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Abstract

Let n points be placed independently in d-dimensional space according to the density
fx) = Age % X o > 0, x € RY, d > 2. Let dy, be the longest edge length
of the nearest-neighbor graph on these points. We show that (A~!logn)!=1/d, —
b, converges weakly to the Gumbel distribution, where b, ~ ((d — 1)/ «)loglogn.
We also prove the following strong law for the normalized nearest-neighbor distance
d, = .71 logn)]_'/o‘ d,/loglogn: (d—1)/air < liminf,_ d, < lim SUp,,_ oo d, <

d /o almost surely. Thus, the exponential rate of decay « = 1 is critical, in the sense
that, for « > 1, d, — 0, whereas, for o < 1, d;, — o0 almost surely as n — oo.
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1. Introduction and main results

In this paper we prove weak and strong laws for the largest nearest-neighbor distance of
points distributed according to the probability density function

Fx) = Age MHI®, A>0,a>0 xeRY d>2, (1.1)
where | - || is the Euclidean (£2) norm on R? and

arderd/2 + 1)

= = 7 1.2
4= TR (d]a) (1.2

If X has density given by (1.1) then R = || X|| has density,
fr(r) = Alrd=te=*", 0<r<oo d>2, (1.3)

where A/, = ar?/®/T(d/a). The basic object of study will be the graphs G, with vertex
set X5, = {X1, X2,..., Xn}, n = 1,2, ..., where the vertices are independently distributed
according to f. Edges of G, are formed by connecting each of the vertices in X, to its nearest
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neighbor. The longest edge of the graph G, is denoted by d,,. We will refer to G, as the nearest-
neighbor graph (NNG) on X, and to d,, as the largest nearest-neighbor distance (LNND). For
any finite subset X C R?, let G(X, r) denote the graph with vertex set X and edges between
all pairs of vertices that are at distances less than r. Thus, d,, is the minimum 7, required so
that the graph G(X,, r,) has no isolated nodes.

The largest nearest-neighbor link has been studied in the context of computational geometry
(see Dette and Henze (1989) and Steele and Tierney (1986)) and has applications in statistics,
computer science, biology, and the physical sciences. For a detailed description of random
geometric graphs, their properties, and applications, we refer the reader to Penrose (2003) and
the references therein.

The asymptotic distribution of d,, was derived in Penrose (1997), assuming that f is uniform
on the unit cube. Itis shown that if the metric is assumed to be the toroidal, and if 6 is the volume
of the unit ball, then nng — b, converges weakly to the Gumbel distribution, where b, ~
log n. Penrose (1998) showed that, for normally distributed points (o = 2), \/(2logn)d, — b,
converges weakly to the Gumbel distribution, where b, ~ (d — 1) loglogn. The above result
is also shown to be true for the longest edge of the minimal spanning tree. The notation
a, ~ b, implies that a, /b, converges to 1 as n — oo. Hsing and Rootzén (2005) derived
the asymptotic distribution for d,, in the case d = 2, for a large class of densities, including
elliptically contoured distributions, distributions with independent Weibull-like marginals, and
distributions with parallel level curves (which includes the densities defined by (1.1)). Appel
and Russo (1997) proved strong laws for d,, for graphs on uniform points in the d-dimensional
unit cube. Penrose (1999) extended this to general densities having compact support 2 for
which min,cq f(x) > 0.

Our aim in this paper is to show that when the tail of the density decays like an exponential
or slower (o < 1), d,, diverges, whereas, for superexponential decay of the tail, d, — 0, almost
surely (a.s.) as n — oo. Properties of one-dimensional exponential random geometric graphs
have been studied in Gupta et al. (2005). In this case, spacings between the ordered nodes
are independent and exponentially distributed. This allows for explicit computations of many
characteristics for the graph and both strong and weak laws can be established.

It is often easier to study the graph G, via the NNG P, on the set , = {X1, X2, ..., Xn,},
n > 1, where {N,},>1 is a sequence of Poisson random variables that are independent of the
sequence {X,},>1 with E[N, ] = n. Here &, is an inhomogeneous Poisson point process with
intensity function nf (-) (see Penrose (2003, Proposition 1.5)). Note that the graphs G,, and P,
are coupled, since the first min(n, N,) vertices of the two graphs are identical. We also assume
that the random variables N,, are nondecreasing, so that | C £, C P3 C - -.

Let W, (r,) and W, (r,) be the numbers of vertices of degree 0 (isolated nodes) in G (X, r,)
and G (£, r,), respectively. Let 6; denote the volume of the d-dimensional unit ball in RY,
and let Po(X) denote a Poisson distribution with mean A > 0. In what follows we will write
log, n for loglog n and logs n for loglog log n, etc.

For any B € R, let {r,},>1 be a sequence of edge distances that satisfies

d—ll +d—1
0og,
£ 2

ra(A " logn)! e — logzn — Aﬁ (1.4)
o

Ao
as n — 00. We now state our main results.
Theorem 1.1. Let {r,},>1 satisfy (1.4) asn — oo. Then

e h
Wi (rn) — PO(C_> (1.5)

d
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in distribution, where

a0, 1(d — D! (d — 1\ D2
Cy= . 1.6
d > ( e ) (1.6)

An easy consequence of the above result is the following limiting distribution for d,,.

Theorem 1.2. Let f(-) be the d-dimensional density defined in (1.1). Let d,, be the largest
nearest-neighbor link of the graph G, of n independent and identically distributed points
Xn ={X1, X2, ..., X} distributed according to f. Then, for any y € R,

lim P[Aa(k‘llogn)l_l/“ d,—(d—1)log, n+

n—o0

logyn < V—IOg(Cd)] — exp(—e™7).

The above result for the case « = 2 was derived in Penrose (1998). In dimension d = 2,
Theorem 1.2 follows from Theorem 7 of Hsing and Rootzén (2005) (see also Example 3 therein).
Their method is based on spatial blocking and uses a locally orthogonal coordinate system with
respect to the level curves. We follow the approach in Penrose (1998) and use the Chen—Stein
method.

Strong laws exist in the literature only for densities that do not vanish and whose support
is bounded. Suppose that d > 2, the density f is continuous, has support €2, and that the
boundary 9<2 is a compact (d — 1)-dimensional C? submanifold of R?. Let fy > 0 be the
essential infimum of f restricted to 2, and let f; = infyqo f. Then (see Theorem 7.2 of Penrose
(2003)), lim,,_ o nd,‘f /logn = max{cg fo_l, cl fl_l} a.s. Thus, the asymptotic behavior of the
LNND depends on the (reciprocal of the) infimum of the density, since it is in the vicinity of
this infimum that points will be sparse and, hence, be farthest from each other. If fy or fi is 0,
then the right-hand side is infinite, implying that the scaling on the left is not the appropriate
one. We now state a strong law for the LNND in our case.

Theorem 1.3. Let d,, be the LNND of the NNG G, defined on the collection X, of n points
distributed independently and identically according to the density f(-) as definedin (1.1). Then,
a.s., forany d > 2,

0 Vlogn)' ™*q, _d-1

lim inf > , (.7
n—00 log, n ar
, G llogn)' ™%d, 4
lim sup < —.
n— 00 10g2 n ar

Note that it follows from Theorem 1.2 that the opposite inequality holds as well in (1.7).
Thus, the inequality in (1.7) can be replaced by an equality.

2. Supporting results and proofs of Theorems 1.1 and 1.2

In what follows, C, C1, C, C’, cy, etc. will denote constants whose values might change
from place to place. For any x € RY, let B(x, ) denote the open ball of radius r centered at x.
Let

1(x,r)=f f(y)dy.
B(x,r)
For p > 0, define I (p, r) = I(pe, r), where e is the d-dimensional unit vector (1, 0,0, ..., 0).

Due to the radial symmetry of f, I (x,r) = I(]lx||, r). The following lemma, which provides
a large p asymptotic for I (p, r), will be crucial in subsequent calculations.
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Lemma 2.1. Letd > 2, andlet{pp}n>1 and {r,},>1 be sequences of positive numbers satisfying

Pn —> 00, 1/ pn — 0, r,%,o,‘;‘_2 — 0, and r,,,ofl‘_1 — 00. Then

o (U@ +1)/2) + Ey)

Kq T'(d+1)/2) 8(on,n) < I(pn, Vn)EKde_)LwZ(n)g(pnarn)»
where
d+1
Ky = Aded_lz(d“/zr(%), 2.1
@ 2 2 a/2—1
Ern (Ion — 21upn) , o <2,
wi(n) = o (2.2)
73(05 + 27 o) L+ (@ = 2005 (07 — 2rapn) '], @ > 2,
-2
M(Vnpn)z(:og - 2rn,0n)a/272a 0<a =<2,
wa(n) = 2
0, o> 2,
C
|En|l < — =+ (2.3)
'nPn
g(p,r) = rde MW =P D Gappey=W@HD2 s 2.4)

Ag is as defined in (1.2), 64—1 is the volume of the (d — 1)-dimensional unit ball, and C is
some constant. Asn — 00, E, — 0, and w;(n) - 0, i =1, 2.

