng{(' D,y O Xnis 18
a successive extension of coherent sheaves, for which the étale and Nisnevich
cohomology groups are the same. By Proposition 2.2.5(i), it is equivalent to
show that the canonical map

HE(Xniss Winl%% 10g) — HE(Xet, W% 1)

is an isomorphism This is true since both are isomorphic to
KM (k(x))/p™ Qg log by purity [Mil86, Proposition 2.1] and the
known Gersten conjecture [GS88]. [
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COROLLARY 3.3.4. There is a canonical isomorphism
HY(Xnis, K 1p) /0™ = HY (Xet, WinQ% D 1og)-
Proof. First we have
H(Xnis, Kilp) /0™ = HY (X, K p/P™)
=~ HY(Xis, ’Cé\?xm/pmlcé\?x N ’nyw)»

where the first isomorphism is due to the fact that the Nisnevich cohomo-
logical dimension of X is d, and the second follows from the observation
that the support of meC%X N ICi‘lf[X‘D/pmlei‘ffxw is contained in D, which is
of dimension d — 1.

By Theorems 2.2.2 and 3.3.1, hence we have

H(Xnis, Kl p) /p™ = HY(Xnis; Win 2% p1og) = H(Xers Win Q% p jog)- [

COROLLARY 3.3.5. Let D1, Dy be two effective divisors on X whose
supports are simple normal crossing divisors. Assume D1 > Do. Then the
canonical map

d d d d
H(Xet, WinS¥x D, 10g) = H (Xet, Wik D, 1og)
18 surjective.
Proof. Note that we have the following exact sequence on Xyis
M M M M
0= Kax1p, = Kaxip, = Kaxp,/Kaxip, =0,

but the Nisnevich sheaf ICS/IX‘ Dy /ICéWX‘ p, s supported in Dy, which is of

dimension d — 1. Hence the associated long exact sequence implies that
HY(Xyis, ,Cil\f[XlDl) — H(Xnis, ’C%qDQ)

is surjective. Therefore the claim follows from Corollary 3.3.4. [

Now, we recall the duality theorem of the relative logarithmic de Rham—
Witt sheaves.

THEOREM 3.3.6. [JSZ18, Theorem 4.1.4] Let X, U, D be as before. For
1 € N, r € N, there are natural perfect pairings of topological groups
. ) » i
Hl(Uét') WmQE,]og> X @ Hd+1 l(Xéta WmQX‘EJOg)
E
Supp(E)CX\U

T m
= HY (X, Win Q% 10g) — Z/p"'Z,
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where the first group is endowed with discrete topology, the second is endowed
with profinite topology, and the limit with respect to all effective divisor E
with Supp(E) C X \ U.

In particular, for ¢ =1 and r =0 we get isomorphisms

o

i H (Xt, Win Q% g 10g) — H' (U, Z/p™2)" = 78(U) /p™,
E

and
Hl (Uét7 Z/me) — ligl-{d()(ét? ngg(‘E7log)vv
FE

where AV is the Pontryagin dual of a topological abelian group A. These
isomorphisms can be used to define a measure of ramification for étale
abelian covers of U whose degree divides p™.

DEFINITION 3.3.7. For our divisor D, we define
Filp H' (Usy, Z/p™Z) := H(Xet, Win Q% D 10g) -
Dually we define
7T2fb(X, D)/p™ :=Hom(Filp H (Us, Z/p™Z), Z./p"Z.).

The group wP(X, D)/p™ is a quotient of 73P(U)/p™, which can be
thought of as classifying abelian étale coverings of U whose degree divides
p™ with ramification bounded by D.

COROLLARY 3.3.8. We have canonical isomorphisms
C(X, D)/p™ = H(Xnis, Ky p) /o™ = 73 (X, D) /p™.
Proof. This is a consequence of Theorem 3.3.6 and Corollary 3.3.4. []

3.4 Class field theory via ideles
THEOREM 3.4.1. (Logarithmic version of wildly ramified class field
theory) For any integer n, there exists a canonical isomorphism

px.pn: C(X,D)/n s 73X, D) /n,

such that the following triangle commutes

P z
/ px,p/n

z€Xo
C(X, D)/n TP (U)/n

https://doi.org/10.1017/nmj.2018.34 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2018.34

HIGHER IDELES AND CLASS FIELD THEORY 231

where the right diagonal map py sends 1 at the point x to the Frobenius
Frob,. In particular, px,pn induces an isomorphism

(3.4.1) imC(X, D)/n= 7" (U),
D.n
Proof. For n=p™, this follows from Corollary 3.3.8 and Theorem 3.1.1
directly. For n prime to p, this is Corollary 3.2.6. 0

REMARK 3.4.2. The wildly ramified class field theory in [KS16], where
we work with the relative Chow group of zero cycles instead of the idelic
class group, comprises Theorem 3.4.1.

