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Abstract

Let F/ Fy be a quadratic extension of non-Archimedean locally compact fields of residual characteristic p # 2 with
Galois automorphism o, and let R be an algebraically closed field of characteristic £ ¢ {0, p}. We reduce the clas-
sification of GL,, (Fy)-distinguished cuspidal R-representations of GL,, (F) to the level O setting. Moreover, under
a parity condition, we give necessary conditions for a o-self-dual cuspidal R-representation to be distinguished.
Finally, we classify the distinguished cuspidal Fp-representations of GL, (F) having a distinguished cuspidal

lift to Q.
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1. Introduction
1.1.

Let F/Fy be a quadratic extension of non-Archimedean locally compact fields whose residual charac-
teristic is a prime number p different from 2. Let o~ be its nontrivial automorphism, and G be the general
linear group GL,,(F) for some positive integer n. It is a totally disconnected, locally compact group, on
which the involution o acts componentwise, and the group G 7 of its o--fixed points is equal to GL,, (Fp).

Now, fix an algebraically closed field R of characteristic different from p. A (smooth) representation
7 of G on an R-vector space V is said to be distinguished (by G?) if V carries a nonzero G 7 -invariant
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linear form; more generally, if y is a smooth character of G with values in R*, the representation 7 is
said to be y-distinguished if V carries a nonzero linear form A such that

A(r(h)v) = x(WA(v), heG7, vevV.

1.2.

In the case where R is the field of complex numbers, distinguished irreducible representations of G have
been extensively studied:

1. They are o-self-dual, that is, the contragredient 7" of a distinguished irreducible representation 7 of
G is isomorphic to its o--conjugate 7 ([16, 32, 33]) and their central character is trivial on F*,

2. Any o-self-dual discrete series representation of G is either distinguished or x-distinguished (x
denotes the character of F whose kernel is the subgroup of F/Fy-norms), but not both: This is the
dichotomy and disjunction theorem ([23, 2, 3]),

3. Distinguished generic irreducible representations of G are classified in terms of their cuspidal support
([4, 26, 27)),

4. Distinguished cuspidal representations of G are characterized in terms of their Galois parameter
([17]) and in terms of type theory (see [35] and below).

1.3.

Distinguished irreducible representations of G with coefficients in a field R of positive characteristic
have been less well studied (see [3, 35, 25, 12]). As in the complex case, they are o-self-dual and their
central character is trivial on FOX. For o-self-dual supercuspidal representations, that is, irreducible
representations which do not occur as subquotients of parabolically induced representations from a
proper Levi subgroup, one has a dichotomy and disjunction theorem (see Paragraph 3.2). One also
has a distinction criterion in terms of Galois parameters ([12] Proposition 3.15) and in terms of
types ([35] Theorem 10.9). But there are explicit examples of o -self-dual nonsupercuspidal cuspidal
representations that are neither distinguished nor x-distinguished (as in [35] Remark 2.18) and of
Steinberg representations that are both distinguished and x-distinguished ([12] Remark 1.9). Also, there
is no known classification of distinguished cuspidal representations of GL, (F) for an arbitrary n>3
(see [12] and Paragraph 4.13 below for n = 2).

In this paper, which can be considered as a sequel to [35], where all distinguished supercuspidal
R-representations of G have been classified, we investigate the classification of distinguished cuspidal
R-representations of G in terms of their supercuspidal support. We:

o reduce this classification to that of distinguished cuspidal representations of level 0, and from there
to finite group theory (see Section 4),

o give a necessary condition of distinction for o-self-dual cuspidal representations of G that satisfy a
certain parity condition (see Section 5),

o classify the (distinguished, cuspidal) F¢-representations of G having a distinguished cuspidal lift to
Qg, where Q; is an algebraic closure of the field of £-adic numbers with residue field F.

Let us explain these results in more detail.

14.

Bushnell and Kutzko [9], in work extended to the modular setting by Vignéras [41], have given an
explicit construction of a collection of pairs (J, ) called extended maximal simple types (which we will
abbreviate to fypes here), consisting of a compact-mod-centre open subgroup J of G and an irreducible
R-representation A of J such that the representations indf (A) are (irreducible and) cuspidal and such

that every cuspidal R-representation of G appears in the collection of indf Q).
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We need the following invariants associated to a cuspidal R-representation of G following this explicit
construction by compact induction (see Paragraphs 4.2 and 4.7):

1. the endo-class O: a fine refinement of the level introduced by Bushnell-Henniart in [6] and which
applies equally well to the modular setting,

2. thetame parameter field T: atamely ramified extension of F of degree dividing n, uniquely determined
up to F-isomorphism by ®,

3. the relative degree m: a positive integer such that m[T : F] divides n, uniquely determined by ®
and n.

Suppose further that @ is o-self-dual (which follows if for example the cuspidal representation itself
is o-self-dual), then there is a uniquely determined tamely ramified extension 7y of Fy contained in
T such that T is isomorphic to Ty ®f, F. The Galois group of T7'/Ty canonically identifies with that of
F/Fy, and the unique nontrivial automorphism of T'/Tj extending o~ will be denoted by o (see §4.3).
Our main theorem on reduction to the level O setting is then (see Theorem 4.4 1):

Theorem 1.1. 1. There is a natural bijection
T (1.1)

from the set of isomorphism classes of cuspidal representations of G with endo-class @ to the set of
isomorphism classes of cuspidal representations of level 0 of GL,(T).

2. The representation r is o-self-dual if and only if nt is o -self-dual.

3. The representation nt is GL,,(Fy)-distinguished if and only if nr, is GL,,,(Ty)-distinguished.

The map (1.1) is also compatible with supercuspidal support; see Proposition 4.43 for a precise
statement.

1.5.

Let us briefly explain how the map (1.1) above is defined. Let (J, 1) be a type inducing a cuspidal
representation 7 of G with o -self-dual endo-class ©, tame parameter field 7 and relative degree m.
Then:

o the group J has a unique maximal compact subgroup J°, and a unique maximal normal pro-p
subgroup J!,

o there is a group isomorphism J°/J! =~ GL,,(I), where [ is the residue field of T,

o the restriction of A to J! is isotypic for an irreducible representation 7 of J', and this representation
n extends (noncanonically) to J,

o the choice of a representation k of J extending n determines a decomposition 4 ~ k ® T, where T is
a representation of J trivial on J!, uniquely determined up to isomorphism.

The fact that @ is o-self-dual implies that there is a preferred choice for (J, 2): The group J is fixed
by o, the representation n is o--self-dual and there exists a natural isomorphism between the space of
G 7 -invariant linear forms on 7 and that of J N G 7 -invariant linear forms on A. Such a type is called
generic (see Definition 4.31). We prove (see Proposition 4.16):

Proposition 1.2. The representation n has a unique extension k to J which is both o -self-dual and
J N G -distinguished and whose determinant has order a power of p.

The choice of the representation « given by Proposition 1.2 thus uniquely determines a representation
7 of J trivial on J'.

Now, there is a natural choice, as explained in §4.10, of a o-fixed maximal compact subgroup J? of
GL,,,(T), with normalizer J, and pro-p-radical J!, such that there is a o--equivariant group isomorphism:

) JA BES WA 1
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The representation 7 then defines a representation of J, trivial on Jtl, denoted 7. The cuspidal repre-
sentation ¢ associated with 7 by the bijection (1.1) is then the compact induction of ¢ to GL,,,(T).

1.6.

Having reduced the classification of distinguished cuspidal R-representations to level 0, we further
reduce this classification to the finite group setting. Let 7 be a o-self-dual cuspidal R-representation
of G of level 0 with central character ¢, and generic type (J, ). Restricting A to J* defines a cuspidal
R-representation V of GL,, (k), where k is the residue field of F. We prove (see Theorem 4.45):

Theorem 1.3. Suppose n # 1. The representation rt is GL,,(Fy)-distinguished if and only if its central
character ¢ is trivial on F;' and

1. if F|Fy is unramified, then V is GL,,(k)-distinguished (kg is the residue field of Fy);
2. if F|Fy is ramified, then n is even, V is GL, /> (k) X GL,, /> (k)-distinguished and

0 id
s = (id 0) € GL, (k)

acts on the space of its GLy, 2 (k) X GL,, /> (k)-invariant linear forms by the sign c (@), where @ is
any uniformizer of F.

As an application, we classify all distinguished cuspidal representations of GL;(F)
(see Paragraph 4.13).

1.7.

Let 7 be a cuspidal nonsupercuspidal R-representation of G. Following [29], we recall in Paragraph 3.4
that there are a uniquely determined integer r = r(xr) > 2 and a supercuspidal R-representation p of
GL,,, (F) such that 7 is isomorphic to St, (p), where St,-(p) denotes the unique generic subquotient of
the parabolically induced representation

pv_(r_l)/2 X oo X pv(r_l)/2

(where v denote the unramified character which is the absolute value of F composed with the determi-
nant). The representation p is not unique in general, but, if 7 is o--self-dual and r is odd, and if one further
demands that p be o-self-dual, then p is uniquely determined up to isomorphism (see Proposition 3.8).
In this case, we obtain further necessary conditions for distinction (see Theorem 5.1):

Theorem 1.4. Let 7 be a o-self-dual cuspidal nonsupercuspidal R-representation of GL,,(F). Assume
that the integer r = r(n) is odd, thus n is isomorphic to St (p) for a uniquely determined o -self-dual
supercuspidal representation p of GL,, (F). If n is GL,, (Fo)-distinguished, then

1. the relative degree m = m(r) and the ramification index of T [Ty have the same parity,
2. the representation p is GL,, /. (Fo)-distinguished.

As acorollary, we extend the disjunction theorem from the supercuspidal setting (that is, the statement
that, if £ # 2, a supercuspidal R-representation is not both distinguished and %-distinguished) to include
cuspidal R-representations & with () odd.

1.8.

Say that an irreducible F, -representation 7 of G lifts to @5 if there exists a free Ze-lattice L equipped
with a linear action of G such that the F,-representation of G on L ® F; is isomorphic to 7. When this is
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the case, say that the smooth @f-representation of GonL® @5 isalift of m to @g. By [41], any cuspidal
F,-representation of G lifts to Q, and any of its lifts is cuspidal.

According to [25] (see Theorem 3.3), any cuspidal F¢-representation of G having a G 7 -distinguished
lift to Q, is G -distinguished. The converse holds for supercuspidal F,-representations of G (see [35]
and [12]), but there are examples of G “-distinguished F,-cuspidal representations of GL,(F) with no
distinguished lift if £ = 2 (see Paragraph 4.13 and Remark 6.4). In the final section, we classify the
G 7 -distinguished cuspidal F-representations of G having a G -distinguished cuspidal lift to Q, (see
Propositions 6.1 and 6.2 for a precise statement).

1.9.

Finally, let us comment on how the main results of this article could be pushed further.

Let 7 be a o-self-dual cuspidal nonsupercuspidal F,-representation of G. In the case when r(7) is
even and £ > 2, we conjecture that rr is distinguished if and only if it has a distinguished lift to @5 (see
Conjecture 6.3). We expect that this conjecture could be approached via the use of the Rankin—Selberg
local factors developed in [24].

In the case when () is odd, we do not expect the necessary conditions of Theorem 1.4 to be
sufficient for distinction. It would be interesting to determine whether any G “-distinguished cuspidal
representation of G has a distinguished lift to Q,.

Finallly, this work is part of a wider programme aiming at classifying all distinguished generic
R-representations of G. Such a classification might be approached by developing a theory of mod ¢
intertwining periods.

Structure of the paper

After setting some notation in Section 2, in Section 3 we collect together necessary background from
the literature and prove some basic results on o--self-dual cuspidal R-representations.

Section 4 constitutes the technical heart of the paper. It reduces the problem of classifying distin-
guished cuspidal R-representations to level 0.

In Section 5, under a parity condition, we provide necessary conditions for distinction, allowing us
to deduce the disjunction theorem and a lifting theorem.

In Section 6, we classify the cuspidal F,-representations having a distinguished cuspidal lift.

2. Notation
2.1.

Given any non-Archimedean locally compact field F, we write Of for its ring of integers, pr for the
maximal ideal of O, k for its residue field and g for the cardinality of k.

We also write valp for the valuation of F taking any uniformizer to 1, and | - | for the absolute value
of F taking any uniformizer to the inverse of gr.

Given any finite extension L of K, we write N7 /x and try jx for the norm and trace maps.

2.2.

Given a locally compact, totally disconnected topological group G and an algebraically closed field R
of characteristic different from p, we consider smooth representations of G on R-vector spaces. We will
abbreviate smooth R-representation to R-representation, or even representation if the coefficient field
R is clear from the context.

An R-character (or character) of G is a group homomorphism from G to R* with open kernel.

Let 7 be a representation of G. We write ¥ for its contragredient. Given a character y of G, we
write 7y for the representation g — x(g)n(g) of G.
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Let 7 be a representation of a closed subgroup H of G. Given any element g € G, we write & for the
representation x — 7(gxg~!) of H8 = g"'Hg. Given any continuous involution o of G, we write 77
for the representation 7 o o of o(H). Given any character u of HN G, we say that 7 is u-distinguished
if the space Hompyngo (7, x) is nonzero. If u is the trivial character, we will abbreviate u-distinguished
to H N G7 -distinguished, or just distinguished.

2.3.

Let us fix a separable quadratic extension F'/Fj of non-Archimedean locally compact fields of residual
characteristic p, and let o denote its nontrivial automorphism. Let R be an algebraically closed field of
characteristic different from p. Let

x=xp/p,  Fy = {-1,1} =Z* 2.1)

denote the Z-valued character of Fj with kernel Ng /g, (F*). When needed, we will consider x as a
character with values in R. We abbreviate ¢ = gr and g¢ = gF,. We fix a square root

a)> € R (2.2)

of go in R and define
1/2 . . .
1/2 _ { do if F'/Fy is ramified,

2.3
qo if F/Fy is unramified, (2.3)

q

which we will use to normalize parabolic induction and restriction functors (see below).

24.

Given a positive integer n>1, the automorphism o acts on the group GL,(F) componentwise, thus
defines a continuous involution of GL,, (F), still denoted o Its fixed points form the subgroup GL,, (Fp).
We denote by v the unramified character ‘absolute value of the determinant’ of GL,,(F) and by v'/2
the unramified character taking any element whose determinant has valuation 1 to ¢g~'/2. We thus have
(v'/2)2 = . Similarly, we define the characters v, and v(l)/2 of GL,,(Fp).
Given positive integers ny,...,n, such that ny +---+n, = n and, foreachi = 1,...,r, given an
R-representation m; of GL,,, (F), we write

Ty X o X Ty 2.4)

for the representation of GL,(F) obtained by normalized parabolic induction from 7 ® --- ® 7,
along the parabolic subgroup generated by upper triangular matrices and the standard Levi subgroup
GL,, (F) X --- x GL,, (F).

An irreducible R-representation of GL,,(F) is said to be cuspidal (respectively, supercuspidal) if it
does not occur as a subrepresentation (respectively, a subquotient) of any representation of the form
(2.4) with r>2. Any supercuspidal representation of GL,,(F') is cuspidal. When R has characteristic 0,
any cuspidal representation of GL,, (F) is supercuspidal. When R has characteristic £ > 0, the group
GL,, (F) may have cuspidal nonsupercuspidal representations (see §3.4).

Given a representation 7w of GL,,(F) and a character y of F*, we will write 7y for 7(y o det).

2.5.

