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q-ANALOGS OF SOME BIORTHOGONAL FUNCTIONS

BY
W. A. AL-SALAM AND A. VERMA

ABSTRACT. In this note we obtain a g-analog of a pair of
biorthogonal sets of rational functions which have been obtained
recently by M. Rahman in connection with the addition theorem for
the Hahn polynomials.

1. Introduction. Recently Rahman, in trying to find product formulae and
addition theorem for the Hahn polynomials, discovered a new family of
biorthogonal rational functions [3]. Since the g-Hahn polynomials [2] have
been of interest recently it would be of equal interest to find g-analogs of
Rahman’s biorthogonal system, which, when q— 1, reduce to those of
Rahman. In §2 we present g-analogs of Rahman’s R{’(x) and S{(x) bior-
thogonal functions.

For notation we shall adopt the following

(a;q)o=1, (a;q)n=(01—-a)1—aq)---(1—aq"™") for n=1.

However we shall use [a], to mean (a; q), and use (a; q), only when we wish
to indicate the base q explicitly. [a].=(a; @)w=IIr-0 (1—aq").
Basic hypergeometric series are defined by

Qy, Az, ..., 051154, Z] _ v [aidlaz)c - - '[ap+1]k k

B, B2, @p _k=0 [q[Bilk- - ‘[Bp]k

We shall also use the bilateral g-integral

p+1d’p[

| foda-a-a ¥ @+ f-aa

h=-—o0

The g-derivative D, f(x) is defined by

Dy~ L0 M)

2. In this note we prove that the functions

b,ac/d,q7";q,
@.1) Ru(xs @)=, | " 404 "4
bc/q, agx
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and
22) N A
are biorthogonal. In fact we prove that
@3) Lo = WOOR, (33 018,63 @)yt = A,
where -
(x) — Laxal-[dxgl. N (1 P

[abxqllcdxql.’ " [bc/q]l,
___2[~adq?/bc].[bc/adqlA(a”; )=} [b)Lc)Lac/d].[bd/a].
[q%1(a®q?/b?%; q)(b?[a®; q*)(d*q%[c?; 7l c?1d?; 7)ol belq L

Proof of (2.3). Substituting for R,(x;q) and S, (x;q) from (2.1) and (2.2),
changing the order of summation, we have
i [b]i[ac/d];[q_"],'[c]j[bd/a]k[q_m]k j+k
=0 k=0 [Q]j[bC/Q],‘[Q]k[bC/Q]k

" [awg" " Lldxg" 1.
XL [axaibLLdxgict, "

Evaluating the inner g-integral using the following result of Askey [1;3.12]
(which also follows from [5;(5)] on setting ¢ =—(B/a)q, e =—Bq, a = —(B/v)q,
b=(B/v)g, f=Bq):

® latq* 1 {-btq’ ), ,  2Ig>""
24 ,L [at][—bt]). d“t—l"q(x)l“q(y)

[-2¢] [-2 0] tabn2] ta®s a0
X

(a%; 4%)=(a°/a%; 4))(b%; ¢7)(q*/b7%; ¢

It

we get

la~ [bcq‘”’} a™;q, q]
=K ' .
Z be/q

Summing the inner 2d>1[q] by the g-Vandermonde theorem, we get (2.3).
Formula (2.3) is a q-analog of a result of Rahman [3]. Following Rahman [3]
one can prove the following Rodrigue’s type representations for R, (x; q) and

S.(x;q)
of lagxlldx]. | _ niq o L0C/qw(X) R, (x5 q)
@5) Dq{[axq/b]w[dxq/clw}‘(d"”’c) =)=,
of_[axql{dqx]. n(1— ax) L2LAIW S, (x: q)
(2.6) D {[aqx/b]m[dxq/c]m} (aq/be)"(1~ax) [ax].
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Indeed if we calculate the left hand side of these formulae and apply the
transformation

a,b,q";q, q] _[eg/ab],
eg (gl

(which is obtained from [4, (8.3)] by letting ¢ — 0), we get the right hand of the
formulae (2.5) and (2.6). Then the biorthogonality relation (2.3) can be proved
by successive summation by parts.

ela,e/lb,q7";q, q]

(abley s 74 " o

34’2[
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