84. Class field theory for complete local rings over F,

Let (A,m) be a complete regular local ring of dimension d and of
characteristic p >0, and let k:=A/m be the residue field. We assume
that k is finite. We denote X = Spec(A), x =m € X. Let D be an effective
divisor with Supp(D) is a simple normal crossing divisor, let U =X \ D
be its complement. Set X’ = X \ {z}, D’ = D \ {x}. We use the dimension
function on X (hence also induces one on X') by d(z) = dim({z}).

4.1 Grothendieck’s local duality
We know that the sheaf Q% is a dualizing sheaf of X. There exists a nat-
ural homomorphism called the residue homomorphism [KCDO08, Section 5]:

res: H4(X, Q%) — k.
By compositing with the trace map Try g, : k — F), = 7.]pZ, we get the map
Try, /g, o res: HY(X,0%) - 7/pZ.

For any finite A-module M, the Yoneda pairing and the above trace map
give us a canonical pairing

4.1.1 Hi (X, M) x Ext4 (M, Q%) — Z/pZ.
T X X

THEOREM 4.1.1. (Grothendieck local duality [GH67]) For each integer
i >0, the pairing (4.1.1) induces the isomorphisms

Ext (M, Q%) 2 Homy, 5 (HL(X, M), Z/pZ),
H:Zv (Xv M) = HomCOm(EXtdAii(Ma Qg{)a Z/pZ),

where Homeony denotes the set of continuous homomorphisms with respect
to m-adic topology on Ext group.

https://doi.org/10.1017/nmj.2018.34 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2018.34

232 M. KERZ AND Y. ZHAO
In particular, if M is a locally free A-module, we obtain the isomorphisms
(4.1.2) H*(M") = Homg, 7 (HL(X, M), Z/pZ),
where M := Homa (M, Q%) is the dual A-module, and
(4.1.3) HL(X, M) = Homeon(H* ' (M"), Z/pZ).
Note that, for a locally free A-module M, we have [GH67]
(4.1.4) H{(X,M)=0 ifi#d.

4.2 Duality theorems
The purity result of Shiho [Shi07, Theorem 3.2] tells us that there exists
a canonical isomorphism

(4.2.1) Tr: HIY(Xep, Win Q% 1og) —» H' (2, Z/p™Z) 2 Z/p™ L.
Using the same method as in [Zhal6], we obtain a map
O H (Ust, WinS210g) — limHomg, jng,
E

X (H:?+17i(Xéta Wngl(_‘EJog)a HailJrl(Xét? WmQSl(,log))'

If we endow H'(Ug, WmQ}”Jbg) with the discrete topology and endow the
d—

X|E,log
where E runs over the set of effective divisors with support on X \ U, then

inverse limit I'&nEHgH*Z’(Xét,WmQ ) with the profinite topology,
the (continuous) map ®% and the trace map (4.2.1) induce a pairing of
topological abelian groups:

(42.2)  H'(Ust, WinQ10g) X YHE ™ (Xeg, Wil Q5 o) = Z/0" L.

E
Using Pontryagin duality, we see that 4" is an isomorphism if and only if
the pairing (4.2.2) is a perfect pairing of topological abelian groups for the
respective ¢, m, r.
THEOREM 4.2.1. For any integers r>0,m > 1, the maps <I>£;f are
isomorphisms.
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Proof. We are reduced to the case m =1 by induction on m and the
following two exact sequences on the small étale site

-p R
0— Wm—1Q’(},1og — WmQ’[}JOg — Q’[’]’log —0

and

d—r P d—r R d—r
0— Wm_lﬂXHE/p],lOg - WmQX\E,log - QXIEJOg —0,

where [E/p]=3"\calna/plDx if D =235 naDy; here [n/p] =min{n’ €
Zlpn' = n}, and the exactness of the second complex follows from [JSZ18,
Theorem 1.1.6].

