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Abstract

Assume that there are k types of insurance contracts in an insurance company. The ith
related claims are denoted by {X;;, j > 1}, i = 1, ..., k. In this paper we investigate
large deviations for both lgartlal sums S(k;ny,...,ng) = Zf: 1 Z';’: | Xij and random
sums S(k; 1) = ) ;4 Z,—l Xij,where N;(t), i =1,...,k,are counting processes for
the claim number. The obtained results extend some related classical results.
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1. Introduction

In a classical insurance risk model the surplus is described as the initial surplus plus the
premium income with the claims taken off. Large deviations for the loss process of a classical
insurance risk model have been widely investigated. Let {X;, j > 1} be a sequence of
independent and identically distributed (i.i.d.) nonnegative random variables with common
distribution function F'(x) = P(X < x) which denote the claims (or the loss amounts), and let
N (t) denote a nonnegative integer-valued counting process for the claim number. Here, N(¢)
can be a Poisson process, Cox process, or a marked point process. We assume that N () is
independent of {X;, j > 1},0 < EX; =: u < oo (i.e. it denotes the expected claim amounts,
assumed to equal the premium), and that E N () =: A(t) — oo ast — oo. If the premium
w is ‘fair’ and the interest rate is O then the loss process of the insurance company within the
period [0, ¢] is described as

N@)
W)= (Xj—

j=l1

If the company has the initial reserve x, the surplus process can be written as U(¢) = x —
W(t). Thus, the large deviation probabilities of the loss process can be used to characterize
the ruin probability asymptotically, Wthh is a very important objective in risk management.
By convention, we write S(t) = Z =1 X Mainstream research on precise large deviation
probabilities has concentrated on the study of the asymptotic

P(S(t) — uh(t) > x) ~ A(t) F(x), (1.1)

Received 30 April 2007; revision received 28 August 2007.

* Postal address: Department of Statistics, East China Normal University, Shanghai 200062, P. R. China.
** Email address: ahuwsj@126.com

*** Email address: wswang @stat.ecnu.edu.cn

889

https://doi.org/10.1239/jap/1197908812 Published online by Cambridge University Press


https://doi.org/10.1239/jap/1197908812

890 S. WANG AND W. WANG

which holds uniformly for some x-region £ (¢). Here and throughout the paper, we let F(x) :=
1 — F(x), and the uniformity is understood in the following sense:

1| =0.

e wn [POO =m0 >0
=00, Sp MO F ()

Some earlier work on large deviations can be found, for example, in Nagaev (1969) and
Heyde (1967). Nagaev (1973), (1979) studied the large deviation probabilities (1.1) for the
claims with regularly varying tails. Cline and Hsing (1991) and Kliippelberg and Mikosch
(1997) extended the results to the so-called ERV (extended regularly varying) class. Recently
Ng et al. (2004) studied the precise large deviation for sums of claims with consistently varying
tails, which extended the asymptotic result to a larger subclass of heavy-tailed distributions.

However, in the literature to date all large deviation results for loss processes have been
studied for only one kind of claim. That is to say they always assume that the company
provides only one kind of insurance contract. In reality this assumption is not correct, so the
large deviation problem of multi-risk models is more valuable. In this paper we assume that
the company has k types of insurance contracts. The ith related loss amounts are denoted
by {X;;, j = 1}, which are i.i.d. nonnegative random variables with common distribution
function F;(x) that has positive finite expectation u;, i = 1,..., k. Let{N;(¢), i =1,...,k}
denote a nonnegative integer-valued counting processes for the claim number. We assume
that {X;;, j > l}f,‘:1 and {N;(t), i =1, ..., k} are mutually independent, and that E N; (t) =
Ai(t) > ocoast — 00,0 = 1,..., k. Assume that F;(x) > O for all x € (—o0, 00) and
i=1,...,k Let

k_Ni®)

Sty =YY" Xij,  t>0.

i=1 j=1

We can easily see thatif all F;(x), i =1, ..., k, are the same distribution function then S(k; ¢)
is the one-risk model with N{(¢) replacing Z{'(:I N;(t). In this sense S(k;t) is a natural
generalization of S(¢#). The aim of this paper is to investigate the precise large deviations for
S(k; t). Up to now, to the best of our knowledge, little is known about the large deviations for
such random sums with different kinds of distributions because the known methods to study
large deviations for one-risk models do not work for S(k; ), k > 2, any longer. Our results
extend those of Ng et al. (2004) to multi-risk models.

