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Homology of the Fermat Tower and
Universal Measures for Jacobi Sums

Noriyuki Otsubo

Abstract. 'We give a precise description of the homology group of the Fermat curve as a cyclic module
over a group ring. As an application, we prove the freeness of the profinite homology of the Fermat
tower. This allows us to define measures, an equivalent of Anderson’s adelic beta functions, in a man-
ner similar to Ihara’s definition of ¢-adic universal power series for Jacobi sums. We give a simple proof
of the interpolation property using a motivic decomposition of the Fermat curve.

1 Introduction

Let Xy be the Fermat curve over C defined by x + y)¥ = z)' and put Gy = (Z/N7)®2.
By identifying 7/N7Z with the group of N-th roots of unity, Gy acts on Xy and the
homology group H; (X, Z) becomes a module over the group ring Z[ Gy ]. Rohrlich
[15] proved that it is a cyclic module generated by the Pochhammer contour (writ-
ten x™° in this paper, see Section 2), and gave generators of the annihilator. As far
as the author knows, Guardia [7] and Kamata [10] were the first to give a Z-basis
of H;(Xy,7Z) and compute its intersection numbers. In this paper, we compute the
intersection numbers among «"* and construct a basis from them (Theorem 4.1).
While the papers cited above use topological arguments, we start by computing the
cup products of a standard basis of H'(Xy, C) (written w®?, see Section 2) repre-
sented by rational 1-forms (this computation was used in [13], [14]). Then we de-
termine the Z-module structure of the annihilator (Proposition 4.4), giving a precise
description of H; (X, 7).

If N divides M, the natural maps Xj; - Xy and Gy — Gy are compatible and
the projective limit Hy (Xoo,Z) = lim H, (Xn,7Z[NZ) becomes a module over the

completed group ring Z[[Go, ]| := @NZ[GN]. We will prove the following (see The-
orem 6.1).

Theorem 1.1  The group H,(Xoo,Z) is a free cyclic module over Z[[ Gos ]].

This has an application to the theory of Thara [8] and Anderson [3] (see also
[2,5,9]). For a prime number 4, the freeness of H; (X~ ,Z;) := l(iI_nnHl (X, 2]0"7)
over Zy[[Gp=1]] = l(iLnnZg[ng] was proved by Thara [8] in his study of the pro-¢ fun-

damental group of P!~ {0, 1, co}. The freeness was used to define the /-adic universal

Received by the editors June 23, 2015; revised February 18, 2016.

Published electronically April 11, 2016.

This work is supported by JSPS Grant-in-Aid for Scientific Research 25400007.
AMS subject classification: 11580, 11G15, 11R18.

Keywords: Fermat curves, Thara-Anderson theory, Jacobi sums.

624

https://doi.org/10.4153/CMB-2016-012-0 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2016-012-0

Homology of the Fermat Tower and Universal Measures for Jacobi Sums 625

power series for Jacobi sums. Anderson [3] defined his adelic beta functions by using
the freeness over Z[[ Goo ]| of the profinite relative homology of affine Fermat curves
(proved in [1]). While Z,[[ Gy ]] is isomorphic to a power series ring of two variables
(see Remark 6.3), Z[[ G ]] does not have such a simple expression, and we need a
precise study of the annihilators.

We use Theorem 1.1 to define universal measures for Jacobi sums, which agree
up to “cyclotomic units” with Anderson’s adelic beta functions. Since H;(Xy,Z)
is isomorphic to the Tate module of the Jacobian variety, or to the étale homology
by Artin’s theorem, and Xy is defined over (), it has an action of the absolute Galois
group Gg. By Theorem 1.1, the G -action is converted to an action of Z[[ G, ]|, and
we obtain a continuous map Go — Z[[Ge ]]*; & ~ F,. This map is in fact a cocycle in
the sense of group cohomology. Each F, is naturally regarded as a Z-valued measure
on Go,. Then it defines a function (Q/2)®* - (Q® ® Z)* by integrating a character
of G, indexed by (a, B) € (Q/Z)®* (see Section 7). Our measures F, interpolate all
the Jacobi sums ]?\]b(v) (see Section 8 for the definition). The following is a special
case of Theorem 8.1.

Theorem 1.2 Letv + N beaprime of Q. (un) and let o € Gy, be a lift of Frobenius
atv. Forany a,b € Z/NZ witha,b,a+ b # 0, we have

a b .a,b
ﬂ/(FU(N,N)) —]N (V)®1
for any { # char(F,), where 7;: Q® ® 7 — Q™ ® 7, denotes the projection.

When N is a power of £, the ¢-part of the formula above is due to Thara [8]. The
general case can be deduced from Anderson’s result [3] on values of his hyperadelic
gamma functions (see Remark 8.2). So our novelty lies in the simplicity of the proof.
Instead of the Tate modules of the Jacobians, we will use the motivic decomposition
of the Fermat curves studied in [12], whose essential idea goes as far back as Weil
[16]. An advantage here is that we only need to treat projective curves and the usual
homology (without boundary).

