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Abstract

Let A be an abelian length category containing a d-cluster tilting subcategory M. We prove that a subcategory of
M is a d-torsion class if and only if it is closed under d-extensions and d-quotients. This generalises an important
result for classical torsion classes. As an application, we prove that the d-torsion classes in M form a complete
lattice. Moreover, we use the characterisation to classify the d-torsion classes associated to higher Auslander
algebras of type A, and give an algorithm to compute them explicitly. The classification is furthermore extended to
the setup of higher Nakayama algebras.
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1. Introduction

The notion of torsion pairs was introduced for arbitrary abelian categories in [D] to generalise the
properties of the class of torsion groups in the category of abelian groups. Since then, torsion theories,
and the related notion of -structures [BBD] for triangulated categories, have become ubiquitous in
representation theory, homological algebra and algebraic geometry. Within these areas, torsion theories
and #-structures play a key role in topics such as (perverse) sheaves [BBD], tilting theory and its
generalisations [BB, AIR, AHMV, AHLSV], and stability conditions [B].
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2 J. August et al.

Meanwhile, higher homological algebra has become an increasingly active field of research since
its introduction in [I1, 12, I3]. It has found applications in algebraic K-theory [DJW], wrapped Floer
theory in symplectic geometry [DJL], and in algebraic geometry where it was an important ingredient
in the proof of the Donovan-Wemyss conjecture [JKM]. Originally motivated by Auslander—Reiten
theory, cluster tilting theory and the classical Auslander correspondence, one studies categories where
the role of short exact sequences (or distinguished triangles) is taken by longer sequences. Examples
include d-abelian and d-exact categories [J2], (d + 2)-angulated categories [GKO] and d-exangulated
categories [HLN1]. Here, the positive integer d controls the length of the important sequences, with
d = 1 coinciding with the classical cases.

By work of [J2, Kv, EN-IJ, studying d-abelian categories is equivalent to studying so-called d-cluster
tilting subcategories of abelian categories. Our setup will be the latter, where we assume the ambient
abelian category to be of finite length (see Section 2.1 for details). Many important classical concepts in
representation theory generalise to this setting. In this paper, we focus on the higher analogue of torsion
classes — namely, d-torsion classes — introduced in [J¢] and further studied in [AJST].

A fundamental result in the study of torsion classes states that a subcategory of an abelian length
category is a torsion class if and only if it is closed under extensions and quotients [D]. This result is of
crucial importance, as it both allows for the detection of torsion classes and, moreover, gives properties
which play a key role in many proofs related to these objects. A higher-dimensional version of this
classical characterisation would hence be a substantial advancement. The main result of this paper gives
such a characterisation of d-torsion classes in terms of closure under d-extensions and d-quotients (see
Definitions 3.6 and 3.7). Note that throughout this paper, we assume subcategories to be closed under
finite direct sums and summands; see the subsection on conventions and notation below.

Theorem 1.1 (Theorem 3.17). Let M be a d-cluster tilting subcategory of an abelian length category A.
A subcategory of M is a d-torsion class if and only if it is closed under d-extensions and d-quotients.

Note that while a different characterisation of d-torsion classes using the bounded derived category
of A has been given in the special case where A is the module category of a d-representation finite
d-hereditary algebra [J¢], the characterisation in Theorem 1.1 works generally, does not require use of
derived categories and is closer to the classical result for torsion classes.

The proof of Theorem 1.1 makes significant use of the main result in [AJST], which relates d-torsion
classes in M to torsion classes in .A. This allows us to apply results about torsion classes also in the
higher setup. As another key ingredient in the proof of Theorem 1.1, we give a higher generalisation of
the classical factorisation of a morphism in an abelian category as the composition of an epimorphism
followed by a monomorphism; see Proposition 3.13. This result is of independent interest, and we expect
it to play a role in providing answers to other questions in higher homological algebra.

With Theorem 1.1 in hand, we are able to generalise other well-known results about torsion classes
to the higher setting. For example, an immediate consequence of combining Theorem 1.1 with a result
in [KI] is that every d-torsion class carries the structure of a d-exact category; see Corollary 3.19.

Other important results concerning classical torsion classes include the study of their poset structure.
The set tors(.A) of torsion classes in .A has a natural partial order given by inclusion, and this poset is
actually a complete lattice, with meet given by intersection; see, for example, [IRTT, Proposition 2.3].
Theorem 1.1 allows us to give the following generalisation of this result.

Theorem 1.2 (Theorem 4.3). Let M be a d-cluster tilting subcategory of an abelian length category A.
Then the set d-tors(M) of all d-torsion classes in M is a complete lattice with meet given by intersection.

In the classical setting, lattice-theoretic properties of tors(.A) form an area of active research [AP,
GM, J1], which is intimately related to representation theory [BCZ, DIRRT]. We refer to [T] for an
introductory survey on the topic. Theorem 1.2 opens up a new avenue of research in higher homological
algebra through the study of the lattice of higher torsion classes.