The rest of this paper is organized as follows. In Section 2 we present some notation and
preliminaries. In Section 3 we prove large deviations for nonrandom sums of random variables
with consistently varying tails in multi-risk models. In Section 4 we investigate large deviations
for random sums of random variables with consistently varying tails in multi-risk models. An
application of our main results is stated in Section 5.

2. Notation and preliminaries

In insurance and finance models the sums of heavy-tailed random variables are very impor-
tant. In this section we assume that all distribution functions have finite mean. We say that a
nonnegative random variable X (or its distribution function F) is heavy tailed if it has no finite
exponential moments. The most important heavy-tailed subclass is the subexponential class
(denoted by 4). By definition, a distribution function F supported on [0, co) is in 4 if and only
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if _
Fl’l*
fim o) foralln > 2
X—>00 F(X)
(or equivalently for some n > 2), where F™* denotes the n-fold convolution of F. Another
well-known heavy-tailed subclass is called the dominated variation class (denoted by D). A

distribution function F supported on (—o0, 00) is in D if and only if
F(6x)

F
lim sup _( <oo forany0 <6 <1
X—>00 x)

(or equivalently for some 0 < 6 < 1). A useful sharp inequality about tail probabilities of
sums of random variables with dominated varying tails can be found in Tang and Yan (2002).
A random variable is said to have a regularly varying tail if its distribution F satisfies

Fxy)
m — =
x—>o00 F(x)

for any y > 0 and some @ > 1. We use R_, to denote this class of random variables.
A distribution F with support on [0, co) is said to be in ERV(—«, —B) for some «, 8, with
O<a<B<oo,if

F F
yF < timinf 252 < fim sup )

100 F(x) ~ x—ooo F(x)

for any y > 1.

For more details on regularly varying tails and extended regularly varying tails, see Kliippelberg
and Mikosch (1997) or Tang et al. (2001). Recently, Ng et al. (2004) considered a subclass of
heavy-tailed distributions slightly larger than the ERV class, called class C. We restate their
definition as follows.

Definition 2.1. A distribution function F' supported on [0, co) belongs to C if

o Fxy) . - F(xy)
lim lim inf — =1 orequivalently lim lim sup — =
yil x—oo  F(x) Ml x500  F(X)

1. 2.1)

Such a distribution function F is usually said to have a consistently varying tail. The class C
was also thoroughly studied by Berman (1982), who called it ‘regular oscillation’ and by Cline
(1994), who called it ‘intermediate regular variation’.

Obviously, if F € D then, for any y > 0, F(xy) and F(x) are of the same order as x tends
to oo in the sense that

F F
0 < timinf 2% < lim sup 20 _ oo, 2.2)

x—o00  F(x x—00 X

Set

log y (y) N 1}, 23)

logy ’
where y (y) = lim infx_)oo(F(xy)/F(x)). In the terminology of Bingham et al. (1987), yr is
called the upper Matuszewska index of the distribution function F. If F € ERV(—«, —f) then
a < yr < B. Itis easy to check that, whenever 0 < o < y < B < 0o, we have the following
inclusion relationship:

YF = inf{—

R_, CERV(—a, —f) CC C DN 4. (2.4)
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3. Large deviations for nonrandom sums

In this section we shall provide large deviations for nonrandom sums. Let k be a positive
integer, and let {n;, i = 1, ..., k} be k positive integer sequences. For simplicity, we use the
notation

n; k n;
Si=Y Xij. i=1....k  Skini...om)=Y Y X
j=1

i=1 j=1

therefore, S(k; ny, ..., ny) = Zf-;l Sy;. We can easily see that

k
ES(kiny,....ne) =) nipi.
i=l1

Theorem 3.1. Fori =1,...,k, let {X;;, j > 1} be i.i.d. nonnegative random variables with
common distribution function F;(x) and finite expectation u; > 0, and let {n;} be a positive
integer sequence. We assume that {X;j, j > 1}{-‘: | are mutually independent. If F; € C for all
i=1,...,kthen, for any fixed y > 0, we find that (as n; — oo foralli =1,...,k)

k

k
P(S(k;nl,...,nk)—Znim >x> ~ > niFi(x) (3.1)
i=1

i=1

holds uniformly for all x > max{yn;, i = 1,...,k} := A(k), that is

. k
lim sup P(S(k; ny, ---,knk) —_Zi=1nim >x) 1' _o
ML 00 > A (k) > iz niFi(x)
Remark 3.1. If all F;(x), i = 1,..., k, are the same distribution function then (3.1) implies

Theorem 3.1 of Ng et al. (2004).

