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Abstract. Some well-known results about the 2-density topology on R (in par-
ticular in the context of the Lusin—-Menchoff property) are extended to t;,, i.e. the
m-density topology on R” with m € (n, +00). Every set of finite perimeter in R” is
equivalent (in measure) to a set in 7, , where mo =n+1+ anl There exists a set
of finite perimeter in R” which is not equivalent (in measure) to any member in the
a.e.-modification of 7, , whatever m € [n, +00).

'm >
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1. Introduction. It is increasingly clear that, in many regards, the sets of finite
perimeter behave as open sets and several recent achievement support this idea. In
particular, it is worth mentioning the following results: the decomposition property
and the connectedness by arcs of indecomposable plane sets [2, Theorem 1 and Lemma
6, Theorem 8], the constancy property [11, Lemma A.2], the superdensity property [5,
Lemma 4.1] and the infinitesimal Euclideanity [8, Theorem 3.2]. The closure property
for integral currents [12, Theorem 1], in the special case when the current is associated
to a set of finite perimeter, must be included in the list too. In fact, we expect that many
of the results above can be extended in some way to integral currents. Moreover, many
applications of these properties have been provided, e.g.in[2,4, 5,9, 10, 11, 13, 14, 16].

This work must be regarded as a contribution to the study of the geometry of sets of
finite perimeter. Its main objective is to begin the exploration of the connection between
the theory of sets of finite perimeter and fine topology methods, whose existence
came to light with the discovery of the mentioned superdensity property [5, Lemma
4.1]. Fine topology methods have several applications in the theory of real functions
and in potential theory. With regards to these applications, one of the most useful
tools is a binormality condition known as the “Lusin-Menchoff property”, compare
Definition 3.2. It plays a key role in many results about various type of finely continuous
functions (e.g. approximately continuous functions) and purely topological properties
of harmonic spaces (e.g. the theory of hyperharmonic functions and of fine Dirichlet
problem).

In this paper, we are especially interested into the operator b,, : P(R") — P(R"),
where m is a real number greater or equal to n, which is defined as follows:

LA N B(x,r)) -

rm

lim sup
r—0+

b(A) := {x e R o} , AeP®R. (1.1)
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We note that [5,,(49)]° is the set of points x in R” such that £"(B(x, r) \ 4) = o(r'™),
as r — 04. This simple observation leads to the idea of defining a “superdensity
topology”: just as we say that A4 is open in the Euclidean topology whenever 4 C A4°,
so we will say that A is open with respect to b, if A C [b,,(A°)]°. This idea concerns
a particular case of a very general and deep theory about fine topologies arising from
a base operator. The most complete reference for this subject is [15], from which we
recall that a base operator on a set X is a map b : P(X) — P(X) such that () = @
and (A U B) = b(A) + b(B), for all 4, B € P(X). Such an operator is monotone and
it actually determines a topology t, whose members are the subsets 4 of X satisfying
A C [b(A9)]°. Hence, a subset F of X is closed with respect 75, (or b-closed, for shortness)
if and only if b(F) C F.

The book [15] does not deal explicitly with b,,, for all n and m (with m € [n, +00)),
but presents a very detailed study of b, in R, as well as a partial investigation of a
certain base operator on a metric space which generalizes b,, (compare [15, 6.28]).
Recovering the properties of b,, and 75, from the theory in [15] is a long and not always
easy exercise. For this reason, the series of results discussed in Section 3 below is to
some extent a “guided tour” within [15]. As for the proofs, we only provide those that
are not related in a simple way to the ones stated in the book.

As we shall prove in Theorem 3.1, if m € (n, +00) then 7,, has not the Lusin—
Menchoff property. The proof replicates the argument used in [15, 6.27(j)] for the
special case n = 1 and m = 2, except for some non completely trivial steps. In particular,
we need Proposition 3.2 which states roughly this: If m € (n, +00) and 4 is sufficiently
diffused within an open set, then b,,(4) may include this open set, regardless of how
the measure of 4 is small. About Proposition 3.2, it is worth noting that
e form > n+ 1, it can be proved by combining the Alberti’s Lusin-type theorem [1,

Theorem 1] and the closure result [S, Theorem 2.1], compare [6, Theorem 1.5].
We observe that this is an argument within the framework of potential theory. As
another example of application of [5, Theorem 2.1] in the same context, we mention
the simplified proof of [12, Corollary 2] given in [6];

e surprisingly, the maximum order of density common to all sets of finite
perimeter, namely mg := n + 1* (where 1* is the Sobolev conjugate of 1), “emerges
spontaneously” in the course of the proof of the first assertion. More precisely, it
turns out that 4 has finite perimeter as soon as m exceeds such a number.