The proof of Lemma 2.1 is given in Appendix A. We first prove a Poissonized version of
Theorem 1.1 for the number of isolated nodes, i.e. (1.5) with W, (r,,) replaced by W, (r,). To
this end, we first find a sequence r,, for which E[W,, (r,,)] converges. From the Palm theory for
Poisson processes (see Equation (8.45) of Penrose (2003)), we obtain

E[W,/, (rn)]l=n /d exp(—nl(x,ry)) f(x)dx.
R

Changing to polar coordinates gives

E[W,(r)] = n/ exp (—=nl (s, rn)) fr(s)ds, 2.5
0

where fr is defined in (1.3). Define the sequence of functions {p,},>1 by

t+a,
PN

d d
a, =logn + <— - 1> log, n — log<F(—>>. 2.7
o o

Choose r,, so that the remaining factor in (2.5) also converges. Making the change of variable
t = ,on’l(s) in (2.5) we obtain

pn (1) = 1= —a, (2.6)

where

o0

E[W, ()] =/ exp(—nl (pn (1), ra))gn(t) dt, 2.8)

—ay
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where
gn(t) = nfr(pn () py (1)

nad/a—1 t+ay d/a—le_(H_an)
I'd/a) A

(t + an>d/”‘_1 .,

= e

logn

_ (t+logn+(d/a—1)log,n —log(I'(d/a)) d/afle_t
- logn

—e ' asn— ocoforallt € R. (2.9)

Lemma 2.2. Suppose that the sequence {r,},>1 satisfies (1.4). Lett € R, and set p,(t)* =
((t +an)/2) 14>_q,), where ay, is as defined in (2.7). Then

lim 1l (pu(t), rp) = CqeP™", (2.10)
n—0o0

where Cgq is as defined in (1.6).

Proof. Ttis easy to verify that, for each fixed t € R, p, = p, (¢) and r;, satisfy the conditions
of Lemma 2.1, and so we have nl (o, r,) ~ Kang(pn, rn). Substituting for Apy) (¢) from (2.6)
and (2.7), we obtain

nK '(d/a)e™

d —1 —1\—(d+1)/2
PPy )~ e T n EXParn o) hetra i) @b, 2.11)
From (1.4) we can write
d—1 log, n d—1 logy n B +o(l)

I'n =

ra (A 1logn)l-l/e 2 (A logn)l=Ve * pa(r—1logn)l-1/e
d—1 log, n

= 1 1), 2.12
Ao (A1 logn)lfl/“( +o() ( )
and, hence,
Aarnp“_l _ (d—1)logyn B d—1 logz n B+ o0(1)
" (A~ !logn)l-Ve 2 (A llogn)l-Ve = (A—llogn)!-1/a

1 d d (a=1)/a
X (—<t +logn + (— — 1> log, n — log<F(—))>>
A o o

:((d—l)logzn— — log3n+,3+0(1)>

1 log(I"(d (@=b/e
(14 g (4 y)logen _ loald/e) 2.13)
logn o logn logn
=(d—1)logyn — ——1logzn + B + o(1). (2.14)
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Substituting (2.12) and (2.14) into (2.11), we obtain

K T(d/a)e ™ (d —1 log, n
I (py. 1) ~ al'(d/a) ( 2

d
Togn @1 \ 7@ G Tlogm =172 T 0(1))>
. ( exp((d — D)logy n — logyn(d — 1)/2 + § + o(1)) )
((d — 1)logyn —logzn(d — 1)/2 + B + o(1))d+1)/2
— Cgef, (2.15)

where Cy = K4I'(d /o) (d — 1)(@d=D/2)~d/eay—d Substituting for K; from (2.1) (and for Ay
from (1.2)) and simplifying, we obtain
1y@-n/2 rd+n/2rd/2+1)

dnd/2 :

Since T'((d + 1)/2)T(d/2 + 1) =279T'(d + 1)/7, we obtain the expression for C; given
in (1.6).

Cy =o', 2@-D12q —

Lemma 2.3. For any t € R and sufficiently large n, let g, (t) be as defined in (2.9). There
exists a constant M depending on «, d, and A such that the following inequalities hold for all
large enough n.

1. Suppose that d/a > 1 and Ar} —a, <t <0 or thatd/a < 1 and —logn/log,n <
t <0. Then g,(t) < Me™".

2. Ford/a < 1and Ar) —a, <t < —logn/log,n, g,(t) < M(log, n/log n)d—ee!,
Remark 2.1. From (2.7), it follows that, for large n,
%logn <a, <2logn. (2.16)
Hence, from (2.12) and (2.16), we have, for large n, Ary —a, < —logn/log, n. Thus, the
first part of Lemma 2.3 includes the cases d /o > 1 and —logn/log,n <t < 0.
Proof of Lemma 2.3. Forthe case whered /a > 1and Ary —a, <t < 0, wehave, by (2.16),

dja—1
gn(t) < <01+a”) et < pd/a—let
ogn

Again using (2.16), if d /o < 1 and —logn/log, n <t < 0, then

—logn/logyn +logn/2\* " _,
1) <
gn(t) < ( logn S
—logn/4 4 logn/2\4/*~! _
< e
- logn

< 417[]/0{671"

From (2.12), it follows that, for large n, ArJ > ((d — 1) log, n/2a(log n) =1y - Thys, if
dj/o < 1land Arf —a, <t < —logn/log,n,

d/a—1 d—
,\r;;—an+an> fe e_,<<(d—1)1ogzn> “e_,‘

1) <
&n() < ( logn 2o logn
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Proposition 2.1. Let the sequence {r,},>1 satisfy (1.4), and let Cy4 be as defined in (1.6). Then

lim E[W/] = <
nl = —.
C

n—oo d

Proof. From Lemma 2.2 and (2.9), for each r € R, we have
lim exp(—nl (pu (1), r2))gn(t) = exp(—Cqef e, (2.17)
n—0oo

Suppose that we can find integrable bounds for exp(—nl (p,(t), r;))gn(t) that hold for all
large n. Then, from (2.8), (2.17), and the dominated convergence theorem, we have

o0

lim E[W, (r,)] = lim exp(—nl(pn(t), rn))gn (1) dt
n— 00 n—oo J_,

o0
=/ exp(—CgeP e " dr

—0o0
efﬁ
Cy’
We find integrable bounds for exp(—nl (o, (¢), r,))gn(¢) by dividing the range of ¢ into four

parts.
Part 1. First consider ¢ > 0. For large n, since 0.5logn < a, < 2logn, we have

l 21 d/O[—l
(ﬂ) e <e 2 max(r, DY, dja > 1,
gn(1) < logn (2.18)
pl-djag—t djoa <1.
By the above bound on g, (¢), it follows that
exp(—nl (0 (t), rn))gn(t) < gn(t) (2.19)

is integrable over [0, 00).
Part 2. Now consider the range —logn/logyn <t < 0. As Ap,(t)* =t 4 a,, from (2.13)
we obtain

1
Ak pn ()% = <(d —1)logyn — 7 logyn + B + 0(1))

. <1 Lol (r +(dja —1)logyn — log(F(d/a)))(l N é_n(t))—l/a>’

o logn

where |£,(¢)] < |t + (d/o — 1) log, n — log(I'(d/a))|(log n)~1. Hence,

L (1) 1[7]0gn/10g2n,0] ) —0

uniformly as n — oo. Since —1 < tlog,n/logn < 0 in the above range of ¢, we can find
constants ¢ and ¢, such that, for large n,

d—1
2

(d—1)log, n— logyn—cy < Aarypp (t)"‘_1 < (d—1)log, n— logy n+4c. (2.20)
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Hence, for all large n, we have

(log ny!~!

