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Abstract We initiate a systematic study of the perfection of affine group schemes of finite type over
fields of positive characteristic. The main result intrinsically characterises and classifies the perfections
of reductive groups and obtains a bijection with the set of classifying spaces of compact connected Lie
groups topologically localised away from the characteristic. We also study the representations of perfectly
reductive groups. We establish a highest weight classification of simple modules, the decomposition into
blocks, and relate extension groups to those of the underlying abstract group.

Introduction

For a (group) scheme over a field k of characteristic p > 0, its “perfection” is defined as the
inverse limit over the Frobenius homomorphism. In this paper, we study the perfection
of group schemes and their representation theory. We place particular emphasis on
reductive groups. We obtain an intrinsic characterisation (“perfectly reductive groups”)
and give a classification in terms of root data “with p inverted”. We also give a highest
weight classification of simple modules for perfectly reductive groups, establish the block
decomposition, and make a first step towards the study of multiplicity questions. Finally,
we prove that perfectly reductive groups and the classifying spaces of compact Lie groups
localised away from p are classified by the same data. This result is the “perfect analogue”
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2550 K. Coulembier and G. Williamson

of the fact that reductive groups over algebraically closed fields and compact Lie groups
are both classified by root data.

The motivations for the current work were three-fold and came from several directions.
Before describing the structure of this paper in more detail, we outline these motivations
and possible future directions.

Perfect representability

Sometimes functors on rings in characteristic p are only well-behaved on perfect
algebras (that is, algebras for which the Frobenius homomorphism is an isomorphism).
A prominent example is the functor of Witt vectors and its relatives. An important
observation (see, for instance, [BS, BD, Zh]) is that if a functor on the category of perfect
commutative k-algebras can be represented by a scheme, it determines the scheme “up to
perfection”. An example of such a setting is the Witt vector affine Grassmannian, which
plays a prominent role in recent advances in the Langlands program.

It is important that passage to the perfection gives an isomorphism of étale topoi.
In particular, constructions built via étale sheaves (like étale cohomology, or categories
of perverse sheaves in the étale topology) are insensitive to passage to the perfection.
This fact plays an important role in [Zh], where a mixed characteristic analogue of the
geometric Satake equivalence is obtained. Similarly, it plays an important role in [BD],
where the “Serre dual” of a unipotent group is shown to be the perfection of a unipotent
group, and its character sheaves are studied.

By the above, also the étale homotopy type of a (simplicial) scheme only depends on
its perfection. In [Fr], Friedlander used this homotopy type to construct interesting maps
between topological localisations of classifying spaces of compact Lie groups, based on
(exceptional) isogenies in positive characteristic. This is one of the main results we rely
on to establish our bijection between perfectly reductive groups and localised classifying
spaces.

Fractal representation theory

For a (reduced) group scheme defined over F,, the Frobenius twist realises its category
of representations as a full subcategory of itself. This self-similarity induces a fractal-like
structure. For example, Figure 1 shows a classic picture of the non-zero weight spaces of
simple modules for SLy in characteristic 3. (For the reader unfamiliar with this picture,
it may be helpful to note that it simply depicts the (non)-vanishing behaviour of Pascal’s
triangle modulo p; see, for instance, [Wi, §1].) This picture is fractal-like, but not genuinely
fractal: one can “zoom out” but one cannot “zoom in” indefinitely since the Frobenius
homomorphism is not an isomorphism. By passing to the perfection, one gets a genuine
fractal. One goal (not realised in the current paper) is to use this fractal structure to say
something about important open questions in representation theory like dimensions and
characters of simple modules.

Much of the difficulty in the representation theory of reductive groups in characteristic
p remains after perfecting. We do observe two interesting simplifications. Firstly, the
complexities of the block decomposition disappear after passage to the perfection (see
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Figure 1. Characters of simple modules for SLy in characteristic p = 3.

Theorem 5.1.5). Secondly, perfect representation theory appears to provide the correct
setting for the generic cohomology results of [CPSV]: for a perfectly reductive group,
extensions computed inside algebraic representations agree with extensions computed as
abstract groups (see Theorem 5.2.2). (That perfect group schemes provide the correct
setting for generic cohomology was suggested by Donkin in the early 1980s and proved
by Wang [W].)

Tensor categories in characteristic p

Over fields of characteristic zero, a famous theorem of Deligne classifies those tensor
categories which admit a fibre functor to super vector spaces as precisely those of
moderate growth [D]. It is a fascinating open problem to find an analogue of this
theorem in characteristic p, with many potential applications to modular representation
theory. Recently, this problem was solved in [CEO] for tensor categories with exact
Frobenius functor. An important technical tool was a limit procedure in [CEO, §6] which,
by restriction to representation (tensor) categories of affine group schemes, generalises
perfection of group schemes. Remarkably, the “perfection” of a Frobenius exact tensor
category of moderate growth essentially returns the representation category of a perfect
group scheme. In other words, up to perfection, all Frobenius exact tensor categories of
moderate growth arise from (perfect) group schemes. We consider this as further evidence
for their importance.
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Structure of the paper

Motivated by the above considerations, we initiate a systematic study of perfecting group
schemes. The paper is organised as follows:

In Section 1, we investigate the purely combinatorial problem of describing root data
over the ring Z[1/p], for later use in our classification results. In Section 2, we derive
some general results on perfect schemes. In Section 3, we start studying the perfections
of group schemes. We study perfect subgroups of perfect groups and their quotients. We
also obtain criteria for when two group schemes perfect to isomorphic groups and derive
some results on the perfections of the additive and multiplicative groups. In Section 4, we
classify perfectly reductive groups by their Z[1/p]-root data. In Section 5, we study the
representation theory of perfectly reductive groups. We classify simple modules and realise
them as socles of induced modules from Borel subgroups. Then we show that the block
decomposition simplifies considerably compared to the non-perfect case; in fact, blocks are
governed by the root lattice. We also show that extension groups for the perfected groups
are given in terms of generic cohomology in the sense of [CPSV]. This actually implies
that extensions in the category of (rational) representations over the perfected reductive
group can be computed in the category of representations of the abstract group of
F,-points. In Section 6, we prove that Z[1/p]-root data also classify the localisations away
from p of the classifying spaces of compact connected Lie groups. Finally, in Section 7, we
present some explicit computations for extension groups, decomposition multiplicities and
line bundle cohomology for perfected SLy,. We also make explicit the fractal behaviour
of perfected representation theory for SLs.

1. Root data over rings

For the entire section, we assume that D is a principal ideal domain of characteristic 0.
By a D-lattice, we understand a finitely generated free D-module. Because D is a PID, we
could replace “free” by “projective”, so our definition agrees with standard terminology
(e.g. in [CR]). For a lattice V, we have the dual lattice V* := Homp(V,D).

1.1. Reflection groups and root data

We follow the definition of root data of, for instance, [Gr].

Definition 1.1.1. (0) A reflection o € Autp(V), for a D-lattice V, is a non-trivial
automorphism that fixes every element of a submodule V' C V for which V/V" is
free of rank 1.

(1) A D-reflection group is a pair (W, V'), where V is a D-lattice and W < Autp(V)
is a subgroup generated by reflections. We say (W,V) is finite if W is a finite
group.

(2) A D-root datum is a triple (W,V,{P,}), where (W,V) is a finite D-reflection
group and {P,} is a collection of rank one submodules of V, indexed by the set {c}
of reflections in W, satisfying
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(a) im(1—0) C P, and
(b) w(Py) = Pyoy-1 for allw e W.
An isomorphism of D-reflection groups (W,V) = (W’,V’) is an isomorphism ¢: V — V'
with W’ = pW¢~!. An isomorphism of D-root data (W,V {P,}) = (W', V' {P.}) is such

an isomorphism ¢ : V — V' satisfying additionally ¢(P,) = P;) so—1 for each reflection
oceW.

1.1.2. A Z-reflection group (W,V) yields a D-reflection group D (W, V) :=(W,DQV)
via extension of scalars. Similarly, for a root datum (W,V,{P,}) over Z, we have the D-
root datum D® (W,V {P,}):= (W, DV ,{DPF,}).

Lemma 1.1.3. If there exists an embedding D — Q, then every D-root datum is the
extension of scalars of a Z-root datum.

Proof. Let (W,V) be a D-reflection group. Starting from a Z-lattice in V and acting on it
with W shows there exists a finitely generated ZW-submodule V° C V with D®zV°? =V
an isomorphism; see [CR, Corollary 23.14]. For a D-root datum (W,V ,{P,}), we can then
take the Z-root datum (W,V° {P%}), with P?:= P,NV"°. O

Remark 1.1.4.

(1) Lemma 1.1.3 does not imply that root data over D C Q are “the same” as root data
over Z; see Example 1.4.2.

(2) The condition D C Q is necessary in Lemma 1.1.3, as one observes by considering
dihedral groups as real reflection groups on R2, or the complex reflection groups
generated by a root of unity acting by multiplication on C.

We will use the following direct computations several times.

Lemma 1.1.5. Consider a D-lattice V.

(1) For a fized ¢ € V* and k1,62 € V with ¢(k1) =2 = ¢(ka), we have the reflections
Si : A=A —@(N)k; of order 2 on V. Then

(s152) (K1) = k1 +2j(k1 —k2),  forall jeN.

(2) For a fized k €V and ¢1,02 € V* with ¢1(k) =2 = ¢2(k), we have the reflections
8i : A=A —@;(N)k of order 2 on V. Then, for all NV,

(5152)7(N) = A+ 7 (d2(A) — p1(N))s, for all j € N.

Lemma 1.1.6. Consider a prime p and two Z-root data (W,V . {P,}) and (W', V' {P.}).
Assume there exists an isomorphism ¢ : Z[1/p| @ (W,V) = Z[1/p] @ (W',V') of Z[1/p]-
reflection groups.

(1) If p=2, then ¢ is actually an isomorphism of Z[1/p|-root data.

(2) If p> 2 and if the further extension along Z[1/p] — Zo = @2/2" of ¢ induces an
isomorphism of Zs-root data, then o is an isomorphism of Z[1/p|-root data.
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Proof. It is well-known and easy to show that for Z-root data, we either have
P,=im(l1—0) or im(l—o)=2P,. (1.1)

Hence, the additional condition in the definition of an isomorphism of Z[1/2]-root data
is trivially satisfied.
Now assume p > 2. In this case, (1.1) shows that in Z[1/p] @ V', we have either p(P,) =

P;w,l, o(P,) = QP;NW,I, or 2¢9(P,) = P;Uw,l. By assumption, after extension to scalars

to Zs, only the first option is possible. As 2 is not invertible in Zs, this means that also
over Z[1/p], only the first option was possible. O

1.2. Real-type root data

The following definition is closer to the classical definition of (reduced) root data.

Definition 1.2.1. A real-type D-root datum is a quadruple (X,R,Y,R"), where X
and Y are D-lattices with subsets R C X and RY CY, together with

(a) a perfect bilinear pairing (-,-) : X XY — D;
(b) a bijection R — RY, B—3Y;
such that
(1) We have (a,a¥) =2 for all « € R.
(2) If ¥ € RY and a € D, then aa” € RV if and only if a € D*.
(3) There are only finitely many D*-orbits in RV.
(4) For each « € R, the reflection s, : A = A — (a, A)a” in Autp(Y) preserves RV.
(4’) For each a € R, the reflection s, : A= A— (A a¥)a in Autp(X) preserves R.

Note that (sq(A),sa(p)) = (A u), for A€ X and p €Y, with s, as defined in (4) and
().

To a real-type root datum (X,R,Y,RY) over Z, we can define a real-type D-root datum
(D®X,D*R,D®Y,D*RY), with obvious bilinear pairing and bijection D*R — D* RY
given by aX — a~1\VY.