Remark 3.2. By Theorem 2.2 of Cai and Tang (2004), if F; € C then Fi”i* € C. Thus, (3.1)
holds in the nonuniform sense (with ny, ..., n; fixed and x — 00). However, (3.1) in the
uniform sense (see Theorem 3.1) cannot be derived directly.

Proposition 3.1, below, is Theorem 3.1 of Ng et al. (2004), which will be used to prove
Theorem 3.1.

Proposition 3.1. (Ng et al. (2004, Theorem 3.1).) Let {X;, j > 1} be a sequence of i.i.d.
nonnegative random variables with common distribution function F(x), which has finite ex-
pectation 1 > 0. If F € C then, for any fixed y > 0, asn — oo,

P(S, —npu > x) ~ nF(x) uniformly for x € [yn, 00). (3.2)

Proof of Theorem 3.1. We use induction to prove (3.1). For the case in which k = 2, we
first show that

P(S(2; n1,n2) — Y2 nifti > X) -

liminf inf 3.3)

n1,12—>00 x> A(2) n1 F(x) + ny Fa(x)
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Note that, for any 0 < ¢ < 1 and any x > 0,

P(S(2;ny,n2) —nipu1 —napp > x)
=P(Sn; + Spy > x +n1p1 +nop2)
> P({Sn; > x +nip1 +enapa, Spy > (1 —e)naua}

U{Sn, > x +nops +enypy, Sy > (1 —e)nipur})
> P(Sy, > x +nypn +enapn) P(Sp, > (1 — &)napn)
+P(Sy, > x +nopn +enipu) P(Sy > (1 —&)nypuy)
—P(Sy; > x +nip1 +enapz) P(Sy, > x +nopn +engug). 3.4
By Proposition 3.1, for any 0 < § < 1, there exists a positive constant mo = m(§) such that,
for any n; > my,
P(Sp, —nip1 > x + enyun)
sup = -
xzyn n Fi(x + enapn)

1] <. (3.5)

Conversely, the classical law of large numbers implies that, forany 0 < ¢ < 1,
P(Sy, > (1 —&)njur) — 1.

Thus, for any 0 < § < 1, there exists a positive constant m| = mj(§) such that, for any
np = my,

P(Sp, > (1 —¢e)nipr) >1—6. 3.6)

Similarly, it is easy to see that analogous results to (3.5) and (3.6) hold for S,,. Combining
these arguments, we find that, for any 0 < § < 1, there exist large enough positive constants
m* such that, for any n; > m*, any np > m*, and any x > A(2),

P(S(2; n1,n2) —nipy —nopp > x)
> (1—8)n1 Fi(x + enapa) + (1 — 8)?na Fa(x + enyjuy)
— (14801 Fi(x + enapa)na Fr(x + enyjuy)

> (1 —8)%n1 Fi(x + enapa) + (1 — 8)*na Fa(x 4 enpju1) — o(n1 Fi(x) + na Fa(x))
3.7)

uniformly for x > A(2), where to obtain the last inequality we used the following facts (by
Proposition 3.1): n1 Fj(x) = o(1) and ny F2(x) = o(1) uniformly for x > A(2), as ny and n,
tend to oo.

Now we show that

o Fi(x 4 enajua)
lim lim sup | ——— —
Fi(x)

£J0 1230 x>y,

1|=0. (3.8)

Clearly, since Fl is nonincreasing, we have, for all x > yn»,

— 8“2 - —

F <<1 + 7)?6) < Fi(x +enyun) < F1(x).
We can easily see that

o Fi(x + enap2)
limlimsup sup ———— <1
el0 ny—o0 x>yno Fi(x)

(3.9)
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Note that _ B
.. Fi(x +enap2) .o Fi((I+epa/y)x)
inf —— = > inf = .
x>yny F1(x) x>yny F(x)

The definition of C, (2.1), yields

limliminf inf = > lim liminf inf —
el0 ny—>00 xzyny Fi(x) £l0 na—>00 xzyny Fi(x)

By (3.9) and (3.10), we obtain (3.8).

Fi(x + enapuz) Fi((1 +epa/y)x) -

(3.10)

By (3.8) we find that, for any 0 < § < 1 such that for all sufficiently small ¢, all sufficiently

large ny, and all x > yn,,

Fi(x + enapz) > (1 — 8) Fi (x).