) = W e . (221)

exp(Aar,p,~

From Lemma 2.1,

d+1
nl(pn,rn) > Cln<F(T> + En) —Awl(n)g(p n)

d+1 d L(d/a)e™! 2wy (n)
= C1n<l" (—2 ) + En>rn —n(logn)d/“_l e

x exp(rary p@ 1) (hary p 1 ~@FD/2) (2.22)

where C1 = Ag6,-12@~D/2, Substituting (2.12), (2.20), and (2.21) into the above expression
we obtain, for some constant C and large n,

d+1
nl (pp, rn) > Ad94_12(d_1)/2<F( —Zi_ ) +E ) —Aw (n)

(d—1)logyn
(A1 logn)l -1/

4 r(d/a)e™  (logn)d~!
(logn)d/"‘—l (10g2 n)(d—l)/z
—(d+1)/2

a +0(1))>

—e) B _d—1
(d—1)logyn logzn + c2

X € 2
d+1
> c( ( ;L >+E ) —hwim et (2.23)

Suppose that we show, as n — o0, 1,/ p, (¢) and r,% Pn (122 converge uniformly to 0, and that
TnPn (t)"‘_1 — oo uniformly for —logn/logy,n <t < 0. It then follows from (2.2) and (2.3)
that wy (n) and E, converge uniformly to 0. Hence, we can find a constant ¢’ > 0 such that

nl(py, rp) = e, (2.24)

From the above inequality and part 1 of Lemma 2.3 (see also Remark 2.1), there exists a constant
c such that, for all large n, we have

_ logn -

t <0. (2.25)

exp(—nl (pa (1), 7)) gn(t) < cexp(—c'e™e™, <
log, n
This upper bound is integrable over t € (—oo, 0). We now verify the three conditions assumed
above. That r,, p, (£)*~! — oo uniformly follows from (2.20). From (2.12), for some constant
c1 and large n, we have r, < cylog, n/(log n)l_l/"‘. Since —logn/log, n <t <0, by (2.6),
for all sufficiently large n,

o logn d d 1
App ()" > logn — +|——1)logyn —log| I'( — > —logn.
log, n o o 2

So, for large n, we can find a constant ¢ such thatr, /0, (¢) < calog, n/logn — Oasn — oo.
Next we show that r,%pn (1)*2 — 0 as n — oo uniformly over —logn/log,n <t < 0. By
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(1.4) and (2.6), we obtain

_ d—1)logyn d—1 logs n B+o) \?
) 2r2 o ()22 = _
(e)7r pu (1) (A~ 1logn)l-1/e 2 (A llogn)l=1/e = (A-llogn)!-1/

1 d d (0—2)/a
X (—(t + logn + <— - 1) log, n — log<F(—>>>>
A o o

_ /\(((d — 1D logyn —logzn(d —1)/2+ B +0(1))2>
B logn

» (1 N t+ (d/a—1)logy,n — 10g(r‘(d/a))>(0t—2)/o(.
logn

Since —logn/log, n <t < 0, the right-hand side of the above equation is bounded by
(d = Dlogyn —logyn(d = 1)/2+ p +o(1))’
logn

« (1 n (d/o—1)logyn — log(F(d/a)))(OlZ)/a
logn

for @ > 2, and by
N ((d — D logyn —logyn(d — 1)/2 + B + o(1))?
logn

<1 logn/logyn — (d/a — 1) logyn + 1og(r(d/a))><“—2>/“
(11—
logn

for 0 < o < 2. Both these bounds are independent of ¢ and converge to 0 as n — o0.
Part 3. Next, consider the range Ary —a, <t < —logn/log, n (see Remark 2.1). From
the first inequality we have r;, < p,(¢), and, hence,

(pu(t). 1) = / Age " g
B(pn(t)e,rn)

> / Age " 4
B(pn(t)e,rn), 1[I <pn ()

> Aqe™ " |B(py(t)e, ra) N B(O, pu(1))]. (2.26)
where | - | denotes the volume and ¢ = (1,0,...,0) € R?. Inscribe a sphere of diameter r;,
inside B(p,(t)e, r,) N B(0, p,(¢)) (see Figure 1). Hence,
er;li
|B(pn(t)e, ry) N B(O, py (1)) = -

Substituting (2.6), (2.12), and (2.27) into (2.26), we have, for large n,
I(pn(t), rp) > c//e_}tpn(f)ar:ll'

_ et (log, n)? (1 _ logzn B+ o(1) )d
~ n(logn)d/e=1 (logn)d—d/« 2logyn  (d —1)logyn

> ¢*n~(logn)! =4 (log, n)?e™"

=qne ', (2.28)

(2.27)
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where

FIGURE 1.

From Lemma 2.3 and (2.28), we obtain,

‘We have

ndqn

rY—ay

IA

IA

IA

—logn/logyn
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gn = c*(logn)' =4 (og, n)¥n=". (2.29)
exp(—nl (o, (1), ry))gn(t) dt
—logn/logy n
M exp(—ngpe e~ dt, dja>1,
Arff—ay
1 d—a  p—logn/logyn
M(M) / exp(—ngpe e 'dt, dja <1,
lOg n Arf—ay
exp(ap—Ars)
M e Y dy, dja>1,
exp(logn/log, n)
1 d—a exp(a,,—kr,‘f)
M(M) / ey dy, dja <1,
log n exp(logn/log, n)
exp(—ngy,e'oen/1ogam) dja>1,
n
J (2.30)
M (1 —
( Og2n> eXp(_nQnelogn/logzn)’ d/()l < 1.
ngp \ logn
logn/log, n M 1+1/logy n
exp(—ngne 2" = —exp(—n 2%qn)
ndqn
1 d—1
_cdoen) e e (log )~ l0g, ). (231)
(log, n)4
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Consider the exponent ¢*n !/ 1982 (log n) 1 =4 (log, n)¢. Taking logarithms we obtain, for large n,

N logn logn
log(c™) + + ({1 —d)logyn+dlogzn > .
log, n 2logyn
Hence,
C*nl/logzn (log n)l*d(logz n)d Z elogn/210g2 n. (232)

Using (2.32) in (2.31), we obtain

logn

d—1
exp(—ng,e'tn/ em) < C( ) ! exp(—elogn/2lomny g (233
log, n

ngn logy n

since the exponent is decaying exponentially fast in logn/log, n. Using the inequality from
(2.33) in (2.30) for the case d /¢ < 1, we obtain

M (1 d-e C(log n)*!
ngn exp(_nqnelogn/10g2 I‘l) S ( Og n) exp(_elogn/legz n)’ (234)
ngn \ logn (log, n)*

which converges to 0 as n — 00, by the same argument as above. From (2.30), (2.33), and
(2.34), we have

—logn/logyn
/ exp(—nl (pn (1), rn))gn (1) dr — 0. (2.35)
A

ri—ap

Part 4. Finally, consider the case —a, <t < ArJ — a,. The second inequality implies that
rn > pn(t). Hence, for large n, we have

nl(p,(t), ry) = n/ Age M gy > n/ Age M gy > clnef)‘(zr")ar,‘f.
B(pn(t)e,ry) B(rpe,ry)
(2.36)
For large n from (2.12), we have
d—1)1 2(d — 1) 1
( Vogyn ( )logyn (2.37)

< )
22V/eq(logn)l=1e — n = A (logn)l=1/e

Fix 0 < e1,&2 < 1 such that ¢ = &1 + &2 < 1. Substituting (2.37) into (2.36) we obtain, for
large n and some positive constants ¢, and c3,

(log, n)* ) (log, n)4
(logn)*=! J (logn)d—d/«

1 o
> con' exp(—63< loog;:> log n>

1—e1—c3(logy n/logn)*

nl(pa(t), rn) = c2n eXP<—C3

= cn
> C2n1—81—82
=con' e, (2.38)
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From (2.9), (2.38), and the fact that, for large n, a, < 2logn, we obtain

Al —ap o) e—cznl"g Ary —ay et
e M) g (1) dt < —/ t4a,)* e dt
/a,, N T I

edn e—cznl’s

OO dja—1
a—1 . ,—u
< Gt J, 4T

_ 1—¢
cnZe—n

<"
(lOg n)d/a—l
- 0. (2.39)

This completes the proof of Proposition 2.1.

