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Abstract

For a time series, a plot of sample covariances is a popular way to assess its dependence
properties. In this paper we give a systematic characterization of the asymptotic behavior
of sample covariances of long-memory linear processes. Central and noncentral limit
theorems are obtained for sample covariances with bounded as well as unbounded lags.
It is shown that the limiting distribution depends in a very interesting way on the strength
of dependence, the heavy-tailedness of the innovations, and the magnitude of the lags.
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1. Introduction

Auto-covariance functions play a fundamental role in time series analysis and they are used
in various inference problems, including parameter estimation and hypothesis testing. They
are naturally estimated by sample covariances. Hence, the convergence problem of sample
covariances is of critical importance. There is a substantial literature on properties of sample
covariance estimates; see, for example, Bartlett (1946), Hannan (1970, pp. 220-229, 326—
333), (1976), Anderson (1971, pp. 438-500), Hall and Heyde (1980, pp. 182-194), Porat
(1987), Brockwell and Davis (1991, pp. 220-237), Phillips and Solo (1992), Berlinet and
Francq (1999), Wu and Min (2005), among others. However, many of the earlier results are for
sample covariance estimates with bounded lags. The latter restriction is quite severe. To better
understand the dependence structure of a time series, we would like to know the behavior of
sample covariances at large lags, namely at lags which increase to infinity with respect to sample
sizes. This is especially so in the study of long-memory or long-range dependent processes
since for such processes we are particularly interested in covariances at large lags.

The asymptotic problem of sample covariances at large lags is quite challenging. As
mentioned in Harris et al. (2003), the primary reason for the difficulty is that the standard
asymptotic results, such as the functional central limit theorem, stochastic integral convergence,
and long-run variance estimation, are not directly applicable since the lag k, depends on
the sample size n in such a way that k, — oo. Recently, researchers have made several
important breakthroughs and derived central limit theorems for sample covariances at lags
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k, with k,, — oo. Keenan (1997) obtained a central limit theorem for sample covariances
at lags k, with k, — oo under the severe restriction k, = o(logn). Harris et al. (2003)
substantially extended the range of k,, for short-memory linear processes. Wu (2008) obtained
a central limit theorem for sample covariances of nonlinear time series with a very wide range
of k,. However, all those results concern short-memory processes in which the covariances
are absolutely summable. The techniques therein are not directly applicable to long-memory
processes.

For long-memory processes, Hosking (1996) obtained central and noncentral limit theorems
for sample covariances with bounded lags. Here the terminology noncentral limit theorem refers
to the result that the limiting distribution is not normal, instead, it is the Rosenblatt process
(see Rosenblatt (1979)). In Hosking’s result, the restriction that the lag k is bounded is quite
severe, since in the study of long-memory processes, we often want to study the behavior of
sample covariances at large lags. Chung (2002) generalized Hosking’s result to multivariate
long-memory processes. Again, in Chung’s setting the lags are bounded. A result for sample
covariances of long-memory processes with unbounded lags is given in Dai (2004), who derived
the uniform convergence of sample covariances. However, the latter paper does not provide an
asymptotic distributional theory for sample covariances. For an inferential theory, we need to
have a distributional theory.

In this paper we shall consider the asymptotic behavior of sample covariances of long-
memory linear processes with bounded as well as unbounded lags. Consider the linear process

o0
Xp=pn+ Zaié?k—i,
i=0
where the ¢;, i € Z, are independent and identically distributed (i.i.d.) innovations with mean O
and finite variance, u is the mean, and the @; are real coefficients of the form

ai =i PeG), i eN,

where % < B < 1 and ¢ is a slowly varying function (see Bingham ef al. (1989, pp. 26-28)).
By the Karamata theorem in the latter book, we can show that the covariance function y; =
cov(Xo, Xx) = E(e3) Y7% aiaik satisfies

02 (k)

o
v ~ Cg E(sg)m, where Cp = /0 (u~+u>)"Pdu, (1)

as k — oo. Here, for two real sequences (by) and (cx), we write by ~ ¢ if limg_, o, b /cx = 1.

Since % < B < 1, the y are not summable, thus meaning long-range dependence or long

memory. Given the sample (X;)_,, if 11 is known then we can naturally estimate y; by

. 15
o=- Y Xi—wXik—p), O0<k<n,
ni=k+l

and let y_p = p&. If u is unknown, we can estimate y; by the sample covariance

.1y : : X
Pe= .él(xi - X)Xk —X,), 0<k<n, where X,= XI:X, (2)
1= =
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Estimation of y; allows us to assess the strength of dependence of the process by examining
the auto-covariance function plot. Based on (1), we can estimate the long-memory parameter
B by performing a linear regression for the model log . ~ ao + «;logk over k = 1,,, I, +
1,...,u,, where g is the intercept, @y = 1 — 28, I, — o0, and u,/n — 0. Let (&g, &1)
be the least squares estimate. Then B can be estimated by B =1 _ & /2, and its confidence
interval can be constructed if an asymptotic distributional theory of (y;,, ..., 7x,) is available.
Long-memory processes have been studied for several decades. However, the asymptotic
distributional problem for yx, with large k, has been rarely touched.

Here we shall present a systematic asymptotic theory for y and 7. It is shown that their
asymptotic behavior depends in a very interesting way on the strength of dependence, the
heavy-tailedness of the innovations, and the magnitude of the lags. The rest of the paper is
organized as follows. Our main results are stated in Section 2. Some of the proofs are given in
Section 3. In our proofs we have extensively applied the martingale approximation techniques,
which in many situations lead to optimal and nearly optimal results.