A topology which has the Lusin—Menchoff property and is strictly related to the

superdensity topology is the so called “a.e.-modification” of t;,. It is determined by

the base operator defined as a,,(4) := b,,(4), A € P(R"), hence one has T4, C Tp,. AS
we prove in Proposition 4.2, every set E of finite perimeter is inner-regular with respect
to 7, , namely there exists G € 7, such that G C Eand £"(G) = L"(E). Based on this
fact, one might expect that a similar regularity property may also exist with respect

to the topology 1, . Unfortunately, this does not happen and in fact Proposition 4.3

provides an example of set with finite perimeter which is not equivalent (in measure)

to any member of 7, , whatever m € [n, +00).

2. General notation. The Euclidean norms (absolute value included) are denoted
by | - |. The open ball of radius r centred at x € R” is denoted by B(x, r) and w, indicates
the measure of the unit ball B(0, 1). For simplicity, the ball B(0, r) is indicated with B,.
The interior of a set E is denoted by E°. The constants depending only on p, ¢, ... are
indicated by C(p, ¢, ...). The usual Euclidean topology in R” is indicated with t(R").
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If E c R", then E denotes the closure of E with respect to 7(R"). £" is the Lebesgue
outer measure on R”. With P(E), we denote the perimeter of a subset £ of R”, in the
sense of De Giorgi [3, Section 3.3].

3. Some properties of the superdensity topology on R”. Let us begin this section
by recalling the definition of m-density point which has been defined and studied in
the papers [S, 6, 7].

DEFINITION 3.1. Let 4 € P(R") and m € [n, +00). Then, x € R” is said to be a
“m-density point of A” if
. L'(B(x, r)\A)
Iim ———— =

r—0+ r

0.

The set of m-density points of 4 is denoted by 47,

REMARK 3.1. As we observed in the introduction, one has the equality
A" = [b(A)° . (3.1

Note that the map 4 — 4™, 4 € P(R"), is not a base operator on R”. Indeed, let
A be an open set with Lipschitz boundary and let B := R" \ 4. Then, one obviously
has A" = A4, B™ = B and (4 U B)"™ = R", hence 4" U B is a proper subset of
(AU B)™.

PROPOSITION 3.1. The following facts hold.:

(1) by, is a base operator;

(2) forall A C R", the set b,,(A) is measurable with respect to L". As a consequence,
A" is measurable too;

(3) one has A € v, if and only if A C A™. In particular, Ty, is finer than T(R");

4) if p = m(> n), then b,,(A) C by(A), for all A C R". In particular, Ty, is finer than
Tp, s

(5) Fopr all A ¢ R", one has

bu(A) c 4™

where the right-hand member is the closure of A with respect to ty,,,. In particular,
a set A is vy, -dense in R" whenever b,,(4) = R".

Proof.
(1) Compare [15, 6.28].
(2) Forallx,y e R",r > 0 and 4 € P(R"), one has
L"(B(x, )N A) = L(B(x, )N B(y,r)N A) + L'([B(x, )\ B(y, r)] N A)
and
LBy, ryNA) = LYB(y,r)N B(x,r)N A)+ L'([B(y, \B(x, )] N A)

hence

|L"(B(x,r)NA) — L"(B(y,r) N A)| < L"(B(x, r)AB(y, r)).
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It follows that x — L"(B(x, r) N A) is continuous (in fact it is Lipschitz!), so
that the function

LA N B(x,r))

X — lim sup
rﬂ’l

r—0+

has to be measurable. But 5,,(A4) is the inverse image of (0, +o00] under this
function, thus it has to be measurable.
(3) Recall that 4 € 1, if and only if b,,(A°) C A¢. Then, the assertion follows at
once from (3.1).
(4) It’s obvious, by (1.1).
(5) If 4 c R" and F is any b,,-closed set (i.e. one has b,,(F) C F) including 4, then
b(A4) C by(F) C F.

The conclusion follows from the arbitrariness of F. O

The following result generalizes the properties (d) and (e) pointed out in [15, 6.27].