Theorem 2.1. Let o € R, and let ry, be as defined in (1.4). Then

Wira) = Po(e ™ /Cy),
where Cy is as defined in (1.6) and Po(e_ﬂ/Cd) is the Poisson random variable with mean
_lg/C
€ d-

Proof. From Theorem 6.7 of Penrose (2003) and Proposition 2.1, the total variation distance,
drv (W) (r,), Po(E[W, (r,)])) is bounded by a constant times J; (n) + J2(n), where Ji (n) and
Jo(n) are defined as

Ji(n) = n2 /R exp(nl (e, r) £ () d f exp(=nl (v, ra)) £ () dy,

B(x,3rp)
Ja(n) =n’ / f)dx f exp(—nl® (x, y, ) f(y) dy, (2.40)
Rd B(x,3rp)\B(x,rn)
where 1@ (x, y,r) = f B(x.r)UB(y.r) f(z)dz. Theorem 2.1 follows from Proposition 2.1 if we

show that J;(n) — 0asn — oo,i = 1,2. We first analyze J;. Let p,(¢) and g,(¢) be as
defined in Lemma 2.2 and (2.9), respectively. We have

Iy = n? / exp(—n (pu(t). ra))gn (1) / exp(—nl (y. 1)) £ () dy.
—ay, B(py(t)e,3ry)
Write Ji(n) = J11(n) + Ji2(n), where
logn/logy n
I = / exp(—nT (P (1), ra))gn ()

Aan

X[ exp(—nl(y, rm))nf(y)dy,
B(pn(t)e,3ry)
Ji2(n) :/ exp(—nl (pu(t), ra))gn(t) dt

—logn/log, n

X / exp(—nl(y, ra))nf(y)dy.
B(pn(t)e,3ry)
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From (2.8) and Proposition 2.1, the inner integral in J;p,

e9]

/ exp(—nl(y,ra))nf(y)dy 5/ exp(—nl (pa(t"), 12))gn (1) d’
Bpn(0)e,3r)

—a,
= E[W, ()]
e_ﬂ
_— —
Cyq
as n — oo. Thus, for any ¢ > 0 and all large n, we have

e~ —logn/log, n
Jum) =1+ S)C—d/ exp(—nl (pn (1), r))gn(r) dt.

—ay

It follows from (2.35) and (2.39) that J;1(n) — 0. Next we will show that Jjp(n) — 0
as n — oo. Define B,(t) = {t': p,(t) — 3ry < pu(t') < pu(t) + 3r,}. Note that, for t >
—logn/log, n, p,(t) — 3r, > 0. The inner integral in Ji2(n) reduces to

/ exp(—nl(y, ry,))nf(y)dy
B(pn(t)e,3ry)

d—1
< (2 sin~! (i» / exp(=nl (on(t'), ra))gn (') di’
on () By (1)

( . 1< 3rn ))d_l *© / N 4/
< (2sin / exp(—nl (pn(t'), 1,))gn (") dt

on (1) —ay
-8 3 d—1
szd—1(1+s)e—<sin—1( n ))
Cd ;On(t)
1 d—1
< C(M> : (2.41)
logn

since, for all large n and t € (—logn/log, n, 00), we can find constants ¢, ¢/, and ¢ > 0 such
that 0 < 3r,/p,(t) < clogyn/logn — 0, and sin~!(x) < ¢/x for all x € [0, ¢]. Thus, the
inner integral in Ji» converges uniformly to 0 as n — oo. Hence, J1» converges to 0 from the
last statement and the fact that the bounds in (2.19) and (2.25) are integrable over [0, co) and
(—o00, 0], respectively.

We now show that J, as defined in (2.40) converges to 0. Write J>(n) = Zi:l Do (n),
where

I = n? / ) dx / exp(—nI@ (v, ra) fO)dy, k=123,
R Ag(n)

with Ay(n) = {2r, < |lx = yll < 3rp}, A2(n) = {rn < llx — yll < 2, IxIl = lIyll},

and A3(n) = {r, < ||x — y|| < 2r, llyll < llxll}. Since on Aj(n), IP(x,y,r,) =
I(x,ry) + I(y, ry), we obtain

() = n? /R exp(nl (e, r)) £ 0x) dx / exp(—n(y, r)) £ () dy

{y: 2rp<[lx—ylI=3ra}

<o [ expint o) frds [ expinl (o) fO)dy

(x,374)
= Ji(n),
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FIGURE 2.

which has already been shown to converge to 0. Next we analyze J>>(n) asn — oo. The proof
for Jo3(n) is the same and so we omit it.
Let B(z(x, y), p1) be the ball with center z = z(x, y) (see Figure 2) and radius p; =
p1(x,y) > ry,/2 inscribed inside B(x, r,) \ B(y, ry). Then
1(2)(-x’ y’r}’l) 2 I(Z(x9 y)v 101) + I(y’ rn)
= 1(z(x, y),mn/2) + 1 (y, rn)
= 1(x,rn/2) +1(y, rn),

where the last inequality follows since || z|| < ||x||. Thus,

In(n) < n’ / exp(—nl(x, r—"))f(x)dx / exp(—n(y, r)) £ () dy
Rd 2 Ax(n)

<n? / exp(—nl(x,r—n>)f(x)dx / exp(—nl (v, 1) £ (3) dy.
Rd 2 B(x,3ry)

Write Jy2(n) = J{f(n) + J3 (n) + J5 (n), where

Ji*(n) =/ eXP(—M(pn(t),%))gn(t)dt/ exp(—nl(y,rn))nf(y)dy
D; B(pu(t)e.3rn)

fori = 1,2,3, where D = [—ay,, —logn/log,n), D, = [—logn/log,n,0), and D3 =
[0, 00). The proof of Jl.* — Oasn — oo fori = 1, 3 proceeds in exactly the same manner as
in the cases of Ji; and Ji2 by replacing r, by r,/2 while estimating the outer integrals. In the
case of J5, we proceed exactly as in the case of Ji; (see (2.41)) to obtain

" log, n -1 I'n
() =Cl —— exp| —nl| pn(t), = ) |gn(2)dz. (2.42)
logn Dy 2
We will show that there exists a constant C; such that, for large n,
f ( 1( t) r”)) (t)dt < C (logm)“~D" (2.43)
expl —nl| p,(®), — | |g <Cl—————. .
Dy " ) )en (log, n)@d=D/4

Substituting (2.43) into (2.42) we obtain

log, n )d_l (logn)@=1/2

(log, )@ D7 —- 0 asn— oo.

Jz*(n) = C/( logn
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This completes the proof of Theorem 2.1 once we show (2.43). We first obtain a bound for the
integrand in (2.43) as in (2.25) by replacing r, by r, /2. Using Lemma 2.1 (see also (2.22)),
we can find a constant ¢y > O such that

d+1
nl(pna),%”)zcon(F(—; ) En)r,?e—*"”‘”(mp,?“)““””

_ A _
x exp(—A(py — arypy ) exp(—Trnp,‘f 1), (2.44)

where the functions E, and w1 (n) are as in Lemma 2.1, but with r,, replaced by r,, /2. Itis easy
to see that the conditions for the uniform convergence to 0 of E,, and w(n) that were verified
below (2.25) for r,, hold for r,, /2 as well. Hence, the computations leading to (2.24) can be
used to estimate the right-hand side of (2.44) leaving out the last factor. This gives, for large n
and some constant ¢’ > 0,

A
"1<p (e %) z e exp(—;“rnpn(t)“*).

From (2.20) we have exp(—iar, p, ")*"1/2) > (log, n)(d_l)/4(log n)~@=1/2e=2/2 There-

fore,
n (logy n)
nI(,o,,(t), 3) = C3We

From (2.45) and part 1 of Lemma 2.3, we obtain

n (logy "D 1\
exp(—nl(pn(t), 3))&:(0 < MeXP(—C3WC e

(d—1)/4
- (2.45)

for all large n. Hence, for all large n, we have

0 d-1/4
rn (log, ) —t ).t
—nl| py(r), 2 ndt <M —3 dr
-/Dz exp( " <pn( ) 2 ))gn( Jdr = /;oo exp( a (logn)(dil)/2 © ¢

_M (logn)@=D/2
~ ¢3 (logy n)@d=—b/4"
This proves (2.43).

Proof of Theorem 1.1. For each positive integer n, set m(n) =n — n3/* and my(n) =

n + n3/*. Recall that the Poisson sequence N, is assumed to be nondecreasing. Let r, be
as in the statement of the theorem. Since m;(n) ~ n, it is easy to see that Proposition 2.1 and
Theorem 2.1 hold with n replaced by m; (n), that is,
, e’ : o o (e :
E[W,,. oy (rn)] — C_d W, () (rn) —> Po(c—d), i=1,2.