This paper proceeds as follows. In Section 2, we introduce the cycles x* and also
cycles v"* with Q-coefficients. Then we give a basis of H; (X, Q)) and its annihilator.
In Section 3, we compute the cup products among w®? and the intersection numbers
among k" and v"*. In Section 4, we give a basis of the integral homology H; (X, Z),
reprove Rohrlich’s cyclicity, and determine the structure of the annihilator. In Sec-
tion 5, we study the homology and relative homology of affine Fermat curves. In
Section 6, we let N vary and obtain the freeness of the projective limit. In Section 7,
we define our measures and discuss how they relate to the Ihara—Anderson theory.
In Section 8, we prove the interpolation of Jacobi sums.

2 Cycles and Periods

Fix an integer N > 2, and let X = Xy and G = Gy be as in the introduction. By the
Riemann-Hurwitz formula, the genus of X is (N —1) (N —2)/2. We write an element
(1,s) € G also as ¢"* and the addition multiplicatively, i.e., g"*¢"* = g"*"***. We fix a
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primitive N-th root of unity ¢ = exp(27i/N) and let G act on X by
£ (x0:50:20) = (C"%0:C°y0:20).

The commutative group ring Z[ G] acts on the homology (resp., cohomology) groups
by the push-forward (resp., pull-back). Define a path 6:[0,1] - X by

5(t) = (N1 -1)N:1) e X(R).
If we put
K= (1-g7)(1-8")9,

it becomes a cycle and defines a class in H (X, Z), which we denote by the same letter.
By definition, x"° = k% = 0. Define elements of H; (X, Q) by"

1 1.5 r.s 1.5
YR, AP =g"y ((rs) €G).

iy
N? (r,5)eG

Define elements of Z[ G] by

t= Zgr,s, v = Zgo,s, h _ Z:gr.,o7 d — ng'

N T

There are obvious relations:

(2.1) t=vh=hd=dv, v*=Nv, h’=Nh, d*=Nd,
tg =t, vg"” =vg"’, hg" =hg", dg"=dg .

Define an element of Q[G] by

1 . S 1
p= ﬁ;(l—g’o)(l—go’ )= 37 (N* = Nh—Nv+t).

Then, by definition, v = pd. Using (2.1), one easily sees that p is an idempotent,
i.e, p* = p. In particular, py = v and py"* = 7. We can recover k" from ~; since
(1-g")(1-¢") = (1-g")(1-g")pby (2.1), we have
(2.2) K= (1-¢"0)1-¢")y.
For a € Z/NZ, let (a) € {0,1,...,N — 1} denote its representative. For each
(a,b) € G, define a rational differential 1-form on X by
(23)  wob oy 0N qaon DY (e - B
x y u’
where x = Xo/20, ¥ = y0/20, 4 = 20/X0, V = yo/%0. It is an eigenform for the G-action:
g 5wt = ¢r+bsyab Define a subset of G by
I:{(a,b) EG|a,b,a+b#O}.

It is clear from the above expression that w®? is a differential of the second kind if
and only if (a, b) € I, and is of the first kind if and only if (a) + (b) < N. For (a,b) €I,
we denote the cohomology class of w*’ in H' (X, C) by the same letter. Almost by
definition, we have for (a,b) €I,

ab . a, 1 a
Q0 = /6‘” "= ﬁB(%»%)

The use of y was suggested by Kenichi Bannai.

https://doi.org/10.4153/CMB-2016-012-0 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2016-012-0

Homology of the Fermat Tower and Universal Measures for Jacobi Sums 627
where B(a, 3) = ]01 x71(1 = x)P! dx is the beta function ([15,17]).

Lemma 2.1 (i) Forany (a,b) €I, we have fv wht = Qb
(ii) The set {w*® | (a,b) € I} is a basis of H' (X, C).

Proof By adjointness, we have /. w*" = [; pw™” and (i) follows, since
a 1 ar S a a
puw’ = 3 (1= ¢ (1 = () = Wt
r,s
Since Q*? > 0, w™* € H'(X,C) is non-trivial. Since w™" are proper vectors for the
G-action with different characters and |I| = dim H' (X, C), we obtain (ii). [ |
Let Ann(X, Q) c Q[G] be the annihilator of H; (X, Q). Put
v, =vg"’, hy=hg"™, d,=dg"° (rsteZ/NZ).
Note thatt=3,v, => h,=3,d,.
Proposition 2.2 (i)  The group Hy(X, Q) is a cyclic Q[ G]-module generated by .

(i) Theset {t,v,, h;,d; | r,s,t # 0} is a basis of Ann(X, Q).
(i) The set {~"*| (r,s) € I} is a basis of H, (X, Q).

