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ON TERAI’'S CONJECTURE CONCERNING
PYTHAGOREAN NUMBERS

MAOHU A. LE

In this paper we prove that if a, b, ¢, r are fixed positive integers satisfying

a>+ b =c", ged(a,b) =1, a = 3(mod8), 2 || b, r>1,2%tr,and cis a
prime power, then the equation a® + ¥ = ¢* has only one positive integer solution
(z,y,2) = (2,2,7) satisfying £ > 1,y >1 and 2> 1.

1. INTRODUCTION

Let Z, N be the sets of integers and positive integers respectively. Let a, b, ¢, m, n, r
be fixed positive integers satisfying

(1) a™+ bt =c, ged{a,b)=1,a¢>1,06>1, m>1,n>1, r>1.
In 1994, Terai [5] conjectured that the equation
(2) a®+b=c* z,y,2zeN, z>1, y>1, 2>1,

has only one solution (z,y,2) = (m,n,r). This conjecture has been proved for some
special cases (see [3, 5, 6, 7, 8]). But, in general, the problem is not solved as yet.

In [7] and [8], Terai proved that if m = n =2, 2t r, a = 3(mod 8), 2 || b,
(b/a) = —1 and either a > 41b or r is a large prime, where (*/*) denotes the Jacobi
symbol, then (2) has only one solution (z,y,z) = (2,2,7). The proofs of these results
used a lower bound for linear forms in two logarithms due to Laurent, Mignotte and
Nesterenko [1]. In this paper, using some elementary methods, we prove a general result
as follows.

THEOREM. If m=n=2, 2{r, a = 3(mod8), 2| b and ¢ is a prime power,
then (2) has ony one solution (z,y,z) = (2,2,7).
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2. PRELIMINARIES

LEMMA 1. [4, pp.12-13] Every solution (X,Y, Z) of the equation
(3) X?2+Y%2=2% X,Y,Z€N, ged(X,Y) =1, 2]Y,

can be expressed as
X =u?—v% Y =2uv, Z =u?+v?

where u,v are positive integers satisfying v > v, ged (u,v) =1 and 2 | uv.

LEMMA 2. [4, pp.122-124] Let r be a positive integer with 2 t r. Every solution
(X,Y, Z,) of the equation

(4) X?2+Y%2=2", X,Y,Z€N, ged(X,Y) =1,
can be expressed as
Z=ul+v) X+YV-1=M(u+ /\2U\/—1)r, A1, A2 € {—1,1},

where u, v are coprime positive integers.

LEMMA 3. [4, Theorem 4.2] The equation
(5) Xt-Y*=2% X,Y,Z€N, ged(X,Y) =1

has no solution (X,Y,Z).

LEMMA 4. [2, Lemma 4] Let Dy, D, be positive integers with min (D,, D3) >
1. Let p be an odd prime with p{ Dy D,. If the equation
(6) DiX?+DY*=p%? X,Y,Z€Z, ged(X,Y)=1, Z>0,

has solutions (X,Y, Z), then it has a unique solution (Xy,Y1,Z,) satisfying X, > 0,
Y; > 0 and Z, € Z, where Z runs through all solutions (X,Y, Z) of (6). (X1,Y1,21)
is called the least solution of (6). Moreover, every solution (X,Y,Z) of (6) can be
expressed as

Z=7Zit, teN, 21t

X+/Dy+Y/~Dz = M(X1VD1 + AYivV/—D3)', A, A€ {-1,1}.

We now show that the condition (b/a) = —1 can be eliminated from the results of
(7] and [8].
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LEMMA 5. Let m =n =2, 2¢tr, a = 3(mod8) and 2 | b. If (z,y,2) is a
solution of (2) with (z,y,z) # (2,2,r), then we have either

(M 2|z, z226,y=2, 21z
or
(8) 2z, 2210, y=4, 2| 2.

PROOF: Since m = n = 2, we get from (1) that
(9) a?+b*=c", ged(a,b)=1,a>1,b>1, r>1.

Further, since @ = 3(mod 8), 2 || b and 2 { r, we see from (9) that ¢ = 5(mod 8).
Hence, by Lemma 2, we find from (9) that

(10) a+bvV-1= A (u+Aov=1)", A, A € {~1,1},
where u,v are positive integers satisfying
(11) u? +v?=¢, ged(u,v) =1.

Since 2 {r, by (10) and (11), we get

(r—1)/2 r )
a=A\u Z (21) u'"zi‘l(—vz)' = 2" 1)\ 4" (mod c),
1i=0
(12) vz, '
b= AAv Z <2i N 1) ur"Zi‘l(—vz)' = 2" 1 20" tu(mod ¢).
i—0

Further, since 2 || b, we see from (12) that 2{u and 2 || v.
Let (z,y,2) be a solution of (2) with (z,v,2) # (2,2,7). If 2{z and 21t y, then
we have

(13) (=2) -1

by (2). However, by (11) and (12), we get
(14)

()70 ()72 -(2)- () - (222) (D)
() (222 (1) (9 () - () ()~
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This implies that (—ab/c) = —1, a contradiction with (13). Similarly, by (14), we can
prove that (2) has no solution (z,y,2) satisfying 2 | z and 2{y. So we have 2 | y.
Further, if 24z and 2|y, then we get ¢ = 2% + ¥ = 3(mod4). This is impossible.
Thus, we obtain 2 |z and 2| y.