Let P, = P,y and P," = P, ). Let A€ denote the complementof set A. Let H, = {P,; €
Xn € P,7}. Let A, be the event that there exists apoint Y € £, \ £, suchthat Y isisolated in
G(P,; U{Y}, ry). Let By be the event that one or more points of £, \ £, lie within distance
rnp of apoint X of £~ withdegree 0in G (P, rp). Then {W, (ry) # W, (rn)} € A, U B, U HE.
Thus, the proof is complete if we show that P[A,], P[B,], P[H, ] all converge to 0. We have

P[HS] < P[|Npy(n) — m1(m)] = 031+ P[| Nypyny — ma(n)| > n>/4] — 0

as n — oo by Chebyshev’s inequality.

https://doi.org/10.1239/aap/1282924057 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1282924057

646 ¢ SGSA B. GUPTA AND S. K. IYER

Let Y € R? be a point distributed according to the density f independent of P, . By the
Palm theory we have

P[A,] < 2n** P[Y isisolated in G(2, U (Y}, r)] = 20°/*my ()~  E[W], () (ra)].
which converges to 0 as n — oo. By Boole’s inequality and the Palm theory,
P[B,] < 2n°/* P[there is a isolated point of G(P,", r,) in B(Y, ry)]

<2’ / f(y)dy f exp(—m1(n)I (x, 1)) f (x) dx.
Rd B(y,rn)
By interchanging the order of integration, we obtain
P[B,] <2n"/* f I(x, ry) exp(—my () (x, ry)) f (x) dx
R4

= 2%/ / h L(pn (), ) exp(—m1 (W) (pn (1), 1)) gn (1) dt. (2.46)

—dn

From (2.9) and (2.10), we obtain

2034 1 0y (1), 1) exp(—m1 ()1 (py (), 7)) gn () — O.

Thus, the integrand in (2.46) converges pointwise to 0 as n — 0o. To complete the proof, we
need to find integrable bounds for the left-hand side of the above equation. Let 0 < ¢ < 1 be
fixed. For large n, we have m1(n) > (1 — ¢)n. Hence, for large n,

n3/41(,0,, @), rn) exp(—=my1(m)1 (pn(2), rn))gn(t)
< (oa (1), ra) exp(—(1 — &)nl (pn(t), rn))gn (1) (2.47)

Thus, it suffices to find integrable bounds for the right-hand side expression in (2.47). The
procedure for doing this is the same as in the proof of Proposition 2.1, where we obtained
integrable bounds for exp(—n1 (p,(t), 1)) g, (t) by dividing the range of the integral [—a,,, 00)
into four parts, and in each part finding a lower bound for n1 (p, (¢), r,) of the form c; h; (n, t) and
upper bounds for g,(¢), i = 1,...,4. We can use the same bounds for the factor exp(—(1 —
enl(p,(t), ry))gn(t) by replacing the constants ¢; by (1 — ¢e)c;, i = 1,...,4 (see below).
Thus, for each of the four domains analyzed in Proposition 2.1, we need to find an upper bound
for n3/41(p, (1), ry), and then verify that the product of this bound and the one obtained for
exp(—(1 —e)nl(p,(t), rn))gn(t) is integrable.
Part 1. Lett > 0. From (2.15) we obtain, for large n,

n (o (0), 1) < 0" 1 (pn(0), 1) < (14 £)CaePn™'/*,
Hence, for large n,
3/4 1 B, —1/4
P34 T (ou (1), 1) exp(—(1 — £)nI (pa(1). 1)) gn (1) < (1 + £)CaePn= Vg, (1),

which is integrable over [0, oo) by (2.18) for each n, and converges to 0 as n — oo.

Part 2. Next suppose that —logn/log, n <t < 0. Using Lemma 2.1 and proceeding as in
(2.22) and (2.23), with w{ (n) replaced by wy(n) and E,, replaced by 0, we obtain, for large n
and some constant ¢”,

W34 (pp (), ra) < n~V4ce™.
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This together with (2.24) and part 1 of Lemma 2.3 yields

w1 (pu (), 1) exp(—(1 — e)nd (pa (1), ra))gn(t) < c1n™ " exp(—(1 — e)c'e " )e ™
for large n and some constant c¢1. This bound is integrable in # over the interval (—o0, 0), and
converges to 0 as n — oo.

Part 3. Next, consider the range Ary —a, <t < —logn/log, n. For large n, we have

« 1 d
L(pn(0)s ) < f Age M gy < pgrd < ¢, 10821 (2.48)

2—’
B(0,ra) (logn)d—d/«

where the last inequality in (2.48) follows from (2.37). Note that the above bound is independent
of ¢. Hence, for large n,

—logn/log, n
/ e n3 4 (0 (1), 1) exp(—(1 — &)l (pa (1), 1)) gn () dt
A

o
ri—ay

will be bounded by n3/* times the last expression in (2.48) times the bound obtained in (2.30),
with the constant ¢* (see (2.29)) replaced by (1 — €)c*. The bounds obtained in (2.30) are in
turn bounded above in (2.33) or (2.34), depending on whetherd /o > lord/a < 1. Ifd/a > 1
then, for large n, the product of the bounds in (2.33) and (2.48) will be less than a constant
times

n3/4(10gn)d/a—l exp(_elogn/Zlogzn) S n3/4(10gn)d/a—l exp(_elogzn) — n—l/4(10gn)d/ol—l’

which converges to 0 as n — o0o. The same reasoning applies to the case d/a < 1 by using
(2.34) instead of (2.33).

Part 4. Finally, consider the case —a, <t < Ary —a,. Using (2.39) and (2.48) with ¢,
replaced by (1 — ¢)c;, we obtain, for large n and some constant c,

Ary —ay
/ 134 (pn (1), 1) exp(—(1 — &)nd (o, (1), rn))gn(t) dt

ay
- cn3(logy n)? exp(—(1 — &)can! =)
B (logn)d=1

)

which converges to 0 as n — oo.

Proof of Theorem 1.2. Define a sequence {r,},>1 by

ra (A" ogn) ! =V, — (d — 1) log, n + logzn = B.

Then by Theorem 1.1 we have
e_ﬁ
lim Pld, <r,] = lim P[W,(r,) =0] = exp(——>.
n— 00 Cy

n—o0

The result now follows by taking 8 = y — log(Cy).
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3. Proof of Theorem 1.3

In order to prove strong laws for the LNND for graphs with densities having compact
support, we cover the support of the density using an appropriate collection of concentric balls
and then show summability of certain events involving the distribution of the points of X,, on
these balls. The results then follow by an application of the Borel-Cantelli lemma. In the
case of densities having unbounded support, the region to be covered changes with n and must
be determined first. The following lemma gives us the regions of interest when the points in
Xn = {X1, X2, ..., Xy}, n > 1, are distributed according to the probability density function

f given by (1.1).

For any set A, let A® denote its complement. For any two real sequences {a,},>1 and
{bu}n>1, an 2 b, means thata, > c,, n > 1, for some sequence {cy},>1 with ¢, ~ by,.

For any ¢ € R and large enough 7, define

1 c+d—«a 1/«
R,(c) = 3 logn + Y log, n . 3.1

Define the events U,(c) = {X, C B(0, R,(c))}, and, for any ¢ < 0, let V,(c) = {X, N
(B(0, R,(0)) \ B(0, R,(c))) # &} for all large enough n for which R, (c) > 0, and arbitrarily
otherwise.

Lemma 3.1. Let the events Uy, (c) and V,,(c), n > 1, be as defined above. Then
1. P[U; (c) infinitely often 1 = 0 for any ¢ > «, and
2. P[Vs(c) infinitely often | = 0 for any ¢ < 0.

The above results are also true with X, replaced by P, provided that A, ~ n.

Thus, for almost all realizations of the sequence {X,},>1, all points of X, will lie within
the ball B(0, R, (c)) for any ¢ > « eventually, and, for any ¢ < 0, there will be at least one
point of X, in B(0, R,(0)) \ B(0, R,(c)) eventually.