2. Main results

Before presenting our main results, we shall first introduce some notation. For a random
variable Z, write Z € L7, p > 0, if [|Z]|, := (E|Z|")!/? < oo and, for p = 2, write
IZ|l = |IZ|l2. Denote by ‘=’ the weak convergence and by ‘'’ the matrix transpose. Let
Fi=(..,&_1,¢), i € Z, and define the projection operator

Pi-=E(C | F) —E( | Fi-1). (3)
In Theorems 1-6, below, we assume that 4 = 0 and deal with Z?:l X; X;_k. As mentioned in
Remark 1, below, they also hold for Z?:l+k XXy =ny.

Theorem 1. Let k be a fixed nonnegative integer, and let E(X;) = 0, let
_ T _ T
Yi _(Xivxi—ls"'vxi—k) and Fk_()/Ov yls'-~7yk) .

Assume that &; € L4 and that
o0
Zi1/2—2ﬂe4(i) < . 4)

i=1

Then

1 n
N > (Xi¥i — Tw) = N[0, E(DoDy )], )
i=1

where Dy = Zfio Po(X;Y;) € L£2 and Py is the projection operator (3).

Theorem 1 provides a central limit theorem for sample covariances when the dependence
is relatively weak in the sense that (4) holds. Note that, by properties of slowly varying
functions, (4) is satisfied if % < B < 1. In the boundary case, g = ?‘1’ condition (4) becomes
Z;’i] £4(i) /i < oo, which is a sharp condition for a 4/n-central limit theorem. Indeed, as
indicated by Theorem 3, below, if Zfil £4(i )/i = oo, then we no longer have a /n-central
limit theorem, though the asymptotic normality still holds. Similar results have been obtained
in Hosking (1996), Hall and Hyde (1980, pp. 148-153), Wu and Min (2005), among others.
However, the results therein are not as sharp and general as Theorem 1. For example, Hosking
(1996) required that lim;_, o £(i) exists, and Proposition 1 of Wu and Min (2005) required
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that Z;’il il/zai2 < 00, or 221 Ez(i)/i < 00, which is stronger than (4) at the boundary case,
B=73

T}feorem 1 requires k to be bounded. It turns out that, interestingly, under the same condition
(4), we can also have asymptotic normality under the natural and mild conditionon k,,: k,, — o0
and k,, /n — 0. More interestingly, in Theorem 2, below, the limiting distribution N (0, ;) in
(6) does not depend on the speed of &, growing to infinity. This interesting property has been
discovered in Theorem 2 of Wu (2009) which concerns short-range-dependent processes.

Theorem 2. LetW; = (X;, X;_1,..., Xi_n41) ", whereh € Nisfixed. Letk, — oo, k,/n —
0, E(¢;) = 0, and &; € £*, and assume that (4) holds. Then we have

1 n
NG Z[Xi Wik, — E(Xg, Wo)] = N(0, Zp), (6)
i=1

where Xy, is an h X h matrix with entries

Oab =) Vj+taVjth = ) Vj¥Vjth-a = Oa—b, 1 =<a,b<h.
JEZ J€Z

A key step in proving Theorems 1 and 2 is that we approximate Y ;_, (X; X;—x — yx) by the
martingale

n -1
Mux =Y Dix, where Dyx=e Y (yj+vi-perj+ (e —EBep).

=1 j=—o00

See (17) and Lemma 1, below, for more details. Note that Dj x, D2k, ..., are martingale
differences. The above martingale approximation provides an interesting insight into the
Bartlett formula for asymptotic distributions of sample covariance functions (see, for example,
Proposition 7.3.1 of Brockwell and Davis (1991)) by noting that

-1
EDiDiw) = Y ierj + - )Wt j + vie—pleoll* + vavier,

j=—00

where x4 = ||8(2) —E 88 |%. In other words, D, i provides a probabilistic representation for the
Bartlett formula.

Theorem 3, below, concerns the boundary case, § = %, while (4) is violated. Together with
Theorem 1, they give a complete characterization of the asymptotic behavior of y; with bounded
k at the boundary g = 3 A special case of Theorem 3 gives Hosking’s (1996) Theorem 4(ii),
where in his setting the ¢; are i.i.d. Gaussian and a; ~ ¢i~>/* with some positive constant c. In
the latter case lim;_, o £(i) = c and £(n) = Z?:l 64(1')/1' ~c* logn. In Theorem 3, we recall
(1) for Cg and Theorem 1 for ¥; and I'x, kK > 0. Then C3,4 = 5.244115.... For h € N, let
I,=qQ,..., l)T be the column vector of /4 1s.

Theorem 3. Assume that E(¢;) =0, &; € L%, p = %, and L(n) = Y I, £*(i)/i — oo. Let §
be a standard normal random variable. Then, for fixed k > 0, we have

1 n
> (XiY; — T) = 2Csalle0*§Lis1. (7)

\/nf(n) im
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In Theorem 3 itis assumed that k is bounded. Itis unclear what is the asymptotic distribution
of Zf':l(X,-Xi,k —y) if k = k, — oo with k, = o(n). We conjecture that it is still
asymptotically normal and pose it as an open problem.

