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1. Introduction. Examining certain problems in physics 
M. Hosszu [ l ] obtained the functional equation 

(1) f(x+y)2 = [f(x) + f(y)]2 , 

where x, y, f a re r ea l . 

In another paper M. Hosszu [2] proved that the equation (1) 
is equivalent to the functional equation of Cauchy; i. e. , to the 
equation 

(2) f(x+y) = f(x) + f(y) 

under the assumption that x is real and f is rea l and continuous. 

H. Swiatak [3] examined a generalization of the equation (1) 
in the class of continuous functions. 

A similar alternative functional equation is considered in 
a paper of J. Aczél, K. Fladt and M. Hosszu [4], 

At the end of his paper M. Hosszu puts the question: what 
is the general rea l solution of the equation (1) ? E. Vincze was 
the f i rs t to give an answer to this question in his papers [5], [6], 
[7], He proved that the functional equation 

(3) f(x+y)n = [f (x) + f (y ) f 

is equivalent to the functional equation of Cauchy, where x, y 
a re in an additive Abelian semi-group, f is an a rb i t ra ry complex-
valued function and n is a natural number. 
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In the p a p e r [8] we a l so a n s w e r e d the p r o b l e m of M. H o s s z u 
independen t ly of E . V i n c z e . The p u r p o s e of the p r e s e n t p a p e r i s 
to g e n e r a l i z e the o r i g i n a l p r o b l e m to n o r m e d s p a c e s . As our 
p a p e r [8] was pub l i shed in H u n g a r i a n we do not suppose h e r e that 
our r e s u l t s , pub l i shed t h e r e , a r e known. 

2 . Le t Q be an a r b i t r a r y addi t ive ly w r i t t e n s e m i - g r o u p , 
le t H be a H i l b e r t s p a c e , and let f be a mapping of Q into 
H ; th i s wi l l be denoted by f: Q-^H . 

T H E O R E M 1. The funct ional equa t ion 

(4) l|f(x+y)|| - ||f(x) + f (y ) | | 

i s equ iva len t to the equat ion of Cauchy 

(5) f(x+y) = f(x) +f(y) 

if f : Q->H . 

P r o o f . Ev iden t ly i t i s suff icient to p r o v e tha t e v e r y so lu­
t ion of the equa t ion (4) s a t i s f i e s the equa t ion (5). In what fo l lows, 
we s h a l l suppose tha t f: Q-*H , and f s a t i s f i e s the equa t ion (4). 

We a r e going to show that 

(6) f(2x) = 2f(x) . 

The a s s e r t i o n is ev iden t if f(x) = 0 (where 0 is the z e r o e l e m e n t 
of the H i l b e r t s p a c e ) . 

F r o m the equa t ion (4) we obta in only 

(7) | | f (2x ) | | = Z ||f (x) || . 

F u r t h e r , i t i s t r u e tha t 

(8) | | f(3x) | | = ||f(2x) + f (x ) | |< | | f(2x) | | + | | f(x) | | = 3 | | f (x) | | , 

| | f (4x) | | can be obta ined in two w a y s : 

(9) | | f(4x)| | = ||f(x) + f ( 3 x ) | | < || f Cx) || + | | f (3x) | |< 4 | | f (x) | | , 

(10) | | f(4x)| | = | |f(2x) + f (2x ) | | = 4 | | f (x) | | . 
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F r o m the equa t ions (9) and (10) we get 

(11) ||f(x) + f(3x) | | = 4 | | f ( x ) | | ; 

h ence 

| | f (3x) | | = 3 | [ f ( x ) | | , 

tha t i s , in the equa t ion (8) 

| |f(2x) + f ( x ) | | = | | f(2x) | | + | | f (x) | | . 

As the H i l b e r t s p a c e h a s the p r o p e r t y tha t the equal i ty in 
the t r i a n g l e inequa l i ty e x i s t s if and only if one s u m m a n d i s a 
n o n - n e g a t i v e s c a l a r m u l t i p l e of the o the r , 

f(2x) = \ ( x ) f ( x ) ( Y ( x ) > 0 ) . 

F r o m the equa t ion (7) and f(x) ^ 0 we get v(x) = 2 . 

We compu te | | f(2x+y)| | in two w a y s : 

(12) | | f(2x+y)| | = | |2f(x) + f ( y ) | | = ||f(x) + f (x) + f ( y ) | | 

and 

(13) | | f (2x4y) | | = ||f(x) + f (x4y) | | , 

f r o m which we get 

(14) ||f(x) + f (x+y) | | = ||f(x) +f (x) + f ( y ) | | . 

Taking the second p o w e r of equa t ion (14) and c o n s i d e r i n g tha t f 
s a t i s f i e s the equa t ion (4) we have 

(15) Re[f(x) , f (x+y)] = Re[f(x) , f (x) + f (y)] 

(whe re Re[ , ] d e n o t e s the r e a l p a r t of the inner p roduc t ) , tha t 
i s 

(16) Re[f (x) , f(x+y) - (f(x) +f (y))] = 0 . 