Remark 1.2.2. For D =Z, Definition 1.2.1 is equivalent to the definition of a “donnée
radicielle réduite” in [De, §3.6]. We will show below in Lemma 1.2.5 that a real-type
D-root datum (X,R,Y,R"Y) also satisfies the following:

(2)) f @« € R and a € D, then aa € R if and only if a € D*.
(3’) There are only finitely many D*-orbits in R.

In particular, the definition of real-type root data is closed under duality.

Example 1.2.3. Consider a D-root datum (W,V,{P,}). Take a reflection ¢ € W and a
generator v € P,. By condition 1.1.1(2)(a), there exists (a unique) 8 € V* such that

o(A) = A=B(N)v, forall AeV. (1.2)
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We then define RV C V as the set of generators of the submodules {P,} and R C V* as
the set of elements 8 constructed by the above procedure. If we denote by S C W the set
of reflections, then this procedure yields a surjective partially defined function

SxRY = R, (o,0)— B. (1.3)

Theorem 1.2.4. Assume that for the D-root datum (W,V . {P,}), every reflection in W
has order 2. Then (1.3) restricts to a bijection RV — R. The quadruple (V*,R,V,RV),
equipped with inverse bijection R — RY and evaluation pairing V* xV — D, is a real-type
D-root datum.

Proof. The assumption 02 =1 in (1.2) shows that 3(v) =2, for every pair (v,8) we
associate to a reflection in W via the procedure in 1.2.3. First, we observe that this
procedure yields a well-defined function RV — R, namely that 8 only depends on v and
not on o. This is indeed the case since a given v € V cannot be a generator in both
P,, and P,, for two distinct reflections 01,09 € W, which follows from finiteness of W,
Lemma 1.1.5(2) and the fact that D is of characteristic 0. By definition of R, the function
RY — R is surjective. Next, we prove that this function is injective, and hence a bijection.
Assume, therefore, that for two generators vy € P,, and vy € P,,, we obtain the same
f € V*. By finiteness of W and Lemma 1.1.5(1), we find v; = vs.

By the above paragraph, 1.2.1(1) is satisfied. To establish 1.2.1(2), it suffices to show
that we cannot have non-trivial inclusions P,, C P,,. We can extend scalars along D — K,
with K the field of fractions. Now o102 acts as the identity on KP,, = KP,,, but also
as the identity on K'V/KP,,. Since it has finite order and charK =0, we find o102 = 1.
Property 1.2.1(3) follows immediately from the fact that W is finite. Property 1.2.1(4) is
an immediate consequence of 1.1.1(2)(b).

By letting w € W act on V* by w(f) = fow™?!, we also have a reflection group (W,V*).
We can define Q, := D3 C V*, for each reflection o € W with 8 as in (1.2), since Q, does
not depend on our choice of generator v € P,. It follows immediately that (W,V* {Qs})
is a D-root datum. That 1.2.1(4’) is satisfied follows by applying the proof for (4) to
(W,V*{Qu ). O

We conclude this section with some technical results needed later.

Lemma 1.2.5. Consider a real-type D-root datum (X,R,Y,RY). For B€ R and be D,
we have b3 € R if and only if b€ D* and then (b3)Y =b"'BY. In particular, sps = sgp
and conditions (2°) and (3’) in 1.2.2 hold.

Proof. Assume first that b € D*. We need to prove that (o,b6=13Y) + b8 in (1.3), for
o: A= A—[B(\)BY, which is clearly true.

Conversely, assume that (1 := b8 € R, for some b € D, and set A :=b8y — Y €Y.
Lemma 1.1.5(1) for ¢ = (8,—) and k1 =bBY, ko = B implies

b(sp,s5) (BY) = bBY +2j, forall j€N.

Conditions 1.2.1(3) and (4) thus imply A =0. Finally, 1.2.1(2) then implies b is a unit. O
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Lemma 1.2.6. Consider a real-type D-root datum (X,R,Y,RY). If, for a,8,v € R, we
have sg(a¥) =~V then sgsqss = s and sg(a) = 1.

Proof. A direct calculation shows that, for every A €Y,

sasass(N) = A= {ss(@).\)sp(a”). (14)

Set v1 = sg() € R. Then we can apply Lemma 1.1.5(1) to ¢ = (y1,—) and k1 =7, ko =7"

(so s1 =5, and s2 = sgsqasg). By 1.2.1(3) and (4), it thus follows that v, =~. O

1.3. Real reflection groups

1.3.1. Hypotheses Counsider a finite-dimensional real vector space V (without fixed
inner product/Euclidean structure), a reflection group W < Autg(V), in the sense of
Definition 1.1.1(1), and a fixed finite generating set T of reflections in W such that

e The map from T to the set of hyperplanes in V, s — H, :=ker(1—s), is injective.
e We have wTw™! CT for all we W.

Theorem 1.3.2. Under the assumptions in 1.53.1, W is a finite group.

Remark 1.3.3. If a real reflection group (W,V) is finite, by Weyl’s unitary trick, we can
assume it is Euclidean (meaning there is an inner product on V for which each reflection
in W is orthogonal).

The remainder of this section is devoted to the proof.

1.3.4. All topological references consider the Euclidean topology on V. Consider
7‘[ = UtGTHt C V

and refer to the connected components of the complement of H in V as chambers. We
say that H, is a wall of a chamber A if the intersection of Ay and H; cannot be contained
in a codimension 2 hyperplane. Fix one such chamber Ay. Denote by S C T the set of
reflections s for which H, is a wall of Ag. Our assumptions in 1.3.1 imply that W acts
on the (finite) set of chambers.

Lemma 1.3.5. The set S is a set of generators for W.

Proof. Denote by Wg C W the subgroup generated by S C T. We need to show that
Ws =W, or equivalently, T'C Wg.

First, we show that every Wg-orbit in V intersects Ay. By continuity, it suffices to
show that every Wg-orbit in V\H intersects Ag. For v € V\H, there exists a sequence
Ag,Aq, -+, A; of distinct chambers where v € A;, and for each 0 < i <, there is t; € T
such that Hy, is a wall of A, and of H

If [ =0, there is nothing to prove, so assume [ > 0. Then (A1) = Ao, and by assumption,
to € S. Now Ay, A} = to(Az), A5 = to(Asz),---Aj_; = to(A;) forms a chain of distinct
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chambers as before and to(v) € A]_;. We can thus perform induction on [ to deduce
the claim.

Now take an arbitrary ¢t € T" and let A be a chamber which has H; as a wall. By the
above, we know there exists w € Wg with A = w(Ap). This implies that

H, = w(Hs) = stwfl'

By the first hypothesis in 1.3.1, this shows that t = wsw™! € Wg. O

Precisely as in [Bo, V.§3.2 Theorem 1], we then find the following consequence.
Corollary 1.3.6. The pair (W,S) is a Cozeter system.

Proof of Theorem 1.3.2. The reflections in the Coxeter group (W,S) are by definition
the elements of the set U,ewwSw™!, which by assumption is included in T and hence
finite. By [BB, Corollary 1.4.5], any Coxeter group (W,S) with finitely many reflections
is finite. O

1.4. Equivalence of definitions

Theorem 1.4.1. If there exists an embedding D — R, then the map in Theorem 1.2.4
s a bijection between the sets of isomorphism classes of D-root data and real-type D-root
data.

Proof. Since we have D C R, the only roots of unity in D are +1, and it follows that
every reflection of finite order must have order two. Hence, the map in Theorem 1.2.4 is
defined on every D-root datum.

To each real-type D-root datum (X,R,Y,R"Y) we will now associate a D-root datum,
in a way which is easily seen to be the inverse of the above map. Define the D-reflection
group W < Autp(Y) generated by {s,|a € R}. To a reflection s., v € R, we associate
the corresponding rank one submodule DY CY.

We show that W is finite by considering the corresponding real reflection group acting
on Y ®pR. By Lemma 1.2.5, W is generated by a finite (see 1.2.1(2)) set of reflections
{sa | € R}, such that the reflecting hyperplane ker(1 — s, ) = ker{a,—) determines s,.
Moreover, we claim that for each a € R and w € W, we have ws,w™! = s, for some
v € R. Clearly, it suffices to consider the case w = sg, which is Lemma 1.2.6. We can now
apply Theorem 1.3.2.

Now it follows that the triple (W,Y,{D~"}) is a D-root datum. Indeed, by Remark
1.3.3 and [Hu, Proposition 1.14], every reflection in W is equal to s, for some v € R, and
property (a) in 1.1.1(2) is automatic, while (b) follows from Lemma 1.2.6. O

Clearly, the bijection in Theorem 1.4.1 exchanges the two notions of extensions of scalars
of root data. We conclude this section with some examples of root data which become
isomorphic after extension of scalars.
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Example 1.4.2.

(1) The root datum of SOs,,+1 becomes isomorphic to its dual (the root datum of Spay,)
after extension of scalars to D if and only if 2 is invertible in D.

(2) The root datum of SL,, becomes isomorphic to its dual (the root datum of PGL,,)
after extension of scalars to D if and only if n is invertible in D.

1.5. Isogenies

We fix a prime p and define isogenies of Z[1/p]-root data. We will work with real-type
root data, but we refer to them simply as root data (this is justified by Theorem 1.4.1).

Definition 1.5.1. An isogeny (X,R,Y,RY) — (X1,R1,Y1,RY) of Z[1/p]-root data is an
injective morphism ¢ : X < X; of Z[1/p]-modules such that

(1) the induced @Y : Y; — Y is also injective;

(2) ¢ restricts to a bijection R — Ry;

(3) ¢Y(p(a)¥)=aV, for all « € R.

Example 1.5.2. An isogeny of Z-root data, with respect to some prime p, is defined in
[St, §1]. It follows immediately that the induction to Z[1/p] of such an isogeny yields an
isogeny of Z[1/p]-root data. Note that Definition 1.5.1 is simpler than the definition in
[St, §1], as the powers of p present in [St, §1] are subsumed by (2), since multiplication
by p is invertible on Z[1/p]-root data.

Conversely, if for Z-root data RD; and RD, there exists an isogeny ¢ : Z[1/p] ® RD1 —
Z[1/p) ® RDs, then for some [ € N, the map p’¢ restricts to an isogeny RD; — RDs in
the sense of [St] for all j > [.

2. Perfection of schemes
Fix a prime p.

2.1. Notation

We recall some basic set-up of algebraic geometry; see, for instance, [DG].
Fix a field k. Denote by Alg, the category of commutative k-algebras. We consider the
categories (where the first two “inclusions” are fully-faithful embeddings)

Alg® C Schy, C Faisy C Fung. (2.1)

Here, Schy, is the category of k-schemes, and Funy is the category of functors Alg; — Set.
The category Faisy, stands for the full subcategory of such functors which are sheaves for
the fpqc topology. In other words, a functor F is in Faisy if and only if

F(A) - F(B)= F(B®4 B)

is an equaliser for every faithfully flat A-algebra B, and F' commutes with finite products.
When £ is clear, we will usually leave out the subscript in the above categories.
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The inclusion I : Fais < Fun has a left adjoint
S : Fun — Fais

which commutes with finite limits (as well as all colimits).

By a subgroup of an affine group scheme G, we understand a closed subscheme which
inherits a group structure, or in other words, an affine group scheme represented by a
quotient of the Hopf algebra representing G.

2.2. Perfection functors

2.2.1. Frobenius morphisms For a commutative [F)-algebra A, we have the p-th
power algebra morphism

Fr=Fry: A— A a—ad”.

For an IF,-scheme X, we have the morphism Fr: X — X, which is the identity on the
underlying topological space and given by the p-th power map on the sheaf of algebras.
For F' € Fung,, we define the Frobenius morphism F' — F' as the natural transformation
given by letting F' act on the p-th power morphism. Concretely, the evaluation of the
natural transformation at an arbitrary A € Algg  is

F(Fra)
_—

F(A) F(A).