If the dependence is strong enough such that g < % then we can have a noncentral limit
theorem in that the limiting distribution is the Rosenblatt distribution which is non-Gaussian.
Noncentral limit theorems have a long history; see Rosenblatt (1979), Taqqu (1979), Avram
and Taqqu (1987), Ho and Hsing (1997), among others. To define the Rosenblatt distribution,
let B(s), s € R, be a standard Brownian motion. For a € R, let at = max(a, 0) be the
nonnegative part of a. For r € Nand 8 < % + 1/(2r), define the multiple Wiener-It6 (MWI)

integral
Ir.r -8
Ry p = Cr,ﬂ/ {/ [H(v - u,-)*} dv} dB(uy) - - -dB(u,),
4 0 L;
r i=1
where 8, = {(u1,...,u,) : —00 < uy < --- < u, < 1} is a simplex and ¢, g is a norming
constant such that ||R, gl| = 1. For r = 2 and % <pB < %, we call R, g the Rosenblatt

distribution. Note that R; g is Gaussian and, for all > 1, R, g is non-Gaussian (see Taqqu
(1979)). For a review of the MWI integral, see Giraitis and Taqqu (1999) and Major (1981,
pp. 22-37). Forr € Nwithr < 1/(28 — 1), define

o & +xD) 7P dx)
Il —r(B—1/DI[1—r28 - 1]

0,2 — n2—r(25—1)£2r(n)”80”2r

n,r

)

Recall Theorem 2 for W;.

Theorem 4. Assume that E(g;) =0, ¢; € L%, 1 < B <2, £G + 1)/LGi) — 1 = 0(1/i), and
ky/n — 0. Then
1 n
P > IXi Wik, — E(Xi, Wo)] = 2Ra pT). ©)
e i=1

Theorem 4 allows for a very wide range of k,,, which can be bounded as well as unbounded.
An interesting feature of this theorem is that the limiting distribution R; g does not depend on
ky,, regardless of whether it is bounded or not. Chung (2002) pointed out that, in the situation
that the lag is bounded, the limiting distribution does not depend on the lag. The phenomenon
in (9) is interestingly different from Theorems 1 and 2, the mild long-memory case. The latter
two theorems assert different limiting distributions in the sense that the asymptotic variances
are different, depending on whether &, is bounded or not.

In Theorems 1-4, we assume that &; € £%. If & does not have a finite fourth moment
then we may have weak convergence to stable distributions. Recently, Horvith and Kokoszka
(2008) obtained various types of convergence rates and limiting distributions, depending on the
heaviness of tails and the strength of dependence. In their treatment, however, they assumed that
k was bounded. For Theorem 5, below, we assume that ‘91'2 —E 8i2 is in the domain of attraction
of a stable distribution Z, with index o € (1, 2) (see Chow and Teicher (1988, pp. 448-457)),

namely there exists a slowly varying function £ (-) such that
Yiii(ef —Ee})
= = Z,. 10

n U“Zo(n) o ( )

In this case the asymptotic behavior of y; depends in a very interesting way on the heavy tail
index «, the long memory index B, and the lag index A. Here we let the lag k,, be of the form
n*£1(n), where A € (0, 1) and ¢; is a slowly varying function.
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Theorem 5. Assume that (10) holds with 1 < a < Zandf—1 < B < 1. Letk, = n*¢{(n), where
A € (0, 1) and £, is a slowly varying function.

Q) Ifr > (@' =271 /2B — 1) then (6) holds.
(i) Ifx < (@' =271/(2B — 1) then

1 n
——— D _XiWi g, — E(Xi, Wo)l = Z, ). (11)
Vi bo(n) =

In Theorem 5, cases (i) and (ii) suggest the dichotomy phenomenon: for small X, we have
the weak convergence to stable distributions, while, for large A, we still have the conventional
central limit theorem. A similar phenomenon has been discovered in Csoérgd and Mielniczuk
(2000) for kernel estimation of long-memory processes. They showed that large and small
bandwidths correspond to different asymptotic distributions of the kernel estimates. See also
Surgailis (2004), Sly and Heyde (2008), Mikosch ez al. (2002), and Hsieh ez al. (2007) for similar
observations under different settings. In Theorem 5, the lag parameter k&, plays a similar role.
Theorem 5 does not cover the boundary case A = (' =271 /(28 — 1). In this case the
situation is more subtle since the growth rates of the slowly varying functions £(-), £o(-), and
£1(-) will be involved in the limiting distribution. We decide not to pursue the boundary case
since the involved manipulations seem quite tedious.

If the dependence of (X;) is sufficiently strong such that % <p < %, then we have a different
type of dichotomy. As asserted by Theorem 6, below, the limiting distributions for large and
small lags are Rosenblatt and stable distributions, respectively.

Theorem 6. Assume that (10) holds with 1 < « <2, ¥ < B < 3, and £(i + 1)/£(i) — 1 =
O(1/i). Letk, = n*e1(n), where A € (0, 1) and € is a slowly varying function.

() If2 =28 > A(1 —28) + ! then (9) holds.
(i) If2 —2B8 < A(1 —2B) + o~ then (11) holds.