The classical characterisation of torsion classes as those subcategories that are closed under extensions
and quotients is often used to determine if a given subcategory is a torsion class or to compute the smallest
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torsion class containing that given subcategory. Crucial to the success of this approach is that we often
have a good understanding of the middle terms in extensions. To use Theorem 1.1 in an analogous way
to determine d-torsion classes, we therefore need an understanding of the middle terms in d-extensions,
which is notably more complicated. The following result simplifies this problem significantly.

Theorem 1.3 (Theorem 3.20). Let M be a d-cluster tilting subcategory of an abelian length cate-
gory A. Suppose U C M is closed under under d-extensions with indecomposable end terms and all
d-quotients. Then U is closed under all d-extensions.

This theorem is of independent interest, as extension closure is a useful concept across many areas
of representation theory. In this paper, we focus on using Theorem 1.3 to classify d-torsion classes in
concrete examples.

We apply our results to higher Auslander algebras of type A [13] and higher Nakayama algebras of type
A and A [JKPK]. The module category of each such algebra contains a d-cluster tilting subcategory,
and their combinatorial descriptions due to [OT] and [JKPK] make them an ideal testing ground for
new results in higher homological algebra. Higher Auslander algebras are particularly important, as
their derived categories are equivalent to certain partially wrapped Fukaya categories [DJL]. We use
Theorems 1.1 and 1.3 to give a combinatorial description of all d-torsion classes associated to these
algebras, where the classification results for the three families are given in Theorems 5.13, 6.1 and 6.5,
respectively. Moreover, we implement our results in algorithms that compute and count all d-torsion
classes; see Table 2 and Remark 6.3.

We expect that the results we present in this article will provide tools for any further study of
d-torsion classes and will be of importance in building bridges between d-torsion classes and other
subjects in representation theory and beyond. This is demonstrated in a forthcoming paper [AHJ+],
where Theorem 1.1 is applied to establish a connection between functorially finite d-torsion classes,
T4-tilting theory and (d + 1)-term silting objects.

Structure of the paper

In Section 2, we give an overview of the definitions and background used in the rest of the paper. In
Section 3, we prove Theorems 1.1 and 1.3, while Theorem 1.2 is shown in Section 4. Section 5 is
dedicated to the study of d-torsion classes associated to higher Auslander algebras. Finally, we extend
our view to higher Nakayama algebras in Section 6.

Conventions and notation

Throughout this paper, let d denote a positive integer and A an essentially small abelian category. We
always assume A to be a finite length category, which implies that the Krull-Remak—Schmidt property
is satisfied; see [Kr, Lemma 5.1 and Theorem 5.5].

We let k be a field. Given a finite-dimensional k-algebra A, the notation mod A is used for the
category of finitely presented right A-modules.

Arrows in a quiver are composed from left to right, meaning that we write ab for the path starting in
the source of a and ending in the target of b.

All subcategories are assumed to be full and closed under isomorphisms and finite direct sums. They
are also assumed to be closed under direct summands. For a collection of objects X in an additive
category C, we denote by add(X) the smallest subcategory of C which contains X" and is closed under
finite direct sums and direct summands.

2. Background and preliminaries

In this section, we provide an overview of definitions and results which give the foundation for the
rest of the paper. Before we start discussing notions from higher homological algebra, we recall some
terminology related to subcategories and approximations.
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Let X be a subcategory of the abelian category .A. We say that X" is generating if any object in A
is a quotient of an object in X’; that is, for every Y € A, there exists an exact sequence X — Y — 0
with X € X. Dually, we can define the notion of cogenerating, and we call a subcategory generating-
cogenerating if it is both generating and cogenerating.

Given an object Y € A, a morphism f: Y — X with X € X is a left X'-approximation of Y if any
morphismY — X’ with X’ € X factors through f. The subcategory A’ is called covariantly finite if every
object in A admits a left X'-approximation. The notions of rightX-approximations and contravariantly
finite subcategories are defined dually, and a subcategory is functorially finite if it is both covariantly
and contravariantly finite.

Recall that a morphism f: X — Y is called left minimal if any endomorphism g of Y satisfying
g o f = fis an isomorphism. A minimal left X-approximation is a left X-approximation which is also
left minimal. Right minimal morphisms and minimal right X -approximations are defined dually. Since
A is Krull-Schmidt, an object has a left (right) X'-approximation if and only if it has a minimal left
(right) X'-approximation ([KS, Corollary 1.4]).

2.1. d-cluster tilting subcategories and d-abelian categories
The theory of higher homological algebra originated in [I1, 12] with the study of d-cluster tilting

subcategories. The definition is given below.

Definition 2.1. A functorially finite generating-cogenerating subcategory M of the abelian category A
is d-cluster tilting if

M={XeA|Ext,(X,M)=0forM e Mandi=1,...,d -1}
={Y € A|Ext,(M,Y)=0forM € Mandi=1,...,d-1}.

To formalise the homological structure of d-cluster tilting subcategories, Jasso introduced d-abelian
categories, where the case d = 1 recovers the classical notion of abelian categories [J2]. To give a
precise definition, we first recall some terminology.

