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Abstract

A useful result when dealing with backward stochastic differential equations is the
comparison theorem of Peng (1992). When the equations are not based on Brownian
motion, the comparison theorem no longer holds in general. In this paper we present a
condition for a comparison theorem to hold for backward stochastic differential equations
based on arbitrary martingales. This theorem applies to both vector and scalar situations.
Applications to the theory of nonlinear expectations are also explored.
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1. Introduction

The theory of backward stochastic differential equations (BSDEs) is an active area of research
in both mathematical finance and stochastic control. Typically, we begin by defining processes
(Y, Z) through an equation of the form

Y, —f F(w,u,n_,zu>du+/ ZudM, = 0. (1)
(t,T] (t,T]

Here Q is a square-integrable terminal condition, F a progressively measurable ‘driver’ func-
tion, and M an N-dimensional Brownian motion, all defined on a probability space with filtration
generated by M. Recent work has also allowed the presence of jumps and the use of other
underlying processes. However, these typically require the addition of another martingale
process, as a martingale representation theorem may not hold. See El Karoui and Huang
[13, Chapter 2] for some general results. In [5], we considered the situation where M is the
compensated jump martingale generated by a continuous-time, finite-state Markov chain and
showed that solutions existed for equations of this type.

A fundamental result, first obtained by Peng [24], is the ‘comparison theorem’ for BSDEs.
This result is connected to the Pontryagin maximum principle in optimal control, and, as is
explored in [29, Chapter 8] for the linear case, to the theory of no-arbitrage in a financial market.
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In [24], the comparison theorem was established for scalar BSDEs based on N-dimensional
Brownian motion. Various other works have extended this result, primarily through the addition
of jump terms. Barles er al. [2] gave a comparison theorem for BSDEs based on N-dimensional
Brownian motion and an independent Poisson random measure. Other particular cases, with
Poisson random measures and Lévy processes, can be seen in [16], [23], [28], [29, Section 8.11],
and [30]. Barles et al. [2] also included a counterexample, which shows that the conditions of
the comparison theorem for simple Brownian motion are insufficient when jumps are present.
In the context of continuous-time Markov chains, Cohen and Elliott [8] gave an appropriate
comparison theorem. To obtain these theorems, added conditions on the driver F, in particular
on its relation to the jump component of the underlying process, are needed. This paper
generalises these conditions, by expressing them in the language of equivalent measures.

In the vector-valued context, Hu and Peng [18] considered vector-valued BSDEs based on
N-dimensional Brownian motion, and, under a bounded stochastic viability property (or BVSP),
which degenerates into the classical requirements in one dimension, presented a comparison
theorem in this context. These conditions are considerably less intuitive than those in one
dimension, and do not as easily lead to a theory of multidimensional nonlinear evaluations
and expectations (as in [10], [28], and others). They also do not extend to the situation of
BSDEs generated by processes other than Brownian motion. The conditions we present in this
paper are different, and are a more natural componentwise extension of the scalar case. Various
comparison theorems for vector-valued BSDEs based on continuous-time Markov chains are
given in [8], however under restrictive conditions on the driver . Our conditions are, in general,
more difficult to verify. However, these conditions are the natural extension of the conditions
derived in [6] in a discrete-time context, where it can be shown that they are the most general
conditions for the componentwise monotonicity of the BSDE solutions. A future extension of
this work would be to derive a BSVP for this more general class of BSDEs.

The above results are all in contexts where the simple BSDE (1), or its variants including
random measures, has a solution. In these cases, an orthogonal martingale, the dL term in (2),
below, is not required. This paper does not assume this, and the comparison theorem also
applies to the generalised BSDE (2) considered in [13].

In this paper we generalise these results, by making clearer the relationship between the
comparison theorem and the existence of equivalent (super)martingale measures. This high-
lights the relationship between the comparison theorem and no-arbitrage in a financial market,
by reference to the fundamental theorem of asset pricing (see [12, Section 1.6]). By expressing
the conditions for the comparison theorem in this way, the proofs become considerably simpler,
and also extend naturally to BSDEs based on any martingale process, as they do not depend on
a Lévy characterisation or on the Markov property.

As mentioned above, these conditions are also the natural extension of the conditions derived
in [6] for discrete-time BSDEs. This fact is demonstrated in [7, Theorem 3.2]. In this discrete-
time framework, we can show that the requirements of the comparison theorem are the most
general conditions for the monotonicity of the BSDE solutions (see [6, Theorem 7] and [7,
Theorem 4.1]). Given the general result of the fundamental theorem of asset pricing, we
could expect that an approach based on the existence of martingale measures is therefore an
appropriate characterisation of the general requirements for the comparison theorem.

Our general approach may also have implications for considering existence and convergence
results of BSDEs; however, we do not explore these here. For example, when considering
BSDEs with continuous coefficients, the comparison theorem plays a fundamental role in the
proof of uniqueness of solutions; see, for example, [20]. When considering convergence of
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discrete approximations of BSDEs in a non-Lipschitz setting, as in [4], the comparison theorem
again is an essential result.

We demonstrate the usefulness of this result in defining dynamically consistent nonlinear
expectations.

2. BSDEs with arbitrary martingales

Let M be an arbitrary RY -valued cadlag martingale on a filtered probability space (2, F,
{F:}, P) satisfying the usual assumptions of completeness and right continuity. Let || - || denote
the Euclidean norm, and let L°(F;) denote the set of %;-measurable random variables Q with
P(| Q| = +o00) = 0.

For a fixed deterministic T < +o0 and a given integrable, progressively measurable function
F:Qx][0,T] x RX x REXN _, RK we shall consider equations of the form

Y, — f F(o,u,Y,—, Z,)du +/ ZydM, +/ dL, = 0, 2
(r,t] (r,t] (r,t]

where 0 <r <t < T and Q isan RX -valued F;-measurable terminal condition. A solution to
(2)is atriple (Y, Z, L), with Y a cadlag, adapted, R -valued process, Z a predictable RX*V-
valued process and L an RX-valued cadlag martingale, with Lo = 0, which is orthogonal to
M, that is, the (K x N)-dimensional matrix process

i=1,...N
(L. M) =({e] L.e] M))!—Z""¢ =0.