Let us fix an algebraic closure_@[ of the field of £-adic numbers. Let Z, denote its ring of integers, and
F, denote the residue field of Z,.
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We call an irreducible representation 7 of a locally compact, totally disconnected group G on a
Q[ -vector space V integral if it stabilizes a Ze-lattice L in V. In this case, we obtain a smooth F,-
representation L ® F, of G whose isomorphism class may depend on the choice of L.

If G is either the group of rational points of a connected reductive linear algebraic F-group or a finite
group (see [42, Theorem 1] and the Brauer—Nesbitt principle), the smooth F,-representation L ® F, has
finite length, and its semisimplification is independent of the choice of L. This semisimplification is
called the reduction modulo € of  and is denoted by ry (7). .

Given an irreducible F, -representation p of G, we call an irreducible integral Q,-representation with
reduction modulo ¢ equal to p a Q,-lift of p.

3. Basic results

In this section, p is an arbitrary prime number, F/F; is a separable quadratic extension and R has
characteristic £ # p. We fix a positive integer n>1.

3.1.

Fundamental results of Flicker and Prasad [ 16, 32, 33] on irreducible complex representations of GL,, (F)
distinguished by GL,, (Fp) have been extended to irreducible R-representations in [35] Theorem 4.1.

Theorem 3.1. Let 7 be an irreducible representation of GL,,(F) distinguished by GL,,(Fp).

1. The central character ¢ of n is trivial on F.
2. The R-vector space Homgy,, (r,) (7, R) has dimension 1.
3. The contragredient n¥ of  is isomorphic to n°.

We will say that a representation 7 of GL,,(F) is o-self-dual if 7V is isomorphic to 77 .

3.2.

For supercuspidal representations, we have the following dichotomy and disjunction theorem ([23]
Theorem 4, [2] Corollary 1.6 if £ = 0, [35] Theorem 10.8 if p # 2 and [12] Theorem 3.14 if £ # 0, 2).

Theorem 3.2. Let p be a o-self-dual supercuspidal R-representation of GL,(F).

1. If € =2, then p is distinguished.
2. If€ # 2, then p is either distinguished or »-distinguished, but not both.

3.3.

In this paragraph, ¢ is a prime number different from p and we will consider representations with
coefficients in Q, or Fy. The following theorem is [25] Theorem 3.4.

Theorem 3.3. Let 7 be an integral o-self-dual cuspidal Q,-representation of GL,,(F). If n is distin-
guished by GL,,(Fy), then its reduction mod € is (irreducible, cuspidal and) distinguished.

It follows that any o--self-dual cuspidal F¢-representation of GL,, (F) having a distinguished lift to @[
is distinguished. For supercuspidal representations, one has the following converse (see [35] Theorem
10.11if p # 2, and [12] Theorem 3.4):

Theorem 3.4. Any GL,,(Fy)-distinguished supercuspidal F¢-representation of GL,, (F) has a GL,, (Fp)-
distinguished lift to Q,.

We also have the following distinguished lift theorem, making Theorem 3.4 more precise.

Theorem 3.5. Let p be a o-self-dual supercuspidal Fy-representation of GL,, (F).
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1. The representation p has a o -self-dual lift to @g.
2. Let u be a o-self-dual lift of p to Q,, and suppose that € # 2. Then yu is distinguished if and only p
is distinguished.

Proof. If p # 2, this is [35] Theorem 10.11. Assume now that p = 2, thus £ # 2.

By Theorem 3.2, the representation p is either distinguished or x-distinguished. If it is distinguished,
it has a o-self-dual lift thanks to Theorem 3.4 and Theorem 3.1(3). If it is »-distinguished, fix a Q,-
character & of F* extending the canonical Q,-lift of x. The reduction mod ¢ of ¢ is an F,-character
of F* extending x, denoted y. The representation p y is distinguished and supercuspidal. It thus has a
o-self-dual lift 7. Then 7&~! is a distinguished lift of p. This proves (1).

Let u be a o-self-dual lift of p, and assume that p is distinguished. If u is not distinguished, it must
then be »-distinguished. By Theorem 3.3, this implies that p is »-distinguished, which contradicts the
dichotomy and disjunction theorem. Conversely, if u is distinguished, then p is distinguished thanks to
Theorem 3.3. O

3.4.

From now on, we consider the case of cuspidal nonsupercuspidal R-representations, thus ¢ is a prime
number different from p. Let us recall how they are classified in terms of their supercuspidal support.
Recall that a representation 7 of GL,(F) on an R-vector space V is generic if V carries a nonzero
R-linear form @ such that @ (7 (u)v) = 6(u)v for all v € V and all unipotent upper triangular matrices
u, where 6(u) =y (u12+--- +uu—1.,) and ¥ is a nontrivial R-character of F.
Let k>1 be a positive integer, and p be a supercuspidal R-representation of GLg (F). According
to [29] 8.1, for any r>1, the induced representation

oy D25 oy D)2 3.1)

contains a unique generic irreducible subquotient, denoted St, (p).

Let e(p) be the smallest integer i>1 such that pv' is isomorphic to p and #(p) be the torsion number
of p, that is, the number of unramified characters y of F* such that py is isomorphic to p. By [31]
Lemme 3.6, these integers are related by the identity

e(p) = order of ¢'® mod ¢. (3.2)

By [29] Théoreme 6.14, one has the following classification.
Proposition 3.6. Let 7 be a cuspidal nonsupercuspidal R-representation of GL,,(F).

1. There are a unique positive integer r = r(m)>2 dividing n and a supercuspidal representation p of
GL,., (F) such that r is isomorphic to St.(p).

2. There is a unique integer v>0 such that r = e(p)(".

3. Let p’ be a supercuspidal representation of GL,,; (F). The representation r is isomorphic to St (p’)
if and only if p’ is isomorphic to pv' for some i € Z.

Note that, conversely, by the same references, if p is a supercuspidal representation of GLy (F) and
r =e(p)’ for some v=0, the representation St (p) is cuspidal.
It will be convenient to set () = 1 for any supercuspidal R-representation 7 of GL,, (F).

3.5.

We now classify o-self-dual cuspidal representations.

Lemma 3.7. Let p be a supercuspidal R-representation of GLy (F) for some k>1. Let r>2 be such that
St (p) is cuspidal, and suppose that St,-(p) is o-self-dual. Then there is an i € Z, uniquely determined
mod e(p) such that p¥7 is isomorphic to pv'.
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Proof. The representation St, (p) is the unique generic irreducible subquotient of (3.1). The represen-
tation St (p)V 7 is thus generic, irreducible and it is a subquotient of

p\/o'v(r—l)/Z N chrv—(r—l)/Z'

Equivalently (see [29] Proposition 2.6), it is a subquotient of p¥oy~(""D/2 x ... x pVoy(=1/2 By
uniqueness of the generic irreducible subquotient, we thus have

Sty (p)"7 = St (p" ).

The representation St, (p) is thus o-self-dual if and only if St,- (0¥ is isomorphic to St, (o). The result
then follows from Proposition 3.6. O

Proposition 3.8. Let n be a cuspidal o-self-dual representation of GL,,(F). Set r = r(n) and write
k=n/r.

1. If ris odd or € = 2, there is a unique o -self-dual supercuspidal representation p of GLy (F) such
that 7 is isomorphic to St, (p).
2. Suppose that r is even and € # 2.
(a) There are a supercuspidal representation p of GLy (F) and ani € {0, 1} such that nt is isomorphic
to St (p) and p¥7 = pv'.
(b) Let p’ be a supercuspidal representation of GLi (F) and j € {0, 1} such that rt is isomorphic to
St (p") and p’¥7 =~ p’vI. Then j =i, and either p’ =~ p or p’ = pv'/2.

Proof. Ifr = 1, theresultis trivial. Let us assume that r >2. Fix a supercuspidal irreducible representation
p of GLg (F) such that 7 is isomorphic to St, (o). By Lemma 3.7, there is an i € Z such that p¥7 ~ py'.
Changing p to p’ = pv® for some s € Z does not change St, (p), but changes i to i — 2s. If r is odd or
¢ =2, then e(p) is odd, thus 2Z + e(p)Z = Z. This proves (1). Similarly, if 7 is even and £ # 2, then e(p)
is even: we thus may assume that i € {0, 1}, proving (2.a). Moreover, if p” and j are as in (2.b), then
j —iiseven, thus j = i. Moreover, p’ is isomorphic to pv* for some 0<s < e(p) such that v2*(®) =1,
thus e(p) divides 2s. O

3.6.
We will need the finite field analogue of 3.4 (see [41] II1.2.5 or [10] Theorem 19.3).
Proposition 3.9. Let k be a finite field of characteristic p.

1. Let f>1 be a positive integer and o be a supercuspidal representation of GL (k).
(a) Forall u>1, the induced representation

oX---Xo (utimes)

has a unique generic irreducible subquotient, denoted st (o).
(b) Let e(p) be the order of g/ mod €. The representation st (0) is cuspidal if and only ifu = 1 or
u = e(0)t for some v=O0.
2. Let W be a cuspidal representation of GL,, (k). There exist a unique integer u = r(W)>1 dividing n
and a unique supercuspidal representation o of GL, (k) such that W = st, (0).

3.7.

As in the previous paragraph, k is a finite field of characteristic p. Let us recall how to parametrize
cuspidal representations of GL,, (k) by regular characters ([19], [14] Theorem 3.5 and [15, 21]).
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Let k be an algebraic closure of k. For any integer s>1, let ky be the extension of k of degree s
contained in k. Let A denote the group Gal(k, /k). A character of k) is A-regular if it is fixed by no
nontrivial element of A.

Proposition 3.10. 1. Associated with any A-regular Q,-character & of k), there is a cuspidal Q-
representation W ¢ of GL,,(k), unique up to isomorphism, such that

rWe(x) = (1" ) £(x%)

deA

forall x € k), of degree n over k, where k' is considered as a maximal torus in GL,, (k).
2. The correspondence

fl—)Wf

induces a bijection from the set of A-conjugacy classes of A-regular @(-characters of ki to that of
isomorphism classes of cuspidal Q,-representations of GL,, (k).

By reduction mod ¢, we get the following classification.

Proposition 3.11. 1. Given any A-regular @g-chamcter & of kyy, the reduction mod € of W ¢, denoted
Wg, is irreducible and cuspidal, and it only depends on the reduction mod € of &.

2. Reduction mod € induces a bijection from the set of A-conjugacy classes of Fe-characters of k)
having a A-regular lift to @[ to that of isomorphism classes of cuspidal Fe-representations of the
group GLy, (k).

3. The integer r(W ¢) is the greatest divisor r of n such that the reduction of ¢ mod € factorizes through

a character ofk:/r.

Definition 3.12. A parameter of a cuspidal representation p of GL, (k) is a character of k) whose
A-conjugacy class corresponds to p by the bijection of either Proposition 3.10 or 3.11.

3.8.

Finally, we will need the following distinction criterion for cuspidal @g-representations (see [20] Propo-
sition 6.1 and [11] Lemme 3.4.10) of GL,, (k) when p is odd.

Proposition 3.13. Assume that q is odd, n is even and write n = 2u. We consider the group GL,, (k) X
GL,, (k) as a Levi subgroup of GL,, (k). Let £ be a A-regular Q,-character of k.

1. The following assertions are equivalent.
(a) The cuspidal Q-representation W ¢ is GL,, (k) X GL,, (k)-distinguished.
(b) The space of GL, (k) x GL,,(k)-invariant linear forms on W ¢ has Q,-dimension 1.

(c) The cuspidal @rrepresentation W is self-dual.
(d) The character & is trivial on k.

2. Assume that the conditions of (1) are satisfied, and fix an element a € k), such that a ¢ k), and
a? € k.. The element

5= (i(()1 ig) € GL, (k) 3.3)

where id is the identity in GL,, (k), normalizes the group GL,, (k) xGL,, (k) and acts on the Q-vector
space of GL, (k) x GL,,(k)-invariant linear forms on W ¢ by the sign —¢(a).

Remark 3.14. Suppose that W ¢ is GL,, (k) x GL,, (k)-distinguished. By [35] Lemma 2.6, the cuspidal
[F;-representation Wf is GL, (k) x GL,, (k)-distinguished as well. More precisely, if we fix a nonzero
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GL, (k) xGL,, (k)-invariant Q,-linear form A on W ¢ together with a GL,, (k)-stable Ze-lattice L € W £
then the associated F,-linear form

ZIL@F{%A(L)@ﬁg

is nonzero and GL,, (k) x GL,, (k)-invariant. Moreover, if s acts on A by asign ¢ € {-1,1} C @?, then
s acts on A by the image of ¢ in ﬁ?.

4. Reduction to level zero

In this section, p is odd, ¢ is any prime number different from p and R has characteristic 0 or ¢. Let us
fix a positive integer n>1, and set G = GL,,(F). We fix a character

v F— R® “4.1)
which is trivial on pr but not on OF.

4.1.

Let us recall the definitions and main results of [9, 8, 30, 3] which we will need.
Let [a, 8] be a simple stratum in the algebra M,,(F) of n X n matrices with entries in F. Recall that
a is a hereditary Op-order of M,,(F) and g is an element of M,,(F) such that

o the F-algebra E = F[] is a field, and
o the multiplicative group E* normalizes a

(plus an extra technical condition on 8 which is not necessary to recall here: See [9] 1.5.5).

Let K, be the normalizer of a in G and p, be its Jacobson radical, and set Ué =1+7p,. Let B be the
centralizer of E in M,,(F). The intersection b = a N B is a hereditary order in B.

Associated with [a, 8] in [9] Chapter 3, there are compact mod centre open subgroups

H'(a,8) € J'(a,8) € J°(a,B) € J(a,B) € Ka

and a nonempty finite set C(a, ) of characters of H!(a, 8) called simple characters, depending on the
choice of the character (4.1). We write J = J(a, 8), J° = J°(a, 8), J! = J'(a,8) and H' = H'(a, B) for
simplicity.

We will only be interested in the case where b is a maximal order in B, in which case the simple
stratum [a, 8] and the simple characters in C(a, 8) are said to be maximal. For the following result,
see [8] 2.1, 3.2 and [9] 5.1.1.

Proposition 4.1. Let [a, 8] be a maximal simple stratum.

1. The group J° is the unique maximal compact subgroup of J, and J' is its unique maximal normal
pro-p-subgroup.
2. One hasJ = EXJ° = (Jn B¥)J" and
InB*=%,, J’nB*=0%, J' nB*=U;. 4.2)
3. There is an isomorphism of E-algebras
B=~M,,(E), m=n/[E:F], 4.3)
sending b to the maximal compact open subgroup GL,,,(Og), which induces isomorphisms
JO/J = 0*/Ug = GLa (D), (4.4)

where 1 is the residue field of E.
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4. Given any simple character 6 € C(a, 3), we have
(a) the normalizer of 8 in G is equal to J, and
(b) there is an irreducible representation 1 of J', unique up to isomorphism, whose restriction to
H! contains 6, and such a representation extends to J.

The representation i of (4.b) is called the Heisenberg representation associated with 6. If « is a
representation of J extending 7, any other extension of 77 to J has the form «& for a unique character &§
of J trivial on J'.

Remark 4.2. 1. An isomorphism (4.3) as in Proposition 4.1(3) comes from the choice of an Og-basis
of an Og-lattice £ in F"* whose endomorphism algebra is b.

2. Changing the isomorphism (4.3), that is, changing the basis of £ above, has the effect of conjugating
the identification (4.4) by an inner automorphism of GL,, ().