Let M be an additive category and recall that a weak cokernel of a morphism f: X — Y in M is a
morphism g: ¥ — Z in M for which the induced sequence

Hom,(Z, M) — Hom (Y, M) — Homu, (X, M)

is exact for any M € M. This is equivalent to saying that g o f = 0 and that for any g’: ¥ — M with
g’ o f =0, there exists a (not necessarily unique) morphism #: Z — M such that h o g = g’. We call a
morphism g a weak cokernel if there exists a morphism f such that g is a weak cokernel of f.

A d-cokernel of a morphism fy: Xo — X; in M is given by a sequence of morphisms

xhx L x, x50

in M such that for every M in M, the sequence

0— HOIl’lM(Xd+1,M) g HomM(Xd,M) —> s HomM(Xl,M) — HomM(Xo,M)
of abelian groups is exact. Such a d-cokernel is sometimes simply denoted by (fi,..., f4), and
(fi,..., fa) is a d-cokernel of fy if and only if f; is a weak cokernel of f;_; fori = 1,...,d — 1

and f is the cokernel of f;_;. The notion of a d-kernel in M is defined dually. A sequence

0—>X0£)X1f—l>...%fd_l de;%Xd_‘_]—)O (1)
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in M is called a d-exact sequence or a d-extension if (fi, ..., f;) isad-cokernel of fy and (fy, ..., fa-1)
is a d-kernel of f;.

Definition 2.2 [J2, Definition 3.1]. An additive category M is d-abelian if it is idempotent complete,
every morphism admits a d-kernel and a d-cokernel, and every monomorphism fy (resp. epimorphism
fa) fits into a d-exact sequence of the form (1).

A d-exact sequence of the form (1) is said to be equivalent to a d-exact sequence

o s S Jd

0— Xo = X] ... 55 X, =5 Xaq — 0

if there exists a commutative diagram

00— Xo —2y x; Ly B x, T X ——3 0
p p L l p
0 — Xo —> X] — -+ =5 X, — X4 —> 0.

Note that this defines an equivalence relation on the class of d-exact sequences whenever the category
M is d-abelian [J2, Proposition 4.10].

When M C A is a d-cluster tilting subcategory, d-exact sequences coincide precisely with exact
sequences of the form (1) where all terms are in M. Moreover, any exact sequence in .4 of the form (1)
with end terms in M is equivalent to one where all terms are in M [I1, A.1].

In a d-abelian category, we also find higher analogues of the classical notions of pushouts and
pullbacks. For more details on the construction of d-pushouts and d-pullbacks, we refer the reader to
[J2, Section 2.3].

Jasso proved the following theorem, which shows that d-abelian categories capture the homological
structure of d-cluster tilting subcategories.

Theorem 2.3 [J2, Theorem 3.16]. Let M be a d-cluster tilting subcategory of A. Then M is d-abelian.

It has recently been shown that the converse of Theorem 2.3 also holds, i.e., that any d-abelian
category is equivalent to a d-cluster tilting subcategory of an abelian category [EN-I, Kv]. Therefore,
all d-abelian categories may be treated as d-cluster tilting subcategories.

We end this subsection by introducing a running example that will help us illustrate many of the
results in this paper.

Example 2.4 Consider the quiver 1 %42 LN 3. Let A denote the path algebra of this quiver modulo the
ideal generated by the relation af. Figure | shows the Auslander—Reiten quiver of mod A, where the
dashed arrows indicate the Auslander—Reiten translation. The subcategory

M=add{re’ 0o}

is 2-cluster tilting in mod A, and M is hence an example of a 2-abelian category. The indecomposable
objects of mod A that generate M are marked in Figure 1.

2.2. Minimality

The d-kernels and d-cokernels in a d-abelian category are unique only up to homotopy. Many of our
proofs require a stronger sense of uniqueness, which is why we recall the concept of minimality in this
section.
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Figure 1. The Auslander—Reiten quiver of the module category considered in Example 2.4, with the
generators of the 2-cluster tilting subcategory M marked.

The Jacobson radical of the abelian category A consists of the morphisms
Rad4(X,Y) = {f € Hom4(X,Y) | 1x — g o f is invertible for all g € Hom4(Y, X)}.

For more details and basic properties, see [ASS, A.3].
Definition 2.5 [HJ, Definition 2.5]. Let M be a d-cluster tilting subcategory of .A.
(1) A d-cokernel

le‘»xzfi...ﬁixdixdﬂ—m

of a morphism fy: Xg — X in M is called minimal if f; € Rad 4(X;, Xj41) fori =2,...,d.
(2) A d-kernel

05 Xo D x, 4 22 x, 2 x,

of amorphism f;: Xy — X441 in M is called minimal if f; € Rad 4(X;, Xj41) fori =0,...,d - 2.
(3) A d-extension

0o Xe D x D N x, xS0

in M is called minimal if f; € Rad 4 (X;, X;41) fori=1,...,d — 1.

Proposition 2.6 justifies the terminology in the definition above and shows that minimal d-cokernels,
d-kernels and d-extensions exist and are unique up to isomorphism. When we say that a complex in
a category M is a direct summand of another complex, this means that it is a direct summand in the
category of complexes over M.

Proposition 2.6 [HJ, Proposition 2.4]. Let M be a d-cluster tilting subcategory of A.