Remark 1. It is easily seen that Theorems 1-6 are still valid if the sums ) ;_, therein are
replaced by Z?:l thy under the condition that k, = o(n). For example, let us consider (9) of
Theorem 4. Define n, = n — k,. By (9) and stationarity,

i—ky — Yk) = 2R2 g.

i=1+k,

Since n./n — 1, we have nifzﬁﬂz(n*)/[nz_zﬂﬁz(n)] — 1 by properties of slowly varying
functions and, hence,

n

", — (n—k 1
nye, — =k, _ 1 > (XiXik, — vi,) = 2R p. (12)
n.2 2

Similar claims can be made for other theorems Addmonally, the term (n — k,)yx, in (12)
can be replaced by nyy, since knykn = O[k Ez(kn)] = o(/n) lf 3 <B <1, knyi, =

oly/nt ()] = olynt(m)1if p = 3, and kyyx, = 0(02) if 3 > p > 1
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Remark 2. Under the dependence condition (4), the sample covariance estimator (2) is asymp-
totically close to y; := nl Z?:k-u X; X;_ since

n n

X, Y. X,-'—i—E’f(n > Xiw

i=k+1 i=k+1

nE|p — %l <E +E|(n — k) X2|

< 2| X llon—r1 +nlX,l?
= 0[n* P2 ()],

and n2=2802(n) = o(/n) if 3 < B < L and n>~2202(n) = o(v/nl(n)) if B = 3. With simple
manipulations, we conclude that Theorems 1-3 and 5 continue to hold if X; therein is replaced
by X; — X,,.

It % <p < % then the difference between 95 and y; is no longer negligible; see Hosking
(1996), Dehling and Taqqu (1991), and Yajima (1992). Corollary 1, below, provides the
asymptotic distribution of 7.

Corollary 1. Let % <B < % Then, under the conditions of Theorem 4 or Theorem 6(i),
we have
1 < . _ 23-4p)12
Xi— X)) Xi—k, — X)) — = 2Ry p — . 13
pa X = X)) (Xik, — Xu) — i, ) 26~ = prG =25 e (1)

i=14k,
Under Theorem 6(ii), (11) still holds if X; therein is replaced by X; — X,

3. Proofs

This section provides proofs for the results in Section 2. Without loss of generality, we
assume that ||gg|| = 1 throughout the proofs. Let x4 = ”"31'2 —1)?if & € L£* Definea; =0
if i < 0, and let A; =Y % a2, By Karamata’s theorem, A, ~ £>(n)n'=28/2p — 1) =

J=i%j
O (na?). Let
o =) laiai_pl.
i€z
Then, again by Karamata’s theorem, as in (1), both y;, and y;, ~ |h|1_2ﬁ£2(|h|)Clg as |h| — oo.
Note that y, = yp, ifall @; > 0.

3.1. Proofs of Theorems 1 and 2

To prove Theorems 1 and 2, we need the following lemma. With this lemma, we shall first
prove Theorem 2 and then prove Theorem 1.

Lemma 1. Leti, k > 0. Assume that &; € L2 Then
1/2 1/2
1Po(Xi Xi—oll < lail A} 5, + lai| AVS + laiai—illled — 111 (14)

Note that the above bound is |a; |A(1)/2 ifi < k. Additionally, under (4), we have

i
D Po(XiXix)

=iy

sup =0(1) (15)

i1,iz,k
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and
Jim_sup ZJO(X Xi—x) (16)
=g
Forl € Z,let Dy = ;cy P1(XiXi—k). Then
-1
Dy =g Z (Vi) + Vi—peirj + ve(ef — D). (17
j=—00
Proof. Observe that Py(g;ej) = 0if jj’ # 0, and Poeg = g5 — 1. Then

Po(XiXi—k) = Z ai—jai_—jPolejej)
J.J' €z
-1 -1
=£&0 Z aiai—g—j'€j + &o Z ai—jai—k&j +aia;— k(so D), (18)

i'= Jj=—00

which implies (14). Since y, = Y,y laiai—n| ~ |h|'=2P2(|h|)Cp as |h| — oo, we have

-1 in 2 -1
Z (Zaiai—k—j/> < Z J}k2+j’=0(1)-

j'=—00 Ni=i| jl=—00

By (18), (15) follows from a similar argument for Z i) Qi jdi—k- We now prove (16). By
Schwarz’s inequality, (Y7~ o Aili—k—j’ N <A ¢Ao— 0 as g — oo. By Lebesgue’s dominated
convergence theorem, as g —> 00,

sup Z (Za,a, k— J> <sup Z m1n(yk+],,A Ag) — 0.

Jj'=—o00 ti=g Jjl=—00

With a similar treatment for Z?ig ai—jaj—k, we have (16) since (Zf’ig aiai—i)?> < AgAo.
Since y, = Y ;cy aiditn, (18) implies (17) with [ = 0. The case in which [ # 0 follows
similarly.

3.1.1. Proof of Theorem 2. Recall (17) of Lemma 1 for D;x. Let M, =Y ;_, D; and
Sk = 27:1 X1 Xi—r — nyx. Due to the orthogonality of &, r € Z, we have

0

n
S0k = M, 1> = ( >+ Z) 127 (St — M i) 11 (19)

r=—00 r=1

Ifr < —3k,and 1 <i < n,by (14) of Lemma 1 and since A; = O(jajz.) as j — oo,

1P (Xi Xi k)l = OKi —r —kplai—rai—r—i,|) = O(bi—y),

where b; = j‘/2’2/3€2(j), j € N. Forr < —3k,, we have .M, ;, = 0 and

n n
12 Sty = M) < D NP Xi Xt | =Y Ohir). (20)

i=1 i=1
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Let p € (1, 26— 1Y and ¢ = p/(p — 1). By Holder’s inequality, if 3k, < r < n,
Y bivr <O 1bp YWrplie, By Karamata’s theorem, > 5 b” = O(rbl) since p(

=r 71

28) < —1. Hence, since 2(l/p + —2B) > —1, again by Karamata’s theorem,

Z (Z bm) = > 01" /Pbn' /)2
r=I1

r=3k,
= nO[(n"/Pb,n'/1)*]
= on**Pe*(n))
= o(n). 1)