Here ¢; is the ith standard basis vector in RV (or RX, as appropriate). We here restrict our
attention to deterministic 7'; however, through appropriate modification of the driver F, it is
easy to see that this extends to the case when T is a stopping time (see [8]). We know from [13]
that, under certain assumptions about M, F, and Q, this equation will always have a solution
(Y, Z, L). If we consider a space such that a martingale representation theorem holds for M, or
we allow M to become infinite-dimensional, as in [9], then, without loss of generality, L = 0.
We assume here that the driver F is integrated with respect to time (du); however, the general
case, considered in [13], where du is replaced with dC,, for C a continuous, adapted, increasing
process, is a straightforward modification of the results given here. (The only slight difficulty
is in obtaining an appropriate version of Gronwall’s inequality.)

As the focus of this paper is on comparison results, rather than proving the existence of
BSDE solutions, we shall refrain from explicitly making the assumptions of [13] or [9], and,
in general, denote by Qi ; C LO(F,) the set of values Q such that, for all » € [s, ¢], (2) has a
unique solution, up to indistinguishability on [s, ] x €2 for the triple (Y, f(_”] Z,dM,, L,).

This solution may be constrained to satisfy certain conditions, for example, in [5] and [13] it
is required that E[sup,.¢[; ;1 | ¥r I? | £s] < +oo. In this case, the solution may only be unique
among those processes satisfying these constraints. We shall make the very weak assumption
that, for r € [s, t], this solution satisfies the integrability assumption

E[|Y ]| | 5] < 400 P-almost surely (P-a.s.).

It is clear that this assumption will not, in general, be sufficient for a unique solution to exist;
however, it is sufficient to derive the comparison properties of interest here. We shall take any
other conditions necessary for uniqueness (for example, square-integrability of the solution) as
implicit.
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Lemma 1. The following properties of Qi , are immediately apparent.
1. Foralls <r <t, Qf:t - th.
2. Forallt < T, without loss of generality, Qf, = LO(}",).
3. Fors <t,let Q € Qf:l and let Y, satisfy (2). Then, forallr € [s,t], Y, € QSF’,.
4. QF, c{0 e LO%(F): ElIQ] | F] < +oo}.

Proof. Property 1 follows from the fact that, if we have a unique solution to (2) on [s, ¢]
then we have a unique solution on [r, ] C [s, t]. Property 2 is because (2) degenerates into the
tautology Y; = Q, which clearly has a unique solution up to indistinguishability. Property 3 is
simply due to a rearrangement of (2). Property 4 is due to the assumed integrability condition,
evaluated for ¥; = Q.

3. Comparison properties

We now seek to derive conditions, similar to those in [24], such that a comparison property
holds with regard to BSDE solutions. For the sake of generality, we shall state these in a form
such that the conditions may depend on the solutions (Y, Z, L). We also allow our solution
processes to be multidimensional. In practice, the conditions imposed may be difficult to verify,
particularly in the multidimensional case; however, they allow us to unite, as special cases, the
various comparison results which have previously been obtained. We shall present, in Section 4,
examples of BSDEs where these conditions are satisfied for all solutions (Y, Z, L).

In the following, a vector inequality is assumed to hold componentwise.

Theorem 1. (Comparison theorem.) Suppose that we have wo BSDEs czorresponding to coeffi-
cients and terminal values (F', Q') and (F? 0%), Q' € QF, 0% ¢ (@51. Let(Y', Z' L") and

5,17

(Y2, Z2, L?) be the associated solutions. We suppose that the following conditions hold.
(i) 0! > Q2 P-as.
(i) (du x P)-a.s. on [s,t] x Q, Fl(w,u, Y?_,Z%) > F*(w,u, Y?_, Z2).
(iii) For each i, there exists a measure P; equivalent to P such that the ith component of X,

as defined forr € [s, t] by

el-TXr = —/( ]eiT[Fl(a), u, Yu2_, Z;) — Fl(a), u, YMZ_, Zﬁ)]du
S, r
+f el 1z} — 7221dM, + ¢ L} — L7,
(s,r]

isa 15,- -supermartingale on [s, t].

@{v) If, forallr € [s, 1],

e/ Y —Eg U e Fliw,u,v! , z}))du
Len

‘%}

> eiTer — Ef’i [/(. | e,TFl(a), u, Yuzf, Z;)du
r,

%‘}a

It is then true that Y! > Y2 on [s, t], except possibly on some evanescent set.

for all i, then Y,1 > Y,2 forallr € [s, t] componentwise.
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Proof. We omit the @ and u arguments of F for clarity. Then, for r € [s, ¢],

ﬁ—ﬁ—/[ﬂwizb—ﬂmﬁzmw
(r.1]

+/ [Z},—Zﬁ]dMqu/ dL},—/ dr?
(r,t] (r,t] (t,T]
— Ql _ Q2

207

which can be rearranged to give

vy —v? - f (Flrl, zhy — FYv2, zHldu
(1]

z/ [Fl(Yuz_,zﬁ)—Fz(Yj_,Zg)]du+/ (F'(v? ,zhy — Flv2 . 23] du
(r,t] (r,t]

—f (z) — z21dm, —/ dL},+/ dL2. 3)
(r,t] (r,t] (r,t]

We have f(m][Fl(Yuz_, Zfl) — Fz(Yuz_, Z,f)]du > 0 by assumption (ii). As el.TX, is a P;-
supermartingale, we know that the process given by

el-Tf(r = elTXr —Ep, [E,TXt | F1

=E;. [/( ]e,T[F‘(Yff, zhy — FY(Y? , 73] du
r,t

i

—/ ef 1z} —721dm, — | ¢ dL},+/ el dL?
(r,t] (r,t] (r,t]

3‘7} “)
is also a f’,--supermartingale, with ein(t =0, lsi-a.s. Hence, ein(, > 0.
For each i, taking a P; | %, conditional expectation throughout (3) and premultiplying by

T .
e; gives

oY) —e Y} —Ep [/( ]el-T[Fl(Yul_, zhy — FY(y2_, z1du
rt

7)o

By assumption (iv), this then proves that le > er componentwise P-a.s. for each r € [s, ¢].
As Y1 — Y% iscadlag, Y! — Y2 is indistinguishable from a nonnegative process and, therefore,
the inequality holds up to evanescence.