A character 6 of an open pro-p-subgroup H of G will be called a maximal simple character if there
is a maximal simple stratum [a, 8] in M,,(F) such that H = H'(a, 8) and 6 € C(a, 8). Given a maximal
simple character 6 of G, we will write H (1, for the group on which 6 is defined, J , for its G-normalizer,
J % for its unique maximal compact subgroup, J }, for its unique maximal normal pro-p-subgroup and T
for the maximal tamely ramified extension of F in E = F[3]. The following result shows how the latter
depends on the choice of [a, B8] (see [8] 2.1, 2.5 and 2.6).

Proposition 4.3. Let [a’, B’] be a simple stratum such that 0 € C(a’, B’), and set E' = F[B’].

1. The orders a, a’ are equal and E, E’ have the same degree over F.
2. The simple stratum [a, B’] is maximal.
3. The maximal tamely ramified extension of F in E’ is J b—conjugate toT.

It follows that the G-conjugacy class of the simple character 6 uniquely determines the integer m in
equation (4.3), as well as the extension 7 up to G-conjugacy (or equivalently up to F-isomorphism).
However, the fields E, E’ need not be isomorphic (see [8] Example 2.1).

4.2

In this paragraph only, we let n vary among all positive integers, and consider the set

Coax(F) = | €(a,B),
[a.8]

where the union is taken over all maximal simple strata of M,,(F), for any n>1. It is endowed with an
equivalence relation called endo-equivalence ([6, 7]). An equivalence class for this equivalence relation
is called an endo-class (see [3] 3.2).

Given a maximal simple character § € Cpx (F) with endo-class @, the degree [E : F] and the F-
isomorphism class of its tame parameter field 7 only depend on ®. They are called the degree and tame
parameter field of @, respectively.

For a given n, any two maximal simple characters of GL,, (F) are endo-equivalent if and only if they
are GL,, (F)-conjugate.

Remark 4.4. Note that endo-equivalence is defined in [0, 7] for arbitrary simple characters, not only
for maximal ones, but we will not need this extra generality.

4.3.

We go back to the situation of Paragraph 4.1, assuming further that the character ¢ of equation (4.1) is
o -invariant, which is possible since p # 2. As in [35], we will say that:

o asimple stratum [a, 8] in M,,(F) is o-self-dual if a is o-stable and o (8) = -8,
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o a simple character 6 is o-self-dual if the group Hé is o-stable and 6! 0 o = 6,
o an endo-class ® of (maximal) simple characters is o-self-dual if for some (or equivalently for any)
§ € @, the character 8! o ¢ is in @.

Proposition 4.5. Let 0 be a o-self-dual maximal simple character.

1. There is a o-stable simple stratum [a, 8] such that 6 € C(a, B).

2. Let E¢ be the o-fixed points of E and ly be its residue field. There is an isomorphism (4.3) inducing
an isomorphism (4.4) which transports the action of o on J°/J' to
(a) the action of the nontrivial element of Gal(l/ly) on GL,, (1) if E/Eq is unramified,
(b) the adjoint action of

—id; 0
( o i dm_i)eGLm(l) (4.5)

on GL,,(1) if E/Ey is ramified, for a uniquely determined integeri € {0, ..., |m/2]}.

If 6 is a o-self-dual maximal simple character, we will write Tj for the maximal tamely ramified
extension of Fy in Ey, thatis, To = T N Ey. By [3] Lemma 4.10, the canonical homomorphism

To®p, F—>T (4.6)

is an isomorphism. Also, T/Ty and E/E( have the same ramification index. By [3] Lemma 4.29, the
Fp-isomorphism class of T is uniquely determined by the endo-class ® of 6. And it follows from the
isomorphism (4.6) that the Fy-isomorphism class of 7 determines the F-isomorphism class of 7.

The following result is given by [35] Proposition 6.12, Lemma 6.20 and [36] Lemme 3.28. (The
latter reference in [36] is for representations with coefficients in R = C, but its proof is still valid in the
{-modular case.)

Proposition 4.6. Let 6 be a o-self-dual maximal simple character.

1. The Heisenberg representation 1 of 0 is o-self-dual and J' 0 G -distinguished, and the space
Homyingo (1, R) has dimension 1.

2. For any representation k of J extending n, there are
(a) a unique character & of J trivial on J' such that k"7 is isomorphic to k&,
(b) a unique character x of J N G trivial on J' N G such that

Homyi o (17, R) = Homynge (k, x '), (4.7)

and the restriction of € to J N\ G is equal to x°.
3. Given a representation K as in (2) and an irreducible representation T of J trivial on J', the canonical
linear map

Homyigo (17, R) ® Homyngo (1, ¥) — Homjngeo (k ® T, R) (4.8)

is an isomorphism of R-vector spaces.
4. There exists a o-self-dual representation of J extending n.

Conversely, let @ be a o-self-dual endo-class of degree dividing n. By [3] Section 4, it contains a
o-self-dual maximal simple character 8 in G, and we have the following classification.

Proposition 4.7. Let T /Ty be the quadratic extension associated with @ as above, and let us write
m = n/deg(0).

1. If T/Ty is unramified, the G-conjugacy class of 6 contains a unique G -conjugacy class of o-self-
dual simple characters.
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2. If T|Ty is ramified, the number of G -conjugacy classes of o-self-dual simple characters in the
G-conjugacy class of 6 is equal to |m/2] + 1, each class corresponding bijectively to an integer
i €{0,...,|m/2]} characterized by Proposition 4.5(2.b).

Remark 4.8. When T'/Tj is ramified, we define (as in [3, 35]) the index of a o-self-dual maximal simple
character 6 to be the integer i € {0, ..., |[m/2]} associated with its G -conjugacy class. By [3] Remark
4.28 or [35] 5.D, if 6 has index 0 and if

y; = diag(w, ..., w,1,...,1) € GL,,(E) = BX, @ auniformizer of E occurring i times,

for some i € {0, ..., |m/2]}, then 6% is a o--self-dual maximal simple character of index .

44.

Let 6 be a maximal simple character, and [a, 8] be a simple stratum such that 6 € C(a, 8). As in 4.1,
write J = J 90 Jo=J30 31 =7 10 and H! = H é. Let 1 be the Heisenberg representation of J I associated
with 6. In this paragraph, we give a slightly generalized version of [8] 3.3.

Fix an Og-lattice £ in V = F" whose endomorphism algebra is b. (It is uniquely determined up to
homothety as b is maximal.) Fix a divisor u>1 of m and decompositions

L=L,® &L, V=V.® -0V, 4.9)

in which V, is an E-vector space of dimension m/u and £, is an Og-lattice of rank m/u in V,. It
defines a Levi subgroup M of G. Fix a pair (Q—, Q) of M-opposite parabolic subgroups of G with Levi
component M, and write N_, N for their unipotent radicals. Define a, = Endp,. (£.). It is a hereditary
order, and [a,, 8] is a maximal simple stratum in Endg (V). Write J,, J°, J! and H] for the subgroups
associated with it. Compare with [8] 3.3, which corresponds to the particular case where u = m.

The next result follows from [6] Example 10.9 (compare with Lemma 1 in [8] 3.3).

Lemma 4.9. 1. There are Iwahori decompositions

H'=(H'nN_)-(H'nM)-(H' nN,),
H'nM=H!x.-.-xH!

and

I'=0'nN)-J'nMm)-J' 0Ny,
M= x---xJ.

2. The character 0 is trivial on H'(\N_, H' NN, and there exists a unique simple character 8, € C(a., 8)
such that 0 agrees with 6, ® - -- ® 6, on H' N M.

Moreover, the map 6 +— 6, defined by Lemma 4.9(2) is a bijection from C(a, 8) to C(ax, B): this is
an instance of the transfer of [9] 3.6.

Let 1, denote the Heisenberg representation of J! associated with 6,. Compare the next result with
Lemma 2 in [8] 3.3 and the discussion after it.

Lemma 4.10. Let k.. be a representation of J. extending ..

1. The setJ, = (H' N N_) - (JNQy) is a group, and there is a unique representation K of J. which is
trivialon H' N N_, J° n N, and agrees with k, ® --- ® k., on J N M.

2. The representation Ky of (J' N N_) - (J N Q) = J'J, induced by k, extends .

3. There is a unique irreducible representation k of J extending k.
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Proof. That J, is a group follows from the fact that H' is normalized by J, thus by JN Q... The existence
of k, follows from the containment

J°NNy)-(H' NN c(H' 0N -0 M) -0 N,
(see the argument of [34] 2.3). Mackey’s formula implies that the restriction of ;. to J Uis
1
Ind}m (k).

The restriction of k. to J' N J, = (H' N N_) - (J' N Q) is the unique representation 77, which is trivial
on H' N N_, J' N N, and agrees with 5, ® - - - ® 17, on J' N M. The representation it induces to J' is
isomorphic to 77: Indeed, this representation contains 6§ by Lemma 4.9(2), and it has dimension

dim(. ®---@n)-J'AN_:H' nN)=J'nM:H nM)'?>- J'nN_:H' nN.)

which is the dimension of 77 (see [30] 2.3).

It remains to prove (3). First, uniqueness follows from the fact that any two such extensions differ
from a character of J trivial on J'J,, and such a character is trivial since p # 2. Existence follows
from [9] 5.2.4 (see [30] 2.4 in the modular case). O

The reader will pay attention to the fact that, although J° N M is equal to JO x - -- x JO, the group
JN M isnotequal to J, X - - - X J, in general (unless u = 1). It is generated by J° N M and E*, the latter
being diagonal in M.

Lemma 4.11. 1. The map
Ki — K 4.10)

from isomorphism classes of representations of J. extending n. to isomorphism classes of represen-
tation of J extending n is surjective.

2. Any two representations of J. extending n.. have the same image if and only if they are twists of each
other by a character of J, trivial on J° and of order dividing u.

Proof. The case where u = m is given by [8] 3.3, Corollary 1. For the general case, first note that, if k
is the image of «, by the map (4.10), and if &, is a character of J, trivial on J°, then the image of «.£,
by the map (4.10) is equal to k&“, where & is the character of J trivial on J° coinciding with £, on any
uniformizer of E. Now, start with a representation k extending 7. Let X, denote its restriction to J'J,
and k, denote the representation of J, on the space of J' N N_-invariants of k.. The restriction of k.
to J N M has the form

for a uniquely determined representation k? of J¥ extending 7... Since any two extensions of k? to J. are
twists of each other by a character of J, = E*J trivial on J?, the result follows. O

Remark 4.12. Suppose that u is equal to m. Let y € M N B*, and write 8’ = 8> € C(a”, 8). The groups
associated with 6’ are J’ = J”, etc. The group isomorphism B* =~ GL,,(E) identifies M N B* with
the diagonal torus EX x --- x EX, and E* normalizes 6,. The character 6’ is thus trivial on H'Y N N_,
H'"Y NN, and agrees with 6, ® ---® 6, on H'Y " M = H' N M. If k, is a representation of J, extending
7., the representation of J’ corresponding to it by the map (4.10) is «”.
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4.5.

Suppose now that the simple character 6 and the simple stratum [a, 8] of 4.4 are o-self-dual. The
groups J, J°, J' and H'! are thus o-stable. Suppose also that the decompositions (4.9) are o-stable. (To
obtain such decompositions, consider the vertex in the reduced building of B* defined by the O g-lattice
L (see [5]) and choose a o-stable apartment containing this vertex, whose existence is granted by [13]
since p # 2.)

The Levi subgroup M is thus o-stable, and we may assume that Q_, O, are o -stable as well. Also,
the simple stratum [a., 8] and the simple character 6, given by Lemma 4.9 are o-self-dual. Let G.
denote the group Autg (V.). It is isomorphic to GL,,;, (F).

We may also assume that our choice of basis induces an isomorphism of groups (4.4) between J°/J!
and GL,, (1) as in Proposition 4.5(4), transporting the action of o on J°/J! to

o the action of the nontrivial element of Gal(I/lj) on GL,, (1) if T /Ty is unramified,
o the adjoint action of (4.5) on GL,,,(I) for some i € {0,..., |m/2]}, if T /T is ramified.

Let k. be a representation of J. extending 7., and let k correspond to it by the map (4.10).
Lemma 4.13. If k.. is o-self-dual, then « is o-self-dual.

Proof. First, k)7 is trivial on both H' " N_, J' N N, and agrees with kY7 ® ---® k) on JN M. If «,
is o-self-dual, it follows by uniqueness that k. is o-self-dual, thus k, is o--self-dual as well. The unique
representation of J extending k, 7 is k7, hence « is o-self-dual. O

We will need the following lemma. Let @ be a uniformizer of E such that

w if T /Ty is unramified,

—w if T /Ty is ramified. 4.11)

o(w) = {

Note that the group J is generated by J* and @.
Lemma 4.14. The group J N G is generated by J° N G and an element @’ such that

1. w’ = w if T/Ty is unramified,
2. @’ = @? if T/Ty is ramified and m # 2i,
3. @’ € @)V if T/Ty is ramified and m = 2i.

Proof. If T /Ty is unramified: See [35] Lemma 9.1. Suppose that T'/Tj is ramified, and assume that there
isanx € JNG7,x ¢ (@>J°NG7). We have x = w”y, where v € Z is odd and y € J° satisfies
o(y) = —y. Reducing mod J', we get an a € GL,, (1) such that o(a) = —a. Since the involution o~ acts
on GL,, (1) by conjugacy by

6 = diag(-1,...,-1,1,...,1)
(where —1 occurs i times), this implies that § and —§ are GL,, (I)-conjugate, thus m = 2i. Conversely,
if m = 2i, then
w= .0 id; € J'n B = GLy (0F) (4.12)
ldi 0
is o-anti-invariant, and @’ = @ww has the required property. O

We now investigate the behavior of the map (4.10) with respect to distinction. The case where u = m
will be sufficient for our purpose (see Paragraph 4.6).
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Lemma 4.15. Suppose that u = m and k, is J, N G -distinguished.

1. If T /Ty is unramified, or if T | Ty is ramified and m # 2i, the representation k is JN G 7 -distinguished.
2. If T/Ty is ramified and m = 2i, there exists a quadratic character &€ of J trivial on J° such that k€ is
J N G -distinguished.

Proof. The representation k. is J, N G 7 -distinguished, thus k. is J 13, n G 7 -distinguished. It follows
that k is J'J, N G -distinguished. Let y be the character of J N G associated with by Proposition
4.6. 1t is trivial on J'J, N G7. Restricting to JO N G7, it is a character of

J°NG)/I'NGT) ~GL,(1)°.

Since JN M C J,, it s trivial on the image of (JN M) N (J*NG?) in GL,,(I)?, which is made of the
o-fixed points of the diagonal torus M = I* x - - - x I*.

If T/Tp is unramified, we have GL,, (1) = GL,,(lo) and M7 = I§j x - -- x I§j, thus y is trivial on
JONG7.If T /Ty is ramified, we have GL,,(1)* = GL;(I) X GL,,_;(I) and M = M. Again, y is trivial
onJ'NGY.

By Lemma 4.14, it remains to consider the value of y at w’. If T /Ty is unramified, or if T /Ty is
ramified and m # 2i, we have @w’ € J'J, N G7, thus X is trivial.

Now, assume that T/Ty is ramified and m = 2i. Let £ be the quadratic character of J trivial on J°
defined by £(w’) = y(w’). Then k¢ is J N G 7 -distinguished. O

We will prove in Paragraph 4.6 that the quadratic character £ of Lemma 4.15(2) is always trivial: See
Corollary 4.19.

