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Remarks on superlinear

boundary value problems
Svatopluk Fué&ik

Necessary and sufficient conditions for the weak solvability of
the Dirichlet problem for nonlinear differential equations of
the second order are proved. The differential operators
considered are in the form of a sum of a linear noninvertible
operator, with the null-space generated by a positive function,
and a monotone nonlinear perturbation, the growth of which is

more than linear.

Introduction
Let  be a bounded domain in RN (N =2 1) with the boundary 9Q
which is locally lipschitzian if N = 2 . We define the Sobolev space
Wl’2(Q) as the subspace of 52(9) consisting of all real-valued functions

u for which é%L € L2(Q) , 2 =1, ..., N (52—- means the derivative in
7 i

the sense of distributions). Wl’z(ﬂ) is a Hilbert space with the inner
product

N
du(zx) dvlx) J
(u, v) = J Soss S=l e 4 u(x)v(x)dx
’ P2 P R ™ Q

and the norm |lu|] = Cu, u)% . Further, denoting by D(§) the set of all

infinitely differentiable functions on § with compact supports in Q , we

define Wé’e(Q) as the closure of D() in Wl’z(Q) .
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Let X € Rl . Let g : Rl > Rl be a continuous function satisfying

in the case of N = 2 certain growth conditions and let f € Lr(n) (for
. . . Wl’2 . .
precise formulation see the theorem). The function u € 0 (R) is said

to be a weak solution of the Dirichlet problem

—Aulz) - Mulzx) + glulz)) = flz) , zeq,
(1)

u(z) =0, x €230,
if the integral identity

N
au(.‘r) 9 (.’L‘) _ =
S| e o | e+ | glteo@i - | s@oe

holds for arbitrary ¢ € Wé’z(ﬂ) . It is well-known that the set of all

parameters A for which the linear Dirichlet problem

A - Au=0 in @,
(2)
u=0 on 0 ,

has a nontrivial weak solution forms a sequence {Am} s 0 <A <A <,

such that 1lim Xm = 4o . Furthermore, the set ker[—A—Al] of all weak

solutions of (2) with A = A, 1is a one-dimensional subspace of Wé’z(ﬂ)

1

generated by the function w,_ € Wé’z(Q) , which is positive in § .

0

We are concerned with the weak solvability of the nonlinear Dirichlet
problem
—bu(z) - Aulzx) + gulz)) = flz) , zeq,
(3)
u(z) =0, x €23 .

Our main result is the following theorem.

THEOREM. Let g : Rt + 5 be a continuous nondecreasing function,
inereasing on some interval (-€, €) . Moreover, if N = 2 we suppose
that g 18 bounded from below and satisfies the growth condition
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(4) lg(e)] =a+blg|", €er,
where

an arbitrary positive number if N =2 ,

N+2 .
ﬁ_—z‘bf N=z3.

Denote

gl+w) = 1lim g(&) , g(-=) = 1lim g(g) .
Emveo Ereo

Let f ¢ Lr(Q) , where

1,Zif N

1]
=
-

2, if W

v

2 .
(1) If the boundary value problem (3) has at least one weak solution,

we have

(5) g(+e) IQ wo(x)dx > jg f(x)wo(x)dx z g(-=) JQ wo(x)dx .

(iZ2) If there holds

flahoy(a)ds > gl==) | w(e)ds ,

© gt [ vy > | )

Q
then the boundary value problem (3) has at least one weak solution.

(i11) If we have

(7) gl-=) < g(E) < gloo) , £ €R",

then the inequalities (6) are necessary and sufficient conditions for the
weak solvability of the boundary value problem (3).

Note that if A < Al and if g satisfies the assumptions of the

theorem, then the boundary value problem (1) has, for arbitrary

f € LP(Q) , at least one solution. This assertion follows immediately by

applying the theorem about the surjectivity of monotone, continuous, and

coercive operators (see, for example, [2]). If A =2 Xl then there are
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known results on weak solvability of (1), provided the function g
satisfies the growth condition (4) with 0 =1 =1 (see, for example, [I],
£3-71, [91). 1If, however, the growth of g 1is superlinear (that is

T >1 ) it seems that the only result known is that by Kazdan and Warner
(see [8]) on the classical solvability. The proof used in [§] is based on
the method of sub and super solutions. The present paper deals with the
weak solutions and the method used is quite different: we solve the
bifurcation system; the solution of the one-dimensional equation is
obtained from the results of classical analysis, the solution of the
infinite-dimensional equation is obtained by applying the theory of mono-

tone operators.