Proof of Lemma 3.1. From (1.3) we obtain

o0 ~
f~ fr()dr ~ A, ()T RIT%e MR as R — o0 (3.2)
R
Fix an integer a > 1, and define the subsequence {ny}r>1 by ny = ak. For large k, we have

Nk+1
P|: U U,f(c)i| < P[at least one vertex of X,,,, is in B(0, Ry, (¢))]

n=nj

o
=< nk+1/ fr(r)dr

Ry ()
— — —ARY
~ Ay 0e) mi R ()™
C
< —.
= kel

Thus, the above probability is summable for ¢ > «, and the first part of Lemma 3.1 follows
from the Borel-Cantelli lemma.
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Next, suppose that ¢ < 0 and let {n;}r>1 be as above. Note that, for all large k, R, (c) <
R;, (0). From (3.1) we obtain, for all large n,

! 1 d—a 13y AR (D) 2 1
p(d—a) /e l’l(lOgn)b/a < Rn (b)e < d—a)/a n(logn)b/“ y b= C, 0.

Using the inequality 1 — x < e™, (3.2), and the above inequalities, we obtain, for large k,
it
P[ U V,,C(C)} < P[Xn, N (B(O, Ry (0) \ B(O, Ry, (0))) = D]

n=ng
Ry, (0) N
< exp(—nk/ A’de*kr pd-1 dr)
R

g1 (©)

< exp(—mk Ay (ha) T (SR ()e M @ —aRd=e (0)e ()

Nk+1

A, ()t 1
_ _d —cla _
= exp( S @)/ <4a(10ga)c/a (k+1) 4))

which is summable for all ¢ < 0. The second part of Lemma 3.1 now follows from the
Borel-Cantelli lemma. If X, is replaced by &, where A,, ~ n, then

P[U, (0)] = 1 — exp(—An(1 = 1(0, Ry(c))))
S M A (ha) T R (0) exp(=A R} (€))
~nAl ()T RIT (¢) exp(—AR%(c)),
which is the same as the asymptotic behavior of P[US(c)] in case of X,,. Similarly, we can

show that P[V,7(c)] has the same asymptotic behavior as in the case of X,,. Thus, the results
stated for X, also hold for & ,.

Proposition 3.1. For any t > d/ah, let r,(t) = t(A "' logn)'/*~"1og, n. Then, with proba-
bility 1, d, < r,,(¢t) for all large enough n.

Proof. Fixt > d/aA, and choose u € (d/aA,t). Pick ¢ > « and ¢ satisfying 0 < ¢ <
u/2+u),e+u <t,and

c+ad-1) d c—a (1 ) , (3.3)

_— = — < —&e)u <1I. .

a2 ak  aZa

From Lemma 3.1, a.s., X, C B(0, R, (c)) for all large enough n, where R, (c) is as defined

in (3.1). Form = 1,2, ..., let v(m) = a"™ for some integer a > 1. Define the sequence of
functions {7, (v)}m>1 by

Fo(v) = rom+n (V) ifo > 1,
" Tyom) (V) ifa <1.

This is required since r, (#) is decreasing in n if @ > 1, and increasing if « < 1. Let «,, (the
covering number) be the minimum number of balls of radii 7, (¢) required to cover the ball
B(0, Ry(m+1)(c)). Since

Tv(m+1) (e)

— 1 asm — o0, 34
rv(m)(g)
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we can find constants C, C1, and C; such that, for all sufficiently large m,

Ry(mt1y(©)¢
Km < C—Fm(g)d
Rv(m+1) (C)d
Fogma1) ()4
_Cy (log(v(m + 1)) +logy(v(m + 1)) (c + d — &) far) ¥/
Aded (log(v(m + 1)))4/*=d (log, (v(m + 1)))4

m+ 1 d

Consider a deterministic set {x{", ..., x.” } C B(0, Ry(n+1)(c)), such that

Km

B, Rugnt1y(0) C | BT, Fn(e)).

i=1

Given x € R?, define A,,(x) to be the annulus B(x, 7, (1)) \ B(x, 7 (€)), and let F,, (x) be
the event such that no vertex of X, () lies in A,,(x), i.e.

Fp (x) = {Xym[Am(x)] = 0}, (3.6)

where X[B] denotes the number of points of the finite set X that lie in B. For any x €
B(0, Ry(m+1)(c)), we have, by the radial symmetry of f,

P[X; € Apn(x)] = / fdy = / f(y)dy, 3.7
A (x) Ap(lxle)
where e = (1,0,...,0) € R4. The aim is to find a lower bound for the above probability.
Note that
ra(u) u(A"logn)l/e—1 logy n S0 3.8)

Ru(c) — (A(ogn +logy n(c +d — a)/a) /e

as n — oo. Thus, in (3.7) we integrate the density f over a relatively small annulus A,, (x)
centered at x which liesin aball B(0, R, (n+1)(c)) of relatively larger radius. Since f is radially
symmetric and decreasing, it should be possible to obtain a lower bound for x = Ry (,+1)(c)e.
To show this, first consider the case in which |x| > 7, (u). Then, y = (y1, ..., Yqa) € An(lx|e)
implies that y; > 0. Combining this with the fact that |x| < R, (n+1)(c), we have

[y + (Rugn+1)(©) — [xDel = 1(y1 + (Rogn+1y(€) = 1XD), y2, ..., ya)| = |yl. (3.9

On the other hand, if |x| < 7, (u) then, for any y € A,,(x), |y| < 2r,, (u). Hence, for all large
m, we obtain

[y + (Rygnin(©) = xDel = Rygnyny(©) —Fm@) — |yl = [y + (Rygnr1)(€) = S5Fm @) = |y1,
(3.10)
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where the last inequality follows using (3.8). From (3.7), (3.9), (3.10), and the fact that the
density f is radially symmetric and decreasing, we obtain, for all large m,

PIX; € Ap(x)] = /A o Rt = e+ 0 dy

= / F(ydy
Am (Ru(m+])(c)e)

= I(Rom+1)(©), Fm (W) — I (Rygn+1)(€), T (€)). (3.11)

To apply Lemma 2.1 with p, = R,(c) and r, = r,(v), v = ¢, u, we first check the four
conditions of the lemma. As n — oo, by definition, RS (¢) — oo, and

1 d—al 1/
In) - kl_l/“vlogzn/logrL(X(l + cré-a 0g2n>) N

Rn(c) o logl’l
242-2/a 2 _ 1-2/a
rr(w)R*%(c) = v (logy )™ (1 146 + alogyn S,
logn A o logn
1 d—al 1-1/a
Fn(U)Rf,‘_l(c) — U)\,l_l/a 10g2n 21 + c+ o ngn S o
A a logn

The above limits can be easily seen to hold if we take R, and r, to be R,(n+1) and ryom),
respectively, by using (3.4). Hence, by Lemma 2.1 (noting from the last line of the lemma that
w;(n), i =1, 2, and E, converge to 0), we can find positive constants ¢ and ¢, (depending on
u) such that, for large m,

c18(Rym+1)(©), Fn () < @)™ T2 I (Ry 11y (€), (1)) < 28 (R 1)(€), i ().

Substituting (3.12) and (2.4) into (3.11), we have, for large m, (3.12)
P[X; € Ap(x)]
> eXP(_)‘Rg(mH)(C))(Rﬁ(jan)(c))*(d“)/z
x (c1(u) exp(kafm(u)Rl‘j(:an)(c))(;m (u))@=D/2
— () exp(haim (s)R“f(;an)(c))(;m (£))@=D/2y
- (3.13)

We now compute a lower bound for g,,. For large n, we can find a constant C3 such that

exp(—ARY(¢))(R* ™! (¢))~@+D/2

1 1 c+d—« —(1=1/a)(d+1)/2
= n(log(n))(ctd—a)/« (z <logn + B log, n))

(log n)—(l—l/al)(d+1)/2
n(log n)(c+d7a)/oz

(3.14)

Furthermore,

logy n(c+d — a)/a)l‘” G

rary, (u)Rf,‘_l(c) = Aaulog, n(l +
logn
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From the above equation (and using (3.4) for the ¢ < 1 case), we obtain, for large m,

(1 — &)raulogy v(m + 1) < AaFu @RI, | (©) < 2haulogy v(m + 1). (3.16)
By the above inequality and (3.4), we can find a constant C4 = C4(u) such that, for large m,
exp(ray (W) RYL 1) (€) (F ()™ D/ (3.17)

exp((1 — &)raulog, (v(m + 1)))(log, v(m + 1))d-b/2
(log v(m + 1))(-1/0)d=1)/2 '

From (3.16), with u replaced by ¢, for some constant C5 = Cs5(¢) and large m, we obtain

exp(AaFy, (s)Rl‘j‘(:an) (©)) (P (6)) €= D/2

< Cs exp(2rae log, (v(m + 1)) (log, (v(m + 1)))(d*‘>/2.
B (log(v(m + D))(1=1/0@=D/72

Substituting (3.14), (3.18), and (3.19) into (3.13), we obtain, for large m,

(log(v(m + 1))~ =1/0@+D/2
P u(m + 1) (log(v(m + 1)))lcrd=e/a
 (oga((m + 1) D72 exp((1 — &)raulogy (v(m + 1))
(Iog(v(m + 1)) 1= 1/)@=D72
X (c1C4 — c2Cs5exp(ra(2e — (1 — e)u) logy, (v(m + 1)))).