(1) Given a morphism fin M, there exists a minimal d-cokernel (resp. d-kernel) of f. This d-cokernel
(resp. d-kernel) is a direct summand of any other d-cokernel (resp. d-kernel) of f.

(2) Given a d-extension in M, there exists an equivalent minimal d-extension. This minimal d-extension
is a direct summand of every d-extension in the associated equivalence class.

Remark 2.7 Since [J2, Lemma 2.1] implies that any two d-cokernels of a morphism are isomorphic
in the homotopy category, Proposition 2.6 implies that any d-cokernel is isomorphic to the direct sum
of the minimal d-cokernel and a contractible exact sequence. Moreover, for an idempotent complete
category (e.g., an abelian category), any contractible complex is the direct sum of complexes of the

1
form N — N. In particular, given a d-cokernel

X A Xq A, X441 —0
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of fo: Xo — X; where f; ¢ Rad 4(X;, X;;1) for some 2 < i < d, there is an isomorphic d-cokernel
where f; is replaced by

f', 0 . ’ ’
(6 Iy X, N> X, &N
with f/ € Rad 4(X], X/, ). Similar statements hold for d-kernels and d-extensions.

The terminology in Definition 2.5 is further justified by the following connection to minimal mor-
phisms.

Lemma 2.8 Let X —f—> Y Zbea complex in A for which the induced sequence
Hom4(Z,Y) —» Hom4(Y,Y) —» Hom4(X,Y)

is exact. The morphism f is left minimal if and only if g € Rad 4(Y, Z).
Proof. See [JK, Lemma 1.1]. O

The construction of a minimal d-cokernel is frequently used throughout the paper. We discuss it in
more detail in the following.

Construction 2.9. The minimal d-cokernel of a morphism f: X — Y in a d-cluster tilting subcategory
M C A can be constructed as follows:

(1) Set C; = Coker f and let g;: C; — M, be the minimal left M-approximation of C;. Set

fi: Y — M to be the composition Y — C; &, M.
(2) Repeaton fi: Y — M to construct fr: M; — M>.
(3) Iterate the procedure, which must terminate and result in a d-cokernel by [J2, Proposition 3.17].

Since each morphism f; is the composition of an epimorphism and a left minimal morphism, they are
all left minimal, and hence, Lemma 2.8 shows that this is the minimal d-cokernel of f. Note that each f;
can equivalently be described as the left minimal weak cokernel of the previous morphism.

Lemma 2.10. Suppose we have a d-extension
0O->X—>E —>E)— ---—>E;—->Y—0.

Then, for any morphism h: X — Fy, there is a d-pushout diagram

0 > X > E; > e > Eq > Y > 0
o] [
0 > Fo > F > > Fa > Y > 0

such that the bottom row is a minimal d-extension.

Proof. The fact that a d-pushout diagram exists is precisely [J2, Theorem 3.8]. It follows from [J2,
Proposition 4.8] that the bottom row is a d-extension with last term equal to Y. If this d-extension is
minimal, then we are done. Otherwise, it has a minimal d-extension as a direct summand by Proposi-
tion 2.6. Composing the morphism in the statement with the projection onto this minimal d-extension
gives another commutative diagram, which is a d-pushout by [J2, Proposition 4.8]. The bottom row of
this new diagram is a minimal d-extension as required. O

Note that there is a dual version of Lemma 2.10 which will also be used.
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2.3. Torsion and d-torsion classes
Generalising the properties of the class of torsion groups in the category of abelian groups, the notion
of a forsion pair was introduced in [D] as follows.

Definition 2.11. A pair (7, F) of subcategories of A is a forsion pair if the following conditions are
satisfied:

(1) For every X € A, there exists a short exact sequence
0-tX—>X—> fX—0,

where rX € T and fX € F.
(2) Homy4(X,Y) =0forall X € T and Y € F.

Given a torsion pair (7, F), we say that T is a torsion class and F a torsion-free class.

Note that the short exact sequence from the definition above is unique up to isomorphism. The
following classical result characterises torsion classes in .4 as those subcategories which are closed
under extensions and quotients.

Theorem 2.12 [D, Theorem 2.3]. A subcategory T of A is a torsion class if and only if T is closed
under extensions and quotients.

We denote by tors(.A) the poset of all torsion classes in A ordered by inclusion. It is well known
that tors(.A) is a complete lattice where the meet is given by intersection; see, for example, [IRTT,
Proposition 2.3].

In light of the development of higher homological algebra, it is natural to consider higher analogues
of torsion classes. The notion of d-torsion classes was introduced in [J¢].

Definition 2.13 [Jg, Definition 1.1]. Let M be a d-abelian category. A subcategory I/ of M is a
d-torsion class if for every M in M, there exists a d-exact sequence

0O-Uy-M->V—>--->5V;>50

such that the following conditions are satisfied:

(1) The object Ups isin U.

(2) The sequence 0 — Homp, (U, V) — --- — Hom (U, V) — 0 is exact for every U in U.
The object Ups above is known as the d-forsion subobject of M with respect to Uf.

Note that when d = 1, the previous definition is equivalent to the definition of a torsion class; c.f.
Definition 2.11.