PROPOSITION 3.2. Let m € (n, +00) and consider ¢ > 0. The following properties
hold:

(1) If Q is a bounded open set in R", then there exists an open subset A of Q such that
L'(A) < e, QChu(d)CQ. (3.2)

In the special case when 32 is Lipschitz, the set A can be chosen in such a way to
satisfy

bn(A) = Q; (3.3)
(2) There exists an open subset U of R" such that

LUy <e,  bu(U)=R"

Proof.
(1) Let R and B be positive numbers such that

QCBr 2R'21, Q'R +1)i =2

and
] I/n 1/2
B > max {(2"R" 4+ 1)m-n, (—) + —1. (3.4)
[6))

Also define (forh=1,2,...)

eEN\" _m
Ph = (—) B
wy
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and let A, denote the lattice of step =" (in R"), i.e. Aj, := B~"Z”. Then put

+00
Chi={PedsBP.p Q) A= BPo). A={J4 (5
PGF}, h=1

and observe that
2R\"
#(y) < <F> = 2"R'B". (3.6)

Hence, recalling also (3.4), we get

+00 oo
LYA) £ LA < Y #Ti)onp]

h=1 h=1

+00
2"R’¢e
npn (n—m)h __
§2Reh§ﬁ =1
< e.
Let us prove that
Q C by (4. 3.7)

To this aim, consider x € Q. Then, choose H, > 0 such that
B(x, ™)y cq (3.8)

and observe that for every & > H, there must be P, € Ay satisfying

| P | - ﬂf(h+1)n1/2
X — Lpy1| =

Then, forall 4 > H, and y € B(Pj41, ppt1), we find

ﬂ—(lz+l)nl/2 & 1/n nl/2
=l <1y = Prtl + 1Puyt — X < 1 + ———— < (—) + |7
2 wy, 2

hence, by recalling once again (3.4)
x| <"
This proves that for all # > H, one has
B(Pps1, pas1) C Bx, B7"). (3.9
From (3.8) and (3.9), it follows that Pj,| € ' and then also
B(Ppt1, pri1) C Appr C A (3.10)
Now, by (3.9) and (3.10), we obtain

LA"N B, B7) L (BPhers pra1) _ P .
(ﬁfh)m = ﬁfmh nh41

le
for all h > H,, hence (3.7).
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We complete the proof of (3.2) by observing that A’ ¢ Q € Q and that Q is
closed with respect to the b,,-topology (by (3) of Proposition 3.1), whereby

bu(A") C b,(Q) C Q. (3.11)

Finally, assume that 92 is Lipschitz. Then, consider an open set 4” satisfying
A" D BR\Q, L'(A\[Br\Q]) < & — L"(A").

Observe that

A" NQ C A"\[Br\S].
and define

A:=A"U(4"NQ) (which is a subset of Q). (3.12)
Then
LMA) < LAY+ LN(A" N Q) < L'(A) + LN(A\[Br\Q)) < &.
It remains to prove that b,,(4) = Q. As for the inclusion
bn(A) C Q

observe that it follows at once from the same argument used to prove (3.11).
On the other hand,

bin(A4) D by(4) D Q

follows by the monotonicity of b, (recalling that A" C 4) and (3.7). So we are
reduced to prove that

I C by(A). (3.13)

To this aim, consider x € 92. Since 92 C 4", for r small enough one has
B(x,r) c A" hence

ANBx,r)=[AUA"NQ)NINB(x,r) D A" NN B(x,r) = Q2N B(x,r).
But 99 is Lipschitz, thus there exists C > 0 such that
L'"(ANB(x,r)>Cr'>Cr"

provided r is small enough, which proves (3.13).
(2) Let {€2;} be a countable family of bounded open subsets of R” such that

Ue=r"

J

Then, by (1), for every j = 1, 2, ... there exists an open set 4; such that

&
Aj C Qj [,n(A/) < 5, Qj - bm(Aj)
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Define
U= 4.
J

Then, U is open and L"(U) < ¢. Finally, by the monotonicity of b,,, one has
N N
bo(U) D by (uszlAj) = Jbuap > o
Jj=1 Jj=1

for all N > 1, hence b,,(U) = R".
]