Corollary 1. Theorem I remains true if assumption (iii) and assumption (iv) are replaced by
the following.

iii’) For each i, there exists a measure f’i equivalent to P such that the ith component of X,
q
as deﬁned forr € [s, t]

el X, = —/ ¢ [Fl(w,u,Y)_,Z)y — Fl(w,u, ¥)_, Z})]du
(s.r]

+/ eT1Z! — Z21dM, + T (L} — 12,
(s,r]

isa 13,- -supermartingale on [s, t].
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]

2ei-l—er_Ef’i[/( t]eiTFl(w’”’Yuz—’Zz)d”
r,

(V') Forallr, if

eiTle —Ep, |:/ eiTFl(w, u, Yulf, Zﬁ) du
"L

g

Proof. Inthis case, the decomposition in (3) and the definition of X in (4) are correspondingly
changed. The rest of the proof remains valid.

foralli then Y! > Y? componentwise.

Remark 1. In the scalar case (K = 1) when M is a Brownian motion generating {¥} and
Fl (w,u,Y,—_, ) is uniformly Lipschitz continuous in Z,, and in many other cases, we can use
the standard results of Girsanov’s theorem to show that Theorem 1(iii) holds.

Remark 2. A significant special case, particularly in the context of dynamic risk measures, is
when F is assumed not to depend on Y. (See, for example, [3], [6], [8], [27], and [28].) In this
case, Theorem 1(iv) is trivial.

The following backwards version of Gronwall’s inequality will be useful.

Lemma 2. Suppose that ¢ : [s, t] — R is such that, for constants « > 0 and B > 0,

¢or<a+p ¢y du
(r.1]
forallr € [s,t]. Then ¢, < aePt=7).
Proof. Write n, =a + f f(r . ¢, du. Then

dn,
dr

= —B¢r = —Bn,.

Hence, if v, = &?" Nr
dv,
dr

d
= BeP . + ebr i > 0.
dr
This implies that v is nondecreasing, and so v, < v;, which, by rearrangement, gives

Ny < ozeﬁ(t_’).

Finally, as ¢, < n,, we have the result.

Theorem 2. Consider the scalar (K = 1) case, where, for all u € [s,t], Fl(a), u,-, Z;) is
uniformly Lipschitz continuous with respect to Y, that is, there exists ¢ > 0 such that, for any
Y and Y2,

|Fl,u, ¥}, Z)y — Fl(w,u, Y?_, Z)| <clv) — Y2 |,  (du x P)-as.

Then assumption (iv) of Theorem 1 can be omitted.
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Proof. As we are in the scalar case, we can omit the e; from the statement of the assumption.
Hence, we wish to show that, given, for all r € [s, t],
‘?}}

>y? - EP[/ Flw,u,Y>_,z})ydu
(r,1]

le—E]3|:/ Flw,u, v} ,z})ydu
1]

-l
we must have ¥,! > Y2, For simplicity, let Y := ¥ — Y2,

It is clear from the problem and the recursivity of BSDE solutions that we can replace ¢ with
any stopping time t < ¢ such that §Y; > 0.

Suppose that on some nonnull set A € ¥, §Y,, < O for some u € [s, t]. As &Y is adapted
and right continuous, this implies that there are stopping times o and 7 such that §Y;, < 0 for all
u € [o,7),and 0 < 7 on A. Without loss of generality, let T be the largest such upper bound.
Then, as §Y; > 0 and T < ¢, it follows that §Y; > 0. Let /4 denote the indicator function of a
set. Replacing ¢t with 7 in the above inequality, we know that

Ef)[lre[a,r)|8yr |] = Ef)[_lre[a,t)SYr]

< Els[—he[g,f) f( ]<F‘(w,u, Y,z - Fl(w,u, Y2, z},))du}
r,T

SEf)[Ire[a,r)/ c|8Yu|du1|

(r,7]

<c / Eplucto.e)|8%,[1 du.
(r.t]

As 87, is cadlag, we can omit the left limit inside the integral, and an application of Lemma 2
implies that Eg[/,¢[o,7[|8Y,]|] < 0, thatis, 0 = 7 a.s., and so A is a null set. By contradiction,
we see that §Y,, > O forall u € [s, t].

Remark 3. By Theorem 2 and Remark 1, we can see that the classical inequality of Peng [24]
is simply a special case of Theorem 1. Similarly, the scalar comparison in [8, Theorem 4.2]
also follows as a special case. However, as shown in the counterexamples presented in [8,
Example 5.1] for the vector case, Theorem 1(iv) remains nontrivial (cf. Remark 5 below).

Definition 1. The comparison between Y1 and Y2 will be called strict on [s, 7] if the conditions
of Theorem 1 hold, and if, for any A € ¥; such that ¥} = Y2, P-as. on A, we have Y| = ¥?
on [s, ] x A, up to evanescence.

Lemma 3. [fthe comparison is strict on [s, t] then, for any A € 5 such that Y Sl =Y 52 P-a.s.
on A, it follows that

e 0! = Q! P-as. on A,

o Fliw,u, Yuz_Zlf) = FX(w,u, Yuz_, Zg), (du x P)-a.s. on[s,t] x A, and

e forr € [s, t], up to indistinguishability, on A,
/ zldam, Z2dM,
(s,r] (s,r]

and
L =12

r r
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Proof. We omit the w and ¢ arguments of F! and F?2 for clarity. Let X be as in (4), and let
S be the process defined by

el S, :=¢] B3 [0' — Q% | F7]

+e/ B, [ / LFI (Vg Zi) = PR Z)ldu
(r1]

sf,] X ©)

Then eITS is a P;-supermartingale, as the first term is a P; -martingale, the second is nonincreas-
ing in r by assumption (ii) of Theorem 1, and the third is a P;-supermartingale by assumption
(iii) of Theorem 1. Furthermore, each of these terms is nonnegative.