4.6.

As in Paragraph 4.5, the simple character 6 and the simple stratum [a, 8] are both maximal o-self-dual,
and 7 is the Heisenberg representation of J' associated with 6. The next proposition, which says that 1
has a canonical extension to J, is the core of our proof of Theorem 4.41.

Proposition 4.16. There is, up to isomorphism, a unique representation k of J extending n satisfying
the following conditions:

1. it is both o-self-dual and J N G 7 -distinguished,
2. its determinant has order a power of p.

This unique representation will be denoted k.

Remark 4.17. This extends (and makes more precise) the results of [35] (see ibid., Propositions 7.9,
9.4) where 6 is assumed to be generic and either 7 /T is unramified and m is odd, or T /Ty is ramified
and m € {1, 2i}. See also [35] Remarks 9.5 and 9.9.

Proof. Suppose first that there exists a representation satisfying (1). As in the proof of [36] Corollary
6.12, one then easily proves the existence of a representation k satisfying (1) and (2). Let us prove that
such a representation is unique. Any other representation of J satisfying the conditions of the proposition
is of the form k¢ for some character ¢ of J which is o-self-dual and trivial on (J N G?)J', and whose
order is a power of p. The restriction of ¢ to J° can be considered as a character of GL,,(1). Since the
latter group is not isomorphic to GL;(FF;) (for p # 2), this character factors through the determinant.
Its order is thus prime to p, which implies that ¢ is trivial on J°. It is thus a character of J/(J N G7)J°
which, by Lemma 4.14, has order at most 2. Uniqueness follows from the fact that p # 2.

We are now reduced to proving the existence of a representation k satisfying (1). If m = 1, this
follows from [35] Propositions 7.9, 9.4. (See also Remark 4.17.)

Now, consider the constructions of 4.4 and 4.5 with u = m. Thanks to the case where m is equal to 1,
there is a representation «, of J. extending n. which is both o-self-dual and J, N GZ -distinguished. Let
k be the representation of J extending 7 associated with it by the map (4.10). Lemma 4.13 implies that it
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is o-self-dual, and Lemma 4.15 implies that there is a quadratic character & of J trivial on J* such that k&
is J N G 7 -distinguished. Since & is unramified and quadratic, € is also o-self-dual and extends . O

Remark 4.18. Notice that this gives another proof of [35] Propositions 7.9, 9.4, based on the case m = 1
only.

Now, we can improve Lemma 4.15. Suppose we are in the situation of Paragraphs 4.4 and 4.5, with
u=m.

Corollary 4.19. Suppose that u = m. Let k.. be a representation of J. extending n.. and k correspond to
it by the map (4.10). If k, is J, N G -distinguished, then k is J N G 7 -distinguished.

Proof. The result is given by Lemma 4.15, except when T'/Tp is ramified and m = 2i, which we assume
now. Suppose that k. is J, N G -distinguished. By Lemma 4.15, there is a quadratic character & of J
trivial on J such that ¢ is J N G -distinguished. Let k¢ be the representation given by Proposition
4.16, and write k€ = k¢ for some character ¢ of J trivial on (JNG ?)J!. Restricting to J°, the character
¢ can be seen as a character of GL,, () of the form « o det, for some character a of I, which is trivial
on GL,,(1)? = GL;(I) x GL;(1). This implies that « is trivial, thus ¢ is trivial on J°. Also, ¢ is trivial
at @’ € @J® by Lemma 4.14. It is thus trivial. In conclusion, we have k = ké&. Taking determinants,
we get

det k = £4M¥%0 . det kg = & - det kg. (4.13)

(The second equality comes from the fact that € is quadratic and p # 2 so dim k¢ is odd.)

There exists a y € M N B* such that 8’ = 6> € C(a”, B) is a o-self-dual maximal simple character
of index O (in the sense of Remark 4.8). By Remark 4.12, the simple character of C(a., ) associated
with 6’ by Lemma 4.9 is still 6., and the representation of J* = J¥ corresponding to «, by the map
(4.10) is k”. Let k¢ be the representation associated with 8’ by Proposition 4.16. By Lemma 4.15, «’
is distinguished. By the discussion above, it follows that

det k¥ = det k. (4.14)

But the characters det k, det k¥ have the same order (since they are conjugate to each others), and the
latter one has order a power of p thanks to equation (4.14). Now, equation (4.13) implies that & has order
a power of p. Since £ is quadratic and p # 2, this character is trivial. O

We extract from the proof of Corollary 4.19 the following valuable corollary.

Corollary 4.20. Suppose that u = m. Let kg, and kg be the representations associated with 0, and 6 by
Proposition 4.16, respectively. Then the map (4.10) takes kg, to Kg.

We also have the following corollary, which extends [35] Lemma 7.10(3), Corollary 9.6(1).
Corollary 4.21. Any J N G7 -distinguished representation of J extending n is o -self-dual.

Proof. Let k be a J N G 7 -distinguished representation of J extending 7, and & be the unique character
of J trivial on J' such that k = kg&. We have to prove that &' o o~ = £. The fact that « is distinguished
implies that £ is trivial on (J N G7)J!. Restricting to J°, the character £ can be seen as a character of
GL,, (1) of the form a o det, for some character a of I*.

If T /Ty is unramified, « is trivial on I3, thus €' o o and & coincide on J. They also coincide on
@ € JN G7, thus they are equal.

If T/Ty is ramified, o is trivial, thus €' o o~ and & are both trivial on J°. Since & is trivial on
@2 eJNG7, wegeté oo (w) =€ (—w) = £ (w) = é(w), which finishes the proof. O
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4.7.

We now come to the type theoretic description of cuspidal representations of G. The following propo-
sition follows from [9] Theorem 8.4.1, Corollary 6.2.3, Theorem 5.7.1 (see [30] Théorémes 3.4, 3.7
and [37] Theorem 7.2 in the modular case).

Proposition 4.22. Let 7w be a cuspidal representation of G. There is, up to G-conjugacy, a unique simple
character 6 such that the restriction of m to H é, contains 0, and it is maximal.

Let 7 be a cuspidal representation of G, and let 8 be a simple character occurring in . Associated
with it, there are:

o the positive integer m(mr) = m>1 defined by equation (4.3), called the relative degree of «,

o the G-conjugacy class (or equivalently the F-isomorphism class) of the tamely ramified extension T
of F associated with 6, called the tame parameter field of n,

o the endo-class @ of 0, called the endo-class of .

(Note that, when 7 has level 0, one has m = n and T = F, and O is the null endo-class.)
Write J =J,,J 0= Jg, J' = JL, and let 57 be the Heisenberg representation of #. The next proposition
follows from [30] Lemme 5.3, Theorem 3.11.

Proposition 4.23. Let k be a representation of J extending n, and define a representation of J on the
space Homy: (k, ) by making x € J act on f € Homyi (k, ) by

x-f=n(x)o foxr(x) .

This representation, denoted T, has the following properties:

—_—

It is irreducible, and trivial on J\.

2. If one identifies J° |J' with a finite general linear group as in (4.4), its restriction to J° is the inflation
of a cuspidal representation.

3. The compact induction of k ® T from J to G is isomorphic to m.

Any two representations of J extending 7 differ from a character of J trivial on J'. The pair
J.k®T1) (4.15)

thus only depends on 7 and the choice of 6 and not on the choice of .

When 7 varies among all cuspidal representations of G and 6 varies among all maximal simple
characters in =, the pairs (4.15) are called extended maximal simple types in [9, 30], which we will
abbreviate to fypes here. A given cuspidal representation of G thus contains, up to G-conjugacy, a
unique type (J, A): There is a unique maximal simple character 6 such that Jy = J and 8 occurs in the
restriction of A to H é, a representation k of J which restricts irreducibly to J' and a representation T of
J trivial on J'! such that A is isomorphic to k ® 7.

Remark 4.24. If a is a maximal order in M,, (F), the trivial character of U} is a maximal simple character,
with E =T = F and m = n. The cuspidal representations of G that contain such a simple character are
precisely the cuspidal representations of level 0.

Fix a representation k of J extending 77, and define 7 as in Proposition 4.23, and fix a simple stratum
[a,B] such that 6 € C(a,B) and an isomorphism (4.3). This gives a field E and an isomorphism
J°/J' =~ GL,,, (1), where [ is the residue field of 7.

By Proposition 4.23(2), the restriction of 7 to J° is the inflation of a cuspidal irreducible representa-
tion, denoted V.

On the other hand, the representation T has a central character: It is a character of the centre E*]J 1 /J 1
of J/J! or equivalently a tamely ramified character of EX. Since E is totally wildly ramified over its
maximal tamely ramified subextension T, any tamely ramified character of E* factors through the norm
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Ng,r. The restriction of T to E* is thus a multiple of w o Ng,7 for a uniquely determined tamely
ramified character w of T*.

The data V and w are subject to the compatibility condition that the restriction of V to I* is a multiple
of the character of I* whose inflation to OF is the restriction of wP’, with p¢ = [E : T]. Associated
with V by Proposition 3.9, there are a unique integer u>1 dividing m and a unique supercuspidal
representation ¢ of GL,,;, (I) such that V is isomorphic to st,(0). The next important result is [31]
Lemma 3.2. The integer r () has been defined in Paragraph 3.4.

Lemma 4.25. The integer u is equal to r(r).

It follows that r(r) divides m and that 7 is supercuspidal if and only if V is supercuspidal.

4.8.

Write r = r(x) and k = n/r, and let p be a supercuspidal representation of GLy (F) such that 7 is
isomorphic to St,-(p) given by Proposition 3.6. In this paragraph, we will compare the type theoretic
description of m with that of p. As in 4.7, we fix a representation « of J extending n. It defines an
irreducible representation 7 of J trivial on J', then a cuspidal representation V of GL,,(I) and a tamely
ramified character w of 7. There is also a (unique) supercuspidal representation ¢ of GL,,/, () such
that V is isomorphic to st (o).

Since r divides m, we may apply the results of 4.4 to the case where u = r, which we assume now.
Let 6., be the simple character associated with 8 by Lemma 4.9.

Lemma 4.26. The representation p contains 6.
Proof. This follows from the description’ of St, (p) in [29] Section 6. O
Consequently, 7 and p have the same endo-class. We have the following immediate corollary.

Corollary 4.27. We have m(r) = m(p)r and the representations ©t, p have the same tame parameter
field.

Let 1. be the Heisenberg representation associated with 6., and let k. be a representation of J.
extending 7. such that the representation of J associated with it by the map (4.10) is k. It defines an
irreducible representation 7, of J, trivial on J! such that the pair (J,, k. ® 7,) is a type in p. Associated
with this, there are a cuspidal representation 0. of GL,,/,(I) (which is supercuspidal thanks to the
comment after Lemma 4.25) and a tamely ramified character w, of T*. The following proposition
compares the pairs (o, w) and (., w.) associated with T and 7.

Proposition 4.28. We have o ~ 9. and w = w.

Proof. Again, the fact that o is isomorphic to g, follows from the description of St, (p) in [29] Section
6. It thus remains to prove the second equality. For this, consider the action of J on

Homyi (k, 7 (p, 1)), (4.16)

where ¥ (p, r) is the parabolically induced representation (3.1). By [38] Proposition 5.6, its restriction
to J° is the inflation of the induced representation o, X - - - X o, of GL,,(I). By tracking the action of
E* in the arguments of [38] Section 5, we see that it acts on the space (4.16) by the character

.
w, oNEg/T.

In particular, E* acts through this character on the subquotient Homy (k, ), which is 7. m]

'Warning: the representation denoted St(p, r) in [29] corresponds to St,- (pv("~D/2) and the one denoted St, (p) in [29]
corresponds to St,, (pv("‘l)/z) with v = e(p)€".

https://doi.org/10.1017/fms.2024.140 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2024.140

Forum of Mathematics, Sigma 21

4.9.

Suppose that the cuspidal representation 7 is o-self-dual. We say a type (J, 4) is o-self-dual if J is
o-stable and 1V is isomorphic to A. The next result is [3] Theorem 4.1.

Proposition 4.29. The representation n contains a o-self-dual type.

A type (J, 1) contains a unique simple character 6 such that Jy = J: It follows that, if (J, A) is
o-self-dual, 6 is o-self-dual as well. In particular, 7 contains a o-self-dual simple character.

Let 6 be a o-self-dual simple character occurring in 7, and [a, 8] be a o-self-dual simple stratum
such that 6 € C(a, B) (which exists by Proposition 4.5). The G “-conjugacy class (or equivalently the
Fp-isomorphism class) of the tamely ramified extension Ty of Eg associated with 6 only depends on 7.
Associated with 7, there is thus a quadratic extension 7'/Tp.

Remark 4.30. When 7 has level 0, one has Ty = Fp.
If follows from Proposition 4.7 that 7 contains

o only one G 7 -conjugacy class of o-self-dual types if 7'/Tj is unramified,
o |m/2] + 1 different G -conjugacy classes of o--self-dual types if T /T is ramified.

Among these G 7 -conjugacy classes of o-self-dual types, one is of particular importance.

Definition 4.31. A o-self-dual type (J, 4) is said to be generic if either T /T is unramified, or T /Ty is
ramified and the integer i of Proposition 4.5(2.b) is equal to |m/2].

A o-self-dual cuspidal representation of G thus contains, up to G -conjugacy, a unique generic
o -self-dual type. The next result is [35] Theorem 10.3 (see also [3] Section 6).

Proposition 4.32. Let w be a o-self-dual cuspidal representation of G and (J, ) be its generic o -self-
dual type. Then r is distinguished if and only if A is J N G -distinguished.

If (J, A) is a o--self-dual type, and if 6 is the unique simple character contained in A such that Jo = J,
we will write A, for the unique representation kg of J extending the Heisenberg representation of 6
given by Proposition 4.16. The next result extends [35] Propositions 7.9, 9.8 to the case of arbitrary
o -self-dual cuspidal representations.

Proposition 4.33. Let n be a o-self-dual cuspidal representation of G. Let (J, A1) be a generic o -self-
dual type in & and T be the representation of J trivial on J' such that A is isomorphic to Ay, ® T. Then
n is distinguished if and only if T is J N G 9 -distinguished.

Proof. This follows from Proposition 4.32 together with the fact that
Homjnge (4, R) ~ Homynge (A, R) ® Homyngo (T, R)

and Homjngo (Aw, R) has dimension 1 (see Proposition 4.6(4)). m]

Fix isomorphisms
B=M,(E), J°/J' =GL,(I), (4.17)

as in Proposition 4.5(4). The restriction of T to J N B* is a generic o-self-dual type of level 0 in
BX =~ GL,,(E) and J/J' is naturally isomorphic to (J N BX)/(J! n BX). The representation 7 is thus
distinguished by J N G if and only if its restriction to J N GL,,(E) is distinguished by J N GL,,,(Ey).
Proposition 4.33 used twice thus implies that « is distinguished by G if and only if the cuspidal
representation of level 0 of GL,,(E) compactly induced from the restriction of 7 to J N GL,,(E) is
distinguished by GL,,(Ep).

However, the field extension E is not canonical. In 4.10, we will canonically associate with 7 a o -
self-dual cuspidal representation 7 of level 0 of GL,,,(T'), which is GL,, (7p)-distinguished if and only if
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mis G 7 -distinguished, where 7'/ Ty is the quadratic extension associated with 7. Our strategy is inspired
from [8] Section 3.
The following proposition relates the parity of m/r to the ramification of T /Tj.