These Frobenius morphisms are compatible with the inclusions (2.1).

For an object F' of Fung, or Algg , the notation hﬂF or lim F' will always be used for
the direct or inverse limit along the Frobenius morphism. For example, for an IF,-algebra
A, the algebra Apers := I'EA is the direct limit of the system

A ar—a? A a—aP A a—aP A ...

For F' € Fung,, it follows directly that
(jm F)(A) = Flim ) and (i F)(4) = F(lim A).

An Fp-scheme (or an algebra or functor) is called perfect if the Frobenius map is an
isomorphism; see [BS, Definition 3.1].

Lemma 2.2.2. The endofunctor of Fung,
F = Foerp i= gnF

restricts to endofunctors of Fais and Sch. Moreover, for A € Algy , we have (SpecA)pert =
Spec(Apert)-

Proof. It is a standard property that limits exist in a Grothendieck topos and can be

computed in the presheaf category, which shows that perfection restricts to Fais. The
remaining properties follow from the explicit realisation in Example 2.2.3 below. O
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Example 2.2.3. For an F,-algebra A, set (X,0) = SpecA. Using the basis of dis-
tinguished open subsets, it follows easily that Spec(Aperr) = (X,0’), with O’ the
sheafification of the presheaf U — O(U)pert-

It then follows that for an arbitrary F,-scheme X = (X,0), the scheme X,c,¢ can be
realised as (X,0’) with O’ the sheafification of the presheaf U — O(U)pert-

Remark 2.2.4. In 2.2.3, is essential to take O as the direct limit of O in the category
of sheaves (as opposed to presheaves). For example,

(1) For an infinite family of F,-algebras A;, consider the (non-affine) scheme (X,0) =
U;SpecA;. Then, for general A;, we have, by the sheaf axioms and Lemma 2.2.2,

[(X,0) = [[(A)pert # F(X,0)pert = (HAz) :
i perf

% i

(2) Also for non-noetherian affine schemes, this phenomenon occurs. Consider A =
Fplz;|i € N]/(z;z,i # j). Let U; be the distinguished open corresponding to x;.
The (disjoint) union U = U;U; is the complement of the origin and, as in (1), we
find O(U)perf # O/(U)
Remark 2.2.5. For [Fp-algebras A, B, we have
Alg(AperfaB) = L&lAlg(AvB) = Alg(A7 @B)
In particular, if B is perfect, we have Alg(Ape:s, B) = Alg(A,B).
Lemma 2.2.6. Let X be an Fj,-scheme.
(1) We have dimX = dim X e, and Xperr S quasi-compact (resp. connected) if and
only if X is quasi-compact (resp. connected).
(2) Any radical ideal I in a perfect Fp-algebra A satisfies I* = 1.
(3) If X is perfect, for x € X, we have Tx ; = 0.

(4) Perfect schemes are reduced. Moreover, —per sends Xiea — X to an isomorphism.

Proof. Part (1) follows immediately from the fact that the underlying topological spaces
of X and Xpes are the same; see Example 2.2.3. Part (2) is obvious. By (2), it is clear
that the Zariski cotangent space is zero, which proves (3). Alternatively, for (3), let A
be a perfect F,-algebra and r a field. Every algebra morphism A — rle]/(e?) factors
through k—x[e]/(€%). Applying this to Spec(r(x)[e]/(€?)) — X shows the claim. Part (4)
is immediate. O

2.3. Relative version

Fix a perfect field k of characteristic p for the remainder of the section.
2.3.1. For a fixed Fp-scheme %, perfection naturally yields a functor from the category

of T-schemes to the category of Tpers-schemes. Using the canonical morphism Tpers — %,
we can also interpret perfection as an endofunctor of the category of T-schemes. We will
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take the latter point of view for ¥ = Speck (in which case Tpers — T is an isomorphism),
and we will henceforth interpret the perfection functor as an endofunctor of Schy.

2.3.2. Sometimes it will be beneficial to consider an alternative realisation of the
perfection of k-schemes, in which the morphisms in the chain of which we take the limit
are morphisms of k-schemes. For a k-scheme X, let X(!) denote the extension of scalars
of X along the Frobenius automorphism k — k. The morphism Fr: X — X over [, from
2.2.1 then lifts to a morphism Fr: X — X() of k-schemes. For instance, for a k-algebra
A, this corresponds to the morphism

AN S5 A A®a— AP, (2.2)

with A®) =k ® A the extension of scalars along the Frobenius automorphism of .
By taking iterates of the Frobenius automorphism and its inverse (k is perfect), we
define X for i € Z. Then we have (over k)

xperf =~ m x(*’b)
1— 00
The advantage of the approach in this subsection is that it extends to Funy by setting
Fyert(A) := lim F(AY).
i—00
By construction, perfection commutes with limits — for instance, products — in Fung.
Proposition 2.3.3. Consider a morphism f in Faisg.
(1) If fis an epimorphism in Faisy, then so is fpert-
(2) If f is an monomorphism in Faisy, then 50 is fpert.

Proof. For part (1), we can use the criterion from [DG, Corollaire 2.8] to describe that
[ is an epimorphism, which carries over to fperr by [BS, Lemma 3.4(xii)]. Part (2) is a
generality for limits of monomorphisms. O

It is obvious that X +— Xperr loses a lot of information. For instance,

(%perf)perf = %perf = (%red)perf-
A more subtle example is given below.
Example 2.3.4. Assume p > 2. Consider the algebra A = k[z,y]/(y? —2?) with injective

algebra morphism A — k[z], given by x + 2P, y + 22. Then X := SpecA4 is reduced, but
perfection sends A} — X to an isomorphism.

2.4. Perfect finite type

Recall that X € Schy, is of finite type (over k) if the underlying topological space is quasi-
compact, and for every x € X, there exists an affine open neighbourhood isomorphic to
the spectrum of a finitely generated k-algebra.
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Lemma 2.4.1. For a perfect commutative k-algebra A, the following conditions are
equivalent:

(a) There is a finite subset S C A such that the set
S’ ={xeAlz"" €8 for somen e N}

generates A as a k-algebra;
(b) There exists a finitely generated k-algebra Ay with A= (Ao)pext-

If the conditions are satisfied, we say that A is perfectly finitely generated.

Proof. Exercise. O

Proposition 2.4.2. For a perfect k-scheme X, the following are equivalent:

(a) X is quasi-compact, and for every x € X, there exists an affine open neighbourhood
corresponding to a perfectly finitely generated k-algebra;

(b) There exists a scheme Q) of finite type over k with X = Ypers.

If the conditions are satisfied, we say that X is of perfect finite type (over k).

Proof. Clearly, (b) implies (a). That (a) implies (b) is proved in [BS,
Proposition 3.13]. O

2.5. Perfection of line bundle cohomology and quotients

All schemes and functors are assumed to be over k.

Lemma 2.5.1. Let X be a quasi-compact separated scheme over k and L a line bundle
on X. For the pullback p*L along p: Xperr = X and i € N, we have

H (Xperr,p*£) =2 lim H'(X,L57),
J

iy , ; i
where the transition maps are induced from LZP — LOP'T | f s fOP,

Proof. Since X is quasi-compact, we can take a finite cover U by affine opens and, since
X is separated, intersections of these opens are again affine. Moreover, the cohomology
groups H'(X,—) are canonically isomorphic to the Cech cohomology groups H*(U,—). It
follows that H*(X,—) commutes with direct limits.

Now, for a line bundle, we have (as sheaves on the underlying topological space of Xpert
or X) isomorphisms

pL = (i Ox) @oy £ = lig L7,

which follow easily from Remark 2.5.2 below.
The conclusion follows from the combination of the two paragraphs. O
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Remark 2.5.2. In case X = SpecA for a commutative k-algebra A, Lemma 2.5.1 simply
states that

Aperf ®A‘C = hg‘C@pja

for every invertible A-module £. To prove this isomorphism, we only need to observe that
the morphism

ARaL — LPP, a®v— av®?,

where the first module is the extension of scalars of £ along the p-th power map, is
an isomorphism. Indeed, the morphism commutes with localisation and is obviously an
isomorphism when A is local.

2.5.3. For X € Fais and G a group object in Fais acting on X (on the right), we consider
the corresponding co-equalisers in Fun and Fais of X x G = X and denote them by X /G
and X/1G. In particular, X/1G = S(X/oG), for the sheafification functor S : Fun — Fais.

It follows from the definitions that Gpe+ is again a group object and acts on Xpere. We
create the following commutative diagram in Fun:

Xperf - Xperf/OGperf E—— (X/OG)perf (23)

| l

Xperf/leerf —— (X/lG)perf'

The vertical arrows are induced from the adjunction S - I (either directly or via the
action of the perfection functor). The left horizontal arrow is the defining one for the co-
equaliser. The remaining two arrows are uniquely defined from the co-equaliser properties
applied to the perfection of the morphisms X/1G + X — X/oG.

Theorem 2.5.4. Assume that the action of G on X is free. Then the morphism from

(2.3)
Xperf/leerf — (X/IG)perf

in Faisy is an isomorphism.

Proof. By Proposition 2.3.3(1), the composite morphism (from top left to bottom right)
in (2.3) is an epimorphism in Fais. In particular, the lower horizontal arrow is an
epimorphism. Since isomorphisms in Grothendiek topoi are precisely morphisms which
are both monomorphisms and epimorphisms, it now suffices to show this arrow is also a
monomorphism.

Since sheafification sends monomorphisms to monomorphisms, it actually suffices to
show that Xpere/0Gpert = (X/1G)pers is @ monomorphism in Fun. Using the assumption
that the action is free, we can prove that Xperr/0Gpert = (X/0G)pert and (X/oG)pert —
(X/1G)pert are monomorphisms.
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Indeed, the first case follows from the fact that for an inverse system of sets X; with
free actions of groups G,
Wm X;/limG; — lim(X;/G;)
is injective. By Proposition 2.3.3(2), for the second morphism, it suffices to demonstrate

that X/oG — X/1G is a monomorphism. This is equivalent to the claim that the presheaf
X/oG is separated for the fpqc topology, meaning that

X(4)/G(A) — X(B)/G(B)

is an injection for every faithfully flat A-algebra B (and the same for finite products of
algebras). This is easily verified for free actions; see, for instance, [Ja, §1.5.5]. O

3. Perfection of group schemes

Let k£ be a perfect field of characteristic p > 0. All schemes are assumed to be over k.

3.1. Perfection

For an affine group scheme G over k, clearly Gy is again an affine group scheme over
k. Note also that, since k is perfect, Geq is a subgroup of G.

3.1.1. The group p* We denote by p” < Z[1/p]* the group of powers of p, an infinite
cyclic group. Let G be an affine group scheme over &, which can be defined over F,,. Then
we can choose an isomorphism ¢ : G(Y) =5 @, which yields an automorphism

o= (bperfoFr: Gperf l> GI()l) ; Gperfv

erf

and a corresponding group homomorphism p? — Aut(Gpert), p— . Examples are given
in 3.4.5.

Lemma 3.1.2. For a perfect group scheme G, we have LieG =0 and DistG = k.
Proof. This is an immediate consequence of Lemma 2.2.6(2) and (3). O

Theorem 3.1.3. Let G be a perfect affine group scheme over k. The following are
equivalent:
(a) The scheme G is of perfect finite type (i.e. k[|G] is perfectly finitely generated);

(b) The group scheme G is a subgroup of GL(V)pers for a finite-dimensional vector
space V;

(c) There exists an affine group scheme G of finite type with G = Gpert;
(d) There exists a reduced affine group scheme G of finite type with G = Gpert.