If we i n t e r c h a n g e the v a r i a b l e s x and y in the equa t ion (16) we 
ge t 

(17) Re[f(y) , f(x+y) - (f(x) +f(y))] = 0 . 
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F r o m the equa t ions (16) and (17) we find tha t 

(18) Re[f(x) + f(y) , f(x) + f(y) - f(x+y)] = 0 . 

Le t us w r i t e f(x+y) in the f o r m 

f (x+y) = f(x) + f(y) + f(x+y) - (f(x) +f(y)) . 

Taking to the second p o w e r the n o r m of both s i d e s , and us ing 
the equa t ion (18), we obta in 

|| f (x+y) | | 2 = ||f(x) + f ( y ) | | 2 + | | f ( x + y ) - f ( x ) - f ( y ) | | 2 , 

tha t i s 

|| f(x+y) - f(x) - f ( y ) | | 2 - 0 , 

f r o m which our a s s e r t i o n fol lows i m m e d i a t e l y . 

CONSEQUENCE 1. If H i s the field of the r e a l n u m b e r s , 
then T h e o r e m 1 g ives an a n s w e r to the o r i g i n a l q u e s t i o n of 
M. H o s s z u . 

CONSEQUENCE 2 . If H i s the field of c o m p l e x n u m b e r s , 
then T h e o r e m 1 i n c l u d e s the r e s u l t of E . V incze m e n t i o n e d in the 
i n t roduc t ion , as a s p e c i a l c a s e , and, what i s m o r e , we did not 
u s e tha t the s e r a i - g r o u p i s c o m m u t a t i v e . 

3 . In what fol lows we t r e a t the p r o b l e m of how fa r the 
condi t ions of T h e o r e m 1 can be w e a k e n e d . We s h a l l show tha t 
in g e n e r a l the H i l b e r t s p a c e can not be r e p l a c e d by an a r b i t r a r y 
n o r m e d l i n e a r s p a c e . 

In the following we suppose tha t H i s a n o n - s t r i c t l y 
n o r m e d s p a c e (d im H ^ 2) , tha t i s , t h e r e e x i s t a ^ 0 and 
b i 0 (a , b e H ) such tha t 

(19) | | a + b | | = || a || + | |b || , 

bu t a 4- Xb for any p o s i t i v e X . (It i s e a s y to ve r i fy tha t in th i s 
c a s e a and b a r e l i n e a r l y i ndependen t . ) 

LEMMA 1. If t h e r e e x i s t a , be H which sa t i s fy the 
equa t ion (19), then for a r b i t r a r y n o n - n e g a t i v e X and \± 

(20) l | X a + H L b | | = X || a || + , i | | b | | . 
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Proof . We can suppose that X £ |JL ; tha t i s , on the one 
hand 

(21) | | X a + j i b | | < \ | | a | | + j i | | b | | , 

and the o the r 

|| Xa +txb| | = ||ii(a+b) - (|i-X)a|| > M l a+b || - (^-X) | | a | | | 
(22) 

= \ | | a | | +Hi | |b | | . 

Our a s s e r t i o n fol lows f r o m the equa t ions (21) and (22). 

Now we sha l l p r o v e the following t h e o r e m : 

T H E O R E M 2. Le t Q be an a r b i t r a r y s e m i - g r o u p . If 
the equa t ion of Cauchy has a n o n - c o n s t a n t so lu t ion g in the c l a s s 
of r e a l - v a l u e d func t ions , w h e r e g i s defined on Q , then for 
th i s Q and for a r b i t r a r y n o n - s t r i c t l y n o r m e d space H (dim H^.2) 
t h e r e e x i s t s f : Q - * H which sa t i s f i e s the equat ion (4), but does 
not sa t i s fy the equat ion of Cauchy. 

P r o o f . Le t a and b be chosen acco rd ing to L e m m a 1. 
We can suppose that || a|| = | |b || = 1 . 

Define f by m e a n s of g as fo l lows: 

f(x) = ( g ( x ) a ' i f I g(̂ )l â 1 

1 s ign g(x)a + (g(x) - s ign g(x))b , if | g ( x ) | > 1 . 

If n e i t h e r the coeff ic ient of a nor that of b a r e z e r o , 
then a c c o r d i n g to the def in i t ion of f(x) , for e v e r y x i t i s t r u e 
tha t the coeff ic ients a r e of s a m e s i g n s . By the L e m m a 1 we get 

l|f(x)|| = |g(x)| . 

This r e l a t i o n i s val id a l so in the c a s e when | g ( x ) | < 1 , so 

l|f(x+y)|| = | g (x+y) | = |g(x) + g ( y ) | . 

Compute the f(x) + f(y) : 

f(x) +f (y) = (g(x) +g (y ) ) a , if | g(x) | < 1 and | g(y) | < 1 , 

f(x) + f(y) = (g(x) + s ign g(y))a + (g(y) - s ign g(y))b , 
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if | g ( x ) | < 1 and | g ( y ) | > 1 ; 

and s y m m e t r i c a l l y for | g(x) | > 1 , | g(y) | £ 1 , 

f(x) +f(y) = (s ign g(x) + s ign g(y))a + (g(x) - s ign g(x) + g(y) - s ign g(y))b , 

if | g ( x ) | > 1 and | g ( y ) | > 1 . 

