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ON THE CONVERGENCE VECTOR SPACE Z.(E, F)
AND ITS DUAL SPACE

BY
RONALD BEATTIE

Introduction. Let E be a locally convex tvs, F a normed space and £(E, F)
the space of continuous linear mappings from E into F. In this paper, we
investigate the continuous convergence structure (c-structure) on Z(E, F).
Z.(E, F) denotes the resulting convergence vector space (cvs).

The c-structure is by definition the coarsest cvs structure on £(E, F) making
evaluation a continuous mapping. If F=R, it is well-known that the c-structure
is also the finest agreeing with the topology of pointwise convergence on every
equicontinuous subset of £(E,R). In §2, this characterization of <, (E, R) is
extended to <,(E, F), F any normed space.

Section 3 is devoted to a discussion of the dual space £¥.(E, F) of £,(E, F).
If F is reflexive, L¥.(E, F) can be computed explicitly as the completed
projective tensor product EQF’ of E and the norm dual F' of F. In fact,
%.(E, F) and EQF' then form a dual pair of cvs, each of which is the dual
space of the other.

§1. Preliminaries. In this section, we present some of the notation and
define many of the terms which will be used in the following sections. For the
basic theory of convergence spaces and convergence vector spaces, we refer the
reader to [1] and [3].

Throughout, E denotes a topological vector space, F a normed space and F’
the norm dual space of F. 9, ¥ and ¥ denote the zero neighbourhood filter in
E, F and F’ respectively.

We define two evaluation mappings, » and e, as follows:
0:%(E,F)XE— F by o(t,x)=1t(x) for tin £(E,F), x in E,
e:4(E,F)YXEXF —R by e(t,x,y")=y'(t(x)) for tin £(E,F),

xinE, y'in F.

The continuous convergence structure (briefly c-structure) is defined to be

the coarsest convergence structure on £(E, F) making o continuous. A filter 7
on ¥(E, F) converges to t in the ¢-structure if, for every filter ® — x in E,

w(T X0O)— t(x) in F,
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where (9 x0) is the filter generated by sets of the form w(TX9)=
{t(x):te T, x € 3} where TeJ and 9€0.

We define analogously the weakly continuous convergence structure (briefly
w-structure) to be the coarsest convergence structure on £(E, F) making the
map e continuous. A filter  on £(E, F) converges to t in the w-structure if,
for every filter ® — x in E and every filter & — y’ in F/,

e(T XOXP)— y'(t(x)) in R.

%.(E, F) and %,(E, F) denote the vector space £(E, F) equipped with the
%-structure and w-structure respectively. These are convergence vector spaces;
the verification that the convergence structures are compatible with the vector
space operations of Z£(E,F) is straightforward. Further, Z(E,F) and
%.o(E, F) denote the vector space ¥(E, F) equipped with the topology of
pointwise convergence (strong operator topology, topology of simple con-
vergence) and the weak operator topology respectively. If x and y’ denote the
ultrafilters on E and F’ associated to the points x in E and y' in F’ (the filters
of all sets containing the points), we have:

T —tin &(E, F) if, for x in E, o(J X x)— t(x), and
J—tin %..(E F)if, for x in E, y' in F, e(T x % xy)—>y'(t(x)).

§2. Properties of <.(E, F) and &, (E, F). We characterize the notions of
continuous convergence and weakly continuous convergence on Z(E, F) in the
following:

THEOREM 2.1. Let I be a filter on £(E, F). Then

(i) §—0 in £.(E,F) iff T contains an equicontinuous set and J — 0 in
Z,(E, F).

(i) §—0 in £L,(EF) iff T contains an equicontinuous set and J — 0 in
Zwo(E, F).

Proof. (i) Let U, = U +x be the neighbourhood filter of x in E. -0 in
Z.(E, F) iff, for all x in E, (9 XU,)— 0. But

(T XU)= (T X(U+X))=0(TXU)+ (T XX).
Hence 3 —0 in £, (E, F) iff for all x in E,
o(ITXU)—0 and (I xx)—0.

But w(J X x)— 0 for every x in E iff 7 — 0 in &, (E, F). So it remains to show
that w(J X U)—> 0iff T contains an equicontinuous set. Now w(J X U) — 0 iff
for every £ >0, there exists a T, in J and a U, in U such that

{lo(T. x UM} ={llt(x)]: te T., xe U} <[0, £].
Since F is normed, for any Te J and any U, € U,

{le(Tx Uy[y<[0,1] ififorall §>0, {Je(TxsU|}<[O0,5].
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Hence w(J X U)— 0 iff there is Te I and U; € U such that

{lo(Tx Uy} < [0, 1].
But this is so, iff for all € >0, there exists U, = eU; € U such that
{le(Tx U)}< [0, €],
i.e. iff
o(TXU)— 0,

i.e. iff T is equicontinuous.
The proof of (ii) is completely analogous.

By Theorem 2.1, it follows that the ¢-structure (w-structure) is the finest
structure on Z(E, F) which agrees with the topology of pointwise convergence
(weak operator topology) on every equicontinuous subset of £(E, F). If we
denote by ¥ the collection of equicontinuous subsets of £(E, F), we have
shown:

CoroLLARY 2.2. &,(E, F)= ind (H, s) and &£,,(E, F)= ind (H, wo) where the
He¥ He¥

inductive limit in the category of convergence spaces is taken over the equicon-
tinuous subsets of £(E, F) equipped with the topology of pointwise convergence
and the weak operator topology respectively.