Proposition 4.34. Let nt be a o-self-dual cuspidal representation of GL,, (F) with quadratic extension
T /Ty, and write m = m(n), r = r(n). Then
m/r is odd if T [Ty is unramified,
either even or equal to 1 if T | Ty is ramified.

Proof. Write 7 as St,-(p) as in Proposition 3.8 with p” =~ pv' for some i € {0,1}. Then pv/? is a

o -self-dual supercuspidal representation of GL,,/,. (F), and the quadratic extension associated with it is
T /Ty. Applying [35] Propositions 8.1, 9.8, we get the expected result. O

4.10.

In order to prove Theorem 4.4 1, it will be useful to consider the slightly more general situation where 7
is a cuspidal representation of G with o-self-dual endo-class @. Thus 7 itself needs not be o-self-dual.
However, it has a relative degree m and, since @ is o-self-dual, there is a quadratic extension 7' /Ty
associated with it. Moreover, by Proposition 4.7, it contains, up to G ¢ -conjugacy, a unique generic o -
self-dual maximal simple character 6. Let J be its normalizer in G and k¢ be the representation of J
given by Proposition 4.16. Then 7 contains a unique type of the form

J, ko ®T) (4.18)

for a uniquely determined irreducible representation T of J trivial on J'. Fix a o-self-dual simple stratum
[a, B] and isomorphisms (4.17) as in Proposition 4.5.
First, we define an open and compact mod centre subgroup J; of GL,,,(T) as follows:

o if T/Ty is unramified, J; is the normalizer of GL,,,(Or) in GL,,(T),
o if T/Ty is ramified, and if 7 is a uniformizer of T such that () = —¢, then J; is the normalizer in
GL,,(T) of the conjugate of GL,,(O7) by the diagonal element

diag(z,...,t,1,...,1) € GL,,(T),

where ¢ occurs | m /2] times.

The group J; (which does not depend on the choice of ¢ in the ramified case) has a unique maximal
compact subgroup J ? and a unique normal maximal pro-p-subgroup J 11 . The natural group isomorphism

J/3! = GLu (1) (4.19)

transports the action of o~ € Gal(T'/Ty) on J? /Jtl to

o the action of the nontrivial element of Gal(l/ly) on GL,,, (1) if T /Ty is unramified,
o the adjoint action of

—id Lm/2] 0

. € GL,,(]), 4.20
5 sy € G ® (4.20)

on GL,,, (1) if T /Ty is ramified.

Remark 4.35. When T /T is ramified, the isomorphism (4.19) depends on the choice of #: changing ¢
to another uniformizer ¢’ conjugates the isomorphism by the o-invariant element

diag(a,...,a,1,...,1) € GL,, (1),

where a (which occurs i times) is the image of #'¢~! in I*. This element is central in GL,,,(1)?.
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We now associate to 7 an irreducible representation 7, of J, trivial on Jtl. On the one hand, the
restriction of 7 to JO is the inflation of an irreducible cuspidal representation V of GL,,(1). On the other
hand, the restriction of 7 to E* is a multiple of w o Ng,7 for a uniquely determined tamely ramified
character w of T*: See 4.7. Note that [E : T| = p€ for some e>1.

Lemma 4.36. Let V and w be as above.

1. There is a unique representation 7, of J, trivial on Jt1 such that
(a) the restriction of T, to T is a multiple of the character w,
(b) the restriction of T, to J? is the inflation of V\P™°), where V(P™*) is the representation of GL,y, (1)
obtained from V by applying the field automorphism x — xP°.
2. The pair (J, T¢) is a level O type in GL,,(T).
3. Up to isomorphism, the representation T, only depends on T, and not on the choice of the o -self-dual
simple stratum [a, B], the uniformizer t and the identification J°/J' =~ GL,,(I).

Proof. Uniqueness follows from the fact that J, is generated by J? and T, and the existence of T,
follows from the fact that the restriction of V(?™") to I* is a multiple of the character of I* defined by
the restriction of w to the units of 7. Since V(?"*) is cuspidal, the pair (J;, () is a level O type by
construction. It remains to prove (3). Since it will require techniques which are not used anywhere else
in the paper, we will prove it apart, in Paragraph 4.14. O

It will be convenient to give another description of the representation 7.

Lemma 4.37. 1. There is a unique group isomorphism xt = J/J' — Ji /Jt1 such that
(a) its restriction to GL,, (1) is the automorphism acting entrywise by ¢ : x — xP°,
(b) forall x € EX, the image of xJ! is Ner (x)Jtl.

2. The isomorphism m is o-equivariant.

3. The representation Ty is isomorphic to T o .

Proof. Again, uniqueness follows from the the fact that J is generated by J° and E*. Existence follows
from the fact that Ng/r (x) = xP¢ for all x € O% of order prime to p and that Ng /7 induces a group
isomorphism from E*/(1 + pg) to T*/(1 + pr).

Define 7 to be o o w o o=~ L. The restriction of 7r; to EX corresponds to o o Ng 1 o o', which is
equal to Ng,7 since E and T are stable by o. The restriction of &y to GL,,(!) is

o the automorphism defined by making cogoo™! = ¢ € Gal(l/F p) actentrywise if T'/Tj is unramified,
o the automorphism Ad(6~'¢(8)) o ¢ = ¢ if T /Ty is ramified, where § is the ¢-invariant matrix defined
by equation (4.5).

The fact that 7 is o--equivariant now follows from its uniqueness, and (3) is immediate. O

Now, let us describe the behavior of T — 7 with respect to duality and distinction.

Lemma 4.38. 1. The representation Ty is o-self-dual if and only if T is o-self-dual.
2. The representation T is J; N GL,,(Ty)-distinguished if and only if T is J N G 7 -distinguished.

Proof. Saying that T is o--self-dual is equivalent to saying that the representation V and the character
woNg 7 are o-self-dual. Assertion (1) follows from the fact that (V(P~))¥¥ is isomorphic to (VV¥) (™)
and (w o Ng/7)~! o o isequal to (w™! 0 o) o Ng/r.

Assertion (2) follows from the fact that 7, o r = 7 and & maps (J/J')“ to (J,/I1)7. o

Corollary 4.39. The pair (Ji, T¢) is a generic o-self-dual type if and only if (J, kg ® T) is a generic
o-self-dual type.

Proof. This follows from Lemma 4.38(1), thanks to our choice of J; (see equation (4.20)). ]
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4.11.

We still are in the situation of Paragraph 4.10. Consider the compactly induced representation
7 = indj ™ (7). 4.21)

It satisfies the following properties.

Proposition 4.40. 1. The representation n, is cuspidal, irreducible and has level 0.

2. One has m(ny) = m and r(my) =r.

3. The representation m, is o -self-dual if and only if  is o -self-dual.

4. The representation nty is GL,,,(Ty)-distinguished if and only n is GL,,(Fy)-distinguished.

Proof. Assertion (1) follows from the fact that 7y is compactly induced from a level O type in GL,,(T)
(see Lemma 4.36 and Remark 4.24). The first equality of Assertion (2) follows from Remark 4.24, and
the second one from Lemma 4.25.

Suppose that  is o-self-dual. Then 7 is o-self-dual (see 4.9). By Lemma 4.38, the representation 7
is o-self-dual as well. By compact induction, it follows that 7 is o--self-dual. The argument also works
the other way round, proving (3). Assertion (4) follows from Proposition 4.33 together with Lemma
4.38(2). O

Theorem 4.41. 1. The process
T T (4.22)

induces a bijection from the set of isomorphism classes of cuspidal representations of G with endo-
class @ to that of cuspidal representations of level 0 of GL,,,(T).

2. The bijection (4.22) maps o-self-dual representations onto o-self-dual representations and G -
distinguished representations onto GL,,,(Ty)-distinguished representations.

3. For any cuspidal representation it with endo-class © and any tamely ramified character y of F*, the
representation (7)) is isomorphic to m(y o Nt ).

Proof. For (1), let 1y be a cuspidal representation of level 0 of GL,,,(T'). It contains a level O type (J¢, 7o)
for a uniquely determined representation 7 of J; trivial on Jtl. It then suffices to check that the process

o > indJG(Kg ® (Toom))

gives the inverse bijection. For (3), notice that if 7 contains the type (J, k¢ ®T), then 7y contains the type
(J, kg ® Tx7), where yJ is the unique character of J trivial on J' whose restriction to JN B* =~ GL,,(E)
is equal to (y o Ng/F) o detg where detg is the determinant on B ~ M,,(E). Then (7 x7); is isomorphic
to the representation 7 twisted by the character of J; trivial on J, :l given by (x o N7 ,fr) o dety, where
detr is the determinant on M,,,(T"). Assertion (2) is given by Proposition 4.40. ]

Corollary 4.42. Let u be a tamely ramified character of F;. A cuspidal representation m of GL, (F)
with endo-class © is distinguished by p if and only if ny is distinguished by p o Ng, /.

Proof. Fix a tamely ramified character £ of F* extending u. Then 7 is u-distinguished if and only if
n&~!is distinguished, and (7£7"), is isomorphic to (£~ o Ny sF). Thus, 7 is p-distinguished if and
only if 7, is distinguished by the character £ o N /r |Tox =poNg/F- O

Finally, let us describe the compatibility of the process (4.22) with the description of cuspidal
representations in terms of supercuspidal ones of 4.8.

Proposition 4.43. Let 7w be a cuspidal representation of G with endo-class @ and r = r(x). Let p be a
supercuspidal representation of GL,,;. (F) such that nt is isomorphic to St.(p). Then n is isomorphic
10 St (py).
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Remark 4.44. Note that this makes sense since, by Corollary 4.27, the representations 7, p have the
same endo-class @, thus the same quadratic extension T /Tj.

Proof. The representation 7 contains a type of the form (J, kg ® ) for a unique representation T of
J trivial on J'. Fix a o-self-dual simple stratum [a, 8] and isomorphisms (4.17) as in Proposition
4.5. Associated with 7, there are a tamely ramified character w of T, and a cuspidal representation
V = st (o) of GL,, (1), for some supercuspidal representation ¢ of GL,, /(). The representation 7 is
entirely determined by the fact that

o its restriction to JO is the inflation of V,
o its restriction to E* is a multiple of the character w o Ngr.

We now use the results of 4.4 and 4.5 for u = r. Let 8. be the simple character associated with 6 by
Lemma 4.9. Thanks to Corollary 4.20, the representation kg, corresponds to kg via the map (4.10).
Paragraph 4.8 says that p contains the type (J., kg, ® T+), Where 7. is the representation of J. trivial on
J! determined by

o its restriction to J¥ is the inflation of o,

o its restriction to E* is a multiple of w. o Ng,r, where w, is a tamely ramified character of 7> such
that W), = w.

Thus, p is compactly induced from the level O type (J.(, T«1) Where 7., is determined by

o its restriction to JS . is the inflation of Q(I’_e),
o its restriction to 7 is a multiple of w..

Thus, St, (p;) is compactly induced from the level O type (J;, §), where & is determined by

o its restriction to J? is the inflation of st, (o(P™)) = V(P™),
o its restriction to 7 is a multiple of W’ = w.

It follows that § is isomorphic to T, whence St (py) is isomorphic to 7. m]

4.12.

Finally, let  be a o-self-dual cuspidal representation of G, of level 0. It has a central character ¢, and
its generic type (J, 4) defines a cuspidal representation V of GL,, (k). Assume that n # 1. In the spirit
of Proposition 4.33, we give a necessary and sufficient condition for 7 to be distinguished by GL,, (Fp)
in terms of ¢, and V.

Theorem 4.45. The representation it is GL,, (Fy)-distinguished if and only if its central character c  is
trivial on F and

1. if F/Fy is unramified, then V is GL,,(kg)-distinguished,
2. if F| Fy is ramified, then n is even, V is GL, > (k) X GL,, /> (k)-distinguished and

5= (i% ig) € GL, (k) (4.23)

acts on the space of its GLy, 2 (k) x GL,,j>(k)-invariant linear forms by the sign c z(w), where @ is
any uniformizer of F.

Note that, if 7 is distinguished and F'/Fy is ramified, the space of GL,;»(k) x GL,,/;(k)-invariant
linear forms on V has dimension 1 by Proposition 3.13.

Proof. By Proposition 4.33, the representation 7 is GL,, (Fy)-distinguished if and only if 1is JN G-
distinguished. In the unramified case, the result follows from the fact that J N G is generated by F'

and J° N G (see Lemma 4.14) and (J° N G?)/(J' N G7) identifies with GL,, (ko).
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Assume now that we are in the ramified case. Since ¢ is trivial on FOX and 1 + pp, its value at @
does not depend on the choice of a uniformizer @ of F. We thus may and will assume that o (w) = —w,
thus ¢, (w) € {-1,1}. By Lemma 4.14 again, J N G is generated by F, J° N G and ww, where
the element w € J° is defined by equation (4.12). The quotient (J° N G?)/(J! N G?) identifies with
GL,,/2(k) X GL,2(k), the image of w in J°/J! =~ GL, (k) is the element s and @s acts on the (one-
dimensional) space of GL,,/2(k) x GL,,/»(k)-invariant linear forms on V as ¢ (@)s. O

Putting Theorems 4.41 and 4.45 together, we have thus reduced the problem of characterizing distin-
guished cuspidal representations of GL,, (F) to a problem about distinction of cuspidal representations
of finite general linear groups.

4.13.

As an application of Theorem 4.45, we classify all distinguished cuspidal representations of GL,(F).
The supercuspidal case has been treated in [35] and the case where £ # 2 has been treated in [12]. It
thus remains the case of nonsupercuspidal cuspidal representations for £ = 2.

Proposition 4.46. Suppose that € = 2. The GL,(Fy)-distinguished cuspidal nonsupercuspidal repre-
sentations of GLy (F) are the representations Sty(x ), where y is a character of F* trivial on F6<.

Proof. According to Lemma 3.7, and since the character v is trivial when ¢ = 2, the o-self-dual
nonsupercuspidal cuspidal representations of GL,(F) are the representations of the form Sty (y) for a
uniquely determined o-self-dual character y of F*. Since Np,p,(F*) has index 2 in F, any o-self-
dual character of F* is trivial on F. We are thus reduced to proving that the representation 7 = Sty (1)
is distinguished.

This representation has level O and trivial central character. By Theorem 4.45, it is distinguished if
and only if the cuspidal representation V = st (1) of GL, (k) is

o distinguished by GL; (ko) if F/Fy is unramified,
o distinguished by k™ x k* if F/F, is ramified.

(The condition on the action of s disappears in the ramified case since —1 = 1 mod ¢ = 2.) We are thus
reduced to proving that V is distinguished.

Let W denote the parabolic induction to GL, (k) of the trivial character of the Borel subgroup B
made of all upper triangular matrices. By [40], it is indecomposable of length 3, its socle and cosocle
are irreducible and isomorphic to the trivial character and its remaining irreducible subquotient is V.

Let us assume first that F/Fy is unramified. Then the action of GL;(k¢) on B\ GL;(k) has two
orbits Oy and O;. If one identifies B\ GL,(k) with the projective line P!(k), then Oy = P'(k¢) and
01 = P'(k)\P' (ko). It follows that W has a two-dimensional space of GL, (k)-invariant linear forms,
generated by Ag and A; with

A= D, @), feW, ic{o1).