Remark 2.14. Our standing assumption that subcategories are closed under finite direct sums and

summands is not necessary in Definition 2.13, as this follows from [J¢, Lemma 2.7(iii)].

A recent paper [AJST] showed that there is a strong relationship between the torsion classes in an
abelian category .4 and the d-torsion classes in a d-cluster tilting subcategory M of A.

Theorem 2.15 [AJST, Theorem 1.1]. Let M be a d-cluster tilting subcategory of A. Then a torsion
class T in A is the minimal torsion class containing a given d-torsion class in M if and only if the
following conditions are satisfied:

(1) Forevery M € M, we have tM € M.
(2) T is the smallest torsion class containing all tM for M € M.
(3) Forany M, M’ € M, we have Exti‘l(tM, fM’)=0.

Moreover, in this case, U := T N M is a d-torsion class and T is the minimal torsion class containing
it. Furthermore, we have Upy = tM for every object M € M.

We now illustrate Theorem 2.15 in our running example.
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Table 1. The 2-torsion classes considered in Example 2.16 and their corresponding
torsion classes.

| 2-torsion classes in M | Corresponding minimal torsion classes in mod A
M mod A
add}e) @1 wdf}eze e
add{} @1 add{} @1}
add{1} add{1}
add{3} add{3}
{0} {0}

Example 2.16. Let A and M be as in Example 2.4. In Table 1, we give the complete list of 2-torsion
classes U in M and the corresponding minimal torsion classes 7 in mod A such that i/ =7 N M.

On one hand, we note that although Theorem 2.15 gives a complete characterisation of the minimal
torsion classes 7 in mod A such that 7 N M is a 2-torsion class in M, there are other torsion classes in
mod A with this property. For instance, we see that T = add{2 DD 1} is a torsion class in mod A and
T N M = add{} ® 1} is a 2-torsion class in M.

On the other hand, it is not true that 7 N M is a 2-torsion class in M for every torsion class 7 in
mod A. Two such examples are 7; = add{3&® 1} and T, = add{3 o0 2}. The intersections 731 N M and
T2 N M are not 2-torsion classes in M, for reasons that will be explained in Example 3.18.

3. Closure under d-extensions and d-quotients

Throughout this section, let M be a d-cluster tilting subcategory of the abelian category .A. We also
introduce the following setup, which will not be assumed unless explicitly stated.

Setup 3.1. Let U/ be a d-torsion class in M. Let T be a torsion class in A such that &/ = 7 N M and the
torsion subobject tM of M belongs to M for all M € M.

We note that Theorem 2.15 implies that for every d-torsion class ¢/ in M, we can find a torsion class
T satisfying Setup 3.1.

Section 3 is divided into three subsections. We first verify some consequences of the setup above in
Section 3.1. In Section 3.2, we state and prove the main result of this paper — namely, the characterisation
of higher torsion classes given in Theorem 1.1. The aim of Section 3.3 is to prove Theorem 1.3.

3.1. Approximations by d-torsion classes
Throughout this subsection, we assume Setup 3.1.
Lemma 3.2. For any M € M, there is an isomorphism Upy = tM commuting with the inclusion to M.

Proof. By the definition of a d-torsion class, the morphism Uy, — M is a right U/-approximation.
Since the morphism tM — M is a right 7 -approximation and tM € U, it must also be a right U-
approximation. Hence, the inclusions Up; — M and tM — M must factor through each other, which
implies that Ups = tM. O

By Lemma 3.2, we can assume Up; = tM whenever we are in Setup 3.1, and we will do this from
now on. Given Setup 3.1, we gain additional control of left M-approximations of objects in 7.

Lemma 3.3. Let ¢x : X — M be the minimal left M-approximation of an object X inT. Then M is inU.

Proof. Consider the short exact sequence

0>tM>M— fM —0
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associated to the torsion pair (7, F). The morphism ¢ is a right 7 -approximation of M, and tM € M
by assumption. As X € T, there exists a morphism x : X — tM such that wyx = ¢x. Notice that since
¢x is a left M-approximation of X, so is yx. Since ¢x is left minimal and ¢ is a monomorphism, this
implies that M is isomorphic to M. Consequently, one obtains that M is contained in 7, and hence also
inU. O

Corollary 34. If X € T, then the minimal left M-approximation of X is also the minimal left
U-approximation of X. Moreover, this approximation is a monomorphism.

Proof. Let ¢x: X — M be the minimal left M-approximation of X. By Lemma 3.3, we know that
M € U, and it follows that ¢x is also a left U/-approximation. Since ¢x is left minimal, it is the
minimal left J/-approximation of X. Finally, since M is cogenerating, any left M-approximation is a
monomorphism. O

Remark 3.5. Note that the previous corollary implies that the d-torsion class I/ is always covariantly
finite within the torsion class 7, even if I/ is not covariantly finite in M or A.

3.2. Characterising d-torsion classes

In order to formulate our results, we need higher analogues of what it means for a subcategory to be closed
under extensions and quotients. Recall the notions of d-cokernels and d-extensions from Section 2.1.

The following definition already appeared in the literature; see, for example, [HJV, Definition 2.8(iii)]
or [HLN2, Definition 4.1].