REMARK 3.2. One can easily guess that the set 4’ considered in the proof of
Proposition 3.2 must have finite perimeter, provided that m is large enough. More
precisely, we can prove that this fact occurs for m > my, with

n’ 1

= = 1 .
my P n+ +n_1

Indeed, by (3.5), one has

H
Ay =>4
h=1

in L', as H — oo. Hence, by [3, Proposition 3.38] and (3.6), we get

400 400
s n—1 j— hmn=1)
P(A4') < lim inf P(Ay) < hE 1 #(Tpnw,p)~" < C(n, R, €) hE 1 g

namely

+00
n— h
P(A/) =< C(Vl, R, 8) Z I:ﬂTl(m0ﬂ11)] < 400
h=1

which proves our assertion. Observe that my =n+ 1* (where 1* is the Sobolev
conjugate of 1) and that my is the maximum order of density which is common to
all sets of finite perimeter, according to Theorem 4.1 and Proposition 4.1 below.

REMARK 3.3. Under the stronger assumption m > n+ 1, the statement (2) of
Proposition 3.2 has been proved in [6, Theorem 1.5] by an easy argument combining
the Alberti’s Lusin-type theorem [1, Theorem 1] and the closure result [5, Theorem
2.1].

Now let us recall the Lusin—-Menchoff property for a fine topology on R”, compare
[15].

DEFINITION 3.2. Let 7/ be a topology on R” such that 7’ is finer than 7 (R"). We say
that “z’ has the Lusin—-Menchoff property” if for all t(R")-closed set F and t’-closed
set F” satisfying F' N F' = @ there exist G € t(R") and G’ € t’ such that

GOF, G>F GNG=40.
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REMARK 3.4. The argument given in [15] to prove that the topology 75, on R has
not the Lusin—-Menchoff property can be easily extended to the topology 7;, on R”
with m > n. More precisely, in two steps:
e one replicates the argument in (j) of [15, 6.27], using Proposition 3.2 instead of (e)
of [15, 6.27] and recalling (5) of Proposition 3.1. One gets:

PROPOSITION 3.3. If m € (n, +00) then (R", 1}, ) is not a Baire space, namely there is a

'm

nonempty open set (with respect to vy, ) which is the union of countably many nowhere
dense sets (with respect to Ty, ).

e From Proposition 3.3 and [15, Proposition 3.16], one finally obtains:

THEOREM 3.1. If m € (n, +00), then 13, has not the Lusin—Menchoff property.

A fine topology on R" which is strictly related to 7;, and turns out to have the
Lusin—-Menchoff property is the one determined by the base operator known as “the a-
modification of b,,”(compare [15, Section 7.1]). Such a fact is established as the second
statement of the following result and is a trivial corollary of [15, Theorem 6.33] (with
m* = L", b=b,, o(r)=r""") and [15, Theorem 7.5]. The first statement, instead,
follows at once from [15, Theorem 7.4].

PROPOSITION 3.4. For m € [n, +00), let a,, : P(R") — P(R") be the a-modification
of by, i.e. the base operator defined by

am(A) := bu(4), A e PR".

Then:
(1) z,,, coincides with the a.e.-modification of 1y, , i.e. it is generated by the family of
all sets in Ty, of the form U U {x}, with U € t(R") and x € R", together with the

'm

empty set;
(2) t,,, has the Lusin—Menchoff property.

REMARK 3.5. We observe that the application of [15, Theorem 6.33] (with m* = L",
b =b,,, w(r) =r"*") leads to prove that the superdensity base operator b,, has the
complete Lusin—Menchoff property in the sense of [15, Section 3.C].

The next proposition provides a characterization of the t,,-open sets.
PROPOSITION 3.5. Let m € [n, +00). Then, A € t,, if and only if A C (A4°)"™.
Proof. First of all prove that, for all 4 € P(R"), one has

AC = (4°). (3.14)

Indeed:
e from A° C A, we get A° C (4°)°, hence A C (A°) = (A°);
¢ as for the opposite inclusion, observe that

A\NA° CA\NA° =04 =ANA C A°

hence, the conclusion follows by the equality (4°) = (4 \ 4°) U (4°\ 4°).
Now, by (3.14) and (3.1), we obtain

Am(AS) = byp(A°) = b((4°)°) = [(A°)™]
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for all A € P(R"). The conclusion follows readily by recalling that 4 € z,, if and only
if @,,(A°) C (49). g

REMARK 3.6. Proposition 3.5 and (3) of Proposition 3.1 yield
t(R") C 74, C 1,

and both inclusions are proper, as the following examples show:

o let A:=R"\ H, where H is an open half-line. Then, (4°)"" = R", hence 4 € 1, \
t(R");

e let 4:=R"\ @Q". Since (4°)" =@ and A™ =R", onehas 4 € 7, \ 7,,,.