Proof. Clearly, (d) implies (¢). Any affine group scheme G of finite type is a subgroup of
some GL(V); see, for example, [DM, Corollary 2.5]. It follows immediately that Gperr <
GL(V)pert, so (c) implies (b). That (b) implies (a) follows by the observation that k[G]
is a quotient of the perfectly finitely generated algebra li%mk[GL(V)].
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Finally, we prove that (a) implies (d). Let S be a finite set which perfectly generates
k[G] as in Lemma 2.4.1(a). It is possible to replace S by a finite set S; D S such that
the subalgebra that is generated (in the ordinary, non-perfect sense) by S; is actually a
Hopf subalgebra of k[G]; see [Ab, Lemma 3.4.5]. Let G be the corresponding affine group
scheme. By construction Gperr = G and, since k[G] is a subalgebra of k[G], it follows that
G is reduced. O

Lemma 3.1.4. Let G be a perfect affine group scheme and H an affine group scheme.
Then Hpere — H induces an isomorphism

Hom(G, Hperf) — Hom(G,H),

with inverse given by perfection. Moreover, if H is of finite type and G an affine group
scheme, then

Hom(Gperfa Hperf) l) 113 HOm(G(_’L) , H) .

Proof. This is an immediate application of Remark 2.2.5, or the fact that the perfection
functor on F,-schemes is right adjoint to the inclusion functor for perfect schemes. [

3.1.5. For a subgroup H of an affine group scheme G, we denote by G/H, when it exists,
the equaliser of G x H = G in Schy.

Recall from [DG, III, §3 Théoreme 5.4] that for G of finite type, the quotient G/1 H in
Faisy is a scheme and of finite type over k, and so in particular is equal to G/H.

Theorem 3.1.6. (1) For every perfect subgroup H of an affine group scheme G of
perfect finite type, the quotient G/H exists, is of perfect finite type and is isomorphic
to G/lH

(2) For an affine group scheme G, every perfect subgroup of Gpers s the perfection of
a subgroup of G. More precisely, every perfect (normal) subgroup of Gperr is the
perfection of a reduced (normal) subgroup of Greqa < G.

(3) For an affine group scheme G of finite type with subgroup H, the quotient
Gpert/Hpert ezists and is isomorphic to (G/H)pert and Gperr/1Hpert -

Proof. We will freely use the results from [DG] recalled above. Part (1) is then an
immediate consequence of parts (2) and (3).

Now we prove part (2). Take a perfect subgroup H < Gperr. We have a commutative
square, where — denotes the inclusion of a subgroup and — denotes a faithfully flat
homomorphism

H————— Gpat

| |

L—————— Grea,

where L is just defined to be the image of the composite diagonal homomorphism. By
Lemma 3.1.4, perfecting the lower path in the square yields homomorphisms H — Lyerf <
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Gpert which compose to the original inclusion H — Gpers. Clearly, H — Lpe,s must be an
isomorphism. If H is a normal subgroup, it follows easily that so is L < Gyeq.
Part (3) is an application of Theorem 2.5.4. O

Remark 3.1.7. A perfect group scheme can have non-perfect subgroups; for instance,

Hpoe -= @Mm, i.e. klppe] = k[xl/pm]/(x_ 1)
is a subgroup of (G, )pert. Here, we use the convention
B[P = kz,z/P, P ] = Uik
Moreover, (G, )pert/thpoe = G-

For our purposes, it is most convenient to define short exact sequences of affine group
schemes as those sequences N — G — @ in which G — @Q is faithfully flat and N is the
kernel of the latter morphism.

Lemma 3.1.8. The perfection functor acting on a short exact sequence of affine group
schemes

1-N->G—=>Q—1
yields a short exact sequence

1— Nperf — Gperf — Qperf — 1.

Proof. Faithful flatness is preserved by perfection; see [BS, Lemma 3.4]. Taking inverse
limits of affine group schemes always respects kernels. O

Corollary 3.1.9. A reduced affine group scheme G is solvable if and only if Gpert 15
solvable.

Proof. Lemma 3.1.8 shows that for any solvable affine group scheme, its perfection is
again solvable. However, assume that Gy is solvable and G reduced. Applying Theorem
3.1.6(2) iteratively allows us to construct a finite chain of reduced normal subgroups such
that the perfection of the quotients are abelian. A reduced affine group scheme with
abelian perfection is clearly abelian itself. O

3.2. Isomorphic perfections

We gather some examples and results about affine group schemes with isomorphic
perfections.

Example 3.2.1. (1) Let G be a finite group scheme (i.e. k[G] is finite dimensional).
We have Gpert = Gred, and so, in particular, G is infinitesimal if and only if Gpert
is trivial.

(2) Reduced affine group schemes can also become isomorphic after perfection. For
instance, if ¢ is a power of p, then (SLg)pert = (PGLg)pers. This is an example
of Lemma 3.2.2 below, or follows from 4.2.3 below and Example 1.4.2. Moreover,
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the latter results also show that, conversely, (SLy,)pert = (PGLy,)pers implies that n
must be a power of p.

(3) As follows from Remark 2.2.5, a necessary condition for affine group schemes G, H
to have isomorphic perfections is that there exists an isomorphism G(k) = H(k) as
abstract groups.

Recall that an isogeny is a faithfully flat homomorphism of affine group schemes with
finite kernel N. An isogeny is infinitesimal if N is infinitesimal. An isogeny G — @
between reduced and connected affine group schemes is purely inseparable if the
induced morphism k(Q) — k(G) between the fields of fractions is a purely inseparable
field extension.

Lemma 3.2.2. For an isogeny q: G — Q, the following conditions are equivalent:
(a) g is infinitesimal;
(b) The perfection of q is an isomorphism.

Moreover, if G,Q are reduced and connected, the above properties are equivalent to
(¢) q is purely inseparable.

Proof. The equivalence between (a) and (b) is an immediate application of Example
3.2.1(1) and Lemma 3.1.8. v

Condition (b) implies that for every a € k[G], there is i € N such that a?" is in the
image of k[Q] — k[G], from which (c) follows immediately. Conversely, that (c) implies
(b) follows similarly, by exploiting the equality

EQ] = k(Q)Nk[G],  inside k(G).

To prove the displayed equality (of which the inclusion is obvious), we consider one
f € k(G) which belongs to k(Q) C k[G]. By viewing G as the inverse limit of quotient
group schemes of finite type LLHGQ (which induces Q 2 1lim@Q,,), we can easily reduce to
the case where G and @ are of finite type, by taking o for which f € k[G,] C k[G] as well
as [ € k(Qa) Ck(Ga).

Assume thus that G is of finite type and consider the span S of {g(f)|g € G(k)}. This is
the G(k)-subrepresentation of the rational left regular representation k[G]; in particular,
S is finite dimensional. Clearly, the action of G(k) on f factors through the canonical
action of Q(k) on k(Q), and by our finite type assumption, we have G(k) - Q(k). Hence,
the elements h € k[Q] for which hS C k[Q] form a non-zero (by finite dimensionality of
S) Q(k)-invariant ideal I < k[Q)], and hence, I = k[Q]. So f € S C k[Q)], as desired.

Note that an alternative argument considers the purely inseparable isogeny
G — G/(kerq)?, which is also étale and therefore an isomorphism. O

Proposition 3.2.3. The following conditions are equivalent on two reduced affine group
schemes G,H of finite type.

(a) Gperf = Hperf ;
(b) There exists j € N and an infinitesimal isogeny G — H);
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(¢) There are i,j € N and homomorphims ¢ : G — HY), o : H — G for which the
following triangles are commutative:

a2 . gw H—Y . qW
FA iwm F& igﬁu)
Gi+) G+

Proof. That (b) implies (a) is a special case of Lemma 3.2.2.

Now we prove that (c) implies (b). The kernel of the Frobenius homomorphism is
infinitesimal; hence, the left diagram shows that the kernel of ¢ is infinitesimal. Since we
assume that G and H are reduced, the Frobenius homomorphism is faithfully flat. The
right diagram thus proves that ¢ is faithfully flat.

Applying Lemma 3.1.4 to the isomorphism in (a) yields morphisms ¢ : G(~7) — H and
¢ : H) — @. Expressing that these induce mutually inverse homomorphisms on the
perfected groups then states that there exists [ € N such that the composition

=i B i) 270 s 4 g
is Frit9t Since Fr! is faithfully flat, we arrive precisely at the conditions in (c), so (a)

implies (c). O

3.3. Tannakian point of view

For an affine group scheme G, we denote by RepG its category of (rational) representations
which are finite dimensional over k. Its category of all representations will be denoted by
Rep® G = IndRepG.

3.3.1. Let us interpret Gpesr as yLnG(’i) as in 2.3.2. We refer to [CEO, §6] for an
overview of the notion of the direct limit of (tensor) categories. In particular, we have
Rep(Gpert) = limRepGl™?, (3.1)

where the k-linear (exact) tensor functors in the chain are given by the pullback along
G(==1) — G-, These functors fit into commutative diagrams:

RepG —> RepG(—1) (V= VRG] —s (V= VRE[G)Y)  (3.2)
_ lw \ 1
RepG (VO - v E[G]).

The non-horizontal arrows are only k-linear up to twist. By definition, V — V ® k[G](—V)
comes from k[G] — k[G](=Y) in (2.2). The downwards arrow is given by applying —)
to both vector space and co-action. Note that we can equivalently realise the
G-representation V(1) from the bottom right in (3.2) as the subquotient of ®”V given by
the image of '’V — SPV. This gives a more palatable definition of the Frobenius twist
from the Tannakian point of view.

https://doi.org/10.1017/51474748024000033 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748024000033

Perfecting group schemes 2569

Diagram (3.2) allows us to realise RepGpers alternatively as
Rep(Gpert) = linRepG. (3.3)

in the sprit of interpretation 2.3.1. Compared to (3.1), we no longer have to work with
twists of G, but we do have the drawback that the the defining functors are not k-linear.

3.3.2. Notation For M € RepG, we denote by M][i] the object of @RepG where M
is placed in the i-th copy of RepG in the chain, and we use the same notation for the
corresponding object in Rep(Gpert), via (3.3). Note that every object in Rep(Gpert) is of
this form, and furthermore, M[i] = MM [i +1].

Lemma 3.3.3. [CEO, Remark 6.5] Let G be an affine group scheme over k.

(1) G is reduced if and only if —V) : RepG — RepG is full.

(2) G is perfect if and only if —(V) : RepG — RepG' is an equivalence.
Proof. If G is reduced, the p-th power map is injective on k[G], and the fullness
in (1) follows. However, if —(1) is not full, then (by applying adjunction) there is a

G-representation V with a vector v € V which is not G-invariant, but for which
1®v e VW is G-invariant. Looking at the k[G] coaction then provides a non-zero f € k[G]

with fP=0.
Via diagram (3.2), the functor is an equivalence if and only if G(-Y — G is an
isomorphism, which is equivalent to G being perfect. O

Remark 3.3.4. As for any direct limit of abelian categories, for objects M[i],N|i] €
Rep(Gpert), using notation from 3.3.2, we have
n_;>nExtg(M<J’>,N<j>) >~ Extl,
J

M{i], N'i]).

pe (

3.4. Additive, multiplicative and unipotent groups

For convenience, we let k be algebraically closed in this section.

3.4.1. To lighten expressions, we introduce the following notation:
Ga = (Ga)perf and Gm = (Gm)perf
for the perfection of the additive and multiplicative group of k.

Proposition 3.4.2. Assume that k is algebraically closed.

(1) Let G be a connected affine group scheme of perfect finite type and of dimension 1;
then either G = G, or G =2 G,,.