(3.11)

Similarly, we find that, for any 0 < 6 < 1 such that for all sufficiently small ¢, all sufficiently

large n1, and all x > yn;,
Fy(x +enypp) = (1= 8) F(x).
By (3.7), (3.11), and (3.12), we arrive at
P(S(2;n1,n2) —nipy — napo > x)
= (1 =8’ (1 Fi () + na F2(x)) — o(ny F (x) + na F(x)).

Therefore, letting § | 0, we obtain (3.3).
Next we show that

P(S(2; n1,n2) —nipuy — nau > x) <1

limsup sup = -
n1,m2—>00 x>A(2) niFi(x) +nyFy(x)

Note that, for any 0 < ¢ < % and any x > 0, by Proposition 3.1, we have

P(S(2; ny,n2) —nyipuy —nopn > x)
=P(Sn) + Sny > x + 011 + n2p2)
<SPSy, > (I —&)x +nip1} U{Sn, > (I — &)x + napo}
U {8y, > ex +niur1, Sp, > ex +nouzl})

<P(Sy, > A —8&)x+niu1) +P(Sp, > (1 —&)x +nauz)
+P(Sy, > ex +nip1) P(Sp, > ex +nour)

<A+ 8n Fi((1—e)x) + (1 +8naFa((1 — e)x)
+ (14 8)°n1 Fi(ex)na Fy(ex).

In a similar way to the argument we used to obtain (3.8), we have

Fi((1—
lim lim sup M—l‘zo

€10 1200 x>y, Fl(x)
and _
F((1 -
lim lim sup M - 1' =0.
el0n1—>00 x>yp, F>(x)
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Conversely, note that
mFiEnfex) / ( Fx) 1 N Fx) 1 )
n1Fi(x) + ny Fy(x) Fi(ex) naFa(ex)  Fa(ex) niFi(ex)/)
By (3.2), it is easy to check that

lim sup nFi(ex)=0 and lim sup naFr(ex) = 0.
nI—>00 x>yn n2—>00 y>yn,

Moreover, since, by (2.4), F1, F» € C C D, we have, by (2.2), forany 0 < ¢ < 1,
Fi(x) F(x)

liminf inf — >0 and liminf inf — > 0.
nyj—>oo xzyny Fi(ex) nmp—>00 xzyny Fh(gx)

Therefore, we have, as ny, np, — 00,
n1 Fy(ex)ny Fr(ex) = o(n1 F1(x) + ny F>(x))  uniformly for x > A(2). (3.17)
Using a similar argument to that used to prove (3.3), by (3.14)—(3.17) we arrive at

P(S2;n1,n2) —nipwy —napo)
< (1 + 82 Fi(x) + naF2(x)) 4 0(n1 Fi (x) + na Fa (x)).

Therefore, letting 6 | 0, we obtain (3.13). Thus, (3.1) holds for £ = 2. Now suppose that (3.1)
holds for k — 1 and, as for k, using a similar argument to that in (3.4), Proposition 3.1, and the
induction hypothesis, we find that, as n; — oo foralli =1, ...k,

k

P<S(k;n1,...,nk) —Zniﬂi > x)

i=1

k
=P<Sn1 + o+ Sy >x+Z”iMi>
i=1
k—1
> P<Sn1 +o Syl > x+ Znim + snkuk) P(Sp, > (1 — &)ngpr)
i=1
k=1 k—1
+P<Snk > X 4+ npur + SZniul) P(Sn1 + 4+ Sy, >U—9) an,)
i=1 i=1
k—1
_ P<Sn1 +eo Sy >x+ Z”i,U«i + 8”kMk>
i=1
k—1
X P(Snk > X + gk + 82”1‘#1‘)
i=1
k—1 k—1 k—1
~ Y niFi(x + enggu) + nicFy (x +e me) + Y niFi(x)ng Fi (x)

i=1 i=1 i=1

k k
~ Zn,ﬂ(x) +o<zn,~ﬁ,~(x)) (3.18)
i=l1 i=l1
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uniformly for x > A(k). In the last step we used the same argument as in (3.8). In (3.18) it is
necessary to mention that
k—1
P(snl b d Sy, > (1—5)21@-“,-) Y (3.19)
i=1

In fact, note that P(S,; > (1 —&)n;u;) — 1, i =1,...,k — 1, by the law of large numbers;
thus, (3.19) holds. Now, (3.18) implies that

P(S(k; 1, ...y mg) — S5 nipi > x) -

liminf _inf .
k=00 x2 A0 S miFi(x)

1. (3.20)

For the reverse inequality, using a similar argument to that used in (3.14), (3.15), Proposition 3.1,
and the induction hypothesis, we easily obtain

Pt oome) = Yy mipi > %) _

1. (3.21)

limsup sup =
P eeenic—>00 x> A(K) Sk niFi(x)

Combining (3.20) and (3.21), we obtain the desired result, and the proof of Theorem 3.1 is now
complete.