Proof Since |. s wht = b0l the set

1
{ ﬁ Z C—(ar+bs),yr,s

is a basis of H; (X, C) dual to {(Q**)"'w®" | (a,b) € I}, hence (i) follows. We show
that t,v,, h;,d, € Ann(X,Q). Using (2.1), one sees easily that tp = v,p = hyp = 0,
hence ty = v,y = hyy = 0. On the other hand, since

a,b _ oat (a+b)rQa.b =0
S et =c e

for any (a,b) € I, we have d; € Ann(X,Q). Since the numbers of elements in the
set of (ii) and {g"* | (r,s) € I} sum up to N* = dim Q[G], we are left to show their
independence. Suppose that

at + Z bv, + Z chg + Z dd, = Z g™ (a,by,c,d, € €Q)
T S t s

(a,b)el}

with by = ¢y = dy = 0 and €™ = 0, unless (r,s) € I. First, ¢"® = 0 (resp., e"* = 0, > = 0,
e"”" =0) implies a = 0 (resp., b, +d, =0, ¢, +d_, = 0, b, + c_, + dp, = 0), so we have
dy, = 2d, for all r. Let N = 2°M with odd M. If M = 1, we have 2°d, = dye, = dy = 0,
hence d, = 0. If M > 1, let f be a positive integer such that 2/ =1 mod M, so that
2¢*f = 2¢ mod N. Then we have 2/ dye; = dyers, = dpey, which implies doe, = 2°d, = 0.
In any case, we have d, = 0, and hence b, = ¢, = 0 for all r. Therefore, e** = 0 for all r,
s, and we are done. |

Corollary 2.3  For any m € 7/NZ, we have ¥,y /ny k"™ = N7. In particular,
N~ e Hy(X,2).
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Proof Since ¥,cy/n7(1-¢"")(1-¢"""") = N-v-h+d_,, this follows from (2.2)
and Proposition 2.2 (ii). [ |

3 Intersection Numbers

The general reference for this section is [6, Chap. 0]. For u, v € H(X,Z),letujjveZ
denote the intersection number. Let

(-, '):HI(X7(C)><H1(X,(C)—>(C

be the canonical pairing. By the Poincaré duality, for any u € H;(X,Z), there is a
unique element 7, € H' (X, C) satisfying (u,w) = deg(n, uw) for all w € H'(X, C),
where U is the cup product and

> 1
deg: H*(X,C) — C, @+ — f(p
271 JX
is the degree map. Then we have
1 1
(3.1) ufv=—deg(n,un,) = —(u,n).
271 271
If w, 7 are differential forms of the second kind, then we have
(3.2) deg(wun) =>" ResP(n / w) .
PeX

Here, [ w is a primitive function of w on a small neighbourhood of P, and Resp
denotes the residue at P, which does not depend on the choice of j w.

Proposition 3.1  For any (a,b),(c,d) € I, we have deg(w™ U w"?) = 0 unless
(¢,d) = (-a,-b), and

o 1
deg(w"” L™ ™) = G
vty !
Proof The first assertion is clear, since
wa,h U wc,d _ gr,swa,b U gr,swc,d _ g(a+c)r+(h+d)swu,b U Wc,d

for all (r,5) € G. By (2.3), both w™ and w™*" are holomorphic except at R, =
(1:£¢":0) (n € Z/NZ), where we put £ = exp(mi/N). At R,, u = zo/xo is a local
parameter, and we have

f Wb TL (@I 0N et e N0 B
N - ({a) + (b)) u
Therefore, we have
1 -1
R —a,~b / ab\ _ n\=N _
(7 [ o) = @ € Ry

for each 1, hence the second assertion follows using (3.2). ]
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Lemma 3.2 Let~y € H(X,Q) be as defined in Section 2. Then we have

(a,b)el

Proof By Lemma 2.1, we can write 1, = ¥ (4 p)er b, By Proposition 3.1 and
(3.1), we have

a,b
o -b (77 b) _ Cu,b deg(wa.b Uw—u,—b) _ c )
N TN
Hence, the lemma follows. |

Proposition 3.3 Forany (1,s) € G, we have:

0 if r=0,5=0,
(N-1)(2(s)=N) ifr=0,s#0,
(N-1)(2(r)=N) ifr#0,s=0,
2AN=(r)=(s)) i r#0,5£0.

2N* () =

Proof First, we have
1 1S 1

1, = — ’ )y = —
LA 27|'i(,y 7777) 27

Z Ca,b(,yns, wa.b)

(a,b)el

with ¢*? as in the proof of the lemma above. Then, by the compatibility of the
G-action on homology and cohomology under the pairing, we have

(,yr,s’w > ('7 grswa b) CaHbS(’V,wu’b) — CquSQu’h.