(2) Let G be a reduced affine group scheme of finite type with Gpert = Gq (resp. Gpert =
Gm); then G = Ga (T@Sp. G Gm)

Proof. By [Sp, Theorem 3.4.9], for any connected reduced affine group scheme G of finite
type and of dimension 1, we must have G 2 G, or G = G,,. This implies part (2), by
Lemma 2.2.6(1). Part (1) follows similarly, using characterisation 3.1.3(d). O
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By a torus we mean an affine group scheme isomorphic to G for some n € N. Similarly,
perfect tori are the affine group schemes isomorphic to G)* for some n € N.

Lemma 3.4.3. For a connected reduced affine group scheme G of finite type, the following
are equivalent:

(a) G is a torus;

(b) Gpert is a perfect torus.
Proof. Clearly, (a) implies (b). However, (b) implies that G is connected and, since
RepG — RepGpert

is exact and fully faithful, see Lemma 3.3.3(1), it follows that RepG is semisimple and
pointed (every simple representation has dimension one). That G is a torus then follows
from [Sp, 3.2.3 and 3.2.7(ii)]. O

Recall that an affine group scheme G is unipotent if and only if every representation
has an invariant vector (equivalently every simple object in RepG is trivial).

Lemma 3.4.4. For an affine group scheme G over k, Gpert 15 unipotent if and only if
Gred 18 unipotent.

Proof. By equivalence (3.1), if G (or Gyeq) is unipotent, then so is Gpers. However, if
Gopert is unipotent, then the fully faithful exact functor from RepGreq to RepGpers shows
that also Gyeq is unipotent. O

3.4.5. We have a ring isomorphism
Z[1/p] = End(G,,), a— {A— A%, (3.4)

where A stands for an element of G,,,(4) = l'&le for a commutative k-algebra A. The
restriction to pZ < Aut(G,,) is the homomorphism from 3.1.1.
For G,, the latter homomorphism extends to an isomorphism

EX xp” = Aut(G,), (Kym) = {07 - A= KA}, (3.5)
3.4.6. For a perfect affine group scheme G, Lemma 3.1.4 shows that characters of G

correspond to homomorphisms G — G,,. As the latter formulation carries more structure,
we define

X(G) := Hom(G,G,,) 2 Hom(G,G,,) = X(G).

This is a Z[1/p]-module via (3.4). Consequently, we will define cocharacters of G to be
the Z[1/p]-module

Y(G) := Hom(G,,,G).
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We have the obvious bilinear pairing
X(G)xY(G) — Z[1/p]. (3.6)

It is non-degenerate if G is a perfect torus.

3.5. Induction

3.5.1. For a homomorphism f: H — G of affine group schemes, we will sometimes
abbreviate f, := Indg and f*:= Resg. This gives an adjoint pair f* - f, of functors
between Rep™G and Rep™H.
3.5.2. For a commutative square of group homomorphisms
H G
g

A% .p

f

_ >

the adjunction morphisms yield a natural transformation
E:b"g. = fua®.
In particular, for M € Rep®™ A, the morphism &), is zero if and only if the composite
9 gM — M — a,a*M

1S zero.

3.5.3. Now we consider two affine group schemes of the form A=1im A; and B =1im B;
for inverse systems of affine group schemes (A;|i € N) and (B; |t € N). We label the
homomorphisms p; : A — A;, q; : B— B; and ay; j) : A; — Aj for i > j. Assume also given
homomorphisms A; — B;, leading to A — B.

Proposition 3.5.4. (1) For M; € Rep™A; and morphisms a’[“iﬂ_i]Mi — M; 11, the

evaluations at M; of the natural transformations in 3.5.2 lead to an isomorphism
limg; Ind ! M; = Indj limp; M;.
(2) For M € Rep™A; and n € N, we have a canonical isomorphism
limg; (R"Ind! (af; ;;M)) = R"Indj (p; M).
Proof. The right-hand side in part (1) is given by the A-invariants in the vector space
limy (M; & K[ B1).

Since direct limits commute with co-equalisers, this is isomorphic to the direct limit of
A;-invariants in the above spaces. This proves part (1).
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Note that the case n =0 in part (2) is the special case of part (1) where we set M; :=
aa j]M . We can prove the analogue of part (1) for derived functors, which similarly
specialises to part (2), as follows. For a chain {M;} as in part (1), we consider injective
hulls in Rep®° 4;, yielding short exact sequences

*

The defining property of injective modules gives a chain map from the action of iy,
on the above sequence and the corresponding sequence for i+ 1. In particular, this makes
{I;} and {Q;} into chains of representations as in part (1), and we have a short exact
sequence

0— hgp:‘M, — hgnpf]i — %npf@i —0

in Rep™A. The claim now follows by induction on n, using long exact sequences in
homology if we observe that I := hglpf I; is injective in Rep™ A. Exactness of

Homy(—,I): RepA — Vec™

follows from the observation RepA = limRepA;. The latter exactness is sufficient to
conclude that I is injective. Indeed, we can consider an injective hull I C I’ and an
intermediate module I C I C I’ for which I”/1I is finite dimensional. Now we must have
I">21e1"/I (apply Hom(—,I) to a finite submodule of I” which still surjects onto I /1),
which violates socl = socI’ unless I = 1. O

Corollary 3.5.5. Let G be an affine group scheme with subgroup H. Set G = Hpert, set
H = H,er¢ and take n € N. For M € RepH such that R”Ind%M(i) is finite dimensional
for each i € N. For each j € N, we have an isomorphism

@(R"Indg(M(i*j))[iD ~y R"IndS (M[5)),

>3]
with notation as in 3.3.2.

Proof. We start by applying Proposition 3.5.4(2), using the interpretation Gperr =
@G(_i), applied to M (=7) € RepH(=7). By assumption, all the representations appearing
in the direct limit in 3.5.4(2) are finite dimensional. After passing from (3.1) to (3.3),
this allows us to use the notation from 3.3.2 to rewrite the isomorphism in the desired
form. O

Remark 3.5.6. (1) For group schemes of finite type, we can prove Corollary 3.5.5
alternatively using Theorem 3.1.6(3) and (a generalisation from line bundles to
general quasi-coherent sheaves with identical proof of) Lemma 2.5.1.

(2) Assume that M is one-dimensional, and Ind$ (M) # 0 for all j. It follows from
3.5.2 that the morphisms in the directed system for the left-hand side in Corollary
3.5.5 for n =0 are all non-zero.

https://doi.org/10.1017/51474748024000033 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748024000033

Perfecting group schemes 2573

4. Perfectly reductive groups

In this section, we assume that k is algebraically closed of characteristic p > 0.

4.1. Definition

Recall that a reductive group over k is a connected reduced (smooth) affine group scheme
of finite type which has no non-trivial normal reduced unipotent subgroup.

Theorem 4.1.1. (1) For an affine group scheme G, the following are equivalent:
(a) G is a connected affine group scheme of perfect finite type and has no non-trivial
perfect normal unipotent subgroups;

(b) G = Gpert for a reductive group G;

(¢) G is an affine group scheme of perfect finite type and, whenever G = Hpers for
a reduced affine group scheme of finite type H, then H must be reductive.
If these conditions are satisfied, we call G perfectly reductive.

(2) For every connected affine group scheme of perfect finite type H, there exists a short
exact sequence of perfect affine group schemes

1-U-H—-Q—1,

where U is unipotent and Q is perfectly reductive.

Proof. First we show that 1(b) implies 1(a). Set G = Gper for a reductive group G. Let
U <G be a perfect normal unipotent subgroup. Then by Theorem 3.1.6(2), there exists
a reduced normal subgroup U <1G with Upe = U. By Lemma 3.4.4, U is unipotent, so
U is trivial. Consequently, U is trivial.

That 1(c) implies 1(b) follows from Theorem 3.1.3.

For H as in (2), we know that H = He, for a connected reduced affine group scheme
of finite type H by Theorem 3.1.3. By taking the perfection of the short exact sequence
corresponding to the unipotent radical R, H <1 H (see [Mi, §6.4.6]), we get a short exact
sequence as desired in (2) (provided we define, for now, perfectly reductive groups as the
perfections of reductive groups), with U := (R, H )per, by Lemma 3.1.8.

Since R, H is reduced, U is trivial if and only if R, H is trivial, which shows that 1(a)
implies 1(c). O

Remark 4.1.2. In addition to Theorem 4.1.1(2), we can also observe that every affine
group scheme of perfect finite type G admits a short exact sequence H— G — @) where
@ is a finite abstract group and H is a connected affine group scheme of perfect finite
type. This follows from perfecting the classical theory; see [Mi, §2.g].

4.1.3. A perfect Borel subgroup B of a perfectly reductive group is a maximal solvable
perfect subgroup. For a reductive group G, every perfect Borel subgroup of Gpes is the
perfection of a Borel subgroup of G by Theorem 3.1.6(2) and Corollary 3.1.9. In particular,
every two perfect Borel subgroups are conjugate.

https://doi.org/10.1017/51474748024000033 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748024000033

2574 K. Coulembier and G. Williamson

Similarly, by Theorem 3.1.6(2) and Lemma 3.4.3, every maximal perfect torus T in
Gpert is the perfection of a maximal torus 7' < G, and so maximal perfect tori are unique
up to conjugation.

We henceforth use freely that every such choice T < B < Gperf, for a reductive group G,
can be obtained as the perfection of a corresponding choice T'< B < G of Borel subgroup
and maximal torus in G.

4.2. Classification

We freely use the equivalence between D-root data and real-type D-root data for D =7
and D = Z[1/p] from Theorem 1.4.1.

Theorem 4.2.1. There is a canonical bijection between the set of isomorphism classes of
perfectly reductive groups over k and the set of isomorphism classes of Z[1/p]-root data.

Remark 4.2.2. (1) As in the classical case, this theorem can be extended to cover
isogenies. We do this in 4.3 below.

(2) Theorem 4.2.1 implies in particular that for two reductive groups to have isomorphic
perfections, they must have Weyl groups that are isomorphic as Coxeter groups.
Slightly more restrictive, they must have the same Dynkin diagram, except that we
can have perfected isomorphisms between types B and C when p = 2.

4.2.3. Idea of the proof We will prove that, when characterising a reductive group
in terms of its root datum, two reductive groups become isomorphic after perfection if
and only if their root data become isomorphic after extension of scalars to Z[1/p).

More explicitly, denote by D-RD the set of isomorphism classes of D-root data.
Furthermore, we let ReGr, resp. PeReGr, denote the set of isomorphism classes of
reductive groups, resp. perfectly reductive groups, over k. We can exploit the classical
bijection between Z-RD and ReGr (see, for instance, [De]) and include it in the following
(commutative) diagram:

—perf

ReGr PeReGr (4.1)
1\
]1:1 [
_ W
z-Rp — A/M® Z[1/p]-RD.

The upper surjection is given by the definition in 4.1.1(1)(b) of perfectly reductive
groups. The lower surjection comes from Lemma 1.1.3. To prove Theorem 4.2.1, it
suffices to show the dashed arrows in (4.1) exist. This is established in the following
two propositions.

Proposition 4.2.4. If the root data of two reductive groups G1,G2 extend to isomorphic

root data over Z[1/p], then (Gi)pert and (G2)pert are isomorphic. In particular, the
upwards dashed arrow in (/.1) exists.
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Proof. Let (X;,R;,Y;,RY), with i € {1,2}, denote the root datum of G,. Consider an
isomorphism of root data given by 1 : Z[1/p] ® X1 = Z[1/p] ® X». Replacing 9 by p'e if
necessary (as is allowed by Lemma 1.2.5), we can assume that 1) restricts to an embedding
X7 < Xs. Furthermore, we get a bijection R; — Rs, by associating to o € R; the unique
element o’ € Ry for which (a) = p’a’ for some j € Z. Again, after replacing ¢ by p'tp if
necessary, we can assume j € N. Now it follows quickly that this X; < X, satisfies the
requirements to apply [St, Theorem 1.5], which yields an isogeny G; — Ga.