'm

4. A Family of superdense sets: sets of finite perimeter. A celebrated theorem by
Lebesgue states that if E is a measurable subset of R”, then almost every x € E is a
n-density point of E. The following result, proved in [5], establishes that Caccioppoli
sets are more dense than generic measurable sets.

THEOREM 4.1. Let E be a subset of R" with finite perimeter and

1
my:=n+1+——. 4.1)
n—1

Then, L(E\E™) = 0.

The following proposition shows that m is the maximum order of density which
is common to all sets of finite perimeter.

PROPOSITION 4.1. Let m € (my, +00), with mq defined by (4.1). Then, there exists a
closed set F,, of positive measure and finite perimeter in R" such that F,S;”) =

Proof. Let us go along the lines of the proof of Proposition 3.2, by starting with
Q := Bj and choosing 4” to be an annulus centred at 0. From (3.12) and [3, Proposition
3.38], it follows that

P(A) < P(A')+ P(4A") + P()
whereby, since Remark 3.2, the open set 4 has finite perimeter. Hence, the closed set
F,:=4ANQ
has finite perimeter too. Recalling Definition 1.1 and (3.3), we finally get

(FS")" = bul(Fa)) = b (4 U @) = bu4) U (@) = FU Q= R".

m

g

Let us prove that every set of finite perimeter has an equivalent copy (with respect

to measure) in 7, .

PROPOSITION 4.2. Let E be a set of finite perimeter in R" and define

E,:= ENE"),
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with my defined by (4.1). Then

LYE,) = LY(E), E. e

mg *

Proof. The first equality follows at once from Theorem 4.1 and (2) of Proposition
3.1:

L'(E) = L"(ENE™) 4 LY(E\E™) = L"(E,).
Hence, one also has
Emo) — pmo) D E,
namely E, € 15, , by (3) of Proposition 3.1. O

'mg

In view of Proposition 3.4, it would be interesting to know that every set of finite
perimeter has a copy in 7, for some m > n. Unfortunately, this fact does not take
place as evidenced by the following result.

PROPOSITION 4.3. There exists a subset E of R" with the following properties:

(1) E is closed and E° = (;
(2) E has positive measure and finite perimeter;
(3) One cannot find m € [n, +00) and A € t,, such that A = E (mod L").

Proof. Let q1, q2, ... € Q"N (0, 1)" and r1, 12, ... € (0, 1) be sequences such that
nourt <275 Blgy, 1) C E}
forallk =1,2,..., where E| := [0, 1]" and (for k > 2)
Er =10, 11"\ (B(q1, 1) U - - - U B(g—1, 'k—1)) -

Define

+00 +00

E:=()E =011\ Bl o).
k=0 k=0

Then, E is closed and, by appropriately choosing the sequence {¢g;}, we can always
assume that E° = (. Moreover, one has

+00 1 +o0 1 +00 1
LYE)=1- Wl - - W - k1= .
(E) o =1 nznwrz > 1 n22 I=~>0
k=0 k=0 k=0
Since E; — E in measure, from [3, Proposition 3.38]), it follows that E has finite
perimeter:
+00 +oo
‘s -1 —k
P(E) < liminf P(E) = 2n + ;nwnr;j <2+ ;2 =2n+1.
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Finally, we will prove (3) with a reductio ad absurdum. For this purpose, we assume
that there exist m > n and 4 € t,, such that

A=FE (mod/L").

Then:
¢ one has 4° = . If not 4 should include a nontrivial open ball B, hence

0=L"B\ A) = L"(B\ E).

Since B\ E is open, this equality shows that B\ E = @i.e. B C E, which contradicts
E° =0;
e from Proposition 3.5 and the previous point, it follows that £"(4) = 0. Hence,
L"(E) = 0 and this provides the absurd.
O

REMARK 4.1. For m > myg, Proposition 4.3 holds with E := F),,. Indeed, (1) and
(2) follow at once from Proposition 4.1, while the proof of (3) remains the same.
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