XEOL'

These two linear forms vanish on the subspace R of constant functions. They thus define nonzero
linearly independent GL;(k¢)-invariant linear forms on X = W/R. If both of them vanish on V, then
the 1-dimensional quotient X/V has a two-dimensional space of invariant linear forms: contradiction.
It thus follows that V is distinguished by GL, (ko).

Now, assume that F'/Fy is ramified. Then the action of k* X k* on B\ GL, (k) has three orbits O,
Op and Oy, the first two orbits being single points. They define three linearly independent invariant
linear forms Ae, Ag and A;. The two linear forms A, — Ag and A; vanish on the subspace R of constant
functions. From there, an argument similar to that of the unramified case shows that V is distinguished
by k™ x k*. o
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4.14.

In this paragraph, we prove Lemma 4.36(3). First, by Remarks 4.2, 4.35, changing the isomorphism
(4.17) and ¢ does not affect the isomorphism class of 1. Let [a, 8’] be another o--self-dual maximal
simple stratum such that € C(a, 8’). Conjugating by J!, we may and will assume that the maximal
tamely ramified extension of F in E’ = F[B’] is T. This gives us another isomorphism 7’ from J/J! to
J,/J!. By construction, it coincides with 7 on J°/J" and the image of xJ' by n” is equal to Ne/ (x)J!
for all x € E’*. We are going to prove that &’ is equal to 7. The result will then follow from the fact
that 7 is equal to T o zr. For this, it suffices to prove that r and zr’ take the same value at some given
uniformizer of E’. Let w, w’ be uniformizers of E, E’, respectively.

The centre of J/J! is EXJ'/J! = E™J', thus E” C E*J'. We thus may write @’ € w(J' for
some root of unity £ of T* of order prime to p. Changing @’ to @’Z~"!, we may and will assume that
@’ € w]'. It suffices to prove the following claim.

Claim 4.47. We have Ng/;7 (@’) = Ng;7 (@w)mod 1+ pr.
First, this is true when m = 1. Indeed, writing G for the centralizer of 7 in G and dety for the
determinant on G7, we have detr (x) = Ngr (x) for all x € E*, thus

Ng/ 7 (@) = detr (@) € detr (@) - detr (J' N Gr) = Ngjr (@) - (1+pr).

Now, assume that m > 1. We use the results of 4.4 for u = m. Let 6, € C(a., 8) denote the transfer
of 6 as in Lemma 4.9. Fix a T-embedding

t: E’ — Endy (V) € Endg (V)

such that a, is normalized by ¢(E”, and transfer 6 to 8, € C(a., ¢B’) in the sense of [9] 3.6. The simple
character 6 is in C(a, B) N C(a, B’). It follows from [6] Theorem 8.7 that 6., 0. intertwine in G, and
from [9] Theorem 3.5.11 that 8, = 67 for some x € X,,. Changing ¢ to Ad(x) o ¢, we thus may assume
that 6, = 6, € C(a,, 8) N C(a.,¢B’). By using ¢, we get a diagonal embedding

E’ — End7 (V.) X - - - X End7 (V,) € Endr (V)

denoted ¢, which is the identity on 7. The Skolem—Noether theorem implies that ¢ = Ad(g) for some
g € Gr. Conjugating by g, we thus may assume that E* and E’* are both diagonal in M. The identity
@’ € w]! thus implies @’ € wJ!. We are thus reduced to the case where m = 1.

Remark 4.48. The fact that T, does not depend on the choice of S is claimed in [8] Lemma 3.6. However,
Property (b) of this lemma does not hold: Using the notation of ibid., the restriction of /IJE to P*is a

multiple of the character & o Np,r, whereas the restriction of (¢ |7x)Y to PXis (£ o Np s7)°. (Note that
P corresponds to our E, and s corresponds to our m.)

5. The odd case

In this section, p is odd, £ is any prime number different from p and the field R has characteristic €. This
section is devoted to the proof of the following theorem.

Theorem 5.1. Let 1 be a o-self-dual cuspidal nonsupercuspidal R-representation of GL,,(F). Assume
that the integer r = r(n) is odd, thus nt is isomorphic to St,(p) for a uniquely determined o -self-dual
supercuspidal representation p of GL(F), with k = n/r. If n is GL,,(Fy)-distinguished, then

1. the relative degree m = m(r) and the ramification index of T [Ty have the same parity,
2. the representation p is GLy (Fy)-distinguished.

Note that the fact that r is odd and r # 1 implies that £ # 2.

https://doi.org/10.1017/fms.2024.140 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2024.140

28 R. Kurinczuk, N. Matringe and V. Sécherre

5.1

Before we start the proof of Theorem 5.1, let us prove the following disjunction theorem.

Corollary 5.2. Let 7 be a o-self-dual cuspidal R-representation of GL,, (F). Assume that r(r) is odd.
Then rt cannot be both distinguished and x-distinguished.

Proof. Assume that 7 is both distinguished and »-distinguished, and let y be a tamely ramified character
of F* extending ». Then ry is distinguished, it is isomorphic to St,- (o x) and p y is supercuspidal and -
self-dual. Theorem 5.1 applied to both 7 and 7y implies that p is both distinguished and »-distinguished.
This contradicts Theorem 3.2. O

We also have the following Distinguished Lift Theorem.

Corollary 5.3. Let & be a GL, (Fo)-distinguished cuspidal Fy-representation of GL,, (F) with r (1) odd.
There is a GL,, (Fy)-distinguished integral generic Q,-representation of GL,, (F) whose reduction mod
€ contains 7.

Proof. Write r as St,-(p) with p distinguished. Let u be a distinguished integral cuspidal lift of p, which
exists by Theorem 3.5. Then the generic representation St, (u) satisfies the required property (see [1]
Theorem 1.3 or [26] Corollary 4.2 when F has characteristic zero, and observe that the argument in [26]
holds verbatim in positive characteristic thanks to [22, Theorem 4.7]). O

Remark 5.4. A GL, (Fp)-distinguished integral generic Q,-representation of GL,(F) as in Corol-
lary 5.3 may not be cuspidal. See Section 6 for the classification of all distinguished cuspidal F-
representations of GL,, (F) having a cuspidal distinguished lift to Q,.

Finally, compare Theorem 5.1 with the following finite field analogue.

Proposition 5.5. Let k/ky be a quadratic extension of finite fields of characteristic p. Let o be a
supercuspidal R-representation of GLy (k) for some f>1, and r be an odd integer such that st () is
cuspidal. If st,-(0) is distinguished by GL - (ko), then o is distinguished by GL ¢ (ko).

Proof. First, [35] Remark 4.3 tells us that st,- (o) is o--self-dual (where o is here the nontrivial automor-
phism of k/kg). Proposition 3.9 implies that o is o-self-dual. By [35] Lemma 2.5, it is distinguished
by GLf (k()) O

5.2.

Let us prove Theorem 5.1(1). Since r is odd, m has the same parity as m/r, and, since 7 is nonsuper-
cuspidal, we have r > 1, thus m > 1. It follows from [35] Proposition 7.1 that, if m is odd, T'/Tj is
unramified, and from Proposition 4.34 that, if m is even, T'/Tj is ramified.

5.3.

We now start the proof of Theorem 5.1(2). We thus have a distinguished cuspidal representation 7 of
GL,, (F), which we write St, (p) with p supercuspidal and o -self-dual.

Associated with 7, there are a positive divisor m of n, a quadratic extension 7/ and a cuspidal
representation 7, of GL,, (T'). By Proposition 4.40, the representation ¢ has level 0, it is distinguished
by GL,,(Tp) and it satisfies r () = r.

Similarly, associated with p, there is a supercuspidal o -self-dual representation p; of GL,,;.-(T),
which has level 0, and is distinguished by GL,,,,(To) if and only if p is distinguished by GL (Fp). By
Proposition 4.43, the representation 7, is isomorphic to St, (o).

It follows that, in order to prove Theorem 5.1(2), we may assume that 7 has level 0.
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54.

Let 7 be a distinguished cuspidal representation of level 0 of GL,, (F). Associated with it, there are its
central character ¢, and a cuspidal representation V of GL,, (k) (see §4.7).

The representation 7 is isomorphic to St (p) for a unique o-self-dual supercuspidal representation p,
and p has level 0. Associated with p, there are its central character ¢, and a supercuspidal representation
o of GLy (k). We have the relation

cr=(cp) (5.1)

and, by Proposition 4.28, the representation V is isomorphic to st, (o).

Since  is distinguished, its central character is trivial on FOX. Since p is o-self-dual, the restriction
of ¢, to F5< has order at most 2. Restricting the relation (5.1) to F¥, and since r is odd, we deduce that
¢, is trivial on F(Y.

5.5.

In this paragraph, we will assume that F'/Fy is unramified. By Theorem 4.45, the representation V is
distinguished by GL,, (k). By [35] Remark 4.3, it is thus o-self-dual, that is

str(0) 2 V=V ~st,.(07Y).

It follows from Proposition 3.9 that o is o-self-dual. By [35] Lemma 2.5, it is thus distinguished by
GLy (ko). Applying Theorem 4.45 again, we deduce that p is distinguished by GL (Fp). This proves
Theorem 5.1 in the unramified case.

5.6.

From now on, and until the end of this section, we assume that F/Fj is ramified. By Theorem 4.45, we
may write n = 2u for some integer u>1. We write G = G, = GL,(k), H = H, = GL, (k) x GL,, (k)
and K = K, for the normalizer of H in G, which is generated by H and

0 id
s_s"_(id 0) € G,
where id is the identity in GL,, (k). It will be convenient to introduce the following definition.

Definition 5.6. Let ¢ € {-1,1} C R*. An irreducible R-representation V of G is said to be c-
distinguished by H if V is H-distinguished and s acts on the space of H-invariant linear forms on
V by multiplication by c.

By Theorem 4.45, the representation V is H-distinguished and s acts on the one-dimensional vector
space Homp (V, R) by the sign ¢ = ¢ (@). In other words, V is c-distinguished by H. We are now
reduced to proving the following result. (Note that k is even since  is even and r is odd.)

Proposition 5.7. The supercuspidal representation o is c-distinguished by Hj,.

Indeed, since r is odd, the identity (5.1) together with Proposition 5.7 will give us ¢ = ¢, (@). It will
then follow from Theorem 4.45 that p is GLy (Fp)-distinguished.

5.7.

Let 7 be an irreducible F,-representation of G. The natural map

Hom@H(ﬂ,Ff) ® R — Homgy (1 ® R,Fe ® R)
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defined by f ® r — r(f ® id) is an isomorphism of R-vector spaces. Moreover, these spaces have
dimension at most 1, and it follows from this isomorphism that 7 is c-distinguished by H if and only if
7 ® R is c-distinguished by H.

Since G is finite, any irreducible R-representation of G is defined over Fy, that is, isomorphic to
7o ® R for some irreducible Ez—representation mo of G. In order to prove Proposition 5.7, we thus may
assume that R is equal to F,.

5.8.

From now on, we assume that R is equal to F,. The remaining part of the section will be devoted to the
proof of Proposition 5.7.

Lemma 5.8. There exists a c-distinguished irreducible @[-represenmtion of G whose reduction mod €
contains V.

Proof. Let y denote the unique Fy-character of K trivial on H such that y(s) = c. Since V is c-
distinguished, it embeds in Ind$ ¢ (x). Equivalently, the representation Ind¢ ¥ (x), which is self-dual (as
x is equal to 1), surjects onto the contragredient W of V. Let IT be a projective indecomposable F-
representation of G whose unique irreducible quotient is isomorphic to W. Let IT be the unique projective
Ze-representation of G such that IT ® Fy is isomorphic to IT. Let A be a surjective homomorphism from
Indg (x) to W. By projectivity, it defines a nonzero homomorphism A’ from II to Indg (x), then a
nonzero homomorphism A’ from I to IndG (Y), where ¥ is the canonical Z;-lift of y.

By inverting ¢, we deduce that there is an irreducible Q(; representation X of G occurring in each of
the semi-simple representations J = Ind (¥) ® Q, and IT ® Q. It is thus c-distinguished and, by [39]
15.4, its reduction mod ¢ contains W.

Now, observe that, since y is quadratic, J is self-dual. The contragredient of X is thus c-distinguished
and its reduction mod ¢ contains V. O

59.

Let 7 be a c-distinguished irreducible @[ -representation as in Lemma 5.8. Consider its cuspidal support:
There are positive integers n, ..., n; such that n; +---+n, = n and, foreach i in {1, ..., ¢}, a cuspidal
irreducible @g-representation pi of GL,, (k) such that T occurs as a component of the parabolically
induced representation p; X - - - X p;, denoted W. The representation W is thus c-distinguished. We claim
the following.

Claim 5.9. There is ani € {1,...,t} such that »n; is even and p; is c-distinguished by H,,.

Before proving this claim in the next paragraph, let us explain how it implies Proposition 5.7.

Propositions 3.9 and 3.11 imply that, foreach i € {1, ..., t}, the reduction mod ¢ of p; is irreducible
and cuspidal, of the form st,, (o;) for a unique positive integer r; and a unique supercuspidal repre-
sentation ;. Since the reduction mod ¢ of 7 contains V, the representation V occurs as an irreducible
component of the parabolically induced representation ry(p1) X - - - X rg(p;). Uniqueness of the super-
cuspidal support implies that o; ~ o for all i. It follows that either r; = 1 or r; = e(0)¢" for some v;>0.
Observe that, as r = e(0)¢" for some v0 and r is odd, the integer e(p) is odd, thus r; is odd in any
case, for all i.

Fix an integer i as in Claim 5.9, and let &; be a parameter for p; in the sense of Definition 3.12. It is
a Gal(k,, /k)-regular Z¢-character of ki;. By Proposition 3.13, it is trivial on k>u<,-’ where u; is defined
by n; = 2u;, and it takes the unique element of k, /k;; of order 2 to —c.

Since the reduction mod ¢ of p; is st,, (o), the reduction mod ¢ of &; takes the form ¢ o Nk, /kis
where ¢ is a parameter for o.

Since n; = r;k and r; is odd, ¥ is trivial on k}* (where k = 2[) and takes the element of k} /k of
order 2 to —c.
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By Proposition 3.13, the canonical Z,-lift of ¢ is the parameter of a c-distinguished Q[ -lift of o,
which implies that o is c-distinguished (see Remark 3.14). This proves Proposition 5.7.

5.10.

The remaining part of this section will be devoted to the proof of Claim 5.9. We follow the argument
of [28] Section 3, which simplifies in our situation since we deal with finite groups. Let A denote the
set of r-uples @ = (a1, . . ., a;) where

1. for each i, the element «; is a family of 7 + 1 nonnegative integers of the form

= o=
@i = (ni,l’ e My T s T s Ty My g)

of sum #n;,
2. onehasny  +---+nf, =ny - +n;, andn;;=n;,; foralli # j.

For an a € A, it will be convenient to set n, . = n} , + n; ; for each integeri € {1,...,}.

As in [28] 3.1, the set A parametrizes the set of (P, H) double cosets in G, Where P in the parabolic
subgroup of G generated by upper triangular matrices and the standard Levi subgroup M isomorphic to
Gp, X -+ X Gy,. Let us explain how this parametrization works. Associated with any « € A, there are

o astandard Levi subgroup
a=(Guy  XGpuy XX Gpy )X X(Gppy X Gy X+ X Gp,,) S M,

o adiagonal element

. id,+
d, = diag L1 —1d

o a permutation matrix w, € G defined as follows: Decompose {1,...,n} as the disjoint union of
intervals J; ; = {a; j,a; j+1,...,b; ;} of length n; ;, for each i,j € {1,...,¢}, where a;; = 1,
aijjr1 =b; j+1if j#tanda;y11 = b;, +1ifi # t; then w, is the involution which

o restricts to the identity on J; ; for each i,
o exchanges the intervals J; ; and J;; if i # j, and sends the kth element of any of these intervals to
the kth element of the other one, forall k € {1,...,n; ;}.