We can apply the same procedure to 1 ~' to obtain an isogeny Go — G1. As we might
need to replace ¥~! again by a composition with multiplication by a power of p, our
two isogenies will not necessarily be induced by mutually inverse maps X; <+ Xo, but by
maps which compose to p! times the identity for some [ € N. Uniqueness of isogenies in
[St, Theorem 1.5] then states that composition of the isogenies between G; and G5 yields
morphisms ¢! oFr!, for isomorphisms ¢ : Ggl) — G; as in 3.1.1 (up to possible composition
with inner automorphisms). That (G1)pert and (G2 )pert are isomorphic now follows from
Proposition 3.2.3. O

Establishing the existence of the downwards dashed arrow will take more work. Note
that an alternative proof of this fact will be given in Section 6. As that proof moves via
topology, it seems preferable to have this direct algebraic proof too. The following lemma
can be proved by looking at the Hopf algebra morphisms.

Lemma 4.2.5. Consider a reduced affine group scheme H with a homomorphism ¢ :
HY - G,,, such that the diagram

(A )= Ap

Gm XGa Ga
A
qﬁxidT |
i |
HED %G, B xid HxG,

can be completed with dashed arrow to a commutative square. Then ¢ factors through
Fr': H-D — H.

Definition 4.2.6. Let G be a perfectly reductive group with maximal perfect torus T.
An rt-pair is a pair (z,a) of a subgroup inclusion z: G, > G and a« € X (i.e. a: T — G,),
for which the following square is commutative:

A ) A
G X Gy — 2 G, (4.2)
aXidT \[x
TxG, (t,p)—tx(p)t™! G

If we apply this definition to ordinary reductive groups (we replace every perfect group
n (4.2) by its finite type analogue), we get precisely the pairs of inclusions of root
subgroups and their corresponding root. Since root subgroups are unique, the inclusion
of the root subgroup is unique up to scalar in k* = Aut(G,).
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Lemma 4.2.7. Let G be a perfectly reductive group with maximal perfect torus T.
(1) The group k* x p” acts on the set of rt-pairs as

(z,) (= (xo (™)1 na), for all (k,n) € k™ x p”.

(See 3.4.5 for the definition of 07 and 3.4.6 for the action of n € Z[1/p] on X.)

(2) If for one a: T — Gy, we have two rt-pairs (z,a) and (z,«), then z =z o0} for
some Kk € k*.

(3) Consider a reductive group G with Gperr = G, with mazimal torus T which perfects
to T. Consider an rt-pair (x,«) for which x is the perfection of some xq: G, — G;
then « is the perfection of a root homomorphism T — Gy, and ¢ is an inclusion
of the corresponding root subgroup.

(4) For every rt-pair (z,a), there exists n € p% such that x o0} is the perfection of the
inclusion of a root subgroup G, — G and n~ '« is the perfection of the corresponding
root homomorphism T — G,,.

Proof. Part (1) follows from a direct calculation.
For part (3), the homomorphism « : T — Gy, is induced from 7D 5 @G,, for some
i €N, as in Lemma 3.1.4. We find a diagram

G, x G, G,

T |

T %G, 228 w6, — =G

which “perfects” to diagram (4.2). More precisely, after perfecting the above diagram
and removing the automorphism which is the perfection of Fr’ x id, we recover (4.2). In
particular, we find that the above diagram is commutative. It now follows from Lemma
4.2.5 that « comes from «ag : T — G, and it follows immediately that o is a root.

Now we prove part (4). By Theorem 3.1.6(2) and Proposition 3.4.2(2), there exists
a group monomorphism G, < G which perfects to zo¢? for some n € p” k € k*. By
identifying k* with Aut(G,), we might as well take k = 1. The claim about « now follows
from parts (1) and (3).

Finally, we prove part (2). Since roots of reductive groups cannot be multiples of one
another, part (4) implies that there is n € pZ for which both z 0687 and 206} are the
perfections of inclusions of the same root subgroup. Those inclusions must be the same,
up to a scalar in k* = Aut(G,), from which the claim follows. O

Proposition 4.2.8. Consider a reductive group G corresponding to a root datum RD.
One can extract Z[1/p| ® RD from the group Gpers. In particular, the downwards dashed
arrow in (4.1) exists.

Proof. We construct a Z[1/p]-root datum (X,R,Y,R") from G := Gpert. It will follow
from the construction that (X,R,Y,R") is isomorphic to Z[1/p] ® RD.

First, we let T be a maximal perfect torus in G. Recall T is the perfection of a maximal
torus T' < G (and hence unique up to conjugation). We choose such a 7. We set X = X(T)
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and Y =Y(T), with (non-degenerate) pairing (3.6). We denote the root datum of G
corresponding to T by (X,R,Y,RV) = RD.
Following Lemma 3.1.4, we find

Z[1/p|® X = Z[1/p| @ Hom(T,Gyn)) = lim Hom (T, G,,)) = Hom(T,Go,) = X.
(4.3)

We define R C X as the set of a for which there exists an rt-pair (z,«). It follows from
Lemma 4.2.7(1) and (4) that R C p”R, under R C X C X from (4.3). That R C R, so
p“R C R by Lemma 4.2.7(1), follows from perfecting the root homomorphisms into G. In
conclusion, R = p”R.

Having defined (X,R,Y), we now define the injection —Y : R — Y completing the
root datum. Choose a € R C R.. Denote by H the minimal perfect subgroup of G which
contains the images of the two morphisms G, — G corresponding to a, — . That the
images only depend on «, —« follows from Lemma 4.2.7(2). That there exists such
a minimal H < G follows from the noetherian property of G and Theorem 3.1.6(2).
The latter also shows that H must be isomorphic to (SLg)pert 0r (PGLg)pers and that
TNH is a (maximal) torus in H. We use this to define G,, — T, determined up to
Aut(G,,) = Z[1/p]*, either as the inclusion of this maximal torus of (SLs)pers or by
similarly restricting the homomorphism (SLz)pers = (PGL2)pert — G. Finally, we can
then define oV : G,, — T as the unique such morphism for which composition with
a: T — Gy, yields 2 € End(G,,). By construction, o" is defined independently of G but
clearly corresponds to the direct definition via G = Gpers. For pla, we set (p'a)Y =p~taV,
which extends the definition to R = pZR. O

Remark 4.2.9. An alternative to the proof of Proposition 4.2.8 is given by the proof of
(a) = (b) = (¢) in Theorem 6.1.1. However, the latter uses deep results about 2-compact
groups and étale homotopy types of reductive groups; hence, it is preferable to have this
direct proof.

4.3. TIsogenies

We establish a connection between isogenies of perfectly reductive groups and our notion
of isogenies of Z[1/p]-root data from Section 1.5.

Theorem 4.3.1. Consider two perfectly reductive groups G1 and G with perfect mazimal
tori T1,T and the corresponding Z[1/p]-root data (X1,R1,Y1,RY) and (X,R,Y,RY).
There is a bijection between the sets of

(a) Isogem’es (XvRvYaRV) - (XthaYlaR}/):’

(b) Equivalence classes of isogenies G1 — G which send T to T, where two isogenies

are equivalent if one is obtained from the other by composition with an inner
automorphism affected by an element of T1(k) =Ty (k).

Proof. Let G,G; denote reductive groups which perfect to G, Gy, with maximal tori T',7}
which perfect to T, T, and denote their root data by (X,R,Y,R") and (X1,R1,Y1,RY).
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We will prove both sets (a) and (b) are in bijection with the set of

(c) Equivalence classes of pairs (6,) of an isogeny 0 : (X,RY,RY) — (X1,R1,Y1,RY)
(in the sense of [St, §1]) and ¢ € Z, where the equivalence relation is generated by

(6,0) ~ (pri—1).

That sending a pair (6,i) to the extension of scalars along Z — Z[1/p] of pf yields a
bijection between (c) and (a) can be easily derived from Remark 1.5.2.

An isogeny G; — G yields a faithfully flat morphism G(fi) — @ for high enough 1, via
Lemma 3.1.4. Its kernel is an affine group scheme of finite type Wthh perfects to a finite
group scheme. It must therefore be a finite group scheme and G Y5 G is an isogeny.
This principle allows us to establish a leeCthH between the set of isogenies G; — G and
the set of equivalence classes of isogenies G ) G, with equivalence generated by the
condition that ¢ : Gg Y G be equivalent to ¢poFr: Gg (D Ne)

The above connection between isogenies G; — G and equivalence classes of isogenies
G1 — G allows us to use the classical Isogeny Theorem [St, 1.5] to establish the bijection
between (b) and (c). O

5. Perfected representation theory

Let k be an algebraically closed field of characteristic p.

5.1. Simple and induced modules and block structure

Let G be a perfectly reductive group, B a perfect Borel subgroup and T < B a maximal
perfect torus. We consider the set RT C R of positive roots, which are the ones for which
the corresponding G, — G does not land in B (i.e. we let B be the negative Borel).

We set X =X(T) and X C X the subset of A € X which satisfy (A\,a") >0 for all
a € RT. We have a canonical bijection {\ — kx} between X and the set of isomorphism
classes of simple B-representations (which are all one-dimensional).

Theorem 5.1.1. (1) The representation
V(A) :=IndSkx € Rep®G
is zero if A ¢ X . If A€ X, it has simple socle, which we denote by L(X).

(2) The above association X +— L(X) is a bijection between Xy and the set of
isomorphism classes of simple representations in RepG.

Proof. We choose a reductive group G with Gpes = G and maximal torus and Borel
subgroup T < B < G which perfect to T and B. We will use the notation in 3.3.2. By
equivalence (3.3), every simple object in RepG is of the form L(u)[i] for some p € X
and i € N. Since L(u)™ 2 L(pp) (see [Ja, I1.3]), we can define unambiguously the simple
object L(p~*u) := L(p)[i] for i € N and p € X ;. This clearly gives a bijection between
X and the set of isomorphism classes of simple objects in RepG.

By Corollary 3.5.5, we have

V) = Ly V(A (5.1
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where the chain of which we take the limit starts at i where p’A € X C X. It follows now
from [Ja, I1.2] that V(X) =0 whenever A ¢ X ..

Now consider A € X . The morphisms in the direct system for (5.1) are not zero by
Remark 3.5.6(2). Hence, the defining morphisms V(p'A)(") — V(p*+1A) are unique (up
to scalar) and injective since V(p’A)) has socle L(p™*X) by Remark 5.1.4 below and
V(p'*t'A) is the injective hull of this socle in a Serre subcategory containing V(p*A)(%).
In particular, for A, € X1, we have

Homg (L(p), V(A)) = lim Home (L(p' 1), V (p' X)) 2= kb -
We can therefore identify L(pu) with the socle of V(). O

Remark 5.1.2. (1) We can alternatively construct the modules V(A) as the global
sections of line bundles on G/B = (G/B)pert-

(2) It follows, for instance, from the proof of Theorem 5.1.1 that
[VA) :L(pw)] = [VP'A) : L )], for all A, p e X, and j € Z.
In fact, the proof even shows that
(V) :L{p)] = lim [V(p™A): L(p™p)]- (5.2)
The sequence on the right-hand side in equation (5.2) is monotone increasing, and one

can ask when it is bounded. For G of rank 1, it is clearly bounded, but the following rank
2 example was communicated to us by Stephen Donkin.

Example 5.1.3 (Donkin). Set p=2 and let F be a 4-dimensional space with symplectic
form, so that F is the natural representation of Sp(F) ~ Spy. Let A be such that E ~ L()).
Then

[V(2"\): L(0)] = 2" +1, so [V(A):L(0)] = cc.