Using the relation between logarithmic forms and differential
forms ([I1179, 0, Corollary 2.1.18] and [JSZ18, Theorem 1.2.1]), we see that
the assertion for i # 0, 1 follows from the vanishing (4.1.4) directly. We have
the following diagram with exact rows

HO(Uet, 1) HO(U, Z) HO(U, ) HY (Uet, Ve 105)

|

1'%1}15“ (Xets Q% 105)" %Hg(xét, QR )~ %Hﬁ (Xt Q5 5)" = %Hg(xét, % h10)”

where A* :=Homy,,7(A, Z/pZ) for an abelian group A,

1L o= O (10g Bro) © Ox(~E),

and ngl;‘};l := Image(d: leazfl —Q4), and ZQj :=Ker(d: Qf —
Qr—i—l)

U

The proof is same as the proof in [JSZ18, Zhal6], we quickly recall
the argument: since j: U — X is affine, we may rewrite H°(U, ;) as
lingHO(X7 Q% (log Ered) ® Ox(E)). Then we use Theorem 4.1.1 for sheaves
Q% (log Ereq)(—E) to conclude that the second and the third vertical arrows

are isomorphisms. Hence the assertion follows. 0
For r=0,7=1, we get
H' (U, Z/p™ Z) 2= limgHom(H (Xet, Won % 105 /9" D).
E
Similar to Corollary 3.3.5, the transition maps are surjective in the
projective system, for our divisor D we define

Filp H'(Us,, Z/p™Z) := Hom(H(Xst, WinQ% | p10g)> Z/P"L);
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by Pontryagin duality, we also define
(X, D) /p™ := Hom(Filp H' (U, Z/p™Z), Z./p™ Z.).
Theorem 4.2.1 gives us an isomorphism
H;l(Xét7 WmQSlﬂD,log) — 7Tzllb()(7 D)/pm
ProprosITION 4.2.2. We have
HY(Xnis, Wi Q4 )& HY (X4, Wy, Q8 )
T Niss m XlDJog xT ét» m X|D710g :

Proof. This is similar to the argument in the proof of Proposition 3.3.3.
Only the last step, to claim

Hg (XNiS7 WmQ_gl(,log) — Hg (Xét7 WmQ%(,log)

is an isomorphism, uses different results. In this case, it is an isomorphism

since both are isomorphic to KM (k(z))/p™ = Win_lgg by purity [Shi07,

Theorem 3.2] and the known Gersten conjecture [Ker09]. [

4.3 Class field theory via ideles

For a complete regular local ring A of dimension d of characteristic p > 0,
and X, X', U, D, D' as before. An idelic description of H%(Xyjs, ICZ‘{IX“:)) is
given by the following theorem.

THEOREM 4.3.1. [Kerll, Theorem 8.2] There exists an isomorphism
C(X', D) = HY(Xyis, icg{XlD).

In summary, the class field theory of Henselian regular local ring over IF,,
can be reformulated as follows:

COROLLARY 4.3.2. There is a canonical isomorphism
C(X', D) /p™ = 72> (X, D) /p™.

REMARK 4.3.3. The case d =2 has been studied in [Sai87]. The case
d = 3 has been investigated in [Mat02] using a slightly different class group.
The ¢-primary analog has been studied by Sato in [Sat09].
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85. Class field theory for schemes over discrete valuation rings

Let R be a Henselian discrete valuation ring with fraction field K, and let
k be its residue field of characteristic p > 0 which we assume to be finite. We
fix an uniformizer = of R. We use the notation as in the following diagram:

X, ¢ X > X,
fs f In

s = Spec(k) « " . pB= Spec(R) <L317 = Spec(K)

where f is a flat projective of fiber dimension d. We assume that X is a
regular scheme with smooth generic fiber X, such that the reduced special
fiber X 1eq is a simple normal crossing divisor. Let j: U < X be an open
subscheme contained in the generic fiber such that X \ U is the support of
a simple normal crossing divisor D.

5.1 Idele class group

We want to give an idelic description of the class group
Hﬁgl(XNis,leX‘D). We use the dimension function d(z)=dim({z})
on X.

DEFINITION 5.1.1.
(i) A Q°-chain on (U C X) is a Q-chain
P= (p07 SR 7p8727ps)
on (U C X) such that s > 2. We denote the set of Q°-chain on (U C X)

by Q°.
(ii) The idele class group C(U C X; X5) is

CUCX; Xs)
—coter( @B Kifp P e B KY0G) 10 X))
PeQe yeus~?
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(iii) The idele class group C'(X, D; Xs) of X relative to the effective divisor
D is defined as

= Coker( P KM kPye @ EM(ky) L I1(X, D)).

PeQe° yEUg_l
THEOREM 5.1.2.