Hence, we have

5 1 T a o )
fy’SuW:zTri Z C“bs((?i)Jr%)_l)Q a-beyab
(a,b)el
By using the functional equations
L(a)T(B) -
B = Tarp L‘latl)=al I'(1-a)I(a) =
(v, 8) T(at )’ (a+1)=al(a), T(1-a)l(a)=——r,
we have

—~

((a) <b)_1)qu,bea,b:_L Sm(% % )
N? sm( —ﬂ) sm(% )

_277”' 1_<a+h (1+<a 1+<b)
N2 (1-¢)(1-¢t) ~ N2\1-¢o 1=¢0/

N N

Therefore, we have

2N2 7,5 ar+bs 1+C 1+<b ar+bs 1+<a 1+Cb
(Y §7) (ug)dc ( —at ) u%g( ( =t —C”)

:Zcbszcarl+<a +Z<arzcbsl+c

b#0  a#0 1-¢° a#0  b#0 1_Cb

https://doi.org/10.4153/CMB-2016-012-0 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2016-012-0

630 N. Otsubo

Now the result follows, since

arl+<u_ 0 (7‘:0),
#ZOC 1—("_{2(r)—N (r#0). "

Corollary 3.4 (i) Forany (r,s), (k,1) € G, we have

0 if r=k,s=1

(N-1)(2(s=1)=N) ifr=k,s#l,

(N-1)(2(r-k)-N) if rtks=1

2IN=(r=k)—(s=1)) ifrtks#l
(ii) Foranyrs,k,1# 0, we have

1 if (r) < (k), {s) < (I) or {r) < (k) (s)

R PRE = =1 f () 2 (K), () > (1) or (r) > (k). (s)

0 otherwise,

i.e., for a fixed (k,1),

2N2 (ryr,s u ,Vk,l) _

I
1 1 1 0 0|
o 1 -« 1 1 0O - 0
(K"K )rs= k|1 « 1 0 =1 - -1
0 0 -1 -1 -1
0 0 -1 -1 -1

Proof Since v §7* = (g7h7y™) j(g7" k) = 47, (i) follows from the
proposition, from which (ii) follows using £ = 420 — 470 — 40 4 47, [ ]

Basis of the Integral Homology and the Annihilator

Theorem 4.1 Foranyi # 0, any one of the sets

{k"|r,s#0,r#i} or {K"|rs#0,s#i}
is a basis of H, (X, 7).

Proof We only consider the set {k"* | r,s # 0,5 # N — 1}; the other cases are similar.
By the existence of a symplectic basis, it suffices to show that the determinant of the
intersection matrix is 1. Renumber the elements by the lexicographic order:

1,1 _ 1N=2 _ 2.1 _ N-1,N-2
Kil=KR ,...;,AN-2 =K yKN-1 = K 7"'7/€(N—1)(N—2)_"{ .

Let M = (ki ;)i ; be the intersection matrix. By Corollary 3.4(ii), we have M =
U - 'U, where we put an (N - 2) x (N - 2) matrix (resp., (N — 1) x (N - 1) block
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matrix) as:
1 1 - 1 U U U
o 1 - : 0 U :
U= o .1 U= N A
0« 0 1 0 « 0 U
The determinant [M| is computed as follows. Put
0 1
__qrltrr R
J=-U v 0 1
1 e -1 -1

By the Cayley—Hamilton theorem, we have Y¥;? J' = O (the zero matrix). By the
multilinearity of the determinant, we have (I is the unit matrix and the blank is O)

I+] I« I | [I+] I - 1

JoI+] - : -1 ]

e

J ] I+ -]

O - O Ziﬁl Ji

g N-1 N-2

= o =’ZI":I+]Z]‘:1.
- i=0 i=0
-1 T

Hence, the theorem is proved. u

Remark 4.2  For a specific N, one easily finds a symplectic basis of H;(X,Z) by
using the computation of M as above. See Guardia [7] and Kamata [10] for related
works.

Corollary 4.3 (Rohrlich [15]) Ifr,s € (Z/NZ)*, then H\(X,Z) is a cyclic Z[G]-
module generated by k™.

Proof Let " denote the class of k! in H, (X, Z)/Z[ G]x". Since

kil s _ Kk+r,l+5 _ Kk-%—r,l _ k1l

K
for any (k, 1), (,s) € G, we have

K,k’lﬂ + K

gmr,nsK:r,s _ K(m+l)r,(n+l)s _ H(m-#l)r,ns _ K/mr,(n+1)5 4 pomrns
Therefore, U1 = grmn(mel)s — gmins _ o implies 7" D571 — 0, By induction
starting with 70 = % = 0, we obtain &™"™ = 0 for any m and n. Since r, s are
invertible, it follows that & = 0 for any (k, 1) € G. [ |

We determine the annihilator Ann(X,7) c Z[G] of H;(X,Z). By Corollary 4.3,
for any r,s € (Z/NZ)*, we have an exact sequence

0 — Ann(X,Z) — Z[G] 25> H(X,Z) — 0.
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By Proposition 2.2(ii), the set {t,v, hy,d, | r,s,t # 0} generate a submodule L c
Ann(X,7) of finite index. If we put

s= % g e7[G),

0<r<s<N

then one easily verifies

(4.1) Ns=- Z r(v.,—h,-d,).
0<r<N

In particular, s € Z[G] n Ann(X, Q) = Ann(X,Z). Rohrlich [15, Note 1] stated that
Ann(X,7Z) is generated by L and s. A proof is provided by Lim [11, Proposition 4.1].
We prove the following refinement.