A system of representatives (x4)qea Of (P, H)-double cosets in G is then obtained by any choice of
Xo € G such that

id, -
x(l( _idu)x(x] = €a, (52)

where e, = doWq.

Definition 5.10. An o € A is called admissible if, for any i, there exists a unique j such that n; ; # 0.

This defines an involution o : i +— jon {1,...,¢t}.
When this is the case, let us write H, for the subgroup of M made of the diag(g;,...,g;) € M such
that
8ool) = &i foralli € {1,...,t},

gi € GLn;i(k) X GLy (k) for alli fixed by oq.
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Moreover, if n}; = n;,; forallie {1,...,t}, we define a matrix k, = diag(ky,...,k;) € M by
ki =idp, = =k, ) ifi < 0a(i), ki=sy ifi=04(i).

This matrix normalizes H,, and we write K, for the group generated by H,, and k.
We denote by 6, the inner automorphism of the group PGL,, (k) induced by conjugacy by e, (which
normalizes M ). It is not hard to check that:

Lemma 5.11. Let Z denote the centre of G.

1. An « € A is admissible if and only if M| Z is 0 4-stable in G| Z = PGL,, (k).
2. Suppose that a € A is admissible. The preimage of (M |Z)% in G, denoted by L, is

Ko ifnj, = n;; forall i,
H, otherwise.

When L, = K,, we denote by y the character of K, trivial on H, and sending k to c. Otherwise,
we set o to be the trivial character of L, = H,. We have the following lemma.

Lemma 5.12. Suppose that « is admissible and Lo, = Ko. Then there is a system of representatives
(Xa)aea of (P, H)-double cosets of G satisfying both equation (5.2) and x ,5,x5' = ka.

Proof. Letus set m; = nf; = n;, = n; ;/2 for any integer i € {1,...,t} such that o, (i) = i. For each
a € A, we look for a matrix x, € G such that
xa(ldu _id )x? =e, and x”(id ld”)x(_ll =kg.
u u
To make an explicit choice of x, € G, it will be convenient to introduce the matrix v, € G defined as
follows: For all integers i, j € {1,...,t}, the (i, j)-block of v, in Mni’nj(k) is

o the identity matrix id,,, if j =i or j = 0, (i) < i,
o its opposite —id,,, if j = oo (i) > i,
o and 0 otherwise.

Then we choose y, the permutation matrix corresponding to the permutation of minimal length (with
the usual generators of the symmetric group) satisfying

id,, _
y(l/( _ldu)y(x] :l(l’
where [, = diag(/y,...,l;) € M is defined by
i = iy, = Loy ) it < Tali), 1= (‘dmf » ) i = o).
mj

Finally, we put x, = vy, Which has the desired property thanks to the equality

-1
idg —idg ) (idg idy —idg _
(idk idk)( —idk) (idk idk) = 5% G-3)
valid for any & > 1. With this choice, the careful reader checks by a computation relying again on
Equality (5.3), that y ,s,,y5' = v3'k,Vv,» which is the desired equality. O

Now, we have the following lemma.

Lemma 5.13. There is an admissible & € A such that Homy,,(p1 ® - - - ® pr, X o) is nonzero.
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Proof._Given any subgroup X of G, we will write X for its image in G/Z = PGL,, (k). In particular, we
have G = G/Z. Note that K = K /Z is the subgroup of G made of all elements fixed by conjugacy by

(1((1)” —i(ziu) mod Z.
Let y be the unique character of K trivial on H such that y(s) = c. The character that it induces on
K will still be denoted by y. Since W is c-distinguished, Mackey’s formula implies that there is an
x € G such that p, the representation of P inflated from p; ® - - - ® py, is distinguished by the character
x*|pnk~. We derive from p a representation p of P distinguished by y* l5nzx-

In fact, because H is a subgroup of K, we can chose x to be some x, for @ € A. Now, we claim that
for all non admissible a € A, the space

Homp 7., (. x**) 5.4

is zero, so in particular x can only be of the form x, for admissible a. Indeed, it follows from [28]
Proposition 3.5 that, for a nonadmissible a, the group P N H* contains a nontrivial unipotent radical
U, of some parabolic subgroup of M, but the character y,, is trivial on U,, so if the space (5.4) were
not reduced to zero, we would deduce that Homy;, (p, R) is nonzero, contradicting the cuspidality of p.
Hence, we deduce x = x,, for an @ which is admissible. In this case, M N KXo is equal to M so that

the space
Homgza, (p, x**) = Homg, (p, x**)
is nonzero. If L, = K,, then y*« is equal to y, thanks to Lemma 5.12. Otherwise, y** and y, are
trivial, thus equal. The statement now follows. O
Recall that, for any i € {1,...,t}, either r; = 1 or r; = e(0)£" for some v;>0.

Lemma 5.14. Let a € A be as in Lemma 5.13. Then the involution o has a fixed point.
Proof. Let I, be the set of i € {1,...,t} such that r; > 1, let #; be the cardinality of this set and define
to =t —t1. The identity r = r; + - - - + r; implies
r=t0+e(g)~zt"’i.
i€l
Since r, e(0) and ¢ are odd, it follows that #o + ¢#; = ¢ is odd. Thus, o, has a fixed point. m]

Claim 5.9 now follows from Lemmas 5.13, 5.14. Indeed, by Lemma 5.13, there is an admissible
a € A such that Homy,, (01 ® - - - ® py, xo) is nonzero. Since L, contains H,, the representation p; is,
for all i fixed by o, distinguished by the Levi subgroup

GLys, (k) X GL-, (k).

By [35] Proposition 2.14, this 1mphes that nf, = n;, for all i fixed by o, thus L, = K,. By Lemma
5.14, there in an integer i € {1,...,t} fixed by Tq. The ith block of L, = K, is K, and o (k;) = c.
Thus, p; is c-distinguished.

6. Distinguished lift theorems

In this section, p is odd and ¢ is a prime number different from p. We look for a necessary and sufficient
condition for an F,-cuspidal representation of GL,, (F) to have a GL,, (Fy)-distinguished lift to Q,. Since
the case of supercuspidal representations is treated by Theorems 3.3 and 3.4, we will concentrate on
nonsupercuspidal cuspidal representations.
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6.1.

We will prove the following two propositions.

Proposition 6.1. Let 7 be a o-self-dual cuspidal F¢-representation of GL,, (F) with quadratic extension
T[Ty and m = m(rx). Assume thatr = r () > 1 is odd. Then r has a distinguished lift to Q, if and only if

1. the representation m is isomorphic to St,(p) for some GL,,;, (Fo)-distinguished supercuspidal rep-
resentation p of GL,,; (F),

2. if e, eg are the orders of the cardinalities of the residue fields 1, 1o of T, Ty mod €, then
(a) either T[Ty is unramified and e is even,
(b) or T[Ty is ramified, m is even and m/e is odd.

Note that the assumption ‘r > 1 is odd’ in Proposition 6.1 implies that £ # 2.

Proposition 6.2. Let 7 be a o--self-dual cuspidal F¢-representation of GL,, (F) with quadratic extension
T[Ty and m = m(xt). Assume that r = r(n) is even. Then 7w has a distinguished lift to Q, if and only if

1. the extension T [Ty is ramified,
2. onehasm =r,
3. if we denote by v the normalized absolute value of Fy, then
(a) either { # 2 and r is isomorphic to St,, (p) for some supercuspidal representation p of GLy,/,,, (F)
which is either »-distinguished or val-distinguished,
(b) or ¢ = m = r = 2, the cardinality of the residue field of T is congruent to —1 mod 4 and n
is isomorphic to Sty(p) where p is a GL, > (Fo)-distinguished supercuspidal representation of
GLn/Z(F)

We also formulate the following conjecture making Proposition 6.2 more precise when ¢ > 2.

Conjecture 6.3. Assume that { # 2. Let t be a o-self-dual cuspidal Fe-representation of the group
GL,,(F) such that r(r) is even. The following assertions are equivalent:

1. The representation r is distinguished, .
2. The representation  has a distinguished lift to Q,,
3. The three conditions of Proposition 6.2 hold.

By Proposition 6.2, Theorem 3.3, we know that (2) implies (1) and is equivalent to (3). We thus
conjecture that (1) implies (3). See [12] Theorem 4.6 for the case n = r = 2.

Remark 6.4. When ¢ = 2, there are distinguished cuspidal F,-representations of GL,(F) with no
distinguished lift. This is the case exactly when either F'/Fy is unramified, or '/ Fy is ramified and ¢ is
congruent to 1 mod 4. See Paragraph 4.13.

6.2.

Let 7 be a o-self-dual cuspidal Fy-representation of G = GL,,(F). Let (J, 1) be a generic o-self-dual
type in m, and let Ay, be the representation of J given by Proposition 4.16 (see Paragraph 4.9) and 7 be
the representation of J trivial on J' such that A is isomorphic to Ay, ® 7. Associated with 7 by equation
(4.21), there is also a o-self-dual cuspidal ]l_sg-representation my of GL,,,(T).

Lemma 6.5. The following assertions are equivalent.

1. The representation  has a GL,,(Fy)-distinguished lift to @[. .
2. The representation A has a J N GL,, (Fy)-distinguished lift to Q.
3. The representation T has a J N GL,, (Fo)-distinguished lift to Q,.
4. The representation rty has a GL,,,(Ty)-distinguished lift to Q,.

Proof. Fix a o-self-dual simple stratum [a, 3] as well as isomorphisms (4.17) as in Proposition 4.5. Let
0 € C(a, B) be the o-self-dual maximal simple character associated with A, and 6 be its unique Q,-lift:
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this is a o--self-dual maximal simple character (with respect to the unique @(;-lift {/7 of the character y
given by equation (4.1)) having the same G-normalizer J as 6.

Let A, be the Q,-representation of J associated with 6 by Proposition 4.16. Itis JN G 7 -distinguished
and o-self-dual, and its determinant has order a power of p. It is thus integral. Let us consider its reduction
mod €. On the one hand, it is J N G 7 -distinguished, o--self-dual, and its determinant has order a power
of p. On the other hand, [30] Proposition 2.37 implies that it is an irreducible representation extending
the Heisenberg representation associated with 6. By uniqueness, we deduce that A, is a Q,-lift of A,.

Suppose that 7 has a G -distinguished Qtz-hft 7. Thus, 7 is a o-self-dual and cuspidal representation
of G containing the maximal simple character . By Proposition 4.32, this representation 7 contains a
distinguished generic o--self-dual type, which we may assume to be of the form (J, 1) withA =21, ® T
and the representation 7 is J N G 7 -distinguished. Reducing mod ¢, we deduce that 7 contains the type
Ay ® 8, where ¢ is the reduction mod ¢ of 7. But 7 also contains the type Ay ® 7, thus 4 is isomorphic
to 7, and the reduction mod ¢ of A is isomorphic to A. Thus, (1) implies both (2) and (3).

Conversely, suppose that 7 has a distinguished Q,-lift 7. Then the pair (J, Ay, ® ) is a distinguished
type whose compact induction to G is a G ¢ -distinguished Q,-lift of m, and whose reduction mod ¢ is
isomorphic to Ay, ® T =~ A. Thus, (3) implies both (1) and (2).

Applying these results to the representation 7, we get that & has a distinguished lift to @(; if and
only if 7 has a distinguished lift to @[. The fact that 7 is isomorphic to T o 7 (by Lemma 4.37) thus
implies that (4) is equivalent to (3). m]

It follows from Lemma 6.5, together with Corollary 4.42 and Proposition 4.43, that, in order to
prove Propositions 6.1 and 6.2, it suffices to prove them for o-self-dual cuspidal F,-representations
of level 0. (For Proposition 6.2(3.a), this also follows from the fact that %r,r, o Ny, r, = %71, and

Fo ©Nry/ry = Vi)

6.3.

We continue with the situation of Paragraph 6.2, assuming further that 7 has level 0. Thus, 7 is a o~-self-
dual cuspidal F-representation of G of level 0. We will also assume that 7 is nonsupercuspidal, that is,
r=r(mr) > 1.Let (J, A) be a generic o-self-dual type in 7. Associated with it in Paragraph 4.7, there are

o a o-self-dual tamely ramified character w of F*, which is the central character ¢, of «,
o and a o-self-dual cuspidal representation V of GL,, (k) of the form st (o) for some supercuspidal
representation ¢ of GL,,/, (k), uniquely determined up to isomorphism (thus V is nonsupercuspidal).

Recall that the restriction of A to JO is the inflation of V, and that its restriction to F* is a multiple of w.
Since V is o-self-dual, Proposition 3.9 implies that o is o-self-dual.

The action of o~ on GL,, (k) is described in Proposition 4.5: This is the action of the nontrivial
automorphism of k /k if F/Fy is unramified, and the adjoint action of the element (4.5) withi = |m/2]
otherwise.

Let us fix a uniformizer @ of F such that w € F if F/Fy is unramified, and w? € Fy if F/Fy is
ramified. (One thus has o (w) = —w in the ramified case.)

Lemma 6.6. The representation n has a GL,(Fo)-distinguished lift to @[ if and only if V has a

GL,, (k)7 -distinguished lift V to Q, such that

1. if F|Fy is unramified, then w(w) = 1,

2. if F| Fy is ramified, then n is even and the element (4.23) acts on the space of GL,,j2(k) x GL,,/2(k)-
in- variant linear forms on V by a sign whose reduction mod € is equal to w(w).

Proof. By Lemma 6.5, the representation r has a GL,, (Fo)-distinguished lift if and only if the type 4
has a J N GL,, (Fp)-distinguished lift to Q,. Suppose A has a dlstmgulshed lift A. Then the > pair (J, 4) is
the generic type of a distinguished cuspidal Q,-representation 7, compactly induced from A. Associated
with it, there are
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o acuspidal Q, -representation V of GL,, (k) lifting V,
o atamely ramified Q,-character w of F* lifting w.

By Theorem 4.45, the character @ is trivial on F and V is distinguished by GL,(k)7. If F/F, is

unramified, then w(w) = 1, thus w(w) = 1. If F/F) is ramified, then n = 2u for some u>1 and V is
w(w@)-distinguished (in the sense of Definition 5.6), and the reduction mod ¢ of (@) is equal to w(@).

Conversely, suppose that V has a GL, (k)7 -distinguished lift V satisfying the conditions of the
lemma. Let w be a @[—lift of w coinciding on the units of F' with the inflation of the central character
of V, and

1. if F/Fy is unramified, then w(w) = 1, _
2. if F/Fy is ramified, then w(w) € {1, 1} and the representation V is w(w)-distinguished.

Inflate V to J°, and extend it to a representation AofJ by demanding that the restriction of Ato FXisa
multiple of w. The representation A is then a J N GL,, (Fyp)-distinguished lift of A. m]

6.4.

In this paragraph, we assume that F/Fj is unramified. Remind that g denotes the cardinality of k and
qo denotes that of k.

Lemma 6.7. Let W _be a o-self-dual cuspidal Fy-representation of GL, (k). It has a GL, (k)-
distinguished lift to Q, if and only if n is odd and

1. either W is supercuspidal,
2. or W is nonsupercuspidal and the order of gy mod € is even (thus € # 2).