Definition 3.6. A subcategory U of M is called closed under d-extensions if for any d-extension
0-X—->E —>---—>E;—>Y—>0

in M with X and Y in U, there exists an equivalent d-extension
0>X—>E —--—E,-Y—>0

where all the objects are in /.

Definition 3.7. A subcategory U/ of M is called closed under d-quotients if for any morphism f: M — U
in M with U in U, there exists a d-cokernel

ML)U—>E1—>E2—>~--—>Ed—>O

of f with E; in U for all i = 1,...,d. If this condition is only assumed to hold when both M and U
belong to U, we say that U is closed under d-cokernels.

It will further be convenient to define a (minimal) d-quotient of U € M as a (minimal) d-cokernel
of some morphism f: M — U in M. The following lemma shows that closure under d-quotients or
d-extensions is equivalent to closure under minimal d-quotients or d-extensions. This uses the standing
assumption that our subcategories are closed under direct summands.

Lemma 3.8. Let U be a subcategory of M. The following hold:

(1) U is closed under d-extensions if and only if for any minimal d-extension
0->X—>E —>---—>E;—>Y—>0

with X,Y e U, we have E|, ... ,Eq € U.
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(2) U is closed under d-quotients if and only if for any minimal d-cokernel
M—-U—>E —-E —--+-—E;—>0

of a morphism M — U in M withU € U, we have E1, ..., Eq € U.

Proof. By Proposition 2.6, any equivalence class of d-extensions contains a unique (up to isomorphism)
minimal d-extension, which is furthermore a direct summand of any other d-extension in the class. This
immediately implies (1), since U/ is closed under direct summands. Part (2) is proved similarly, using
that the minimal d-cokernel of a morphism f is a summand of any other d-cokernel of f. O

Remark 3.9. For a direct sum X @ Y € M, we have X,Y € M and the projection X @ Y — Y gives a
minimal d-cokernel

X—>XeY—->Y—>0—---—0

of the inclusion X — X @Y.
Hence, being closed under minimal d-quotients implies being closed under direct summands.

Remark 2.14 and Remark 3.9 show that the standing assumption on subcategories being closed under
direct summands is not a significant restriction.

The following lemma shows that when checking if a subcategory is closed under d-extensions, it is
often sufficient to consider the first middle term. This simplifies the proof of Proposition 3.11 and is
also an important step towards the main result in Section 3.3.

Lemma 3.10. Let U C M be closed under d-quotients. Then for any minimal d-extension

0 XL E SE S “YNE 5y 50

in M with X,E|,Y € U, it follows that E; € U fori=2,...,d.

Proof. The minimality of the d-extension (see Definition 2.5) gives that e; € Rad 4(E;, E;4;) for all
i=1,...,d— 1. Moreover, the sequence

ELSES. e, Sy 50 2)

is a d-cokernel of f. If g € Rad 4(E4,Y), then this d-cokernel is minimal. Since E| € U, the result then
follows from U/ being closed under minimal d-quotients by Lemma 3.8.
Suppose hence that g ¢ Rad 4(E4,Y). Recall from Remark 2.7 that the sequence (2) is isomorphic

1
to the direct sum of the minimal d-cokernel of f and shifted complexes of the form N 25 N. However,
since e; € Rada(E;, Eiyp) fori =1,...d — 1, it follows that (2) is isomorphic to

el e ed-2 e:’”:(%l) (%, 1)(/)")
EfL—E—. . — d_14>Eél€BY"4>

YoY” -0,
where e/, | is e4-1 composed with an isomorphism and

el e €d-2 h g
Ef —>E — - —E; 1 —E,>Y -0

is a minimal d-cokernel of f. In particular, the objects E», ..., E4-1, Eé areinlf as E; € U and U is
closed under minimal d-quotients by Lemma 3.8. Since Y’ @ Y/ =Y € U and U is closed under direct
summands, we have that Y € /. Hence, E; = E (’1 ®Y"” € U, completing the proof. m]

We are now ready to prove the first part of our characterisation result.
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Proposition 3.11. Let U € M be a d-torsion class. ThenU is closed under d-extensions and d-quotients.

Proof. AsU is ad-torsion class in M, we have thatlf = T NM for some torsion class 7 in A as in Setup
3.1. Recall from Lemma 3.8 that it suffices to consider minimal d-extensions and minimal d-quotients.

We first show that { is closed under minimal d-quotients. Let f: M — U be a morphism in M with
U € U and consider its minimal d-cokernel

L uly L Vd,livd—m.