Proposition 4.4  The group Ann(X,Z)/L is cyclic of order N, generated by s.

Proof By Proposition 2.2(ii) and (4.1), s is of exact order N mod L. Ifg € Ann(X,Z),
there exists an integer n such that ng € L; let

ng = at+ Zbrv, + chhs + Zd,dt
r s t

with by = ¢y = dy = 0. By comparing the coefficients of g, we have a = 0 (mod n).
Similarly, we obtain b, + ¢; + d,—s = 0 (mod n) for all r,s € Z/NZ. This implies
b, = —¢, = —d, (mod n) and hence b, = b, + b,_; (mod n). It follows that b, = rb,
(mod n), hence Nb; =0 (mod n). Therefore, we have

ng=b; Zr(v, -h,-d,) =-Nb;s (mod nL),

r

hence g = —NTh‘s (mod L). [ |

5 Affine Curves and Relative Homology

Let Y c U be open subvarieties of X defined respectively by
Yixoyozo #0, U:zg #0,
andputZ=X-Y,V=X-U,W =U -Y. These are stable under the G-action. Put
Py=(0:¢":1), Q= (¢":0:1), R, =(1:60":0),
where ¢ = exp(7i/N) as before. Then we have
V ={R,|neZ/NZ}, W={P,,Q,|neZ/NZ}, Z=VUW.

5.1 Homology of U

First, consider the exact sequence of Z[ G]-modules
(5.1) 0 — Hy(X,Z) — Ho(V,Z) — H(U,Z) — Hy(X,Z) — 0.

It follows that H, (U, Z) is a free Z-module of rank (N —1)2. The cycles " and hence
v, ¥ are already defined on U. By abuse of notation, we also write their classes in
H,(U,Z) or H; (U, Q) by the same letter. Let Ann(U, Q) c Q[ G] be the annihilator
of Hy (U, Q).
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Proposition 5.1 (i) Thegroup H,(U,Q) is a cyclic Q[ G]-module generated by .
(ii) Theset {t,v,,h;|rs# 0} is a basis of Ann(U, Q).
(ili) The set {v"* | r,s # 0} is a basis of H; (U, Q).

Proof One shows as in Lemma 2.1 that H' (U, C) is generated by {w®® | a,b # 0}.
Note that, even if a + b = 0, w*® (a,b # 0) is holomorphic on U with logarithmic
poles along V and Q* = j7 w™? is a positive real number. One proves similarly as
before that {~"* | (r,s) € G} generate H;(U,Q)), from which (i) follows. The proofs
of (ii) and (iii) are also similar (and easier). [ |

Proposition 5.2 (i) Theset {k" | r,s # 0} is a basis of H; (U, Z).
(i) Ifr,se (Z/NZ)*, then H,(U,Z) is a cyclic 2| G]-module generated by ™.

Proof (i) The image of Hy(V,7) — H;(U,Z) is generated by the classes £(R,) of
small loops around R,, (n € 7Z/NZ) in the positive orientation. By (5.1) and Theo-
rem 4.1, it suffices to show that £(R,) is a Z-linear combination of x"*’s. First, one
computes

/' ap_ | 2mi(ECY (a+b=0),
«x o (a+b#0).

On the other hand, by Propositions 2.2(ii) and 5.2(ii), Ker(H,(U,Q) - H;(X,Q))
is generated by {d, | t € Z/NZ}, and
i sin b=0
ab _ ~at (a+h)rQa,b _ C 71—/Sln N ((1 +to= )7

fd,#’ ¢ ZC {o (a+b#0).
Comparing these, we have j;(R“)w“*b = fadn w* for any a,b # 0, hence
e(R,) =d_,—1y — d_,~. Since

Aot —doy = (17 ) (1 -g") — (1-g ) (1))

wehaved_, ;v -d_,v=3,(k" """ — k7™") by (2.2), and (i) is proved. Then (ii)
follows from (i) exactly as in the proof of Corollary 4.3. ]

Remark 5.3 In a similar manner to the proof of Proposition 4.4, we can show
that the annihilator Ann(U,Z) c Z[G] of H,(U,Z) is a free Z-module generated by
{tavryhs | s % 0}‘

5.2 Relative Homology of (U, W)
Second, consider the exact sequence of Z[ G]-modules:

de
0 — H\(U,Z) — H(U,W;Z) -5 Ho(W,Z) =& Hy(U,7Z) —> 0.

It follows that H, (U, W;Z) is a free Z-module of rank N*. The path § defines a class
in H, (U, W;Z), also denoted by the same letter, such that 9(d) = Qp — Po.