If r > nthen ), biyr = O(nb,). Since 1 —4p < —1, by Karamata’s theorem,

e’} n 2 o)
> (Zhi+,) = Y 0@}y =n*0(b;) = on). (22)
r=14n “i=1 r=1+n

Ifl<r<n PSnk, — Muk,) = ions1 Pr(XiXi_t,). By stationarity and (16),

n—3ky n e8] 2
Y NP Suky — M) = Y D Po(XiXi,)| = o). (23)
r=1 g=1+43k, " i=

Hence, by (15) of Lemma 1, since k,, = o(n), we have, by (19) and (20)-(23),
10,k = Mo g, I = 0(n). (24)

It remains to show the central limit theorem for M, . For a fixed m € N, let

—k+m
M, = ZDI k, where Djj =g Z Vie+j €1+ -
=1 j=—k—m
Since D; j — ﬁl,k, I =1,2,..., are martingale differences,
| Mok — Mo i -
T = [|Do,x — Dokl

-1

1/2 -1
< Inlled — 11 +( > y,fj) +( Y vy 1{|j+k|>m})

j=—o00 j=—00

1/2

Since yx — 0 as k — oo and dez yg2 < 00, we have

My —M
lim sup lim sup M =0. (25)
m—00  n—00 ﬁ

We shall now apply the martingale central limit theorem for Mn, k,/~/n. By the mean ergodic
theorem, since m is fixed, we have

—k+m m
—ZE(D,k | Fi- 1)——2( > m,sm) - >y

=1 “j=—k—m Jj=—m
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in probability. Let n = &g Z;-"z_m Vj€j—m—1. Forany A > 0, since
: ~2 : 2
hm E(D[,k 1 |ﬁlk‘>)\«/7'}) = hm E(n 1{‘7]‘2)\\/5}) = 0,

which implies the Lindeberg condition. Hence, Mn k//n = N(O, Z .2), and the theo-

rem follows from (24) and (25).

3.1.2. Proof of Theorem 1. A careful check of the proof of Theorem 2 reveals that, under (4), (24)
still holds if k,, is bounded. Namely, for fixed k, we have ||S,, x — My « I> = o(n). Then we can
justapply the classical martingale central limit theorem and obtain My, x /+/n = N (O, || Do « || 2).
Then (5) easily follows from the Cramer—Wold device.

3.2. Proof of Theorem 3

The treatment of the boundary case, f = 4, is very intricate. Here we will apply the
martingale approximation technique (see Wu and Woodroofe (2004)). We first deal with the
case in which k = 0. Let

j=—m

o
Vi=X7—w-Y ai(e;_ — . (26)
=0

We shall approximate » 7 _; V; by > i_; Djn, where

n—1

Dj, =¢; Zch h€j—h, Wwhere c,p = Za,a,+h 27
h=1 i=0
Note that D1 ,,, D2 p, ..., Dp n are martingale differences. Let

n
R, = Z(vj —Dj).
j=l

Next we shall control ||R,||. Since the #;,, h € Z, are orthogonal,

IR, 11> = ( Z Z +Z>|| Ph Rl (28)
h=—00 h=1-n

If h < —n then &, R, = Z:': 1 Vi, and, by independence,
—n

> PR =S Zzal hshZal Wt j€h-j

h=—o00 =—o0"i=1

4y z(za, )

h=—o00 j=I1

Z Z O(nla_pajn))*

h=—00 j=1

—n

= Y 0@?a’,lhla*,)

h=—00

= o(nl(n)). (29)
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In (29) we have applied Karamata’s theorem by noting the fact that,if » < —nand 1 <i <n,
then a;_, = O(a—y). By Lemma 4 of Wu and Min (2005), 24 (n) = o((n)).

Let$ € (0, %). For 1+ [né] <h <2mand1 < j <n, we have

2n 2n
D laajl =Y 0(ay) = 0~ 22 m)) = n~Poll(n)' /7). (30)

I=h =1

Therefore, since y; ~ j~1/2¢2(j)Cg, we have > )7].2 ~ E(n)C%. By (30),

) 2
sy =1 = (a0 - ol Sy 0 larar 1)
nnal nt(n) =00 nt(n)
2
+ lim sup ZZ=1+Ln5J Z?:l(Zlih larar.;1)?
n—oo nf(n)
)
. ]\:ln % Zj 1 y]
<limsup —————
=35Cj. 31)

Since § > 0 can be arbitrarily small, > _, Z’}Zl (leih lajai+ ;) = o[n€(n)]. Next,

Yot S (C i i D2 3y Y5y 0@ lan)?
nf(n) N nf(n)
n0na?)(37" lail)?
nt(n)
0t n))
U
=o(1). (32)

We now deal with the sums Zgzl_n and > 7_, in (28). By (31) and (32),

0
D PR = Z Zza, hshZa, Wt jEh—j
h=1-n h=1-n"i=1
<43 3(Sacsaner)
h=1-n j=1
= o[nl(n)]. (33)
For 1 < h < n, we have
n+h—1
hRn—ZJhV Dy = Z PnVi.
i=n+1
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By stationarity, (31), and (32),

n n yn+h—1 2
DNPRAP =) D PV
h=1 h=1"i=n+1
n n—1 2
D3 DI
h=1"l=n+1-h

n oo ,n—1 2
<43 Y (Taany)
=1 j=1 l=h
= o[nl(n)]. (34)

Therefore, by (28) we have
IRy 1I* = o[nl(n)]. (35)

We now further approximate Y :_; D; , by

n n
Z H,’, where H,’ = Hi,n = & Zz)/jé‘,‘_j. (36)
i=1 j=1

Note that [|H; > = 4Y_, y]? ~ 4c§ Yo 4()) /). Since £4(n) = o(£(n)), we have

n 2
i =Y _ Din| =oml(n) (37)
i=1
in view of
n n [} 2 n _
> enj—vp)* < Z(Z |aiai+,~|) =0 P2 n))* = o(f(n))
j=1 j=1 Ni=n j=1
since f§ = %. It remains to show that
n
" | H
izt iy 4Cp). (38)
(nl(n))!/?