Taking a p | F conditional expectation through (2), we have, for all r € [s, t],

Y) - v? =S, +E; [f( ][FI(YME, zhy — FY(y2, zhdu
r,t

3‘?] (6)

If le = er on [s, ] X A up to evanescence then it is clear from (6) that S, = 0, P-a.s. on
[s, t] x A. Hence, by nonnegativity, each of the terms on the right-hand side of (5) must be 0.
The first two points of the lemma immediately follow.

Consider the BSDE (2) satisfied by Y2. As F1(Y2_, Z2) = F?(Y2_, Z2), (du x P)-a.s. on
[s,7] x A and Q1 = Qz, P-a.s. on A, we know that

Yf—f Fz(yuz_,zﬁ)dw/ ZfldMqu/ dL? = Q?
(r,t] (r.t] (r,t]

is P-a.s. equal to

Y2 — f FY(Y? , 72 du + / Z2dM, + / dL? = o'

(r,t] (r,t] (r,t]
Hence, in A, (Yz, 72, L2) is a solution at time r to the BSDE defining the triple (Yl, VA Ll).
By assumption, as Q' € fo: tl, the solution to this BSDE is unique up to indistinguishability
for (Y, f(s’.] Z,dM,, L) on [s,t] x Q. It follows that, for each r, (Y, f(s,r] zldm,, L)) is
unique up to equality P-a.s., and, therefore, f(”] zZlam, = f(“] Z2dM, and L] = L2, P-as.
on A. As all of these processes are cadlag, it follows from [14, Lemma 2.21] that they are
indistinguishable on [s, ] x A.

Theorem 3. (Strict comparison 1.) Consider the scalar (K = 1) case, where F is such that
Theorems 1 and 2 hold. Then the comparison is strict on [s, t].

Proof. Again, as K = 1, we can omit ¢; from all equations, and we omit the w and ¢
arguments of F! and F? for clarity. Let S, be as defined in (5), and note that S is a nonnegative
P-supermartingale.

Taking a P | %, conditional expectation of (6) gives

Eply, — Y} | 7] = Els[sr +/ [F'(Y,_.Z) — F'(Y;_. Z)]du | F
(s.7]

g

SSerEf)[/ (F'y), zh — Fl(v2_, z)idu | &
(s.1]

—E; [/( ][FI(YMI_, zh — F'(v? , zHdu
S, r

+/( ERIIF 0 20 = PO Z)) | il
S,r
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g

+c/( ]Ef,nyl_ — Y2 || Fldu. (7
s,r

< S+ EPU (F'y), zh — Fl(v2, zh1du
(s,]

We know, from (6) and the assumption that YS1 — YS2 =0on A € F;, that

InSs + 14 Ep U (F'ar) ,zhy — Flar? ., zhldu
(s,t]

3*] =Y} —Y}H =0,

and so, as ¥Y! — ¥? is nonnegative by Theorem 1, premultiplication of (7) by I4 and taking an
expectation gives

Eslla(Y,} — Y] < c/(s : Es[la(Y,_ — Y2 )]du.
An application of (the forward version of) Gronwall’s lemma then yields

Eplla(y! =¥l <0,
which, by nonnegativity, implies that Y, rl = er, P-a.s.on A. Again, as Y! — Y2 is cadlag, this
shows that Y! = Y2 on [s, ] x A, up to evanescence.

Remark 4. Theorems 2, 3, and 4 can also be modified in the same way as in Corollary 1; in
this case the assumptions of the theorems will refer to F 1 (w,u,-, ZL%).

Remark 5. In a vector setting, it is easy to see that, if the ith component of F! depends only
on the ith component of Y, that is, we can write

e Flio.1. Y. Z)) = Fi(w.t,¢] Yi_, Z))

for some F;, and if F; is uniformly Lipschitz in elT Y;_, then the proofs of Theorems 2 and 3
can be extended to cover these cases, simply by considering each component separately.

In this case, the strict comparison will apply componentwise, that is, if, for some A € £,
we have e;r y) = el.TYSZ, then elTYu1 = e;r Y2 on [s, t] X A, up to evanescence.

If F! does not depend on Y;_ then this is clearly the case (as F is uniformly Lipschitz with
constant ¢ = 0).

In some situations, particularly in the vector context, this result may be insufficient. The
following theorem addresses some such cases.

Theorem 4. (Strict comparison 2.) Suppose that we have two BSDEs satisfying the conditions
of Theorem 1. Suppose furthermore that Theorem 1(iv) is satisfied in such a way that, for all

AeF,
]

=€,-TY3—E15‘[/ e Fllo,u, Y2, Z)) du
"L

el vl — Ep |:/ e] Fl(w,u, v}, zlydu
L

J"r] ®)

P-a.s. on A for alli and all r € [s,t], if and only ifle = er, P-a.s. on A for all v € [s,t].
Then the comparison is strict on [s, t].
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Proof. As in Theorem 1, the weak comparison holds, that is, le > er, P-a.s. on [s, t].
Recall that the measures P and P; were assumed to be equivalent, and, hence, any statement up
to equality P;-a.s. could equivalently be made P-a.s.