The above results are analogues of the well-known result (see eg. [1, Cor.
29)) that £.(E)= ind (U s). (As usual, Z,(E, R) is abbreviated to Z£.(E).)
UeX

Z.(E) is always locally compact, i.e. every convergent filter contains a compact
set. £,.(E, F) cannot be locally compact unless F is also, but as we shall see in
Corollary 2.5 and in Lemma 3.2, £, (E, F) is locally compact whenever F is a
reflexive Banach space.

CoROLLARY 2.3. The following identity maps are continuous:

£.(E,F) — £,(E, F)

$S(E, F) — °(Zwo(E’ F)

We examine the relationship between the c¢-structure and w-structure on
Y(E, F).Write F, for F considered as a subspace of £.(F'). If F is a reflexive
Banach space, then F, = Z.(F').

ProrosiTioNn 2.4. 4,.(E, F)=%.(E, F.).

Proof. Since it is immediate from the definitions that the structures &£, (E, F)
and Z.(E, F,) coincide, we show only that 4(E, F)=%(E, F,). Since the
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identity map i:F— F. is continuous, it is clear that £(E, F)< %(E, F.). So
suppose t€ £(E, F,). Then t(U)— 0 in LA(F'), i.e. t(U)(V')— 0. Let V, V' be
the unit balls in F, F’ respectively. Hence for some n and some Ue 4,

H((1/n)U)V)=[~-1,1],

ie.

t(UX(A/n)VHce[-1,1]

Hence #(U)<=((1/n)V")° so that ((1/n)V")°€ t(U). Therefore nV € t(%). Thus
t(%) is finer than ¥ so that te ¥(E, F).

CoroLLARY 2.5. If F is a reflexive Banach space, then
Z.(E, F)=£.(E, £.(F)).

The above characterization of £, (E, F) will enable us to compute the dual
space of Z.(E, F) in the next section.

§3. The dual space of £, (E, F). From now on, we assume E is locally
convex. With this assumption, we shall show that Z,(E, F) and £, (E, F) have
the same dual space, and if, in addition, F is a reflexive Banach space, this dual
space is EQ F', the completion of the projective tensor product of E and F'.

Lemma 3.1. 4%.(E, F)=%%,(E, F).

Proof. Since, by Corollary 2.3, the ¢-structure on Z(E, F) is finer than the
w-structure, £%, (E, F) c £¥_.(E, F). By Corollary 2.2, a linear functional ¢ on
¥.(E, F) is continuous if and only if, for each equicontinuous subset H of
Y(E, F), ¢ restricted to H is s-continuous, i.e. continuous with respect to the
topology of pointwise convergence. In fact, we may replace the family of all
equicontinuous subsets of Z(E, F) by the cofinal collection of pointwise closed,
convex equicontinuous sets {Hy : U a closed convex neighbourhood of 0 in E},
where Hy ={te £L(E, F):||t(x)|=1, all xe U}. Thus, since ¢ is ¢-continuous,
each ¢ [—1,1]NHy is s-closed. But the closed convex sets of %,(E, F) are
the same as those of £,,(E, F), since by [5, Corollary 4, p. 139], £%.(E, F)=
*%..(E, F). Hence, ¢ '[—1,1]N Hy is wo-closed and therefore ¢ is continu-
ous on %, (E, F).

Denoting by %.(E X F, R) the set of continuous bilinear functionals on E X F
with the ¢-structure, we now show

Lemma 3.2. () B.(EXF,R)=%.(E, %.(F)).
(ii) B.(EXF,R)=%.(EQF).

Proof. (i) It is straightforward to show that the map t — t from B.(E X F, R)
to £.(E, £.(F)) is a homeomorphism where tis given by t(x)=1t(x,-).
(ii) From [5, p. 93], B(E X F,R) and L(EQF) are algebraically isomorphic.
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The definition of the projective tensor product assures that they are
homeomorphic.

It is clear that the mapping b: %(E, F)x EQF' — R given by b(t, @) = t(a)
for every te £(E, F) and every a €« EQF' is a point-separating bilinear map-
ping. In this way, the pair

(%(E, F), EQF)

forms a dual pair of vector spaces. Since it is known (see e.g. [5, p. 93]) that the
dual space of EQF' is B(E X F',R)=%(E, F), then 4(E, F) is also the dual
space of EQF'. As the following theorem shows, if F is reflexive, EQF' is
itself the dual space of £.(E, F)

THEOREM 3.3. Let F be a reflexive Banach space. Then
£%.(E,F)=%%,(E,F)= EQF'.
Proof. By Lemma 3.1, only the second equality remains to be proven. But
¥%.(E, F)=%%.(E, £.(F") by Corollary 2.5
=%B.(ExF,R) by Lemma 3.2 (i)
=%% (EQF') by Lemma 3.2 (ii)
But %.(EQF')= EQ F since for any convex topological vector space E, it is

known [2, p. 101], that £.%.(E)= E, the completion of E. Thus LZ.(E, F)=
%%.,(E, F)= EQF'.

Loosely speaking, we have shown that the c-structure on Z(E, F) is consis-
tent with the dual pairing

(L(E, F), EQF')
and that

(%.(E, F), EQF)
is a dual pair of cvs, each of which is the dual space of the other.

The foregoing results should be compared to the classical results concerning
the compact open (co-) topology. For, it is an immediate consequence of [4,
Corollary 1, p. 52] that, if E is a Fréchet space, then RB,(EXF,R)=
Zoo(E, L. (F)) = £.,(EQF). Also, it is known (cf. [4, Proposition 22, p. 114]
and [5, Problem 30, p. 198]) that if E is a Fréchet space, the dual space of

%..(E, F) can be identified with a quotient of EQ®F' and, if F is reflexive, with
EQF itself.
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