To this end, we shall apply the martingale central limit theorem. The Lindeberg condition
trivially holds since

Bl _BCjve-)t (i)’
in)? i(n)2 - i(n)2

=0()

for some constant C > 0 in view of Rosenthal’s inequality (see Hall and Heyde (1980, p. 23)).
It then suffices to verify the following convergence of conditional variances:

2 2
ne(n)ZE(H | Fi- 1)——6( Ay ]<Zy,e, ,) — 4C} (39)
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in probability. By the mean ergodic theorem, E|Z?=1 8? —n| = o(n). Hence,

Z Z viel ;- 1)‘ = Z yjo(n) = o(n(n)).
j=1

i=1 j=1

E

Hence, for (39), it remains to deal with the cross product terms

n
YD vivpeiojeioy = > aEfi

i=l1<j#j'<n l—n<I#lI'<n—1

where the coefficients
n+min(,I’,0)

S = > viavier

i=1+max(,!,0)

Note that | f; /| < >/ [ViVi+y—r)| =t iy—r|. By independence,

2n
S asrfir| < S 2f =8y ul

1—n<Il#l'<n—1 1—n<l#l'<n—1 i=1

2

Let0 < § < %andlzén. Then

w <) lyilo@m P Em) = 0t ().

i=1

So
né 2n 2 2¢,,2
n(Y 7 45 . n-é
11 Sup (Zl—l Zl—1+n5)ﬂl 5 11 Sup MO _ CZ(S

n—o00 nzé_z(n) n—oo n2€_2(n) TR

Let 5 — 0. Thenn 22" ,uiz = o(nzlm(n)) and, hence, (39) follows. By the expression of V;

i=1
in (26), since &7 — 1 € £2, we have || Z’;zl(sJZ. — D> < k4n and

(0.¢]
=2 af
1=0

So, if k = 0, since £(n) — oo, (7) with k = 0 follows from (35), (37), (38), and (40). For the
general case with finite kK > 0, we replace V; in (26) by

n

PG 1)” = 0(V/n). (40)

j=1

n
> XF—w—V)
j=1

oo
Vik=XjXjx—v— Y aar(es__;— ).
1=0

If we replace 2¢, 5 in (27) by Z;'-;(l)(ahﬂaj,k +ajajip—k) and H; in (36) by

n
k
Hi( V=g Z(Vj+k + vj-Kei-j,
j=1
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using the argument for £ = 0, we similarly have

n n
k
D XXk =y — ) HY
i=l1

j=1

2 -
=o(ml(n)).

So (7) follows if | Y7, (H; — H®)||> = o(nf(n)), which is equivalent to
i=1 i

n
1Ho — H™1* = >"Q2yj — vjk — vj—1)* = o(E(n)).
j=1

By (1), as j — 00, yj+«/yj — 1. So the above relation holds since 2(n) — oo and
Yl = v+ + (v — vl = X o(y]) = o(E(n)).
3.3. Proof of Theorem 4

By Lemmas 2 and 3, we have

2
= O (k)P 0*(ky)). (41)

n
D (X7 = XiXiok, = Y0+ Vi)
i=1

By properties of slowly varying functions we have k3_4’3 0 (ky) = o(n3~*P¢*(n)) under k,, =

o(n). Itis well known that (see, for example, Avram and Taqqu (1987)), for % <pB < %, we have

Y(XE =)

= 2R2,/3.
On,2

Hence, Theorem 4 follows.

Lemma 2. Assume that &; € L£*, % <B < ?T’ and k,/n — 0. Then

n 2
D IXiXik, —EXiXi g, | Fig)l| = Omky et (ky)) (42)

i=1

and
n

Y IXP —EX] | Fig,)]

i=1

2
= 0k~ 04 (ky)). (43)

Proof. Let X* = X; —E(X; | Fi_y,). Since X; Xi—, — E(X; Xi—, | Fi—t,) = Xi—i, X7,

n n
> IXiXik, —EXiXi, | Fig)l =D Xi, X}
i=1 i=1
min(n, j+k,—1)

n
= Z Ej Z a,'_jX,'_kn. (44)

Jj=2—kp i=max(j,1)
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Since the ¢; are i.i.d., (42) follows from the fact that, for —k, < j <n,

min(n, j+k,—1)

Z ai—j Xi—p,

i=max(j,1)

2 min(n, j+k,—1)
= > aijap-B(Xig,Xig,)
i,i’=max(j,1)
kn—1

Z [Vin Vim |

m=1—k,

= 0P t* (ky)). 45)

A

We now prove (43). Since X;‘ = le:i—k,,+1 a;jej, we have

o
XP—B(X] | Fiog) = (X)) —EX]) 42X ) ageiy.
8=kn

Similarly as the argument in (44) and (45) for (42), we have

n o0
%
E X; E ag&i—g

i=l1 g=kn

2
= O (k>0 (ky)).