F o r f(x) + f(y) i t i s a l so val id tha t the coef f ic ien ts a r e of the s a m e 
s ign if n e i t h e r the coeff ic ient of a nor tha t of b a r e z e r o . By 
m e a n s of L e m m a 1 we find tha t 

| |f(x) + f ( y ) | | = |g(x) + g ( y ) | = | | f(x+y)| | , 

tha t i s , f s a t i s f i e s the equa t ion (4). 

It wi l l be p roved tha t f does not sa t i s fy the equa t ion of 
Cauchy . In fact , t h e r e ex i s t such x and y tha t | g ( x ) | > 1 , 
I g(y) I > 1 and | g(x+y) | > 1 . Then the coef f ic ien ts of a in 
f(x+y) and in f(x) + f(y) a r e d i f fe rent , f r o m which our a s s e r t i o n 
fo l lows, as a and b a r e l i n e a r l y i ndependen t . 

We sha l l show tha t t h e r e e x i s t s a funct ion defined on the 
addi t ive s e m i - g r o u p of pos i t i ve n u m b e r s which s a t i s f i e s the 
equa t ion (4), but does not sa t i s fy the equa t ion of Cauchy, and, 
what i s m o r e , our funct ion wi l l be a l s o diff e r e n t i a b l e . 

Le t a and b be c h o s e n a c c o r d i n g to L e m m a 1. Le t us 
choose the funct ions X and JJL SO tha t 

(23) X(x) | |a | | + l i ( x ) | | b | | - x , if x > 0 , 

and m o r e o v e r X(x) :> 0 and JJL(X) ^ 0 a r e diff e r e n t i a b l e func t ions ; 
le t X be a n o n - a d d i t i v e func t ion . By m e a n s of s u c h X and \± we 
can define f a s fo l lows : 

f(x) = X(x)a + [i(x)b , if x > 0 . 

f does not sa t i s fy the equa t ion of Cauchy, b e c a u s e X i s a non-
addi t ive funct ion and a and b a r e l i n e a r l y i n d e p e n d e n t . F r o m 
the L e m m a 1 and the equa t ion (23) we get 

| | f (x) | | = x ; 

m o r e o v e r 
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|jf(x) + f (y ) | | = | | ( \ (x) + \ ( y ) ) a +(ji(x) + | i (y ) )b | | 

= (X(x) + \ (y ) ) || a || + (H.(X) + ^(y)) || b fl = x+y , 

tha t i s , f s a t i s f i e s the equat ion (4). 

It i s obvious tha t f is d i f fe ren t iab le , and i t s d e r i v a t i v e 
ha s the f o r m 

f'(x) = \ ' ( x ) a + p/(x)b . 

4 . Now le t H be a s t r i c t l y n o r m e d s p a c e , Q an a r b i t ­
r a r y s e m i - g r o u p , f :Q-**H , and le t f sa t i s fy the equa t ion (4). 
We con j ec tu r e tha t f i s a l so the so lu t ion of the equa t ion of Cauchy . 
In the following we p r o v e a s p e c i a l c a s e of th is c o n j e c t u r e . 

T H E O R E M 3 . Le t H be a s t r i c t l y n o r m e d space , Q the 
addi t ive s e m i - g r o u p of pos i t i ve n u m b e r s , f : Q - > H , and le t 

II f (x) || =? (x ) . 

If t h e r e e x i s t s a m e a s u r a b l e s u b s e t E of (0,+oo) with p o s i t i v e 
m e a s u r e and a funct ion g defined and m e a s u r a b l e on E , and 
such that <p(x) <L g(x) ( x e E ) (this condi t ion is fulfilled for e x a m ­
ple if <p i s bounded f r o m above in any open s u b i n t e r v a l of (0, +oo) 
or if <p is m e a s u r a b l e ) and if f s a t i s f i e s the equat ion (4), then 
f s a t i s f i e s the equa t ion of Cauchy. 

P roo f . In the proof of the T h e o r e m 1, w h e r e we p roved 
the equa l i ty 

f(2x) = 2 f(x), 

we used only that H i s a s t r i c t l y n o r m e d s p a c e , and did not 
suppose that i t i s a H i l b e r t s p a c e . 

By m e a n s of induct ion it can be proved tha t 

f(rx) = r f(x) 

for e v e r y n a t u r a l n u m b e r r . 

The funct ion <p has the following p r o p e r t i e s : 

a) <p{x) ^ 0 , 
b) <p(x+y) ^ <p(x) + <p(y) , 
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c) (p(rx) = r- (p(x) 

for every rational r . F rom b) and c) it follows that the function 
<p is Jensen-convex, that is , it satisfies also the inequality 

(£±£)< y(x)+y(y) 

F r o m the condition of the theorem it follows that <p is continuous 
(see [9], [10], [ l l ] ) . If x is continuous, then from c) we find 
that 

<p(x) = <p(l)x, 

i. e. , 

II f <*)|| = l | f ( D l | x . 

As H is a str ict ly normed space we obtain 

f(x) = f ( l ) x , 

that is f satisfies the equation of Cauchy. 
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