By construction of the minimal d-cokernel (see Construction 2.9), we have that V; arises as the minimal
left M-approximation of Coker f;_; foralli =1,...,d, where we set fo = f. AsU e U =T N M and
T is closed under quotients, Lemma 3.3 implies that V; € U for alli = 1,...,d. This shows that I/ is

closed under minimal d-quotients.
We next prove that U/ is closed under minimal d-extensions. Consider a minimal d-exact sequence

0-XSE 4 XN g, Yy 50

in M with X and Y in /. By Lemma 2.8, the morphism ¢; is left minimal fori =0,...,d — 2. AsU is
a d-torsion class, we obtain the solid part of the diagram

€Q € €d- ed

1
0 > X > E| > E > e > Eg > Y > 0
| / 7 7 // |
| 4 4 1 | |
180 // // 182 d 18a 7 1 8d+1
| 7 hy /7 h | //h | 7 ha |
| 4 4 d-1 s’ |
v )N W ~ W k/w ~N LS w ~
L 0 1 d— d-1
0 — tEy —= B — W) — -+ = Wyy ——= Wy — 0,

where the bottom row is the d-exact sequence associated to E; by U. In particular, the object tE; € U
is the d-torsion subobject of E| with respect to ¢/ by Lemma 3.2, and the sequence

0—>HOII1A(U,W1)—>---—>H0mA(U,Wd)—>O (3)

is exact for every U inU{. As ¢ is a right T -approximation and X € U = T N M, there exists a morphism
go: X — tE; making the left square commute. We can hence complete the diagram to a morphism g
of d-exact sequences by using the factorisation property for weak cokernels; see Section 2.1.

Since (3) is exact and Y € U, the morphism

wg—1 0—: Homu4(Y,Wg4_1) = Hom 4 (Y, Wy)

is surjective. Hence, there exists a morphism hy: Y — W41 with wy_1hg = g4+1. As the bottom row
is d-exact, there is an exact sequence

Hom 4 (E4, Wg-2) — Hom4(Eg, Wy—1) — Hom4(Eq, Wg).

Using the commutativity of the rightmost square, we get wy_1(gq — hgea) =0, so0 gq4 — hgeq is in the
kernel of the second morphism. By exactness, there exists a morphism hg4_;: Eq4 — Wy_» such that
8d — hded = Wd—2hd—1, or equivalently, 8d = hded + Wd—2hd—1-

We can repeat this process to obtain a homotopy of the map of complexes g. In particular, there
are morphisms /g and /s such that gy = 1g, = tho + hjey. This implies that thoeg = eg, so thy is an
isomorphism by the left minimality of eg. The morphism /4 is hence a split monomorphism, so E; is
contained in /. By Lemma 3.10, this implies that E; € U fori = 2,...,d, so the subcategory U is
closed under minimal d-extensions. |

Remark 3.12. Proposition 3.11 implies that every d-torsion class is closed under d-cokernels.
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The remainder of this subsection is devoted to proving the converse of Proposition 3.11. Since any
d-torsion class in M is contravariantly finite in M, we first establish that for a subcategory &/ € M to
be contravariantly finite, it is enough to assume closure under d-quotients.

We first need a result on coimage factorisation in a d-cluster tilting subcategory. Recall from Sec-
tion 2.1 that a morphism g in M is a weak cokernel if there exists a morphism f in M such that g is a
weak cokernel of f.

Proposition 3.13. Let f: M — N be a morphism in M. Then there exists a factorisation f = f> o f
in M where f, is a monomorphism and f| is a composite of left minimal weak cokernels.

Proof. Let Ej denote the image of f, and let (p: Ey — M, be a minimal left M-approximation. The
inclusion Ey — N lifts via ¢y to a morphism go: My — N. Let E| be the image of gg, and note
that Eg € E|. Repeating this procedure, we get a subobject E; € N, a minimal left approximation
ti: E; > M;, and alift g;: M; — N for each i > 0. In particular, the E;’s form an increasing sequence
EyCE CEy,C---CE; C--- of subobjects of N.

Since A is of finite length, this sequence has to stabilise, say at E;. This implies that the image
of g;: M; — N is E;. But then the inclusion ¢;: E; — M; is a split monomorphism, and hence
an isomorphism since it is also left minimal. This shows that E; € M. Now let f,: E; — N be the
inclusion, and let fi : M — E; be the composite M — Ey — E ;. Note that this is equal to the composite

> Mj_ > M.

M > My > M, >
NN AN TN N
Ey > > Ey > > Ey Ej—1>—>Ejf

By construction, the morphisms M — My and M; — M; fori =0,...,j — 1 are left minimal weak
cokernels. Since fi is a composite of such morphisms and the isomorphism M; = E;, this proves the
claim. O

Lemma 3.14. Let U C M be closed under d-quotients. If g: M — N is a left minimal weak cokernel
with M € U, then N € U.

Proof. Assume g is a weak cokernel of a morphism f. Then g is part of a d-cokernel of f, and if g is left
minimal, then it is part of the minimal d-cokernel of f; see Construction 2.9. This proves the claim. O

We now apply Proposition 3.13 and Lemma 3.14 to show that being closed under d-quotients implies
being contravariantly finite.

Proposition 3.15. Let Y € M be closed under d-quotients and consider M € M. Then there exists a
minimal right U-approximation U — M which is a monomorphism. In particular, the subcategory U is
contravariantly finite in A.

Proof. Consider the set of subobjects U € M with U € U. Note that this set is nonempty since 0 € U.