(i) There exists a canonical isomorphism
C(X, D; X,) = HEM (X, ’Cﬁl,xm)-
(i) H™ (Xnis, K}y xp) =0

Proof. Let F be the Nisnevich sheaf ICdJrl X|D- We start with part (i).
We have seen that the degeneration of the coniveau spectral sequence

BV (F) = @ HEY(Xnis, F) = HP™(Xis, F)
xEXP

implies
(5.1.1)

HE (Xnis, F) :Coker< P EH (XnsF)— P HgH(XNiS,f)).

reX1NXs z€Xo

By definition and [Kerll, Theorem 8.2] we obtain an isomorphism

(5.1.2) C(X,D; X,)= Coker( P K3'( EBH;’“(XNiS,f))

eU:]l 1 Q?GXO

It is sufficient to observe that the canonical map

D K *ky)—» P HIXnis F)

y€U7(7171 reX1NXs

is surjective; see [Kerll, Section 6]. This finishes the proof of part (i).
For part (ii) we use the isomorphism

H™* (Xnis, F) :coker(@ HY (Xnis, F) = P Hg“(XNiS,]-"))

r€Xq zeXo
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and the surjectivity of

B &V k@)= @ H (Ko, F):

LEEXlﬂXn z€Xg

see [Kerll, Section 6]. 0

Note that the generic fiber X, is a smooth variety over the local field K.
Its class field theory has been studied in several cases, for example, the case
d =1 is well understood by the work of Bloch and Saito; see [Sai85, Hirl6].
In [Forl5], Forré determines the kernel of the reciprocity map in unramified
f-adic class field theory in the higher dimension case.

DEFINITION 5.1.3.  Assume Supp(D) D X, we denote D, = D xx X,
and define

SKi(U):= 1%110()(, D; X,) = I'%nﬂg(tl(XNis, Kﬁl,m),

where the limit is over all effective divisors FE with support X \ U.
SKi(Xy, Dy) := Hd(Xn,Nis’ IC%}—LX\D)'

REMARK 5.1.4.

(i) We have seen that, by the degeneration of the coniveau spectral
sequence, the group SKi(X,, D;) :Hd(Xn,Nis,lCé‘il X‘D) is isomor-

phic to
coker( EB H;l_l(Xn,Nis,’CﬁLx\D)
yE(Xy)
0]
(5.1.3) — @ Hg(Xn,Nisalcfl\il,X|D)>‘
z€(Xn)o

Using the methods from [Kerll] it is easy to write down an idelic
description of this group, for example, if D, =0 then SK;(X,,0)=
SK1(X,) where SK;(X,) is defined as

coker( P x> P H(x)X)

ye(Xn)1 z€(Xn)o
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(ii) If d =1 and Supp(D) = X, then §I\(1(U) = §I\(1(X,7), which has been
defined in [KS83] via the idelic method.
(iii) By Theorem 5.1.2 we get a canonical surjection

SK\(X,, D,) — C(X, D; X,).

We do not know, whether this map is an isomorphism in general, but
Theorem 5.3.7 suggests that it is so at least after tensoring with Z/nZ
for any integer n > 0.

5.2 Kato complexes on simple normal crossing varieties
We recall notations and theorems in [JS03]. Let Y be a proper simple
normal crossing variety over the finite field k£ of dimension d, and let

Y1, ..., Yy be its smooth irreducible components. Let
}/il,...,’is = }/;:1 Xy - Xy }/tL
be the scheme-theoretic intersection of Y;,, ..., Y;,, and denote

ylsh.— H Yii s

1<t << <N

for the disjoint union of the s-fold intersections of the Y;, for any s > 0. Since
Y is simple, all Y[¥) are smooth of dimension d — s+ 1. The immersions
Y i, —=Yandy; ; —Y . induce canonical maps

Lyeeey 215050 yeesls

syl sy, g, vl oyl

For integer n > 0, ¢ > 0 we define the following étale sheaves on Y:

(i) If pfn, then let Z/nZ(i) := " be the ith tensor power over Z/nZ of
the sheaf of nth roots of unity.
(ii) If n=mp", r >0 with p{m, then let

Z/nL(i) = vy y i) @ p)y

where V::,Y(U) =ker(0: @, WS 10y — Dpern Wro L ) for U cY

z,log z,log

open. Note that V;,iy = Wrﬁgl/log if Y is smooth [Sat07, 1.3.2].
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The Kato complex C**(Y, Z/nZ(d)) is defined to be the complex:

P v (v, z/nZ(d) » P HYy, Z/nZ(d - 1)) — - --

yeYo yeY!

o @ BTy, Z/nZd - a)) -~ @ H'(y, Z/nZ),
yeye yeyd

where Z/nZ(i) is defined as above for the residue field of Y at y, and put
the term @erG in degree a — d as an object in derived category. Similarly,

for each s, on Y¥ we define the complex C*0(Y'sl, Z/nZ(d — s + 1)), and
moreover we define the complex C(Y'*, Z/nZ) as

e (@ nzy ) Ly gy me Y Ly (7))

where my(Z) is the set of connected components of a scheme Z, the last
term of this complex is placed in degree 0, and the differential dg is