4. Large deviations for random sums

In this section we study large deviations for random sums. We will use the notation of
Section 1. Moreover, throughout this section, we let
Ni (1)
Sy = Xij.  i=1,.. .k
Jj=l1

and S(k; 1) = Zle Sn;(r)- To state our results, we will need the following assumption, which
was used by Ng ez al. (2004), and is satisfied for many common counting processes, for example,
the renewal counting process and the Cox process.

Assumption 4.1. Foralli =1, ...k,

E N[ (1) 130> (140)500) = O (i (1))
holds for any § > 0 and some 0; > yr., where yr, is defined as in (2.3).

Remark 4.1. By }emma 2.4 of Ngetal. (200])4) we can easily see that Assumption 4.1 implies
that N;(¢)/1i(t) — 1, i =1, ..., k, where ‘=’ denotes convergence in probability. See also
Lemma 3.1 of Ng ef al. (2003).

Theorem 4.1. Fori =1,...,k, let {X;j, j = 1} be i.i.d. nonnegative random variables with
common distribution function F;(x) that has finite expectation p; > 0, and let {N;(t)} be a
nonnegative integer-valued process. Assume that {X;j, j > 1}{?=1 and {N;(t),i=1,...,k}
are mutually independent, F; € C, and that {N;(t), i = 1,...,k} satisfies Assumption 4.1.
Then, for any fixed y > 0, ast — oo,

k k
P(S(k; D= wikit) > x) ~ D MOFi() @.1)

i=1 i=1
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uniformly for x > max{yi;(t), i = 1,...,k} :=['(k), that is

P(SG:t) = iy ki) > x) | _

lim sup T = 0.
100 ¢>T (k) >imt MO Fi(x)
Remark 4.2. If Fi(x) = --- = Fy(x), our Theorem 4.1 implies Theorem 4.1 of Ng et al.

(2004).

Proof of Theorem 4.1. Again by induction, as in the proof of Theorem 3.1, it is sufficient to
show that (4.1) holds for k = 2. We first show that

e PS2in) =MD pr — Aa®)pr > x)
liminf inf = = > 1.
100 x>T'(2) AL F1(x) + A2(0) F2(x)

Note that, for any 0 < § < min{y/u1, y/u2, 1} and any x > 0,

P(S(2; 1) — A (H)p1 — Aa(®)pa > x)
=P(Sn(r) + Sy > X+ 2101 + 220 p2)
> P({Sni) > x + 2O 1 + A2 p2, Snyiy > (1 = 8Aa(t)uz)
U{Sny) > x + 2@ pz + 82O p1, Snye > (1 =8HA(Hur})
> PS> x + A1) + 622@)u2) P(Shy ) > (1 — 8)Az(H)p2)
+PSnyiy) > x + A2 + A1 (1) P(Sny ) > (1 — A1 (D))
—PSy) > x + 21O + 8h2 (D2, Sy > x + Ao + 3 () r)-

Applying the same approach used in the proof of Theorem 4.1 of Ng ez al. (2004) with F(x)
replaced by Fj(x + 8Ax(f)2), we easily conclude that

P(Sni) =M @Op1 > x +8ha(0)puz)

lim lim s _
10 100 M (OF1(x)

8101200 y> 51 ()

1‘ =0. 4.2)

By the stochastic law of large numbers and Remark 4.1, we easily obtain

Ni() Ni(®)
1 Ni(r) 1
Yox; = MO Loy
A o Ar(t) Ni(t) <=
Thus,
PSniy > (1 = 8&)Aipur) — 1. “4.3)

We can estimate Sy, ;) similarly. Therefore, by (4.2) and (4.3), we easily find that, for any
& > 0, any sufficiently large ¢, any sufficiently small §, and x > I"(2),

P(S(2; 1) — Ai(Op1 — A () pz > x)
> (1 — &) MO F1(x) + (1 — &)*A2(0) Fa(x) — (1 + &)1 (1) Fi (x)A2(t) F2 (x)
= (1= >OF1(x) + 2a(t) F2(x)) — 001 (1) Fi (x) + Ao (1) Fa (x)).