Proof. By [18] Theorem 3.6, an irreducible @[ -representation of GL,, (k) is GL,,(k¢)-distinguished if
and only if it is o--self-dual.

First, the condition on the parity of n is necessary: See [35] Lemma 2.3 for instance. Now, assume
that n is odd. If £ # 2, the result is given by [25] Proposition 4.6. If £ = 2, then W has the form st, (o),
where o is a supercuspidal representation of GL,,,-(k) and r = 2V for some v>0. Since # is odd, W
must be supercuspidal, and the result is given by [35] Remark 2.7. O

Remark 6.8. Let e and e be the orders of ¢ and gg mod ¢, respectively. Note that r = e(0)¢" for some
v>0, where e (o) is the order of ¢/ mod ¢ with f = n/r. If n is odd, then f and r are odd, thus e(p) is
odd. But e(0) = ¢/(e, f). It follows that e = eg/ (e, 2) is odd. Thus, e is not divisible by 4.

Example 6.9. Let W be the o-self-dual cuspidal F,-representation st. (1) of GL. (k). We have e =
eo/(eo,2), which is odd if and only if e is not divisible by 4. Thus, W has a GL. (ko)-distinguished lift
to Q, if and only if e is divisible by 2 but not by 4.

Suppose first that 7 has a distinguished lift to @f. On the one hand, the generic type of such a lift
defines a o-self-dual cuspidal @[—representation of GL, (k), and [35] Lemma 2.3 implies that n is odd,
thus r is odd. On the other hand, Theorem 3.3 implies that 7 is distinguished. It thus follows from
Theorem 5.1 that 7 is isomorphic to St,(p) for some distinguished supercuspidal representation p of
GL,,,, (F). Finally, Lemma 6.6 says that V has a distinguished lift. It follows from Lemma 6.7 that the
order e of the cardinality of ky mod ¢ is even.

We thus proved that, when F/F; is unramified, if 7 has a distinguished lift, then r is odd and
Conditions (1), (2.a) of Proposition 6.1 are satisfied.

Conversely, suppose that the conditions (1), (2.a) of Proposition 6.1 are satisfied. Then V has a
distinguished lift \2 By Lemma 6.6, the representation 7 has a GL,, (Fp)-distinguished lift to Q, if
and only if w(w) = 1. By Paragraph 4.8, the central character w, of p satisfies w! = w. Since p is
distinguished, we have w. (@) = 1, thus w(w) = w.(@)" = 1.

We proved Proposition 6.1 in the case when F'/Fy is unramified.
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6.5.

In this paragraph, we assume that F'/Fj is ramified. Let g denote the cardinality of k, and let e denote
the order of ¢ mod £.

Lemma 6.10. Let W be a self-dual cuspidal Fg-representation of GL,,(k), isomorphic to st.(0) for
some self-dual supercuspidal representation o of GL, (k). Write u = |n/2|. Then W has a lift to Q,
which is distinguished by GL,, (k) x GL,,_,, (k) if and only if

1. either W is supercuspidal,
2. or W is nonsupercuspidal, n is even and
(a) either € #2 andr, n/e are odd,
() ort #2andr =n,
(¢c) or £ =n=r=2and q is congruent to —1 mod 4, and o is trivial.

Proof. First note that n must be either even or equal to 1: See [35] Lemma 2.17 for instance. Also, the
supercuspidal case is given by [35] Remark 2.21. Let us assume that W is nonsupercuspidal (thus # is
even, and we will write n = 2u). We use the notation of Paragraph 3.7.

Set f =n/r, and let a be a Gal(k s /k)-regular Fy-character of k; of order A which is a parameter

of o in the sense of Definition 3.12. Let v be the canonical @(;-lift of
v=ao Nkn/kf ,

that is, its unique lift of order A. Let Whbea cuspidal lift of W. It is parametrized by a Gal(k,,/k)-regular
character of k), lifting v, that is, of the form U@, where ¢ is a @(;-character of k); of order ¢ for some
520. Since W is not supercuspidal, one has s>1. The character v¢ has order A¢*.

By Proposition 3.13, the representation W is distinguished by GL,, (k) x GL,, (k) if and only if it is
self-dual, which is also equivalent (see, for instance, [35] (2.7)) to A¢® dividing g + 1. Similarly, the
fact that o is self-dual is equivalent to

o either f = 1 and p is a quadratic character (thus, A is equal to 1 or 2),
o orf is even and A divides ¢/ /? + 1 (thus, A > 2 since ¢ has order f>2 mod A).

Suppose that £ # 2 and f is even. If W is distinguished, then A divides ¢/ /> + 1 and ¢* + 1. Since
u=rf/2, we have

g" = (¢/»)" = (=1)"mod A,

thus A divides 1 + (=1)". Since A > 2, it follows that r is odd. Also, ¢ divides g* + 1, that is, the
order of ¢* mod ¢ is e/(e,u) = 2, which implies that n/e is odd. Conversely, suppose that r and n/e
are odd. The fact that A divides ¢/ /2 + 1 and r is odd implies that A divides ¢* + 1. Now, ¢ divides
qg"—-1=(g" +1)(¢g"* - 1). If £ divides g* — 1, then e divides u = n/2, thus n/e is even: contradiction.
Thus, ¢* divides ¢* + 1, thus W is distinguished.

Suppose that £ # 2 and f = 1. Then g is a character of k*, thus r = ef¥ for some v0. This gives
n/e =€V, which is odd. The same argument as above implies that g* + 1 is a multiple of £°. It is also a
multiple of A € {1, 2} since it is even. Thus, W is distinguished.

Now, suppose that £ = 2. If W is distinguished and f is even, then, as in the case where £ # 2, the
integer A > 2 divides ¢/ /> + 1 and ¢"//? + 1, thus r is odd. But the fact that W is cuspidal implies that
ris a power of 2. It follows that r = 1: contradiction. Thus, f = 1, that is W is the representation st,, (1)
with n = 2 for some 7> 1. Moreover, g has order m mod 2%, that is, 2° divides g — 1 but not g* — 1. Set

a=wv(q"+1), b=wvy(¢g"-1).

We have b < s<a + b and min(a, b) = 1. The fact that W is distinguished implies s<a, which gives
b =1 < a, thatis 4 divides g* + 1. Since u is a power of 2, we deduce that 4 divides g + 1 and u = 1.
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Conversely, suppose that £ = n = r = 2 and 4 divides g + 1 (hence b = 1 < a). Then any @2-
character of k7 of order 2¢ parametrizes a distinguished cuspidal Q,-representation of GL, (k) lifting
W =st(1). O

Example 6.11. The fact that GL ¢ (k) has a self-dual supercuspidal F¢-representation is equivalent to
the fact that there is an k-regular F,-character of k; which is trivial on k? /20 that is, there exists an
integer A with the following properties:

1. A is prime to € and the order of ¢ mod A is equal to f,
2. Adivides ¢/ /2 + 1.

Now, suppose that £ > 2 and f = 2. Thus, GL;(k) has a self-dual supercuspidal F,-representation if
and only if there exists an integer A prime to ¢ dividing g + 1 but not ¢ — 1, that is, if and only if g + 1 has
a prime divisor different from 2 and ¢. Assume this is the case, and let o be a self-dual supercuspidal
F¢-representation of GL, (k). Let W be the self-dual cuspidal F-representation st, (o) of GL,, (k) with
r =e/(e,2) and m = 2r. Then r is odd if and only if e is not divisible by 4, and n/e = 2/ (e, 2) is odd
if and only if e is even. If we take ¢ =9 and € =7, we get r = 3 and n/e = 2. If we take g = 5, we get
g—1=4and ¢®—1=1953 x 8. Thus, if £ is a prime divisor of 1953, we get 7 = 3 and n/e = 6

In addition, we have the following result. We assume that n = 2u for some u>1.

Lemma 6.12. Let W be a self-dual cuspidal F¢-representation of GL,, (k) of the form st,(0) for some
quadratic character o of k™. Assume W is distinguished by GL,, (k) X GL,, (k). Then the element (4.23)
acts on the space of GL,, (k) x GL,, (k)-invariant linear forms on W by

-1 if o is trivial,
(=1)*@=D/2 if o is nontrivial.

Proof. Let c be the sign such that W is c-distinguished. If £ = 2, the result is immediate since the only
sign is 1. Assume that £ # 2. By Lemma 6.10, the representation W has a distinguished cuspidal Q,-
lift. Let W be such a Q[ -lift and & be a parameter for W. Let a be an element of k, such that « ¢ k,
and o € k,. By Proposition 3.13, the representation W is —¢(a)-distinguished by GL,, (k) X GL,, (k).
Since W lifts W, we have

o the reduction mod ¢ of the parameter £ is equal to (¢ o Ng, /x)¢ where ¢ is a character whose order
is a power of ¢ (see Proposition 3.11),
o the reduction mod ¢ of —¢ () is equal to ¢ (see Remark 3.14).

On the one hand, the character ¢ is trivial on k) since W is self-dual (see Proposition 3.13). On the
other hand, o o N, /k is trivial on k}; since o is quadratic and the index of k;; in k;, is even. We deduce
that ¢ is trivial on k., thus ¢ () is a sign. Since it has order a power of € # 2, it is trivial. It follows that

¢ =—0(Ng, k().

If o is trivial, this gives ¢ = —1, as expected. Assume now that o is nontrivial. It thus coincides with »
on k*. Since a? is not a square in k;, its k,/k-norm is not a square in k. Thus,

¢ = =(Ng, i (1)) = =(=1) 0"+,

and one verifies that this is equal to x(—1)* = (=1)*(@~1D/2 a5 expected. O

6.6.

Let us prove Proposition 6.1 when F/Fp is ramified. Assume that r is odd, and suppose that 7 has a
distinguished lift to Q,. By Theorem 3.3, it is distinguished. Thus, Theorem 5.1 implies that n/r is
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even and r is isomorphic to St, (p) for some distinguished supercuspidal representation p of GL,,,(F).
Lemma 6.6 says that V has a distinguished lift. It follows from Lemma 6.10 that n/e is odd.

Conversely, assume that r is odd, « is isomorphic to St,(p) for some distinguished supercuspidal
representation p of GL,,/,(F) of level 0, n is even and n/e is odd. It follows from Lemma 6.10 that
V has a distinguished lift V.Lete € {-1,1} be the unique sign such that V is e-distinguished by
GL, (k) X GL, (k) in the sense of Definition 5.6, with n = 2u. By Lemma 6.6, the representation 7 has
a distinguished lift if and only if w (@) is equal to the image of € in F%, denoted c. We are going to prove
that this is the case. Let w. be the central character of p. By Theorem 4.45, we have

o the representation o is w, (@)-distinguished by GLy /> (k) X GLg 2 (k).
(Note that k is even since 7 is even and r is odd.) By Proposition 4.28, we have
o the sign w(w) is equal to w.(@)" = w.(@).

Let a be the unique sign such that V is a-distinguished by GL, (k) x GL, (k). By Remark 3.14, we
have @ = c¢. On the other hand, we have @ = w. (@) by Proposition 5.7. Putting these facts together, we
get w(w) = w. (@) = a = ¢ as expected. This proves Proposition 6.1 if F/Fj is ramified. Together with
Paragraph 6.4, this finishes the proof of Proposition 6.1.

6.7.

In this paragraph and the next one, we prove Proposition 6.2. Assume that r is even, and let g be the
cardinality of k. Since r divides n, we have n = 2u for some u>1.

Suppose that 7 has a distinguished lift. By Paragraph 6.4, this implies that F'/F is ramified. By
Lemma 6.6, the representation V has a distinguished @[-lift. By Lemma 6.10, one has r = n, thus V is
isomorphic to st, (o) for a character o of k™ of order at most 2. Besides, if £ = 2, then n = 2 and q is
congruent to —1 mod 4. Since r = n, the representation 7 is isomorphic to St, (p) for a tamely ramified
character p of F* whose restriction to the units of F is the inflation of o.

Suppose first that £ = 2. Since r is distinguished (by Theorem 3.3), it is o-self-dual (by Theorem
3.1). It follows from Proposition 3.8 that the representation p is o--self-dual and from Theorem 3.2 that
itis F-distinguished, as expected.

Suppose now that £ # 2. By Proposition 3.8, we may choose p so that p~! o o = pv' for some
i € {0, 1}, thatis, p o Np/p, = v™'. It remains to prove that the restriction of p to F{ is either x or val.

Let ¢ be the sign by which the element (4.23) acts on the space of GL,, (k) X GL,, (k)-invariant linear
forms on V, which is given by Lemma 6.12. Remind that we have fixed a uniformizer @ of F such that
o(w) = —w, thus @y = @? is a uniformizer of Fy. The representation 7 is distinguished (by Theorem
3.3) and it follows from Theorem 4.45 that ¢ = ¢, (w). We have

cx(@) = p(@)" = p(@))". (6.1)
On the other hand, the identity p o Ng,r, = v™* implies that p(-wy) = ¢".
Lemma 6.13. We have g = —1 mod ¢.

Proof. Since r>2 and r is cuspidal, r has the form e(p)£" for some v>0, where e(p) is the order of ¢*
mod ¢ by equation (3.2). In particular, (¢¥)" = ¢" is congruent to 1 mod ¢. Moreover, since £ is odd,
one has ¢" = -1 # 1 mod ¢. O

It follows from Lemma 6.13 and equation (6.1) that

_ (-1)" if o is trivial,
c" (=1)% - x(=1)* otherwise (that is, if o = x).

Comparing with Lemma 6.12, we get the following corollary.
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Corollary 6.14. We have i = 1 if o is trivial, and i = 0 if o is nontrivial.

If i = 0, then p is self-dual. By Theorem 3.2, it is either distinguished or x-distinguished. Since its
restriction to the units of F is the inflation of o = x, we deduce that p is x-distinguished.
If i = 1, then pv'/? is unramified and self-dual. By Theorem 3.2, it is distinguished. Thus, the

g . —1/2) . _ -1
restriction of p to Fy is equal to v 2 Fr =V

6.8.

Let us finish the proof of Proposition 6.2. Assume that n = r = 2u for some u>1, the extension F/Fj is
ramified and 7 is isomorphic to St,, (o) for some tamely ramified character p of F*. We also assume that

o either ¢ # 2 and the restriction of p to FOX is either » or v:!,

o or{=n=r=2,qiscongruent to —1 mod 4 and p is trivial on F.

It follows from Lemma 6.10 that V has a distinguished @g-lift V, which is e-distinguished for some
sign € € {—1, 1}. By Lemma 6.6, the representation 7 has a distinguished lift to @[ if and only if the
reduction of £ mod ¢, denoted c, is equal to w(@). Let us prove that this is the case. On the one hand,
we have w(w) = p(@)" = p(wy)". If £ =2, we have w(w) = 1. Otherwise, we have

u if the restriction of p to FX is v;!,
w(w) = {q POt S Vo

x(=1)" if the restriction of p to F is x.

On the other hand, V is distinguished, and it is isomorphic to st, (o), where o is the character of k*
defined by the restriction of p to the units of F. One thus may apply Lemma 6.12, which says that V is
a-distinguished, with

-1 if o is trivial,
= (=1)*@=D/2 if o is nontrivial.

Note that @ = ¢ by Remark 3.14, and that o is trivial if and only if the restriction of p to F is equal to
vy ! Together with Lemma 6.13, this gives w(@) = c as expected.
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