> E (=) (E,)
THEOREM 5.2.1. [JS03, Proposition 3.6 and Theorem 3.9]
(i) There is a spectral sequence
E(Y*,Z/nZ) = Hy(C'YO (Y, Z/nZ(d - 5)))
= Hyy1(CHO(Y, Z/nZ(d)))

in which the differentials d}, = SN (=1)PTL(5,)..
(i) We have E},(Y,Z/nZ) =0 ift <0, and hence there are canonical edge
morphisms

ey " Ho(CYO(Y, Z/nZ(d))) — E2(Y*, Z/nZ).
(iii) The trace map induces a canonical isomorphism
tr: B2 o(Y*, Z/nZ) — Ho(C(Y®, Z/nZ)).
(iv) The composite of edge and trace morphisms gives us a canonical map
WP H(CHOY, Z/nAd)) — Ha(C(Y*, Z/n)),
which is an isomorphism if 0 < a < 4.

REMARK 5.2.2. In the following, we need the cases a =1 and a =2,
which will give us an explicit description of Es-terms of certain coniveau
spectral sequences.
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5.3 The /(-primary part
Let ¢ be a prime number and £ # p. The cup product induces the following

morphism

d+1— d+1
Rj*u%y — Rj*%”omy(u?mﬂ r ”?m,U ).

As u?ﬂf}“}l = j*u%l}l the adjoint pair (71, 7*) gives an isomorphism
Ry RA omy (gt 5", ppi 1) = R omx (sl 1177 pint &),
Using the adjoint pair (i, Ri') and these two maps above, we obtain a
pairing on X :
(5.3.1) i*Rj*p?nf’U ®F Ri!jm%’li&l# — Ri!ufnﬁl}l.
Therefore a pairing of cohomology groups:
(5.32)  H'(Ust, pign 1) X Hy (Koo, i 1 77) = HY? (X, i ).
We have the following duality theorem; see [GeilO, Theorem 7.5].
THEOREM 5.3.1.

(i) There is a canonical isomorphism, so-called the trace map,
Te: H3S (X, pgid i) = Z/0

(ii) The trace map Tr and the pair (5.3.2) induce a perfect pairing of finite
groups

H' (Uss, i 17) % HY 7 (X, g 17 7)
— H3(Xae, pfdtl) = 2/0M 2.
For r=0,7 =1, we obtain
H'(Ust, Z/0"Z) = Hom(HY> (Xeg, ), /0" L),
and by Pontryagin duality
(5.3.3) HE? (X, pugnith) 2P (U) 0.

For any abelian sheaf F on Xyjs or Xg, we have the following two
coniveau spectral sequences:

EVE(F)= @ HI'Xa, F) = HY (Xe, F),

reXPNX;,
EPY (F) .= Hp+q Xnie. F Hp-f—‘] Xniie. F
1,N1s( ) T ( Nis» ):> XS( Nis» )
reEXPNXg
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PROPOSITION 5.3.2.
. ,d+2 d+1\ ~v 770,d+2 ) @d+1
(i) Eiét (]!,U«?m:’(_j = Eiét (/‘Z@m:’)_()
ii) The local Chern class map induces a surjection B (KM 0 —
1,Nis\"~d+1,X|D
E;’gjl(]m%#) and an isomorphism

d+1,0 1 ~M ~ pdtld+l,  @d+1
Einis (K xp) /0" S By g™ (nbgm 7 )-

Proof. The argument is analogous to that in Section 3.2. More precisely,
part (i) corresponds to Proposition 3.2.1 and part (ii) corresponds to
Theorem 3.2.3. 0

COROLLARY 5.3.3. There are canonical isomorphisms
d+1 M m ~ d+1,0/ M m o~ pdtlLddl,  ®d+l
HXS (Xlea ICd—l—l,X\D)/g - E2,Nis (’Cd—i-l,X\D)/E - E2,ét (]!Nﬁm,U )

Proof. The degenerating coniveau spectral sequence on Xyis gives the
first isomorphism. The second isomorphism results from the same argument

as in Corollary 3.2.4 using Proposition 5.3.2(ii). [
By purity the complex E1° ’g:r 2 (M%[}l) is isomorphic to the complex Kato

complex C10(X;, Z/¢™Z(d)) from Section 5.2 (up to a shift), that is, to
D v . 2/ 2d) > P HUy, 2/ 2= 1) > -
yeX? yeX!

o @ By, 2/ — ) -~ @) HM(y, 2/072),
yeXyg yeX;i

where we set the last term in degree 0 as an object in the derived category.