A typical example of the Dirichlet problems considered in the theorem

is the two-point boundary value problem

u(x)

—u"(z) - culz) + e = flz) , = € (0, W),

(8)
u(0) = u(w) =0 .

For A < 1 and an arbitrary [ € Ll(O, m) , the boundary value problem (8)

has a unique solution, and (using the regularity result) for an arbitrary
f € ¢([0o, m]) there is a unique classical solution. If A =1 , the
boundary value problem (8) has at least one solution for f € Ll(o, m) if

and only if
™

(9) f flz) sin xdx > 0 ;
0

and the inequality (9) is also a necessary and sufficient condition for the
classicel solvability of (8), provided f € ¢([0, T]) . The problem of
both the weak and the classical solvability of (8) in the case of A > 1

seems to be open.

Finally, we note that it is possible without trouble to replace the

Laplace operator by a second order uniformly elliptic selfadjoint operator.

Proof of the theorem

If the boundary value problem (3) has a weak solution u

22
o €A,

then
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(10) jQ f(x)wo(x)dx = JQ g[uo(x))wo(x)dx R

and from (10) we obtain immediately (5).

Note that (ZiZ) follows from (Z) and (Z1).

Thus we have to prove (7). Let f € Lr(Q) satisfy the inequalities
(6).

1. It is easy to see that the Dirichlet problem (3) is weakly

solvable if and only if there exists a ¢ € Rl and a
v € x={w € wé’e(sz); b, ) = o} ,
such that

(11) gltw (z)+v(x))w (x)dx = flew (x)dx
| swytrt@egeias = [ s,
and that the integral identity
N
u(z) W(x) _
(12) igl JQ %, o, dz - A L, v(z)Y(x)de +

+ J g(twy(x)+v(x)) . p(x)dx = J flz)y(x)dz
Q Q

holds for arbitrary ¢ € X .
2. Let v € X be arbitrary but fixed. Then there exists a uniquely

determined t(v) € Rl such that (11) holds for ¢t = t{v) (this follows

from the monotonicity assumption upon g ). Moreover, Fatou's Lemma
implies that ¢(v) maps the space Wé’z(ﬁ) continuously into Rl (in the
case N =2 2 use the boundedness from below g ; in the case ¥ =1 wuse
the fact that an arbitrary convergent sequence in Wé’g(ﬁ) converges
uniformly on Q ).

3. We shall seek a v € X such that the integral identity
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N
Zjammyﬁhu-ﬁjvumm&+
Q

i= oy Bmy 9

v [ gty e = [ ez
Q ° )

is valid for an arbitrary ¢ € X .

The space X 1is a closed subspace of Wé’e(ﬂ) and hence it is a

Hilbert space. It is easy to see that, for a fixed v € X , the mappings

N
L Y, J wle) W) g _ j o)) ds
=1 ‘Q Q

axi axi

v

S 9 FA-IQ g(t(v)wo(x)+v(x))w(x)dx - JQ Ax)yp(zx)de

are bounded linear functionals on X . Further, according to the Riesz
representation theorem there exist uniquely determined elements Lv, Sv € X

such that

(Lv, ¢}

LW ,

(Sv, v =8 (¢y) ,

v
for each v, P € X .

Let us summarize the properties of the mappings L and S .

L. I is a bounded linear operator, and there exists a constant
¢ > 0 such that

(I, v) = olp)?

for each v € X .

5. § 1is a continuous {generally nonlinear) operator such that, for

vl, v2 € X , we have

(Svl-sz, vl-vg) >0 .

6. To prove that the boundary value problem (3) is weakly solvable it

is sufficient to show that the operator equation

(13) Iv + Sv = 0
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has at least one solution in the space X .

7. Put T=L +S . The mapping T : X > X 1is continuous and

strongly monotone, that is to say,

(Tv,-Tv,, v,-v,) = (L{v -v,), v, v

2
1Y% 1 2) + (Svl—Sv2, v,-v,) = chl—UQH

172

for all vl, v2 € X . Thus, according to the theorem on monotone operators

(see, for example, [2]), the mapping T is surjective; that is,
T(X) = X . Hence the equation (13) is solvable.
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