As before, ei—r X , defined in (4), is a lSi-supermartingale with ei—r X ; = 0. We know that
YS] = YS2 on A, and, hence, by (8),

vl —v? - EP[/ (Fiar) , zhy — Flor?2, zhldu }‘S] =0.
(5.1
As in (3), this implies that
0> Ejp U (F' Yy, Zy) — FX(Y;_. Z)]du ?s]
"L
+E; [/ (F'(y? ,zhy — Fl(v2, 23] du
L
—/ (z! — 72" dm, — (dL) — dL?) ‘ fs]
(s,t] (s,t]
Premultiplying by el.T , we have
0>E; U e/ [FI(Y2_, 73 — F2(Y2_, Z2)]du ﬂ} + e X;.
"L s

Both of tpe terms on the right-lland side are nonnegative, and, helgce, both must be 0 on A.
If e/ X, =0 on A then ¢/ X, =0 on A forall r > s, as ¢/ X is a nonnegative P;-super-
martingale. Similarly,

Eg. [f( ]e,.T[Fl(Yu{, 72 — FX(Y2_, Z2)]du
st

ﬂ}=0,

and, therefore, as el.T[F1 (Yuz_, ZL%) — Fz(Yuz_, Zﬁ)] is nonnegative, it must be 0 (du x f’,-)-a.s.
on [s,t] x A. Hence,
]

0=e¢ [V} — Y2 - Ep [/ e [Fl(yl,zhy — F'(v2_, zHdu
(s,1]

+E; [/ e [FL(Y? , 73 — FX(Y?_, Z>)]du
(5]

i

SL}} + e X;
=E le] (' - 0% | 7.
We know that Q' — Q2 is nonnegative P-a.s. and, therefore, combining these results for all i,
0! —0*=0 P-as.onA.
Finally, we see that, for all i and all r € [s, t],
0=Ezle/ (Q' — 0% | #]

=e/ [V — Y] - Eg. U( , e IFiy) , zhy — Fl(v2, zhH1du
r,

]

+E15i|:/ e/ [FI (Y2, 22— FA2(Y?_, ZH)]ldu ?}:|+e;r)~(r,
(r.1]
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and, hence,

el [V} — Y1 —Ep, [/( , e [FL(y)l,zhy — Fl(y2_, zHldu
r,

?‘,:| =0 P-as.

By the stronger version of Theorem 1(iv), this proves that, for all r € [s, 1], Y, rl — er =0,
P-a.s.on A.
AsY! —Y2is cadlag, this shows that Y!=Y2o0n [s, ] x A, up to evanescence.

Remark 6. Equation (8) clearly holds whenever F is monotone decreasing in each component,
strictly in at least one component, with respect to Y.

Remark 7. Theorem 1 helps distinguish between the understanding of dominance in the
classical case and in the nonlinear case generated by BSDEs. In the classical case, no-dominance
(or, in a financial setting, ‘no-arbitrage’) is loosely equivalent to the existence of an equivalent
martingale measure for the processes Y (see [12, Section 1.6] for more details). Here, we have
assumed the existence of an equivalent supermartingale measure for the processes ei—r{( . One
key difference is that, in the classical linear case, the equivalent martingale measure P is the
same for all terminal values Q. In this nonlinear context, Theorem 1(iii) states, in some sense,
that there exists an equivalent (super)martingale measure corresponding to each differenced
pair of terminal conditions ol — Q2.

4. Examples

We here present some examples of applications of these results to situations where the
classical results do not apply.

4.1. A simple single jump time

First consider the simplest situation, where the only randomness comes from a single random
time. We can then obtain concrete conditions for the comparison theorem to hold. These
are similar to those in [26], which also includes a Brownian motion. However, our results
are obtained through a different approach based on the existence of an equivalent martingale
measure.

Let T be arandom variable taking values in [0, T'], the law of which is absolutely continuous
with respect to Lebesgue measure. We consider the filtration generated by the indicator process
Ip>qy. If

H(t) =P(t € (1, T]):f hy du,

(¢,7]
where £ is the density of 7, then this space posesses a fundamental martingale M; of the form

M; = Iysq + / e / " g
= 1> = li>r} — o di,
=) (0,TAt] Hu =) (0,TAL] Hu

and there is a martingale representation theorem with respect to M for uniformly integrable
martingales. (See [11] for a general theory of stochastic integration in these spaces.) We
consider one-dimensional BSDEs with this martingale in the place of M in (2), and L = 0. We
shall also assume that the driver F is uniformly Lipschitz continuous with respect to Y and,
therefore, assumption (iv) of the comparison theorem is trivial, by Theorem 2.
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Our BSDE will be of the form

QZYt_/ F(w,u, Yu—aZu)du+/ Z,dM,
@,T] T

Zuhu
=Y - Flw,u,Y,_,7Z,)+ I{t<1’} du—I—ZTI{,ZT}.
7] H,

The quantity X, from the comparison theorem is then

X, = —/ [Fl(o,u,Y; . Z) — Fl(w,u, Y, Z})]du +f 12, — Z3)dM,
(s,r]

(s,7]
h
= —/ [F‘au, WYy Z) - Flo.u Y. Z) + (Zy - zg>—"1{,<,}] du
(s,r] Hu
1 2
+ (Zt - Zr)I{fZT}‘

This has an equivalent supermartingale measure if and only if there exists an equivalent density

h for T such that

h Flo,u, Y2, ZY) — Fl(o,u, Y}, Z2)  h
—]{t<r} = ( = u? 2( ! u) + -
f(l,T] « du Z,—7; H,_

Assume that 4 > 0. For an equivalent supermartingale measure to exist for all Y and Z,

positivity of / and changing the role of Z! and Z2 shows we require that ! does not vary with
z fort > 7, that s, for all y, 7!, and 72,

=

I{t<r}~

S

I{zzr}F](w, ty,zh) = I{zzf}F](w, 1,y,7%).

Similarly,

FlouwY.2) - FluwY . Z)  h

9
zZy - 272 Hy )

gu) =

must be strictly positive, in which case the function

hy = g(t) exp(— / gu) du)
0,71

is a candidate for the density, with cumulative distribution function

/ hedr =1— exp(—/ g(u)du).
0,7] (0,7]

If F! is Lipschitz continuous with respect to Z then the first term in (9) is bounded. However,

“ h h d
L= = ——log</ hudu>,
H,; f(t,T] h, du dt (t,T]

and is therefore clearly not integrable on any neighbourhood of 7', we see that g is not integrable
on (0, T']. Hence, our candidate density / satisfies

/ hydt =1 —exp(—f g(u)du) =1.
(0,T] (0,71

https://doi.org/10.1239/aap/1282924067 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1282924067

890 S.N. COHEN ET AL.

Therefore, / is a valid density on [0, T]. Consequently, whenever g is strictly positive, we
have constructed an equivalent martingale measure for our process. Clearly, g will be strictly
positive whenever

Flw,u, Y? ,Z) — Fl(w,u, Y?_, Z2) - hy
Zy— 272 Hy

that is, whenever the Lipschitz constant of F! with respect to Z can be bounded above by the
(random) process h, / H,, the instantaneous rate at which the jump occurs.