Indeed, more generally, V(mA) is the symmetric power S™E, and by [EK, Lemma 4.6],
we have

(52 B L(0)] = [(S™2E)™ : L(0)] + [(S"E) M : L0)] + [N E® (S™ 1 E)M) : L(0)]
=[S™2E: L(0)]+[S™E : L(0)] + 2[S™ ' E : L(0)],

where we used that [A2E] = 2[L(0)] + [L(w)], with w the second fundamental weight, so
that [L(w)® M™ : L(0)] = 0 for all representations M. It follows by induction on m that

[S?™E: L(0)] = m+1.
Remark 5.1.4. Let G be a reductive group. The canonical morphism
Ext(M,N) — Extg(M® ND)

is injective. This is proved in [Ja, I1.10.14] if (p—1)p € X (e.g. p # 2).
If p¢ X, we can extend X C X’ C Q® X by taking the lattice maximal X’ for which
(—,aV) still takes values in Z for every a¥ € RY. In particular, p € X'. Taking the
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appropriate Y/ C Y yields a new root datum (X’,R,Y’,RV) corresponding to a reductive
group G'. By [St, Theorem 1.5], there is an isogeny G’ — G. The claim then reduces to
the previous case via an obvious commutative square.

As in any category of finite dimensional modules over a coalgebra over a field, the blocks
in RepG are determined by the first extensions between simple objects; see [Ja, §ii.7.1].

Theorem 5.1.5. For A,u € XT, the simple representations L(X) and L(u) are in the
same block of RepG if and only if \—p € Z[1/p|R =ZR.

Proof. We resume the notation and conventions from the proof of Theorem 5.1.1. By
Remarks 3.3.4 and 5.1.4, L(A) and L(u) are in the same block if and only if there exists
j € N for which p’ \,p’pu € X and L(p’A) and L(p’ ) are in the same block of RepG.
Assume first that L(A) and L(u) are in the same block. By the above, p/ A—p'p € ZR
for some j, from which A —p € Z[1/p]|R = Z[1/p]R follows.
Now assume that A — g € Z[1/p]R. Then there exists j € N such that

(i) PAPpeX,
(iii) (", p" A+ p) & pZ for some « € R.
Indeed, for (iii), it suffices to take o simple and j such that p/ X € pX.
From (ii), it follows that p/ X and p/u are in the same (p-shifted) orbit of pZR x W, so

by (iii) and [Ja, I1.7.2(2)], L(p’X) and L(p’p) are in the same block of RepG from which
the conclusion follows. O

Remark 5.1.6. Theorem 5.1.5 can be explained by the observation that the orbits of
the affine Weyl group W x pZR on X describe most of the block decomposition in RepG,
and the orbits of W x pZ[1/p]R on X coincide with those of Z[1/p|R.

5.1.7. Let n be the length of the longest element w of the Weyl group (i.e. the dimension
of G/B). We also set
X = {AeX|(AaY)>0forallae R} C X,
Another class of G-representations which seems of interest is
W(A) = R'Indgky,a) & ImAP'A-2p)[i], Ae Xy
where the isomorphism is an instance of Corollary 3.5.5, using [Ja, II.5.11, Remark (1)].

Note that we do not use the notation A(A) for the module W (), as the former would
more logically be reserved for a pro-object dual to the ind-object V().

5.2. Generic cohomology

In this section, we show how the result from [CPSV] can be formulated very elegantly in
terms of perfected groups. We also refer to [BNP] for a more modern treatment of generic
cohomology with sharper bounds.
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5.2.1. Let G be an affine group scheme over k, which is the extension of scalars of an
affine group scheme over F,, which we also denote by G. Set F =TF,. We can consider
the forgetful functor from rational G-representations to representations over k of the
abstract group G(FF) (for instance, using the homomorphism G(F) — G(k)), which induces
comparison morphisms

Extg (M,N) — Extjg (M,N).
Theorem 5.2.2. Let G be a perfectly reductive group; then the morphism
Extg (M,N) — Extiq (M,N)
is an isomorphism for all M,N € RepG and i € N.
We start the proof by pointing out a technical generality.

Remark 5.2.3. Consider a chain of finite abstract groups {H, |n € N} and set H =
ligrlHn. For two finite dimensional H-representations M, N, the canonical morphism

Extj,;(M,N) — lmExt} (M,N)

is an isomorphism. Indeed, using group cohomology, Ext};H(M ,N) is the cohomology
of the inverse limit of chain complexes with cohomology Extyz (M,N). Since all vector
spaces involved are finite-dimensional, the Mittag-Leffler property leads to the conclusion.

Proof of Theorem 5.2.2. Let G be a reductive group with perfection G and recall
that G(F) = G(IF) and RepG = lim RepG. Without loss of generality, we assume that
M, N factor over the natural map G — G. By Remark 3.3.4, we have

Extg(M,N) = limExtg (M@, N@).

It is proved in [CPSV] that the directed system in the above limit stabilises, and moreover,
for fixed M, N, for large enough a and ¢, all morphisms

Extg (M@, N@) — Extj g, (M, N@)
are isomorphisms. Note that G(F,), being a finite abstract group, is perfect in the group
scheme sense. Hence, for large enough ¢, we find the composite isomorphism

h_H}EXtE(M(a),N(a)) = limExtyae,) (MY, N ) & Extige,) (M,N).

a

Hence, also the inverse system in
@EX%G(M”)(M,N) = Extjg (M,N)

stabilises, and we find the isomorphism in the theorem.

Strictly speaking, [CPSV] only deals with semisimple groups. However, for a general
reductive group G, we have a short exact sequence N — G — G/N with G/N semisimple
and N a torus. Since both N and N(F,) = C’qxfl have semisimple representation theory
over k, the result extends easily — for instance, via a collapsing Hochschild-Serre spectral
sequence. O
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Remark 5.2.4. The comparison morphism in Theorem 5.2.2 is not always an isomor-
phism for arbitrary perfect groups; for instance,

Extg, (k.k) — Extygs (kk)
is the canonical inclusion
kZ — kZ=kGal(F:F,) < limkGal(F, : F,),
where we used Remark 5.2.3 and the linear isomorphism (with ¢ : F, < k)
kGal(F, : F,) 2% Hom(F} k+) = H' (F k).

Question 5.2.5. The formulation of Theorem 5.2.2 suggests the question of whether the
monomorphism (by Theorem 5.2.2)
Extg(M,N) — Extjgy (M,N)
s also an isomorphism. This is equivalent to the question of whether the epimorphism
Exty g (M,N) — Extyqm (M,N) (5.3)

is an isomorphism for all M,N € RepG and i € N. Note that (5.3) does not involve any
perfection.

Example 5.2.6. The question in 5.2.5 has an affirmative answer for G = G,,,. Consider
the short exact sequence

1= Gp(F) = Gp(k) - Q— 1.

By the Lyndon-Hochschild-Serre spectral sequence, showing (5.3) is an isomorphism can
be quickly reduced to showing the group cohomology H*(Q,k) is zero for i > 0. Now the
group structure on ) extends (uniquely) to a Q-vector space (since G, (F) < G, (k) is the
group of roots of unity and k& is algebraically closed), so we only need to show H*(Q,k) =0
for ¢ > 0. The case i =1 is obvious. One can compute directly that H;(Q,—) =0 for i > 1
(or via BQ; see [Su, (10) on p42]). Hence, H(Q,—) =0 for i > 2. Finally,

H?*(Q,k) = Extz(Q,k)

must be an abelian group admitting both the structure of a Q-vector space as well as a
k-vector space; hence, it is zero.

We conclude with an example showing that (5.3) being an isomorphism is also
something which should not be expected to hold outside of reductive groups.

Example 5.2.7. If instead of a reductive group, we consider G = G, as well as i =1,
M =N =k in (5.3), we obtain the morphism between spaces of group homomorphisms

End(k*) — Hom(F*, k™),

induced by restriction along F — k. This is not a bijection as soon as [F # k.
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6. Localisation of classifying spaces

Fix a prime p.

6.1. Main result

Following [Su], by a simple space we mean a connected topological space having the
homotopy type of a CW complex and abelian fundamental group which acts trivially
on the homotopy and homology of the universal covering space. Let F' be a connected
topological group of homotopy type of a CW complex (below we will consider more
specifically complex Lie groups). Then its classifying space BF is a simple space (note
that m (BF) = mo(F') is trivial). Following [Su, Chapter 2], to each simple space X we
can associate a (simple) space X1, the localisation of X away from p. Note that loc. cit.
X L is denoted by Xy where ¢ is the set of all primes different from p.

Theorem 6.1.1. Let G,H be split (connected) reductive groups over Z. The following
are equivalent:

(a) The perfections of Gy, and Hy, are isomorphic for k=T;
(b) The localisations BG(C)1 and BH(C)1 are homotopy equivalent;
(¢) The root data of G and H become isomorphic after extension to Z[1/p).

Proof of (¢) < (a) = (b). The equivalence of (a) and (c) is already established in 4.2.3.

Assume that the perfections of Gy and Hj, are isomorphic. By Proposition 3.2.3, after
replacing Hj, with an (isomorphic) Frobenius twisted version, there is an infinitesimal
isogeny G — Hjy. By Lemma 3.2.2, this isogeny is purely inseparable. It then follows
from [Fr, Theorem 1.6] that BG(C) 1 and BH(C) 1 are homotopy equivalent. O

The rest of this chapter is devoted to the proof of (b) = (c).

6.2. Some useful facts

(a) For a complex reductive group F' and a maximal compact subgroup K < F' (the
corresponding compact connected Lie group), the homomorphism K — F is a
homotopy equivalence, and hence, BK ~ BF. We will therefore henceforth replace
BF by BK.

(b) For a simple space X, the defining map X — X1 (see [Su, Chapter 2]) induces an
isomorphism ’

H.(X;Z)®Z[1/p] = H.(X1;Z).

(c) For a commutative ring D in which p is invertible, by (b) and the universal
coefficient theorem, we have a natural isomorphism H*(X.;D) = H*(X;D). In
p

particular, a map X1 — Y1 induces a graded algebra morphism H*(Y;D) —
H*(X;D).
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(d) For a flat morphism A — B of commutative algebras and a topological space X
for which H;(X;Z) are all finitely generated, H*(X;A)®4 B — H*(X;B) is an
isomorphism.

(e) For a torus T = (§Y)*" H*(BT;Z) is a polynomial ring with r generators in
degree 2. Consequently, for any commutative ring R, H*(BT;R) = H*(BT;Z)® R
is a polynomial ring and we have a bijection between R-linear morphisms 6 :
H2(BT';R) — H%(BT;R) and graded R-algebra morphisms 0 : H*(BT’; R) —
H*(BT;R).

(f) For a compact connected Lie group G, with maximal torus 7T, and a commutative
ring R, consider canonical isomorphisms

R X(T)= Re H(T;Z) = R® H*(BT;Z) = H*(BT;R).
The Weyl group W thus acts R-linearly on H?(BT,R). Moreover, the image of
H*(BG;R) — H*(BT;R)

takes values in the algebra of W-invariants; see [Bor, §27].

(g) For a prime ¢ and a connected CW complex Y, we denote by Y; the profinite
completion at ¢ of Y'; see [Su, Chapter 3]. If ¢ # p, then the universality of X — X1
in the definition in [Su, Chapter 2] shows that the latter map induces a homotop;
equivalence X; ~ (X %)q.

(h) For G a compact connected Lie group, BG satisfies the requirement in (c) (i.e.
the homology groups H;(BG;Z) are finitely generated). One can observe this, for
instance, via induction on 4 using the Serre fibration G — EG — BG. Note that EG
is contractible, BG is simply connected and G is a finite cell complex. The Leray-
Serre spectral sequence thus implies that the trivial group can be obtained, starting
from H,;(BG;Z) by a finite iteration of taking kernels of morphisms to finitely
generated groups (subquotients of H,(BG;H(G)), with a < 7). Consequently,
H,;(BG;Z) must also be finitely generated.