THEOREM 5.3.4. The canonical morphism
2d+2 d+1
H;l(tl(XNim IC%FLXU))/Zm — HXS+ (Xé'm J!M?m—i_ )
fits into an exact sequence

Hy(C(XS, Z/0"Z)) = H (Xnis, Ky x p) /0™ = HE (X, ™)
— H(C(X2,Z/I™Z)) = 0.

Proof. By the coniveau spectral sequence for F = j ,u%,‘f{]l on Xg, we
have an exact sequence:

By T(F) = Byt F) - HYE P (Xe, F) = By d(F) = 0.
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Using Proposition 5.3.2, we have
d+1,d+1 _ pd+1,04-M _ rrd+1 M
Ey ¢ (F) = By xis (’Cd+1,X\D/£m) = Hy  (Xnis, ICd+1,X|D/€m)
d
= HXJSFI(XNiSa ’Cé\il,xw)/fm-
Moreover combining with Theorem 5.2.1, we obtain

By (F) = By " (uity) = Ho(C(X2, 207 Z));

2,6t 2,6t
d,d+2 d,d+2 .
E2,étJr (]:) = E‘2,ét+ (Iu’%g,Jer) =H, (C(Xs’ Z/ZmZ))' i

In summary, combining Theorems 5.3.4 and 5.1.2 with the identification
(5.3.3), we reformulate the /-primary part of class field theory in this setting
as follows.

THEOREM 5.3.5. There is a canonical map
px.p: C(X, D; X,) /0" = miP(U) /e™,
which fits into an exact sequence of finite groups
Hy(C(XS, 2/ 7)) — C(X, D; X,) /0™ — mi>(U) /™
— H(C(X2,Z2/0M7Z)) — 0.
FEquivalently, there is an exact sequence:
Hy(C(X3, 2/ Z)) = SK1(U)/0™ — 73 (U) /0™

(5.3.4) — H(C(X2,72/0M7)) — 0.

Proof. The map is defined by the following diagram
C(X, D; X,) /0" — HY M (Xnis, YLy p) /07

|
PX,D | l
A

() /e HE? (X, pugni )

R

So the first exact sequence is a direct consequence of Theorem 5.3.4. The
second exact sequence results from the fact that

(5.3.5) SE1(U) /0" = HE (X, KY oy xip)/e™

for any D with Supp(D)= X \ U. Indeed, we denote by Dy = X \ U the
reduced divisor, it suffices to show the following claim. 0
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Claim 5.3.6. We have

(@H?gl(XNis, IC%—LX|D)> ®z LU L i H;l(tl(XNiSv Kﬁl,X\Do)/zm
D

Proof of Claim. The canonical surjective map
d+1 M d+1 M
¥D: th (Xnis, ’Cd+1,X|D) _>HX—§ (Xis, ’Cd+1,X\Do)

fits into the exact sequence
(5.3.6)

YD
0 ker(@D) H;l{tl(XNisvlCé\/iLx|D) H?{tl(XNiS)KId\iLx‘DO) 0

Applying 1&1 p to the above exact sequence, we obtain an exact sequence

(5.3.7)
. 4l y d+1
0 — %‘ker(*’D) — 1<%1HXJSr (XNiS’]Cfi\ﬁrl,XlD) - HXJSr (XNiS”C(]i\il,xlDo) 0.

By the long exact sequence associated to the short exact sequence
M M M M
0= Kai1,x1p = Kat1,x1p0 = Kdy1,x1p/Kat1,x1p = 0;

we see that HSI(S (Xnis, Kﬁl,xwo/lcﬁl,)(m) — ker(ypp) is surjective. Propo-
sition 2.2.5(ii) tells us that HSI(S(XNiS’Kﬁl,X\D/Kc%LXWO) is p-primary
torsion group, therefore in particular ker(¢p) is a Zpy-module, so is the
inverse limit lim ker(¢p). It follows that

Z/ﬂmZ K7, m ker(goD) =0.
D

Tensoring the exact sequence (5.3.7) with Z/¢™Z, we obtain the claim. []
In the case that Supp(D) = X, we have the following diagram:

PX

SK1(Xy) /™ g 72b(X,) /e

E

PX, X
Hy(C(X$, 2/t L)) —= SK1(Xp)/t™ —= 73>(X,)/t™ —= H1(C(X$,Z/"7)) —= 0

where the last row is the exact sequence (5.3.4), the morphism px,
is the reciprocity map of variety over the local field K (cf. [KS83)),
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and the map ¢ is induced by the connection map H"Z(X,I,IC%H Xn) —
d+1 M
Hy (Xis, ’Cd+1,x\D)'
In the remainder of this subsection, we explain why our new approach
recovers the known result for varieties over local fields (cf. [Forl5]) in the
good reduction case.