4.2. A general scalar example

Now consider a pair of general scalar (K = 1) BSDEs of the form of (2), with T finite.
Assume that M is an RV martingale with predictable quadratic variation (M), absolutely
continuous with respect to d¢ and increasing at a rate of at least edr for some ¢ > 0. All
our functions and terminal conditions are, for simplicity, assumed to be bounded. Define
8Z=27'-Z%and 8o f = Fl(w,u, Y2, Z)) — Fl(w,u, Y?_, Z2). Suppose that F! is such
that there exists a process (§Z 1) with values in RV, arranged as a column vector, such that

d(M
6zn'6zH =1, 182 f)BZHII < c M

for some constant C, and

d(M);
dr

< G f)ZHT(AM,) P-as.

Note that (63 f) (8 Zt+ ) can, in some sense, be thought of as a ‘derivative’ of F L afnN =1,
this is precisely the ratio considered in (9), and we can see that there the conditions degenerate
into those above.) We then define, using the Doléans—Dade exponential,

A=1+4 / (52 f, am,.
(0,11 ( )

It is easy to verify that, under the stated conditions, A is a square-integrable martingale, and,
hence, defines an equivalent probability measure with dP/dP = A7. Using the general form
of Girsanov’s theorem [19, p. 169], we see that the process

M, — / (52.1) gy~ OZF) ALM),
0,11 ( )
is a P-local martingale, and, hence, as §L = L' —1L%is orthogonal to M,

X, = _/ (azfs)(azs)(azj)dwr/ (8Zs)dM; + 8L,
(O,l] (0,[]

= —/ (82 f5) ds —|—/ (8Zy)dM; + 8L,
(0,7] (0,7]

is a P-local martingale, and, hence, a martingale by boundedness.

Note that this result allows for significant flexibility, due to the possibility of variation in
(8Z™). (In some sense, the drift can be allocated to any combination of the components of M,
so that a new measure can be found under which each component with the associated drift is a
martingale.) Furthermore, when M is continuous, the conditions are trivially satisfied.
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4.3. A vector example with limited comparisons

We now present a vector example, which demonstrates some of the possibilities in the vector
setting. In general, a vector result will only hold in some special cases, but this may nevertheless
be of interest.

Consider a general BSDE with two components (K = 2), driven by a single Brownian
motion M. For a vector z € R2, let 7 and z denote the first and second components of z.
Suppose that F! is of the form

Fl(o,1,2) = [Zl|zlm

for some bounded processm: Q2x[0, T] — R2. Consider two BSDEs, with terminal conditions
Q1 and QZ, taking values in R2, where Q2 is deterministic. Again, for simplicity, we assume
that Q' is bounded. We wish to be able to compare these solutions. This and similar special
cases may be of interest in risk management problems, where being able to compare BSDE
solutions against known quantities is of use.

We need to be able to verify when the components of X admit equivalent supermartingale
measures. Note that F! clearly does not depend on z in a componentwise way, that is, the first
component of F'! depends on both components of z. For our comparison, as Q7 is deterministic,
the solution satisfies ¥ = Q2 and Z? = 0 for all 7.

Consider, without loss of generality, the first component of the solution. We have

Flt,zZ) - Fln2)  Z,
- — = — |Zt |mt.
Z, -7 Z,

We can then again take a measure change using the exponential martingale
=1
Z, | 1,—
Ar=1+ ANs——71Z;Im; dM;.
(0.1] Z,
Under the measure thus defined, Girsanov’s theorem states that the first element of X is a local
martingale, and, hence, a martingale by boundedness. A similar result holds for the second

component. Hence, we can make a componentwise comparison between the solutions of our
BSDE and any deterministic terminal condition.

4.4. A vector example with rotation

We now consider a final vector example, where the solution to our BSDE depends only on
the component of Z lying on a given line. This example could also be considered using rotation
and a componentwise comparison theorem. We shall here consider it directly.

Consider a general BSDE with two components (K = 2), driven by a single Brownian
motion M. For a vector z € R?, let 7 and z denote the first and second components of z.
Suppose that we have a driver of the form

F(wvt’y’Z)zf(wvt’Z_g) |:_11:|

for some bounded function f: Q x [0, T] x R2*! — R, Lipschitz continuous with respect
to 7 — z, with f(w, t,0) = 0. Now consider the subspace @ of the set of terminal conditions
such that, for any Q € @, a = —Q, that is, the first component is the negative of the second.
We shall show that a comparison theorem holds between elements of @. Note, however, that a
comparison need not hold between terminal conditions not in @.
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We note that, for any Q € @, as f does not depend on y, the solution to the BSDE must
satisfy Z = —Z. Hence, in this subspace, the solutions are equal to those for

F(w,t,y,2) = f(w,t,27) |:_11] = f(w,t,—2z2) |:_1]] .

The existence of an equivalent martingale measure for the each component is then a standard
application of Girsanov’s theorem.

5. Applications to nonlinear expectations

A useful consequence of these comparison properties is that they allow us to develop a theory
of nonlinear expectations, in the same way as Peng [25]. These are closely related to the theory
of dynamic risk measures, as in [1], [3], [27], and others, as each concave nonlinear expectation
&(- | #;) corresponds to a dynamic convex risk measure through the relationship

pi(Q) = —€(Q | F1).

A further discussion of this relationship can be found in [27]. (In a similar way to [21], [22], and
others, we here write p,(Q) = —&(Q | F;) rather than p;(Q) = E(—Q | F;), as this draws a
closer conceptual connection between p as a convex risk functional, and & as a concave utility
functional.)
For simplicity, we shall, for the remainder of this paper, assume that the drivers F considered
are such that
Qf, =10 € L%F): ElIQI* | F] < 400, P-as.).