Proposition 5.4 (Anderson [1, Theorem 6]) H;(U,W;Z) is a free cyclic 7| G]-mod-
ule generated by 6.
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Proof Since 9(¢"°0) = Q,— P, it follows that Z[ G]0 surjects to Ker(deg). By Propo-
sition 5.2, H; (U, Z) is generated by ™ € Z[G]d. Therefore, H; (U, W;Z) is gener-
ated by ¢ as a Z[G]-module, and it is free for the rank reason. [ |

Remark 5.5 The above sequence with Q) -coefficients is an exact sequence of mixed
Hodge structures, and H; (U, Q) ~ W_H, (U, W;Q), where W, is the weight filtra-
tion. Therefore, p gives a retraction of the filtration, sending d to v, and induces an
isomorphism Gr", H, (U, W;Q) ~ H,(X, Q).

5.3 Homology of Y

Finally, consider the exact sequence of Z[ G]-modules

0 — Hy(W,Z) — H,(Y,Z) — H,(U,Z) — 0,
where the map ¢ sends the class of P € W to the class £(P) of a small loop around P
in the positive orientation. It follows that H, (Y, 7Z) is a free Z-module of rank N* + 1.

The following is immediate from Proposition 5.2.

Proposition 5.6  Foreach (r,s) € G, choose alifting K™ € H,(Y,Z) of k™ € H, (U, Z).

(i) Theset{e(P,),e(Q,),R"” | n,r,s € Z/NZ,1,s # 0} is a basis of H; (Y, Z).
(i) If s € (Z/NZ)*, then H,(Y,Z) is generated by {e(Py),e(Qo),K*} as a
7| G]-module.

If we work with Q) -coefficients, there is a canonical choice of the lifting. Since p
annihilates Hy(W,Q ), the map

PH\(U,Q) — H (Y,Q); ¢ pe,

where ¢e H (Y, Q) is any lifting of , is well defined and gives a section of the Q[G]-
homomorphism H;(Y,Q) — H; (U, Q).

Proposition 5.7

(i) AsaQ[G]-module, H (Y, Q) is generated by {(Py),=(Qo),P7}-

(i) Theset{e(P,),e(Qu),PY" | n,1,s € Z/NZ, 1,5 # 0} is a basis of H; (Y, Q).
(iit) The set {dx/x,dy]y,w™" | (a,b) # (0,0)} is a basis of H' (Y, C).

Proof Part (i) is obvious, and the others follow from the following table of the
canonical pairing H, (Y, Q) x H'(Y,C) - C:

| & WM (b£0) Y w0(at0) W (ab#0)

J
e(P,) 2w 2mid™ 0 0 0 -
e(Qn) 0 0 2mi 2mi™" 0
Py’ (rs#0) | 0 0 0 0 ot
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6 Projective Limits

Now, we let N vary and study the projective systems of homology groups. All the
objects studied earlier are written with the subscript v, e.g., Xn, g € Gn» (N> ON> K>
'y;\’,s . If N divides M, we have a morphism

M M M
TI'M/NZXM — Xn; (x0:y0:20) — (on 7y :ZON).

It is compatible with the natural surjection Gy; - Gy and respects all the subvarieties
defined in Section 5. Since myyn © T/ = TN, the curves Xy form a projective
system. For a ring R, we define H;(Xo,R) = l(ir_nN H;(Xy,R). It has the natural
structure of a module over the completed group ring R[[G]] := l(iLnNR[GN]. We
apply similar notations for other (relative) homology groups.

For N | M, the image of ) under 7y is clearly y. The ring homomorphism
Q[Gum] = Q[Gn] sends gy; (resp., pm) to gy (resp., pn). Hence, we have elements

0o := (ON)N € HI(Uoo, Woos ), K = (k)N € H (Uso, Z),
Yoo = (WINs Yoo = (W)N € Hi(Ueo, Q),

where r,s € 7 := l(iLnN Z/NZ. By abuse of notation, the images of K%, Voo, 72 in the
homology of X, are written by the same letters. By Proposition 5.4, for any ring R,
Hi(Uso, Woo; R) is a free cyclic R[[ G |]-module generated by d.

Theorem 6.1 Let R be a profinite ring.

(i)  Foranyr,seZ", Hi(Xoo,R) is a free cyclic R[[ Goo ||-module generated by k.
(ii) The natural maps H, (Yoo, R) - H(Us,R) - H; (X, R) are isomorphisms of
R[[Goo J]-modules.

Proof LetR = l(i£1AR,\ with R finite. Since H;(Xy,R) = l(iLn/\Hl (XN, Ry), we can
assume that R is finite. (i) Consider the exact sequence

0 — Ann(Xy,R) —> R[Gy] —> Hy (X, R) —> 0.

Since H;(Xy, R) are finite, the functor l(iin preserves the exactness, so we are re-
duced to showing that lim Ann(Xy, R) = 0. By Proposition 4.4, Ann(Xy, R) is gen-
erated by ty, Vv, hi s, dy and sy. If M = dN, the homomorphism Z[ Gy | — Z[Gy]
sends tas, Varr hars, dary, sy to dty, dvy,, dhy g, ddyy, dsy + %(d — 1)dty, respec-
tively. Hence, we have

N Im[Ann(XdN,R) — Ann(XN,R)] = () nAnn(Xy,R) =0,

deZs nelso

and the assertion follows. (ii) We prove the second isomorphism; the other one is
similarly proved. By (5.1), we have the following commutative diagram with exact
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rows for M = dN:

0——=( @& Re(Ry))/RAN — Hi(Un, R) — Hy(Xu, R) —0
meZ[MZ.