THEOREM 5.3.7. If Supp(D)= X is smooth, then the map ¢:
SKq(Xy)/l™ — SK1(X,)/l™ is an isomorphism.

To prove this theorem, we may further assume that D = X, since the
multiplicity of D has no contribution to SK 1(Xy)/€™. To simplify our
notations, we denote A(i)y :=Z/¢{M7Z ® Z(i)y for a scheme Y and i€ Z,
where Z(i) is Bloch’s cycle complex on the small Nisnevich site (cf. [Gei04]).

We can define the restriction map r;: A7) x — i+A(7) x, as the composi-
tion

A(i)x = Gul\(i) x, = (i + 1) x, [1] = i A(i) x

59

where the middle arrow is given by multiplication by 7, and the last arrow
is the localization map.
Let

A(@) x| x, = hofib(r;: A(i)x — i.A(7)x,)

be the homotopy fiber of r;. By rigidity [Gei04, Theorem 1.2(3)] we get an
isomorphism jiA(i)x, = A(7) x|x,. Notice that we also have an analogous
isomorphism jglC%(n JOm = IC%(‘XS/KW. So we conclude:

PROPOSITION 5.3.8. There is a canonical isomorphism
IC’?,JXlXS/Em = H'(A(i) x)x,)
and HI (A(i)x|x,) =0 for j >i.
Note that Proposition 5.3.8 implies that the canonical map
(5.3.8) H32 (Xnie, Md + 1) xpx,) = HE (Xnie, K2y xpx )/

is an isomorphism.
To finish the proof of Theorem 5.3.7, we also need the following result:

PROPOSITION 5.3.9.  The group H?*™ ™ (Xnis, A(d + 1) x|x,) =0.
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Proof. By the definition of A(d + 1)x|x,, there is a long exact sequence
H2d(XNis, A(d + I)X) i> H2d(Xs,NiSa A(d + 1)Xs)
— H*" (X, A(d + 1) x)x,)
— H2d+1(XNis, A(d + 1)X) £> H2d+1(Xs,N187 A(d + 1)Xs)'

It suffices to show that « is surjective and 3 is injective. In fact, using the
relation between motivic cohomology and higher Chow groups, we will show
that both v and [ are isomorphisms. More precisely, the fact that o is an
isomorphism follows from the diagram:

H?*(Xnis, A(d + 1) x) CH(X, % 2/0m7) ——= H*(Xey, piitt!)

ia T

H2( Xy nio, A(d + 1) x,) === CH1(X,, 2% Z/t"7) —= H2(X, ¢, pSIt1)

where the equalities in the rows are the definitions of higher Chow groups
with coefficients in Z/¢™Z (cf. [GL01]), the two horizontal arrows are
isomorphisms by the known Kato conjecture [KS12, Theorem 9.3], and
the right vertical is the proper base change theorem (SGA4%, [Del77,
Arcata IV]). The assertion for § is similar:

H2H+ (X, A(d 4 1) x) == CH™(X, 1;Z/¢m7) —> H2H(Xg, pS3H1)
\L ’ l )
2d+1 ) S d+1 .7 Ipm = 2d+1 L ®d+1 []
H (XS,NIS7A(d+ 1)Xs) CH (X572:Z/€ Z) — H (Xs,etvﬂgm )

Proof of Theorem 5.3.7. The assertion follows directly from the diagram:

H2H (X, Ald+ 1) xx,) — H?>H(Xy Nis, A(d+ 1) x,) > H?(CT—Q(XNist(d"F Dx|x,)

Proposition 4.3.9 l =] \L o

4 .
0 SKi(Xy) /4 ——— > SK(Xy)/f™

where the first row is the exact localization sequence, note that j*A(d +
Dxx, =A(d+1)x,. The first vertical isomorphism is given by (5.3.8)
and the second vertical isomorphism is given by Proposition 5.3.8
and (5.3.5). il
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5.4 The p-primary part: equicharacteristic

Due to the lack of ramified duality in the mixed characteristic case for
p-primary sheaves, we only treat the case that R =F[[t]] in this subsection
and assume X, is reduced. In [Zhal6], we proved the following duality
theorem for the relative logarithmic de Rham—Witt sheaves in this setting.

THEOREM 5.4.1. [Zhal6, Theorem 3.4.2] Let R=1F[[t]]. There is a
perfect pairing of topological abelian groups

H' (Usts Win Q5 10) X B H 2 (Xet, Win Q% 10
E

— HE? (Xeo, W QL) 5 Z/p"2,

where the inverse limit runs over the set of effective divisors D such that
Supp(D) C X —U. The first group is endowed with the discrete topology,
and the second is with profinite topology.