That is, for any ¥; measurable random variable with P-a.s. finite ¥; conditional variance,
there exists a unique solution to the BSDE (2) on [s, ], satisfying certain conditions, such as
square integrability, which we shall leave as implicit. For simplicity, this set will be denoted
L%(J“’,). For consistency, this requires that, for all r € [s, t], the solution Y, to (2) satisfies
Y, € QF, = L2(%). Note that LO(F,) € L2(5) € L3(F) forallr <s <t.

As in [6], we make the following generalisation of a definition of [25].
Definition 2. Fors < < T, fix the sets @, C L?(?‘,). A system of operators

&1 L2(F) — LO%(F), 0<s<t<T,

is called an ¥ -consistent nonlinear evaluation for {@; ,} defined on [0, T'] if &, ; satisfies the
following properties.

1. For Q, Q' € @y, if Q > Q’, P-a.s. componentwise then
&.(Q) > &,(Q) P-as.
componentwise, with equality if and only if Q = Q’, P-a.s.
2. For Q € LY(F), &.,(Q) = Q, P-as.
3. Foranyr <s <trandany Q € L%(?}),
€.1(Q) € L} (F)

and
gr,s(gs,t(Q)) = 8r,s(Q) P-as.
4. Foranys <t,A e ¥5,and Q € L?(J”-',), I0851(0) = 148;,;(InQ),P-as.
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Definition 3. Fix a driver F and time points s < ¢. For any Q', 0% € QF, = L2(#)), let
(Y', Zz") and (Y2, Z?) be the associated solutions of the BSDE (2).
Suppose that, for some set @, ; < L?(}}) and all Ql, Q2 € Qs

1. for each i, there exists a measure f’,- equivalent to P such that the ith component of X, as
defined for r € [s, t] by

4

el X, = —/ e [Flw,u,Y? ,Z)y — F(w,u, Y , ZH)]du
(571
[ iz~ zham, + eIk - 12
(571

isa f’,--supermartingale on [s, t],

2. F is componentwise Lipschitz continuous in Y, in the sense of Remark 5. (This includes
the case when F does not depend on Y.)

Then F will be called balanced on @; ;. Additionally, F will be called balanced on a family
{Q,.} if it is balanced on each member of the family.

Remark 8. The distinction between the sets & ; and Lf.(}",) is that Lf(?t) is the set on which
solutions to the BSDE exist, whereas @ ; is the set on which a (strict) comparison theorem
holds. In many cases, these sets may be identical. However, we distinguish between them for
the sake of generality.

Remark 9. Again, it is possible to modify Definition 3 in the same way as in Corollary 1.

Theorem 5. Fix a driver F balanced on some family {Q; ;}. Define the ‘F-evaluation’, a
system of operators on L?(?I)for alls < t, by

8s,l(Q) = Yx’ (10)

where Y is the solution to the BSDE (2). Then & ; is an ¥;-consistent nonlinear evaluation
Sfor {Q; +}.

Proof. We verify that conditions 14 of Definition 2 are satisfied.

1. The statement &; ;(Q1) > & ;(Q2), P-a.s. whenever Q1 > O, P-a.s. is simply the result
of the strict comparison theorem (Theorem 1 with Theorems 2 and 3 and Remark 5), which
holds as F is balanced on @ ;.

2. The factthat & ;(Q) = Q,P-a.s.forany Q € LO(F,) is trivial, as we have defined &.:(0Q)
by the solution to a BSDE, which reaches its terminal value Q at time ¢ by construction.

3. To show that &, (& /(Q)) = &,,(Q), P-a.s. forany r < s < t, let Y denote the solution
to the relevant BSDE. Then a simple rearrangement of (2) gives

YSZYr_/ F(a),u,Yu_,Zu)du+/
(r,s]

z!dMm, +/ dL,.
(r,s]

(r,s]

Hence, Y, is also the time r value of a solution to the BSDE with terminal time s and value Y.
Therefore, it is clear that Y € L%(?—'S), and, by the uniqueness of BSDE solutions,

8r,s (8S,1(Q)) = 6;br,l(Q) P-as.,

as desired.

https://doi.org/10.1239/aap/1282924067 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1282924067

894 S.N. COHEN ET AL.

4. We wish to show that, for A € F5, 1485,(Q) = [48;,(I4Q), P-as. For O € L?(}‘,),
let Y! be the solution to the BSDE (2) with terminal condition Q. Premultiplying by I,
we have a BSDE with terminal condition /4 Q, driver 14 F, and solution /47, Yl = 148, ,(Q).
If Y2 is the solution to the BSDE with terminal condition /4 Q then we similarly obtain
14Y2? = 148;,(I4Q). We can now write

Y3 = IaY? + IpcY)

for u € [s, t]. It follows that

xf—/ MJ@MJﬁZ%+MJ@JJ}ﬁHM+/ z3dM,
(s,t] (s,t]

=140+ 1x< 0,

which clearly implies that Y! and Y3 are both solutions at s to the BSDE with driver F,
terminal condition Q € L%(?}), and, hence, Y! = ¥3 up to indistinguishability. Therefore,
14 YS2 =1 YS], P-a.s., as desired.

With a slight modification, we also define nonlinear expectations.

Definition 4. Fort < T, fix the sets @; C L?(!}’T). A system of operators
EC| F): L}(Fr) — L°(F).,  0=<t=<T,

is called an F;-consistent nonlinear expectation for {@,} defined on [0, T'] if

o the restriction & ; = &(- | F5)| L2(F) of € to L%(}',) is a nonlinear evaluation for all
s <t,

e forallz,andany A € ¥, Q € L%(?’T),
126(Q | 1) =€UAQ | F1) P-as.
Theorem 6. Consider a driver F balanced on a family {Q ;} with
Fw,u,Y,_,00=0 (du x P)-a.s.

on[0,T] x Q.
For each Q € L?(}'T), define
E(Q | F5) =Y,

where Y is the solution to (2) witht = T.
Then &(- | ¥5) is a nonlinear expectation on {Q, := Qg 1}. In this case it will also be called
an F-expectation.