6.3. Some results of Adams and Mahmud

We reformulate some results of Adams and Mahmud in the form we will need.

Theorem 6.3.1 (Adams - Mahmud). Let G and G’ be two compact connected Lie groups,
with maximal tori T, T" and Weyl groups W, W',

(1) For a map f:(BG)1 — (BG')1, there exists a Z[1/p]-linear morphism

1 1
3 P

0: H*(BT';Z[1/p]) — H*(BT;Z[1/p))
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yielding a commutative diagram of graded algebra homomorphisms

H*(BG;Z[1/p)) H*(BG";Z[1/p))

| i

H*(BT;Z[1/p)) <2 H*(BT";Z[1/p)),

where the upper horizontal arrow is induced from f as in (c) and 0 is as in (e).
Moreover, for every w € W, there exists x € W' with wf = 0x.

(2) Let D be an integral domain of characteristic zero and consider two D-linear
morphisms

61,0, : H*(BT';D) — H?*(BT;D)
for which the following composite is equal:

H*(BG';D)

.

H*(BT;D) =————— H*(BT";D).
02

Then there exists © € W' such that 0, = 01 x.

Proof. For the first statement of part (1), consider the morphism H*(BG';Q) —
H*(BG;Q) obtained from f via (c), or equivalently, via (d) from the map displayed in
part (1). Then [AM, Theorem 1.5(a)] implies the existence of a morphism H?(BT';Q) —
H?(BT;Q) yielding the commutative diagram in part (1) with Z[1/p] replaced by Q.
That the latter is induced from a morphism H?(BT';Z[1/p]) — H?(BT;Z[1/p]) follows
from [AM, Theorem 1.5(b)] and the discussion after [AM, Lemma 1.2]. That the diagram
over Z[1/p] is commutative follows from faithful flatness of Z[1/p] — Q.

The case D = Q of part (2) is a reformulation of [AM, Theorem 1.7]. The proof loc.
cit. works for any field of characteristic zero. The case of integral domains follows from
extension of scalars to the field of fractions, using (d).

The second statement of part (1) now follows from part (2) and fact (f), by using §; =6
and 6y = wh. O

Corollary 6.3.2. With notation as in Theorem 6.3.1, assume that f is a homotopy
equivalence. Then the morphism

t:Z[1/pl® X(T') — Z[1/p|® X(T),
obtained from 6 via the isomorphisms in (f), induces an isomorphism of Z[1/pl|-reflection

groups (W', Z[1/p] @ X(T")) — (W, Z[1/p] @ X(T)).

6.4. Conclusion of the proof of Theorem 6.1.1

Proof of (b) = (c¢). Assume first that p = 2. Then the result follows from Corollary 6.3.2
and Lemma 1.1.6(1). Similarly, for p > 2, by Lemma 1.1.6(2) it is sufficient to prove that
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the extension of scalars along Z[1/p] — Zg of t yields an isomorphism of Zs-root data.
This allows us to resort to the established theory of 2-compact groups; see [AG].

Starting from a homotopy equivalence f as in Theorem 6.3.1, we have our 6 from
6.3.1(1) which induces the isomorphism of reflection groups in Corollary 6.3.2, and using
(g), we have a homotopy equivalence f5. We consider the diagram

(BG); — 22— (BG);
T |

Now (BT); — (BG)5 is a maximal torus of the 2-compact group (BG)sz, in the sense
of [Gr, Theorem 2.2]. By uniqueness of such maximal tori, see loc. cit., there exists a
homotopy equivalence corresponding to the dashed arrow in the above diagram so that
the diagram is commutative up to homotopy.

By [Su, Theorem 3.9], this induces
¢: H*(BT';Zy) — H?(BT;Zs),

yielding a commutative diagram

H*(BG:Z) H* (BG'Z5)

L,

H*(BT;Zy) <2 H*(BT":Zy).
By uniqueness in Theorem 6.3.1(2) applied to D = Z5, we may assume that ¢ is actually
induced from 6 by extension of scalars Z[1/p] — Zs. Finally, the Zy-root data of the 2-
compact group (BG)s, as defined in [AG], is obtained from the map BT; — BG5 and
by construction yields the extension of scalars along Zsy of the classical root datum of G.
The homotopy equivalence (BG)s ~ (BG'); with commutative diagram therefore indeed
implies that our isomorphism of Z[1/p]-reflection groups extends to an isomorphism of
Zo-root data. O

7. Perfected SLo
Let k be an algebraically closed field of characteristic p. For A in N or N[1/p] :=Z[1/p]N
R>g, we consider its p-adic expansion A =3, Aip® with 0 < \; < p.

7.1. Fractal

7.1.1. For 7,5 € N, denote by (;)0 the zero coefficient of the p-adic expansion of the
binomial coefficient. By convention, (;)0 =0if j > 1. For 4,j € N[1/p], we set

. l.

) Pt

. = . S 0717"'ap_17
<J>0 (plj)o ¢ J
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for some I € N for which p'i,p'j € N. By Lucas’ theorem, this definition does not depend
on the choice of I

7.1.2. We can describe the weight spaces in simple (SLg)pers-modules by

1t (), #0

0 if (}),=0,

dimk L(Tl)n_zj = {
for n,j € N[1/p]. In particular, the set
F:={(n,i)| dimy L(n); # 0} C Z[1/p]* C R?
is a fractal. Concretely, (a,b) € F if and only if (p'a,p'b) € F for all | € Z.

The integer points of the fractal F' for p = 3 are displayed in Figure 1.

7.2. First extensions

In this section and the next, we will apply the short exact sequence
V(k)D = V(pr) »V(k-1)VRL(p-2), reN=X, (7.1)
(see [Pa, equation (3)]), as well as the isomorphism
Vipr—1)2V(k-1)VQL(p-1), k€EZso. (7.2)
Proposition 7.2.1. For A,p € X =NJ[1/p], we have
1 if there is i € Z with \;+u; =p—2 and
dimExt"(L(X), V(i) = A=p'Ni=p—p'u+p T
0 otherwise,
and
1 if there is i € Z with \j + pu; =p—2,
dimExt' (L(X),L(p)) = [XNit1 — pig1| =1 and Aj = pj for j & {i,i+1},
0 otherwise.
Proof. Recall from equation (5.1) that V(A) is a direct limit of pullbacks to Gperr of

costandard G-modules. Since Ext'(L(X\),—) commutes with direct limits in the second
argument, we can use Remark 3.3.4 to conclude

Ext'(L(A), V(p)) = lim Ext* (L(p'A), V(p' ).
The transition maps are given by the composite
Ext'(L(p'A), V(p'n)) = Ext' (L', V(p'w)) = Ext! (L"), V(! ).

Here, the first map is given by the action of the Frobenius twist, so it is injective by
Remark 5.1.4. The second map comes from the inclusion V(p'p)®) < V(p'+1p). From
the description of the cokernel of the inclusion in (7.1), it follows that the second map is
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also injective for p > 2. For p = 2, the second map need not be injective, but one shows
easily that the composite is still injective.

Assume p > 2. The case p =2 can be proved similarly. It follows quickly from [Pa,
Corollary 6.2] that for 0 <i < p,

Ext'(L(pa+1),V(pb+1)) = Ext'(L(a),V(b)),
while for 0 <i<p—1,
dimExt' (L(pa+p—2—1),V(pb+i)) = dp11.a-

Together with the block decomposition, this allows us, by iteration, to calculate the first
set of extensions.
It follows from Remark 3.3.4 that

Ext! (L(A).L(w) = lim Ext! (L(p'X), L(p' 1),

where the transition maps are injective by Remark 5.1.4.
Assume p > 2. The case p =2 can be proved similarly. By [Pa, Theorem 4.3], we have
for 0 <i < p,

Ext'(L(pa+1),L(pb+1i)) = Ext' (L(a),L(D)), (7.3)
while for 0<i<p-—1
Ext!(L(pa+1),L(pb+p—2—1)) = Hom(L(a),L(b) ® L(1)).
However, we have

ifbp=0and a=b+1
if0<by<p—landa=0b+t1
ifbjp=p—landa=>b-1

otherwise.

dimHom(L(a),L(b)® L(1)) =

S = ==

The cases by < p—1 follow immediately from the Steinberg tensor product theorem. If
bo =p—1, we know by parity that the space is zero unless ag < p—1, in which case we
can use symmetry between a and b to reduce to the already known cases. O

Remark 7.2.2. Equation (7.3) shows that RepSLy; — Rep(SLa)perr yields isomorphisms
on first extensions between simple objects for p > 2. This is not true for p = 2.

7.3. Costandard modules

We describe the multiplicities of the simple modules in V(A). By Remark 5.1.2(2), it is
sufficient to consider A € N (with the case A =0 trivial).

Proposition 7.3.1. For \ € Z~g, consider the finite sets
E°N) :={veN|[VO\): L) #0} and E®(\):={v€Zso|[V(A=1):L(r—1)] #0}.
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Then, for all u € N[1/p], we have
1 ifpeE°(N)
[V :L(p)] =<1 ifu=v-— % with v € E*(X) and i >0
0  otherwise.
More precisely, V(X) has a filtration 0 = My C My C My C --- with U;M; = V() and
My =V(N[0] and My, /M; = (V(/\— 1)@ @ L(pt — 2)) i), fori>0.

Proof. Recall from the proof of Theorem 5.1.1 that V(X) = liﬂV(piA)[i], where every
morphism in the chain is injective. The corresponding filtration is the desired one. Indeed,
the subquotients are given by the cokernel in (7.1) for k = p’A on which we can apply
iteratively (7.2) and the Steinberg tensor product theorem. O

Example 7.3.2. Combining Propositions 7.2.1 and 7.3.1 shows the following:
(1) Consider 0 < A < p. Then the socle filtration of V() is given by socV(A) = L(\)

and

soc'V(A) =LA — =), i>0.

(2) The socle filtration of V(2p—1) is given by socV(2p—1) = L(2p— 1), soc'V (2p —
1)=L(2p—1-2/p) and

) 2 2 .
socT'V(2p—1)=L(2p—1— F) SL(1- 17)7 i>0.

Remark 7.3.3. We can explicitly realise V(X) as the space of “degree A” elements in
E[z'/P™ y1/P™] — that is, the span of {z*y* |u,v € N[1/p], u+v = A}.

7.4. Line bundle cohomology
We consider the representations W(X), A € N[1/p]\{0} =X, from 5.1.7.

Proposition 7.4.1. Recall the finite sets E°,E> from Proposition 7.3.1. For X € Zg
and p € N[1/p], we have
1 ifue E°(\—2), (with E°(—1) := @)
W) :L(p)] =<1 ifu:u—% with v € E*(\) and i >0
0 otherwise.

More precisely, W () has a filtration 0 = My C My C My C -+ with U;M; = W(X) and
(with convention A(—1)=0)

My =AM—-2)[0] and MZ-H/MZ»%(A(A—l)(i)®L(pi—2))[z’], fori>0.

Proof. Using Cech cohomology (see proof of Lemma 2.5.1), it follows easily that the
morphisms in the directed system in 5.1.7 are injective. The result then follows as in the
proof of Proposition 7.3.1, by now using [Pa, (3)] for i =p—2. O
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Remark 7.4.2. It follows that in the Grothendieck group of Rep(SLs)pert, we have

(V)] = [WQ)] = [AN[0] = [AA=2)[0]].

Example 7.4.3. We have a short exact sequence

0—L(1) - V(1) > W(1)—0.

For 1 <A <p—1, we have

V(\)/L(\) = W(\)/L(A—2).
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