0——=( ® Re(Ry))/RAy —= Hi(Uy,R) —= Hy(Xy,R) —=0,
neZ/NZ

where we put Ay = ¥, £(R,). Since the ramification index of Xj; — Xy at each R,
is d, the class £(R,,) maps to de(R,). Therefore, by applying the functor l(ir_nN, we
obtain the isomorphism similarly as above. ]

For r,s € 7, write

8o = (g)n €lim Gy.
N

Since Hy(Uoo, Z) = (1 = g29)(1 = g% )H  (Uoo, Woo3 Z) for any r,s € Z* and it is free
by Theorem 6.1, we obtain the following corollary.

Corollary 6.2 Foranyr,se 2%, (1-g:0)(1 - ¢%) € Z[[ G ]] is not a zero-divisor.

Remark 6.3 For a prime /, the same proof as above applies to the ¢-adic version.
For any r,s € Z;/, we have isomorphisms

Hy (Y, Z4) — Hy (Ugeo, 2) —— Hy (Xge=, )

of free cyclic Z;[[ Gy~ ]]-modules generated by ;2 = (£, ),. This gives an alternative
proof of the freeness of H; (Xye,Z;) due to Thara [8]. In [3, Section 13.4], Anderson
gives another proof starting with the freeness of H; (Uyes, Wys37;). Similarly as the
standard Iwasawa algebra of one variable, we have an isomorphism

(6.1) Z([Ge=]] — Z4[[S, T]]

sending g/~ to (1-8)"(1-T)*. Since (1-g2)(1 —g?;gl) corresponds to ST, which is
not a zero-divisor, the freeness of H; (U, Z,) follows. This argument is particular
to the £-adic case.

7 Definition of Measures

Let Q be the algebraic closure of Q) in € and put Q* = Uy Q(uy). For a subfield
K c @, let Gk = G(Q/K) denote the absolute Galois group.
Recall Artin’s isomorphism between étale and singular homology [4, Exposé XI]

v H Xy, ZJMZ) = H,(Xy,Z/MZ).

Since Xy is defined over Q), Gy, acts on the left member. Since the ¢ are compatible
with my/n, G acts on the limit

HY'(Xeo,Z) = lim Hy'(Xy, Z/MZ).
N.M
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Fix r,s € Z* and put kg = 17 (k%) € H¥(Xoo,Z). By Theorem 6.1, we can define a
continuous map

F:Gg — Z[[Gs]]; o+ F,

by ok = F, ke Identifying Gy =~ un®?, G acts on Gy via the cyclotomic character
X:Go —» 7%, i.e, ogl = g™ hence Gy acts on Z[[Ge ]| Then F becomes a
cocycle in the sense of group cohomology, i.e.,

(7.1) For =0F; - Fs.

In particular, the restriction Goa — Z[[ Ge ]| is a continuous homomorphism. This
is the adelic generalization of Thara’s £-adic universal power series for Jacobi sums [8]
(recall (6.1) for the wording “series”).

Using d. instead of k75, a cocycle

B:Gy — Z[[Ge]]; o+ B,

is similarly defined. This is Anderson’s adelic beta function [3]. As is clear from the
definitions, we have

(7.2) (1-gi) (1= g2)Fs = (1= g{7™) (1 - g2 7*)B,.

By Corollary 6.2, F, and B, characterize each other. In particular, if o € Ggw, then
F, = B, and F, does not depend on the choice of r, s € Z*.
Following Anderson, we regard an element of Z[[ G, ]] as a function on (Q)/7)®?

as follows. It is natural to identify an element F € Z[[ Go, ]] with a Z-valued measure

pir on Goo3 if F = (X, e7/n7 cN &N N> then for any ¢35 € Geo,

117 (g + NGoo) = ¢
For «, 8 € /7, define a character by
0" Goo — (™) P (g5) = exp 2mi(ra + s3).

We define a function F: (Q)/Z)®? - O* ® 7Z, written by abuse of notation using the
same letter, by

Flag)= [ ¢ dur.