Proof. From Theorem 5, we can see that the restriction of this operator is a nonlinear
evaluation.

Weknowthat 4 F(w,t,Y;_, Z;) = F(w,t, [aY;_, IsZ;),(dt xP)-a.s.and 4 Q € Ltz(f‘”T).
Therefore, if (Y, Z, L) is the unique solution to the BSDE with driver F and terminal value
0, then we can premultiply the BSDE (2) by 4 to see that (I4Y, IsZ, I4L) is the unique
solution to the BSDE with driver F and terminal value /4 Q. Thatis, I4&(Q | F;) = [4Y; =
EUAQ | F).
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5.1. Geometry of F-evaluations

The comparison theorem establishes various geometric properties of the BSDE solutions,
or, equivalently, of the F-evaluations. Some of these properties are explored in this section.

Theorem 7. Suppose that Q; ; is a convex set, with F a balanced driver on Qg ;. Suppose that
F is concave on Qg ;, that is, for any A € [0, 1] and any (Yl, Zl), (Y2, Zz) corresponding to
0', 0% € @y, (dt x P)-a.s. on [s, 1],

Flo, 6, \ YL + 1 =0Y>, 2z + (1 —1)Z?)
> AF (0,1, Y, Z)+ (1 = MF(w, 1, Y2, ZD),

the inequality being taken componentwise.

Then, for any € [0, 1] and any Q', Q% € @ 1, the F-evaluation is strictly concave, that
is, it satisfies

€0 + (1 =2)0%) = 2&,7(Q) + (1 = 1E,(Q7),

with equality if and only if Q' = 02 P-as.

Proof. Taking a convex combination of the BSDEs with terminal conditions 0! and Q2
gives the equation

A a—nr?— / [AF(w,u,Y) , Z,)+ (= )F(w,u, Y, Z>)]du
(s.1]

4 f BZL+ (1 — 721 dM,
(s.1]
=20'+ (1 =107
which is a BSDE with terminal condition Q' + (1 — 1) Q2 and driver
F=)\F(o,u,Y) ,Z,)+ (1 = F(w,u,Y> 7.

Consider the BSDE with terminal condition AQ' + (1 — A)Q? and driver F. Denote the
solution to this by Z*. We can compare these BSDEs using Theorem 1. The assumptions are
all satisfied as F is balanced on @, ;. Hence, the solutions satisfy

Y =y + (1 —ar2

By the strict comparison, which holds as F is balanced, we have equality if and only if the
terminal conditions are equal with conditional probability 1. The result follows.

Theorem 8. Consider a driver F balanced on a family {Q; ;} (which may be empty). Suppose
that, for some s < t and all deterministic A in some set C where all products are assumed to

be well defined,
Flw,u,AY,_,AZ,) = AF(w,u,Y,_,7Z,) (du x P)-a.s.
on [s, t] x Q. Then the nonlinear evaluation generated by F satisfies
E,1(AQ) = 1&;,:(Q)
forall Q € L?(}‘}) and all . € C.
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Proof. Simply take the BSDE with terminal condition Q, premultiply by A, and factor the
driver F term. It is clear that this is then the BSDE with terminal condition A Q, and that the
solution is (AY, AZ, AL).

Remark 10. Note that this theorem applies for both scalar and square matrix valued A, and it
is clear that, with appropriate modifications to allow for dimensionality of ¥, would apply for
vector-valued A as well.

Definition 5. For any time ¢, we define H,(Q), the essential convex hull of Q at time ¢, to be
the smallest, F;-measurable, convex set such that P(Q € H;(Q) | ) = 1.

Definition 6. We denote by H[i (Q) the relative interior of H;(Q), that is, the interior of H;(Q)
viewed as a subset of the affine hull it generates.

Remark 11. The interested reader is referred to any good book on elementary stochastic finance
for a more detailed definition, for example, [15, p. 65] or [17, p. 27].

Theorem 9. Consider a nonlinear F-expectation &(- | F;) for {@,}, with
L(F) c &
forall t. Then, for all Q € @, each component el.Té’(Q | F1) satisfies
¢/ €(Q | F) € H\(¢] Q).
Proof. For a fixed ¢, define a random variable Qmin by
e O™ = inf H,(¢] Q).

Note that Q > Q™in componentwise. As Qmin jg Fr-measurable, the solution to the BSDE with
driver F and terminal condition Q™" is simply ¥y = Q™" fors > . As Q™" € LO(F) € @,
property 1 of Definition 2 implies that either H;(Q) contains only a single point, in which case

Q0 = Q™" € H,(Q) = H'(0),

or i
Q| F)> Q™"

componentwise. We can repeat this argument with Q™#* defined by e;'— QM — sup H,; (e;r 0),
which shows that either H;(Q) contains a single point, or §(Q | ;) < O™** componentwise.
Hence, in the latter case, el.Té‘(Q | #1) lies strictly within the interior of H; (e;r 0), which is the
same as Htri(el.T Q). In either case this shows that

e[ €(Q | F) € HI(e] 0).

6. Conclusion

In this paper we have presented a comparison theorem for backward stochastic differential
equations (BSDEs) in which the stochastic term is given by an arbitrary martingale. This
result is a generalisation of the result of Peng [24], as it allows for martingales other than
Brownian motion, and also applies to the case of vector-valued equations. We have shown how,
under some conditions, for example, Lipschitz continuity, the conditions of this theorem can
be simplified.
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We have defined the concept of a balanced driver for a BSDE, which is essentially a condition
on the driver such that a comparison theorem holds. By expressing this condition in terms of
equivalent (super)martingale measures, the links with previous work on arbitrage theory are
more apparent.

Using these results, we have developed a theory of nonlinear expectations, which can now
lie in a general probability space. These are closely related to dynamic risk measures, as
emphasised in [27]. Various applications of this theory are possible, as we have not assumed
that the martingale M used to define the BSDEs will generate the filtration of the probability
space. We have also outlined some general geometric properties of these nonlinear expectations.
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