> Cy (3.18)

(3.19)

m —

Since ¢ < u/(2 + u), 2e — (1 — e&)u < 0, and, hence, for large m, the term on the last line
above is bounded below by c;C4/2. Hence, for large m, we have
_ C3e1Cy_(log(v(m + 1))~ 1/@(@*D/2
Im = = 0 om + D(log(v(m + 1)))ctd—a)/a
(logy (v(m + 1))@~ D/Z exp((1 — &) rau logy (v(m + 1)))
X
(Iog(v(m + 1)))(1=1/@@=D/2
(log(m + 1))@-D/2
am(m + l)c/a+d—(l—s)kau—l

(3.20)
for some constant C. Hence, for large m, from (3.6), (3.13), (3.20), and the inequality 1 —x <
e™*, we obtain, for any x € B(0, Ryu+1)(c)),
P[F(0)] = (1 = P[X1 € Ap(x)])"™
< (1—gm)"™
< exp(—=v(m)qm)

(d-1)/2
< exp(—C (log(m + 1)) )

(m + l)c/a+d—(l—£)AaLt—l
SetG,, = Ufﬁl F, (x;”). From (3.5) and (3.21), we have, for large m,

(3.21)

P[Gn] < Y PIFu(x")]

i=1

o mt! d c (log(m + 1))@-D/2
— | exp| — s
=2 log(m + 1) P (m + 1)re(ctad=1))/re?—(1—e)u)
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which is summable in m by (3.3). By the Borel-Cantelli lemma, a.s., G, occurs only for
finitely many m. Choose n > a, and take m such that a” <n < a™*!. If d, > r,(t) then
there exists an X € X, such that X,[B(X, r,(¢)) \ {X}] = 0. By Lemma 3.1, X will a.s. be
in B(0, R, (n+1)(c)) for all large enough m. Hence, a.s., if n is large enough then there is some
i < kp such that X € B(x]", 7, (g)). Since

T (&) +Tp(u) < P (t) < ry(t),

it follows that F;,(x;) and, hence, G,, occur. Since, a.s., G, occurs only finitely often, it
follows that d,, < r,(¢) a.s. for all large n. This completes the proof of Proposition 3.1.

Proposition 3.2. Foranyt € (0, (d —1)/ad), letr,(t) =t log, n(! log )Y/~ Then, with
probability 1, d, > r,(t) eventually.

We prove Proposition 3.2 via the Poissonization technique, which uses the following lemma
(see Lemma 1.4 of Penrose (2003)).

Lemma 3.2. Let N be a Poisson random variable with mean A. Then there exist constants ¢
and A such that, for all A > A,

max{P[N > A + 323/4], P[N <1 — I234]} < cexp(—4v/a),

Proof of Proposition 3.2. Enlarging the probability space, assume that there exists nonde-
creasing sequences of Poisson variables {N (n)},>1 and {M (n)},>1 with E[N(n)] = n — n3/4
and E[M (n)] = 2m3/4, independent of each other and of the sequence {X1, X, ...}. Define
the point processes

P =1{X1,X2,.... Xnw)}, Pr={X1,X2, .., XNw)+M@m) }-

Then, £, and &, are Poisson point processes on R? with intensity functions (n — 3 F()
and (n 4+ n*/*) £ (-), respectively. The point processes & '~ and P, are coupled in such a way
that £~ C 2. Furthermore, if H, = {£, € X, € P,'} then, by the Borel-Cantelli lemma
and Lemma 3.2, P[ H;; infinitely often] = 0. Hence, a.s., the event H, happens eventually.
Fixt € (0,(d — 1)/aA). Choose u and ¢ such that ¢ < 0, ¢t < u < (d — 1)/aA, and
u<(c+oald-— 1))/a2A. Pick ¢ > 0 small enough such that (1 + &)u < (c + a(d — 1))/052A
and ¢ + ¢ < u. Fix an integer a > 1, and let v(m) = a™, m = 1, 2, . ... Define the annulus

Am(c) = B(0, Rv(m)(o)) \ B(O, Rv(m)(C))»

where R, (c) is as defined in (3.1) (note that R, (c) < R, (0) since ¢ < 0). Define the sequence
of functions {7, (v)}n>1 by

ru(m)(v) ifa > 1, (3'22)

Fm(v) =
m (V) ru(m+1)(v) ifa <1.

For each m, choose a nonrandom set {x", x}', ..., x{’,’"n} C A, (c), such that the balls

are disjoint. The packing number o, is the maximum number of disjoint balls B(x, 7y, (1))
with x € A, (c). Using (3.4), we can find constants co and c; such that, for all large m, we
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have
R, (0) = Rygmy ()
Z €0 7
Pl (u)
RY,(0) = Rygmy’ ()
r\(f(m) (u)

o ( log v(m) >d<<l N d — o log, v(m))d/“
() \ log, v(m) a logv(m)

_ (1 L ctd—a logzv<m>)‘”“).

o log v(m)

The function g(x) = (1 +x(d — a)/a)¥* — (1 + x(c +d — a)/a)¥/®, x > 0, can satisfy
g(0) = 0 and g'(0) = —cd/a® > 0, since ¢ < 0. Hence, for all sufficiently small x > 0, we
have g(x) > éx for some constant 6 > 0. Using this inequality in the above lower bound for

om, We obtain
Om = 6‘2<M) (3.23)
log, v(m)

for large m and some constant ¢;. By part 2 of Lemma 3.1, there will a.s. be points of &

(M)
A,y for all large enough m. Consider the sequence of sets (" En,;)¢, where

Emi = {2 B ™ Fn(e)] = 1} 0P, [BGS™, F )] = 1}

fori = 1,2,...,0ph, m = 1,2,.... From an earlier argument P[H] is summable and,
hence, with probability 1, H, happens eventually. For any n > a, let m be such that a™ <
n < a™t!. Recall that {N(n)}y>1 and {M(n)}n>1 are nondecreasing. Hence, if H, and

E,, ; happen, then there is apomtX € J v(m) C P C X, such thatX € B(xv(m) Fm (€)) with
no other pomt of P v(m—H) D £, (and, hence, of Xp) in B(xv m) , 7m (1)). This would imply
that d, > (1) — Fp(8) > (t) > ru(t). Thus, by the Borel-Cantelli lemma, the proof of

Proposition 3.2 is complete if we show that

ip[(@ Em,) } . (3.24)

m=1 =
To this end, we first estimate P[E,, ;]. Fori =1,2,...,0,, m = 1,2, ..., define the sets
In =2\ Poys Umi = BT (@), Vi = B ™ () \ Upni.

Then, Epi = {0 [Un.il = 1} NP, Vil = 0} 0 {Ln[Up.i] = 0} 0 (L[ Vini] = O},
Let a(m) = v(m) — v(m)3/* and B(m) = v(m + 1) 4+ v(m + 1)3>/%. Note that each of the four
events appearing in the above equation are independent. Hence,

P[Em] = (a(m) /U ) dy) exp(—ﬂ(m) FO) dy)

Um.iUVm,i
= a(m)I(x) ™, 7)) exp(—Bm) I (x)"™ , 7y ()
> (M) I (Ry(m) (0), P () exp(—Bm) I (Ryu) (), i (1)), (3.25)
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where the last inequality follows since R, (y)(c) < |xl.v (m)| < Ry(m)(0) and the density is
decreasing radially. Using Lemma 2.1 (that this lemma is applicable is shown in the proof of
Proposition 3.1; see the arguments below (3.11) leading to (3.12)) and noting that o (m) ~ v(m)
and B(m) ~ av(m), we can find constants C i and Cé, such that, for large m,

PLEy i1 > Clum)iy ' (e) exp(=A(R%,, (0) — i () R, (O)) (RE ) (0) =+ D72
x exp(—Chv(m)isy () exp(—A(RY,,) (¢) — afm ) RE,,) (0))
X (RS ()™ @TD72), (3.26)