If 2|z 2|y and 21{ 2z, then b¥ = ¢* — a® = 4(mod8). This implies that
y = 2. Since (z,y,2) # (2,2,r), we get z > 4. Further, if £ = 4, then £ > r and

bz(mod ¢?) by (2). Since a? = —b*(mod c") by (9), we get a? = 1(mod c"). It

follows that a®? -1 > ¢" = a? 4+ b > a? — 1, a contradiction. So we have z > 6 and (7)
holds.

If 2|z, 2|y and 2|z, then (X,Y,2) = (a®/2,6¥/2,c*/?) is a solution of the
equation (3). Hence, by Lemma 1, we get

(15) a®? = u? —v? B2 = 2w, ¢*? = u? + 42,
where u,v are positive integers satisfying
(16) u> v, ged(v,v) =1, 2| wo.

Further, if 2 | £/2, then from (15) and (16) we obtain 2{w«, 4 | v and 2| 2/2. This
implies that the equation (5) has a solution (X,Y, Z) = (c*/*,a%/4,b5v/2) . However, by
Lemma 3, that is impossible. So we have 2 || z. Then, by (15) and (16), we get 2 || u,
2tu, y=4 and 2 || z. On the other hand, if z = 2 or 6, then from (2) and (9) we get
z>r and a? +1 = 0(mod ¢”). This is impossible. So we have z > 10 and (8) holds.
Thus, the lemma is proved. 0

3. PrROOF oF THEOREM

Since r > 1 and ¢ is a prime power, by (9), we have ¢ = p* where p is an odd
prime, s is a positive integer. Let (z,y, z) be a solution of (2) with (z,y, 2) # (2,2,7).
By Lemma 5, the solution satisfies either (7) or (8).

If (8) holds, then from (15) and (16) we get u = 2u? and v = v?, where u;,v; are
positive odd integers with ged (u;,v1) = 1. Hence, by (15), we get

(17) ¢/? = p**/2 = qu} + v} = (2ul + 2uyv1 + 07) (202 - 2uyvy + 0F).

Since ged (2u? + 2uyvy + v, 2u} — 2uyvy + vf) = 1, we see from (17) that 2ul —
2uyv +v2 = ul+(uy - v1)? = 1. This implies that u; = v; =1 and (a,b,¢) = (3,2,5).
However, then (9) does not hold. Thus, (2) has no solution (z,y, z) satisfying (8).

If (7) holds, then (X,Y,Z) = (a®®*=?/2 1, sz) is a solution of the equation

(18) a?X?+0?Y? =p%, X,Y,Z,€ Z, ged(X,Y) =1, Z>0.
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On the other hand, we see from (9) that (18) has another solution (X,Y, Z) = (1,1, sr).
Further, by the definitions of Lemma 4, the least solution of (18) is (X1,Y1,21) =
(1,1, sr). Therefore, by Lemma 4, we get

(19) sz=srt, t€EN, 2f¢ t> 1,
(20) a®=D/2/62 4 \/—b2 = A (VaZ + A vV/=b2)", A, d € {-1,1}.
By (20), we get

(t-1)/2 ‘ .
a(z—2)/2=/\1a Z (Zi)at—m—l(_bzy

=0
(21) (t-1)/2

t ; (t-1)/2—j
= Ma Z <2j+1)a2](—b2) 7,

=0
Since z > 6 and ged (a,b) = 1, we find from (21) that a | ¢.
Let ¢ be a prime factor of a. Further let ¢® || a, ¢° || t and ¢ || 2j + 1 for

j=1,..., (¢ =1)/2. Then we have
log(2j+1) _ . . t—1
2 KT =1, .,

By (22), we obtain

. — 25 .
(23) (23': 1) 0 (—42) 7 = t(t 1) T (5“7 =0 (mod )

2 J2j+1

for j=1,..., (t —1)/2. This implies that
(24) ath || A & t 25 (_p2)t=1)/2—i

q 1a j;o (2j + l)a ( ) :
The combination of (21) and (24) yields
(25) g= (I;4)a.
Let g run through all prime factors of a. We see from (25) that
(26) t>alE"9/2 51,
Therefore, by (2), (7), (9), (19) and (26), we get
(27) 0" + b2 =c* =" = (a? +b2)‘ > g2 4 b2t > g2aC 72 42
From (27), we obtain
(28) z > 2292,

However, since z > 6 and a > 3, (28) is impossible. Thus, (2) has no solution (z,y, z)
satisfying (7). The theorem is proved.
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