For r=0,7=1, we get

H' (U, Z/p"™Z) = ligHom (H ! (Xeo, Win Q1 10): Z/0"Z).
E

Similar to Corollary 3.3.5, the transition maps are surjective in the
projective limit, for our divisor D we define

FilpH' (U, Z/p™Z) := Hom(H$ ™ (Xe, Wmszfgbbg), Z./p™7);

by Pontryagin duality, we also define
(X, D) /p™ := Hom(Filp H' (U, Z/p™Z), 7./ p™Z).
Therefore Theorem 5.4.1 gives us an isomorphism

HE (Xe, W1 1) = Ti2(X, D) /p™.

As before we want to compare the group H;l;:l(XNis, Wmﬁgﬁllj log) with
Hg(tl(Xét, Wngl(TJlJ,log)’ by using the coniveau spectral sequence.
For any abelian sheaf F on Xyjs or Xg, we have the following two

coniveau spectral sequences:

EVL(F) = D HIY(Xa, F) = HY (Xa, F)

1.ét
reXPNXs

EPY. (F) = @ HP+Q(X . ./T):>Hp+q(X i F)

1,Nis : T Nis» X, Nis» .
reEXPNXs
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PROPOSITION 5.4.2.  We have the following isomorphisms:

. o1 d+1 ~ el d+1 .
(1) El,ét(WmQX\D,log) = El,ét(WmQX—t_log)’

. .0 d+1 ~ 1,0 d+1

(ii) El,Nis(WmQX|D,log) = El,ét(WmQX|D,log)'

Proof. This is a local question. The first claim follows by the same
argument as in Proposition 3.3.2, and the second as in Proposition 3.3.3. []

By purity [Shi07] the complex E} ’ét(WmQ?lig) is isomorphic to the Kato

complex C10(X;, Z/p™7Z(d)) (up to a shift), that is, to
D Hy Xoer, /0" L(d)) = D Hy P (Xser, Z/p"Z(d) = - --
yex? yexXs
o @) (X B/ () -

yeXy

= @ B (Xou, Z/p"L(d)),
yeXxd

where Z/p™7Z(d) = Vg% x.[—d] and where the last term is placed in degree 0.

THEOREM 5.4.3. The canonical map

A1y d+1 A1)y d+1
HS™ (Xnis, WmQX|D,log) — Hy " (Xet, WmQX\D,log)

fits into an exact sequence of finite groups
Hy(C(X3, Zfp"T)) > HE (Xie, W05 )
— H{ (X, Wmag%’log) — H(C(X?2,Z/p™Z)) — 0.

QdJrl

X|D,log on Xet,

Proof. By the coniveau spectral sequence for F =W,
we have the following exact sequence

d—1,1 d+1,0 d,1
By (F) = By o (F) = HE (Xer, F) = Byl (F) = 0.

By Proposition 5.4.2, we have

By P(F) = Byl (F) = Hi (Xnis, 7).

Moreover combining with Theorem 5.2.1, we obtain

d—1,1 d—1,1 . .
E27ét (Wngl(Tll?,log) = EQ,ét (WmQSI(—t_lig) = HQ(C(XS7 Z/me))’

d, d,1 . m
EQ,é}t(WmQC)i(Té,log) = EQ,ét(Wng@,—li)g) = H (C(Xs ’ Z/p Z)) D
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REMARK 5.4.4. In particular, if X has good reduction, then
d+1 d+1 ~ pyd+1 d+1
HXS (XNis WmQX|D,log) :HXS (Xet, WmQX|D,1og)'

The p-primary part of class field theory in this setting can be reformulated
as follows:

THEOREM 5.4.5. There is a canonical map
px,p: C(X, D; X,)/p™ — ni"(X, D)/p™,
which fits into an exact sequence of finite groups

Hy(C(X$,Z/p™Z)) — C(X, D; X,)/p™ = ni°(X, D) /p™
— H\(C(X?, Z/p"Z)) — 0.

In particular, we have
Hy(C(X:, Z/p™Z)) — Im(C(X, D; X,)/p™) = 7i>(U) /p™
D
— H1(C(X$,Z/p™Z)) — 0.

Proof. The map is defined by the following composition:

= = d d
C(X, D, XS)/pm > HX‘:l(XNjS, IC%LX\D)/pm > HX—l_l(XNim WmQXTé,log)
pX,D\ S N l
i (X, D) /p™ < H (Koo, W% 10,)

where the second isomorphism in the upper row is obtained in analogy
to the proof of Corollary 3.3.4. Theorem 5.4.5 now is a consequence of
Theorems 5.4.3, 5.1.2 and 5.4.1. 0
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