It therefore remains to verify that

n 2 n n 2
SIAED?—EBXDY = D D 2| = 0@k, *Peky)).  (46)
i=1 h=—k, " i=1

To this end, uniformly over h = —k,, 1 — k,, ..., n, we have

n 2 min(n,h+k,—1) h—1 2
Z fh(X;F)z = Z I:al-z_h(eﬁ — 1) +2a;_pep Z ai_jsj]
i=1 i=max(h,1) j=i—ky+1
h—1 min(n,h+k,—1, j+k,—1) 2
= 2)/02”8(% - ]”2“1‘8 Z £j Z ai—jai—p
Jj=max(h,1)—k,+1 i=max(h,1)
h—1
<23leg - 1P +8 > v,
j=max(h,1)—k,+1
kp—1
<25led — 1 +8 ) ¥2
m=1
= 0k~ t*(ky)).
So (46) holds and the proof of Lemma 2 is now complete.
Lemma 3. Under the conditions of Theorem 4, we have
n 2
2 vy, . _ _ K344 (& 4
D BT = XiXig, | Fik,) —v0 +vi,]| = Ok 04 (ky)). (47)

i=1
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Proof. Letd; = a; — aj_y,. Fori > ky, we have Z?il djz. <4A;_4,,and

o0 o
120 (X7 — Xi Xi—i,) | = ||laigo Z djgi_j +digg Z ajei—j + aid;(ef — 1)”

Jj=i+1 j=i+1
= 12 172
< |a,-|< > d}) +1di|ALS + llaidi (23 — D]
j=i+1
1/2 1/2
<2lai|A; . +1dil AL + llaidi (€3 — DI (48)

Ifi > 2k,, since £(i + 1)/¢(1) — 1 = O(1/i), we have aj+1 —a; = O(a;/i) and d; =
O(lailk,/i). By Karamata’s theorem, since /A; = O(«/flal-|), we have, by elementary
calculations,

o0 o
Jai . .
> ldilali =" 0( ) oWilaih = 0k 2k, (49)
=2k, i=2kj, !
> 1/2 > 2—-2
Yo lailAl =Y Ollaiaipi i, |G +1— k)21 = 0 P Pk))  (50)
i=2kn i=2kn

since, for i > 2k,, a;ajy1—x, = O(aiz), and

o0 00 2
3 ladil = Y 0(“"1.k”> = O(k\ P (k). 51)

i=2ky, i=2ky,

For k, <i < 2k, since a; = O(ax,), we have

2k, —1 2kp—1
1/2 1/2 3/2-2,
3 il A = Oa) Y AL = 0k TP (k). (52)

i=kn i:kn

and, since Y75 1 |di| < 2377 |ai| = O(knay,) and Aiyy = O (kna} ),

2ky—1 2k, —1
3 1dil AL = 0P lar, Y ldil = 0T k). (53)
i=k, i=ky,

By Theorem 1 of Wu (2007) we have
o

<V ) IPEXT = XiXiok, | Fix)
i=0

o
=Vn ) 120X} — XiXig,)ll,

i=ky,

n
D IEX] = XiXik, | Fik,) = v0 + v,
i=1

which, by inequalities (48)—(53), implies (47).
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3.4. Proof of Theorem 5
As (26), we define

Vik=X;X; k—v— Y aai&__; — 1. (54)
1=0
A careful check of the proof of Theorem 2 implies that (6) holds if X;X;_; — yx therein is
replaced by V; k. Indeed, if X; X;_ in Lemma 1 is replaced by V; i, then (14) becomes

1P Vil < lail Ay + lai—k| A
under the condition &; € £2 and we do not need to impose ¢; € L£*. Also, (15) and (16) hold
with X; X;_ therein being replaced by V; x, and the approximating martingale differences Dy j
in (17) now become

-1
Dpy =& Z (Vk+j + Vi—j)&i+j-
J=—00
The proof of Theorem 2 is still valid if we replace My« by M, = =Y Dy
Let p satisfy & > p > max(l,ar) and 2B — D(1 —=2) +a~ ! > p~! Smceﬁ > 1 and
X € (0, 1), such a p always exists. Since 82 — 1 satisfies (10) and p < «, Ele — 11?7 < o0.
(i) By the argument above, it suffices to show that

n oo n
[p— 2 = 2
On = Z Z“lal+kn € — D = Z Z“j—gaj—g%z (€, — 1
j=11=0 €L j=1

satisfies | Q. |l , = o(y/n). By Burkholder’s and Minkowski’s inequalities,

n p
p 2 14
1Qnllh < Cp Y 1> aj_gaj—gia,| leg — 15
geZ j=1
0 n p n P
=0() Y D aj-gtj—g+t,| +OW|Y_lajaj,]
g=—00"j=1 Jj=0

Since A > (@~ ' —271)/(28 —1), we can choose a p < a such that p~ ' +A1(1—-28) <271.So

n
n Z lajaji,

Jj=0

p
= 0(nyl) = O{n' Pl P 2 (k)1?} = 0(/n"),

since k, = n*£1(n) and £, is a slowly varying function. Hence, similarly,

Z Za] g4 j—g+kn ZIa,aHkn

g=1-n'j=1
If ¢ < —n, by properties of slowly varying functlons, forl < j <nandk, <n,aj ga; gii,=
O(azg). Hence,

" = o).