If Na = N§ = 0, then ¢®” factors through Gy and defines a ring homomorphism
0B 7[Gn] - Q(pn) ® Z. Then F(a, () is nothing but the image of F under ¢*
composed with the natural projection Z[[ Gos ][] = Z[ Gn]. Moreover, the restriction

G(OZ(uN) - (<01(MN)®7Z)X> U'_)Fa(aaﬁ)

is a homomorphism. We also have
(TF)(e, 8) = F(x"'(T)a,x7'(7)8),  7(E(a,B)) = F(x(7)a, x(7)B)

for any 7 € G. Here, 7F means the function corresponding to 7F € Z[[ Go. ]].
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Ifa=0o0rp =0, then B,(a,3) = 1 ® 1 for any 0 € Gq [3, Theorem 1 (I)].
Therefore by (7.2), we have for « = a/N, 3 = b/N € Q/7Z - {0}

1— X((T)ufl_ x(o)bs
S Y ® 1| Bs(a, ),

Fo(a, B) =(

1-¢y  1-¢%
1— C])\(]((r)ar 1— C])\(](U)bs
Fg(a,0)=ﬁ®x(0), FU(Oaﬁ):ﬁ®X(U)7
N N

F,(0,0) = 1®x*(0).

Note for example that, for a positive integer ¢ = x(o) (mod N), we have

0,s

1- gO,X(U)s
P ) 2t e ) 2 (mod )
— 8N

8 Interpolation of Jacobi Sums

Let K c QO be a subfield containing yy and let v + N be a prime of K. Let IF, denote
the residue field at v and put N(v) = |F,|. Then the N-th power residue character
Xvi X = gy is defined by x, (x) = xNW=D/N (mod v). For a, b € Z/NZ, the Jacobi
sum at v is defined by

e ==Y EX) Q).

x,yel¥ x+y=1

If only one of a, b is 0, then j%(v) = 1. If a # 0, then j%™(v) = x%(~1). Otherwise,
—a,—b

we have | %P (v)* = /%2 (v) jx= " (v) = N(v). For a prime number 4, let 7: Q® @ Z —
Q* ® 7, denote the projection.

Theorem 8.1 (Anderson [3]) Let a,b € Z/NZ satisfy a,b,a+b # 0. Let K be a
number field, v + N be a prime of K and o € Gk be a lift of Frobenius at v. Let w be a
prime of K(un) above v and put q = N(v), f = [F,, : F,]. Then we have

gus

i

a b
"N

=

)) (w81

z|

for any £ # char(F,).

Remark 8.2 When N is a power of ¢, the formula for the /-component was proved
by Ihara [8, Theorem 7]. The theorem can also be derived from [3, Theorem 6]
using a decomposition of B, (resp., Jacobi sum) into hyperadelic gamma functions
(resp., Gauss sums), the cocycle property (7.1) for B,, the relation (7.2) between F,
and B,, and the Davenport—Hasse relation.

Proof By (7.1),wehaveF,; = ]'[{;01 o'F,. Since

(0'F;) (. B) = Fo (X7 ("), x 7' (6")B) = Folq” av,q7'B),
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we are reduced to the case where f = 1, i.e., uy ¢ K. For any a,b € Z/NZ, define a
projector to the gp%’% -isotropic component by

a, 1 —(ar+bs) rs
el = 53 >N e un) [Gy]-

We regard an element of Gy as an algebraic correspondence from Xy (over Q (uy))
to itself by taking the graph. The pair (X, ei}b) defines a Chow motive over Q.(pn)
with coefficients in Q.(uy) (see [12, Section 2.1]). Then we have a decomposition in
the same category
HXn) = B (K€
a,b,a+b#0

[12, Section 2.8], which yields an isomorphism of Ga () -modules

HY' (Xn,Z0) @ Q(un) = @ e (H' (Xn, 70) © O(uw)) -
a,b,a+b#0
By [12, Section 3.4], each component of the right member is one-dimensional over

Q(un), and the Frobenius at v 4+ N acts on it as multiplication by j?\}b(v) (see the
remark below). Hence the theorem follows. [ |

Remark 8.3 By the Poincaré duality, we have an isomorphism H$'(Xy,7,) =
H} (Xn,7¢(1)). Here, Z;(1) denotes the Tate twist, on which Gy acts via the cy-
clotomic character. These are also isomorphic to the ¢-adic Tate module of the Ja-
cobian of Xy. By [12, Section 3.4], the geometric (=inverse) Frobenius at v acts on
P (HL (Xn, Z0) ® Q(un)) by 57 (v). Since the action of ¢ € Gy on the homology
corresponds to the action of ¢! on the cohomology, the Frobenius at v acts on the

homology by N(v)/jn"""(v) = ju’ (v).

Recall that, by Weil [16], for a,b € Z/NZ such that a,b,a+ b # 0, j}z\}b defines a
Hecke (quasi-) character j?\’,h:GQ(MN) — Q(un)* of conductor dividing N* which
sends any Frobenius at v + N to jy (v).

Corollary 8.4 Leta,be7Z/NZ satisfy a,b,a+ b # 0. Then the homomorphism

7\ X a b
Gogu) — (Qpn) ®7) 5 o+— Fa'( N’ N)
coincides with the Jacobi-sum Hecke character j;}h.

Proof For each prime /, the coincidence of the /-component on a Frobenius at v is
proved in Theorem 8.1 for all primes v of Q (un) not dividing /N. By the Chebotarev
density theorem, we obtain the coincidence on the whole G, )- u
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