We now estimate the right-hand side of the above inequality. In what follows, we will use
(3.4) to obtain the desired inequalities for the & < 1 case, as in the proof of Proposition 3.1,
without mentioning it explicitly. From (3.15), with ¢ = 0 and u replaced by ¢, we obtain
AQ (s)R“f(:”l) (0) > log, (v(m))rae/2 for large m. Hence, we can find a constant ¢’ such that,
for large m,

e10g2 U(m))»ae/Z(logz v(m))(dfl)/Z

. a—1 P @-n/2 o 7
exp(htF () R ) (0)) (P (6)) S T EC= e

v(m)

Using (3.14) with ¢ = 0 and the above inequality, we obtain, for large m and some constant
Cs,

~(d—1)/2 N — — _
)i (@) exp(=A(RY,) (0) — e ()R, O (RS D (0))~@+D/2
. C/ v(m) (IOg v(m))f(lfl/a)(d+l)/2 elOgZ v(m))»as/2(10g2 1)(n,l))(dfl)/Z
=63

v(m)(log v(m))d=a)/a (log v(m))(-1/ad=D/2
, (log, v(m))@=D/2
3 (log v(m))d—1-aer/2"

(3.27)

From (3.15), we obtain, for large m, Aar, (u)Rf}‘(;ll)

we obtain, for some constant CA",

(c) < (1 4+ e)raulog, v(m), from which

e(I+e)raulogy v(m) (log, V(m))@=D72
(log v(m))(1=1/a)d=1)/2

_ ., (og v(m)) 1TOM (Jog, 1(m)) @172

o (log v(m))(1-1/)d=1/2

exp(Aatr W) R 1 (€)) (P () @D/ < €}

v(m)

As in (3.14), we can find a constant Cg such that, for large m,

—(1—-1/a)(d+1)/2
4 pa a—1, \\—(d+1)/2 , (log v(m))
EXP(—AR, ) (€)) (Ry ) (€)) =G v(m)(log v(m))(ctd—a)/e”

Using the two bounds obtained above, we obtain, for large m and some constant Cé,

Cprm)igy ) exp(—A(RY ) (¢) — am @) R, ()R] (c)) "D/

v(m) v(m)
/ (log, (v(m))) @172
= 6 log(v(m)))d+e/a—(Feaur—1’
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Using (3.27) and the above inequality in (3.26), we obtain, for large m,

PlEy,i]=C

, (logy (v(m)))“—D/2 . (logy(v(m)))@—D/2
3 Gog(vim)y))d—1—wer/2 P\ TE6 100 (1 m)) yde/o— (e
, (logy (v(m)))@=D/2

3 (log(v(m)))d—l—askﬂ ’ (3.28)

where the last relation follows since (14+&)u < (ad+c—a)/a2k. Theevents E,, ;, 1 <i <oy,
are independent, since the balls B(x; () #,.(u)) are disjoint. So, by (3.23), (3.28), and the
inequality 1 —x < e™, we can find constants C" and C” such that, for all large enough m,

P[(U Em,,->c] < l_m[ exp(—P[Ey.i])
i=1

i=1
. (logy(v(m)) =D/
< exp(—C Om (log(v(m)))d—l—c{a)n/Z)

< c” m -t (logm + log, a)(d_l)/z
exp| —
=P logm + log, a md—1-aer/2

" maeA/Z
_ _C ,
exp( (logm + log, a><d1>/2>

which is summable in m. This proves (3.24).

Proof of Theorem 1.3. The proof is immediate from Propositions 3.1 and 3.2.

Appendix A. Proof of Lemma 2.1

In the definition of I (o, rn) = I(pne, 1), sety = (pp +1pt, rps), t € (=1, 1), s € RA-1L,
This gives

1
1(pn,7n) =Ad/ / exp(—A((pn 4 ) + (Isllra)®)*?)rd ds dr. (A1)
—1 ||s|\2§(1—t2),s€]Rd’1

First consider the case in which 0 < @ < 2. Using the Taylor expansion, we obtain

((Pn + ra)* + Islr) D = (07 + 2rntpy) + (1% + lIslI*)r2)*/?
= (02 + 2rnput)*/* + hi(n, s, 1), (A2)

where hy(n, s, t) = (a/2)r2(t2 + [|s12)(p2 + 2ruput + £)/>~ ! and & € (0, r2(t* + |Is][*)).
Since0 <@ <2,(t,s) € B(0,1),and0 < & < r,f, we have

o _
0 <hi(n,s,1) < Er,%(rz +1Is1P) (02 + 21 put)**7 < wy (),

where

o B o B 2r, \ /!
0 < wi(n) = Sra(oy = 2w~ = Sy 2<1 - p—) — 0, (A3)
n
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since r2p%~2 — 0, and r,,/p, — 0 as n — oco. Again, from the Taylor expansion applied to

(02 + 2ru put)®/? in (A.2), we obtain
(0 4 2rnpnt)®/? = pf + aratps ™" + ha(n, 1), (A4)

where hy(n, t) = %a(oz — 2)(r,,t,0,,)2(,0,zl + ;‘)“/2_2 and ¢ € (min(0, 2p,r,t), max(0, 2p,r,1)).
Since 0 <« <2and —1 <t < 1, we obtain

a(a —2) 2

r «/2-2
wa(n) = —— ,,pg—z(l—z—) < hy(n, 1) <0. (A.5)

On

incer;p, -~ — Oandr,/p, — 0,1t follows that wy(n) — 0 asn — oo. From (A.2)—-(A.S),
Since r2p%~2 — 0 and 0, it follows that wo(n) — 0 From (A.2)—(A.5)

we obtain
Py artply ™!+ wa < ((on + ) + (sl < pff +aratp ™ + w1,
Using the above in (A.1), we obtain
Agrde ™G, < (o, 1) < Agrie™2G,, (A.6)
where

1
G, = / / exp(—A(p% + ar,tp®~1)) ds dt, (A7)
—1 ||s\|2§(1—t2),se]R"*1

and w and wy, as defined in (A.3) and (A.5), respectively, converge to 0 as n — o0.
If « > 2 then hy(n,t) > 0, and we take w; and w, to be the upper and lower bounds of
hi(n,s,t) 4+ ha(n, t), respectively. We then obtain (A.6) with wp(n) = 0, and

o _ _
wi(n) = 5r3(p,%+2rnpn)“/2 1+ (@ = 2)p2 (02 = 2rwpn) "]

o ro a/2—1 o —1
= Er,%pg_2<l +2—) [1 + (a —2)(1 —2—> }
Pn Pn

which converges to 0 by the conditions of the lemma. Now consider the integral in (A.7). First
make the change of variable u = ¢ + 1 and then set v = Aary, p%~'u to obtain

1
G =9d_1e**f’3‘/ exp(—rar, p*~ (1 — =172 g
-1

2
= O4_1 exp(—A(py — ar,,,o,‘;‘_l)) / exp(—)»arnp,‘f_lu)u(d_l)/2(2 —u)d=D2 gy
0

= 041 exp(—r(p% — aryp? ™)) (hary p2~H~@TD/22@=D2 g (A8)
where
2hary p31 d-n/2 d+1
M, = / e—“v<d—1>/2<1 - %) dv < F(L> (A.9)
0 200ty o5 2

We will show that the integral in (A.9) converges to I'((d + 1)/2) as n — oo, and also
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—1

estimate the error in this approximation. Note that r,p ' — 00 as n — oo. Write E, =

M, —T'(d+1)/2) = A, — B,,, where

2hary p31 v d-1/2
= [ e (- Y
0 20, o8

o0
B, = / e P02 gy,
2

a—1
v @-1/2)) oo
(Y [,
2001y, py 0

AQTy Py
and
Since (1 —x)* > 1—Cx, 0 <x <1, with C = 1jg<4<1} +a 1{4>1}, we obtain

|Asl < sup {e—”/2
1

0<v<2xar,p;~

d-1/2
v Cv
Ofl—(l——l) S 0§v§2)»ozrn,off_l.
2001, pr 2001, pr
Therefore,
o0 C/
|An| < 7 sup {Ue_v/z}/ e_v/2v(d—l)/2 dv = —,
2007, pR " 0<v<oo 0 Fnpn

where C’ is some constant. Furthermore, |B,| < exp(—karnp,‘f_l/Z) fooo e V/2pd=D/2 gy,
and, hence, decays exponentially fast in r, 02~ !. Putting the above two estimates together, we
obtain
Ci
|El £ ——
I'nPn

The result now follows from (A.6), (A.8), and (A.10).

— 0 asn — oo. (A.10)
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