<I’l

—n

2

g=—00

n

Z aj—gdj—g+kn

j=1

—n

p
= Y 0la? )" = 0" Ma;") = o(/n")

g=—00

1

in view of 27! + p~! < 2B since 1 < p <2and g > %.
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(i) We first show that (11) holds with 2 = 1. Introduce
n o0 n
Ty =Toky = Y D @ik, (65— 1 =y, Y (554, — .
j=11=0 j=1

Under 27! < A(1 — 28) + !, we have n!/2 = o[yknnl/o‘ﬂo(n)]. Since (6) holds with
XiXi_k, — vk, therein being replaced by V; x, , by (10), it suffices to show that

IT91p = olyk,n'/“Eo(m)], (55)
where
n o0 n
Ty =) ) adn, € =D =, ) (=D
j=11=0 i
has the same distribution as 7,,. To this end, note that 7,7, [ = —oo,...,n — 1,n, are

martingale differences, we have, by Burkholder’s and Minkowski’s inequalities,

0 n
17015 < c,,( > +Z)nm,;’||5
[=—0c0 [=1
0 n p n n p
< Cplled - 1||§< YD ajitaj k| DD aj1aj ik, — Vi, ) (56)
I=—00' j=1 I=1'j=1

We shall apply the technique in (28)—(35). Clearly,

I'=1

n

2

=1

p

o
Z ajd j+kn

j=t

n
Z Aj—1Aj—I+ky, — Vkn
Jj=1

If j > ky thenajajr, = 0(aj2.). Hence,

o o0
Y ajajik, > 0@@)

J=l j=l

n

2

l =kil

p n

-3

1=k,

P n n
=Y 0lUap)P1= ") our'=2Pe2r 1)), (57)
I=ky

I=k,

If p(1 —28) > —1 then, by Karamata’s theorem, the above term is O[n'*TPU=28)¢2r ()],
which s o[ky 2P €2 (k,)n'/*£o(n)] = olyi,n"/*€o(n)] since 1+ p(1—28) < A(1—28)+a "\,
If p(1 —2B) < —1, it is easily seen that the above term is o(y/n), which is o[yknnl/"‘éo(n)]
since 27! < a7 4+ 4(1 —28).

Since A < p/a, we have

kn—1

2

=0

o]

p
Z ajajtky

j=l

= 0(kny{) = olyi,n'/*Lo(m)]”. (58)

Ifl] >nand 1 < j < n, then (27:1 laj1aj 414k, NP = 0[(na12)”]. By Karamata’s

theorem,
o0 n p o0 )
YD ajnajii,| =Y 0lna)?1= 0" ay") = olyr,n'*Lom)1P.  (59)
I=n"j=1 I=n
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since 1 + p(1 —28) < pA(l —28) + p/«. Hence, by (56)—(59) we have

S P n | oo P
1705 < Cp ) +Cp Y 1Y ajaj,| =

1=0 r=1'j=r

D ajiajiri, olyi,n'*bom)”,

j=1

which implies (55) and, hence, case (ii) with 4 = 1. For the case with & > 1, let

n
Uk = v 2(5?71( -
j=1
By (1), ¥k, — Yk,+h = 0(V,). So (11) follows from (55) and

n
Uty = Ukt = oy = Viyth) D (&g, = 1) + Vi 15 OB(1) = 08(Uy,) + ¥, 11 Op(1).
j=1
3.5. Proof of Theorem 6

The argument in the proof of Theorem 5 can be easily modified to prove Theorem 6. For

Vj k defined in (54), under 1 7 <B< 4, we can similarly have the noncentral limit theorem
Z i—1 Vik/on2 = 2Rz . Then we need to compare the magnitudes of n2=2¢2(n) and
Yk, nl/ “Lo(n). Under (i), the former is larger, and we have the noncentral limit theorem (9);
under (ii), we have the convergence in stable distribution (11). The details are omitted since
there will be no essential extra difficulties involved.

3.6. Proof of Corollary 1
By Lemma 4, | 31", X;|| ~ op,1. Since ¥ =n~' 31, | X; Xi_k, by simple algebra,

X, Z X; + Xa Zx — kn X}

i=n—k,+1

Elln(D, — %k, + XD|1=E

200,10%k,,1 n ann,l

n n2
= o[n* 2P 2 ()], (60)

in view of k, = o(n). Let Y, , be as given in (61), below. Then Y, 1 = nX, and

nVo—ZXZ—ZYnz"" Z (Za, l)

i=—o00 “t=1

By Lemma 4, below, we have the joint convergence (Y;,1/04.1, Yn,2/00,2) = (R1,8, R2,p).
Hence, by (60), we have (13) in view of (41), and, by elementary calculations,
2
T 23 -4p)'?
— .
nony (1= p)V2(3 -2p)

Under (ii) of Theorem 6, since n2~2f ¢2 (n) = o(yknnl/ “Lo(n)), it is easily seen that (11) still
holds if X; therein is replaced by X; — X,.
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Lemma 4. Assume that E(g;) = 0 and &; € L£2. Recall (8) for oy . Let

n r
Yor=> > Jlaiei. r=1.  Yio=n (61)

t=10<j1<---<jr s=1

Forr e Nwithr(28 — 1) < 1, we have E(Ynz’r) ~ Gf’r and the joint convergence

Y, Y,
<"_J "> = (Rig.... Rep). (62)

b
On,1 On,r

Lemma 4 can be proved by using the same argument as that of Lemma 5 in Surgailis (1982).
A careful check of the proof of his Lemma 5 suggests that the moment condition &; € £
suffices and the joint convergence (62) holds. We omit the details of the derivation.
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