Letting ¢ | 0, we have

e PSEit) =M @Opr — 2a@pr > x)
liminf inf = = >1
=00 x>T'(2) M@ F1(x) + 220) F2(x)

4.4)
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‘We now show that

: P(S2;1) —M(Op1 — ra(Dp2 > x)
limsup sup = = <1
t—00 x>T(2) M@ F1(x) + A2(t) Fa(x)

4.5)

Note that, forany 0 < ¢ < % and any x > 0, by the same argument as in (3.15) and (3.16), we
have
P(S2; 1) — m@®py1 — r2(Opz > x)
=PSN) + Snye) > x + A1 @O pr + A2()p2)
<P({Sn) > L —e)x + 11D} U {Sny) > (1 — &)x + Aa(f)ua}
U{Sni) > ex + A1 ur, Snypy) > ex + Aa(t)ua})
<PSn @ > A —&x+r@)ur) +PSnyi) > (1 —&)x + A2(H)u2)
+ PN (1) > ex + 21O 1) P(Shy ) > ex + Aa(B)w2)
~ MO F1((1 = &)x) + 20 Fa((1 = £)x) + A1 (1) Fi (ex)2a(1) Fa(ex)
~ MO Fi(x) + 22(0) F2(x) + 01 (1) F1 (%) + Ao (1) Fa (x)).

Thus, we obtain (4.5).
Combining (4.4) and (4.5), (4.1) holds for k = 2. The proof of Theorem 4.1 is complete.

5. Applications

In this section we give an example of an application of our main result. Assume that there
are two types of insurance contracts in an insurance company. The first kind of related loss
amounts, X = {X;, j > 1}, are i.i.d. nonnegative random variables with common distribution
F € C and finite expectation w. Their occurrence times {o;, j > 1} constitute an ordinary
renewal counting process

Ni(r) =sup{n > 1, o, <1}, t >0,

with A1(t) = EN(t) < oo for any t+ > 0. Also, {/;, j > 1} is a sequence of Bernoulli
random variables, and /; has a common expectation ¢, where 0 < ¢ < 1, and g is the claim-
occurrence probability of the jth policy, j > 1. Assume that the second kind of loss amounts,
{Y;, j > 1}, are also i.i.d. nonnegative random variables with distribution G(# F) € C and
finite expectation v. Let N>(t) = N (A(¢)) be a Cox process, where N (¢) is an ordinary renewal
process which is generated by i.i.d. nonnegative random variables {Z;, j > 1} withE Z; =1,
and let A(z), t > 0, be another right-continuous nondecreasing process with A(0) = 0,
independent of N(¢), and P(A(r) < oo) = 1 for any + > 0. Suppose that the sequences
{(X;,j =1}, U, j =1}, {Y;, j = 1}, and {N1(¢), t = O}, {N2(¢), t > 0} are mutually
independent and that the sequence {I;, j > 1} is negatively associated. Then the total claim
amount up to time ¢ is

Ni(t) Na(t)
Sty =Y X;Ij+ > Y. t=0. 5.1
j=1 j=1

In this section we assume that the insurance company has two different kinds of risk at one
time. Therefore, (5.1) is an extension of the one-risk model which has been investigated in
the literature; see, for example, Denuit et al. (2002) or Ng et al. (2004). We also assume that
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the stochastic process A(t) satisfies 1*(¢) := E A(¢) < oo for any ¢+ > 0 and A*(¢) — o0 as
t — 00, and that, for some p > yg and any 6 > 0,

E A?(1) 1a()= 1400+ (1) = O (). (5.2)

Let Ni(¢t) = sup{o, > t, I, = 1}, t = 0, denote the number of claims of the first kind that
really occur in the interval [0, #]. Clearly,

Ni(t)
Ni@)=Y_1; and ENj(®)=gqi(t), t>0.
j=1

Now, (5.1) can be rewritten as

NY (@) Na(t)

Sty=Y Xj+ Y ¥
j=1 j=1

Ng et al. (2004) proved that if the i.i.d. interarrival times have finite expectation then Assump-
tion 4.1 holds for the counting process {N(¢), t > 0}, and if the stochastic process {A(t)}
satisfies (5.2) then Assumption 4.1 holds for the counting process {N»(t), t > 0} defined as
above. Thus, by Theorem 4.1, we obtain the following precise large deviations result. For any
y > 0,ast — 0o,

P(S(t) — gri(H)p — vA* () > x) ~ gh () F (x) + A*()G (x)
uniformly for x > max{yi(¢), yA*(t)}.
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