We first prove that this set has a unique maximal element. Indeed, since A has finite length, we can
choose U € M with U € U and where U is of maximal length with this property. Now let V C M with
V € U, and consider the induced morphism U & V — M. By Proposition 3.13, there exists W € M with
We Msuchthat U €W C M andV C W C M, and such that the induced morphism U @V — W is a
composite of left minimal weak cokernels. Since U/ is closed under d-quotients, it follows from Lemma
3.14 that W € 4. But since U is maximal with respect to the property that U € U and U C M, it follows
that U = W. This implies that V must be contained in U, and hence, U is the unique maximal subobject
U € M satisfying U e U.

Now let U” — M be an arbitrary morphism with U’ € U. By Proposition 3.13, there exists an object
V’ such that U’ — M factors through V' and where the morphism U’ — V’ is a composite of left
minimal weak cokernels and the morphism V/ — M is a monomorphism. It follows that V' € ¢/ and V’
is a subobject of M.
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By the maximality of U, we get that V' € U € M, so the morphism U’ — M also factors through
U. This shows that the inclusion U C M is a right U/-approximation, which is minimal since it is a
monomorphism. This proves the first claim.

Finally, the fact that I/ is contravariantly finite in A follows from the fact that M is contravariantly
finite in A and U/ is contravariantly finite in M. m|

Using the proposition above, we now show the converse of Proposition 3.11.

Proposition 3.16. Let U C M be closed under d-extensions and d-quotients. Then U is a d-torsion
class in M.

Proof. Consider an object M € M. By the definition of a d-torsion class (see Definition 2.13), we need
to show that there exists a d-exact sequence

O-Uy-M->Vi—>--->V;>0

where Uy; € U and the sequence 0 — Hom (U, V)) — -+ — Homu (U, V;) — 0 is exact for every
UinlU.

Since U is closed under d-quotients, Proposition 3.15 shows that we may take a minimal right
U-approximation f: Up; — M which is a monomorphism. Taking the minimal d-cokernel of f gives a
d-exact sequence

O—>UMf—>M—>V1—>---—>Vd—>O. @)

Let U € U. As f is a right U-approximation, we know that Homa, (U, f) is an epimorphism. Thus,
it follows from d-exactness of the sequence (4) that

0 —» Homu,(U,V;) — -+ = Homu (U, V4_1) — Homp (U, Vy)

is exact. To finish our proof, we hence need to show that the rightmost morphism in this sequence is an

epimorphism.
Consider h; € Hompa (U, V,) and take a d-pullback of (4) along hy. This yields a commutative
diagram
0 — Uy 25 Wo —— Wi —— - —— Wy —25 U —— 0
| .
00— Uy~ M —— Vi —— - —— Vg —— Vg —— 0,

where the upper row is a d-exact sequence. By the dual of Lemma 2.10, this d-extension can be assumed
to be minimal, and then closedness of I/ under d-extensions implies W; € U foralli =0,...,d — 1
by Lemma 3.8. As f is a right {{-approximation, the morphism /g factors through f, so fp is a split
monomorphism. It follows, by [J2, Proposition 2.6] and its dual, that f; is a split epimorphism, and
hence, hy factors through V,_;. In particular, the morphism Hom (U, V4-1) — Hom (U, Vy) is an
epimorphism, as required. O

We can now generalise the classical characterisation of torsion classes; cf. Theorem 2.12. Recall our
standing assumption that subcategories are closed under direct summands.

Theorem 3.17. Let M be a d-cluster tilting subcategory of A. A subcategory U C M is a d-torsion
class if and only if it is closed under both d-extensions and d-quotients.

Proof. The necessity follows from Proposition 3.11, while the sufficiency follows from
Proposition 3.16. O
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We now demonstrate the use of Theorem 3.17 in our running example.

Example 3.18. Let A and M be as described in Example 2.4. In Example 2.16, we claimed that
Ti = add{3®1} and T, = add{3®§®2} are torsion classes for which 7] N M = add{3 @ 1} and
T,NM= add{3 ) §} are not 2-torsion classes in M. We now use Theorem 3.17 to explain why this is
the case.

Consider the exact sequence

0—>3—>§—>;—>1—>0.

It is straightforward to check that this is a minimal 2-extension in M. This implies that 77 N M is not
closed under 2-extensions, so it is not a 2-torsion class in M by Theorem 3.17.

Similarly, using the same sequence, one can see that 7, .M is not closed under 2-quotients. Therefore,
Theorem 3.17 implies that 7, N M is not a 2-torsion class.

A d-exact category is a pair (C, X') consisting of an additive category C and a class X of d-exact
sequences in C satisfying certain axioms; see [J2, Definition 4.2]. One immediate consequence of our
characterisation result is that any d-torsion class I/ in M carries the structure of a d-exact category.

Corollary 3.19. Let U C M be a d-torsion class. Consider the class X of d-exact sequences in M
where all the terms are inU. Then (U, X)) is a d-exact category.

Proof. By Theorem 3.17, the subcategory U/ is closed under d-extensions in M. The result hence
follows by applying [KI, Corollary 4.15]. O

Note that when viewing M and U as d-exangulated categories — see [HLN1] — Corollary 3.19
moreover implies that I/ is a d-exangulated subcategory of M in the sense of [H, Definition 3.7].

3.3. Closure under d-extensions

To check if a subcategory U C M is closed under d-extensions, it is necessary to determine the middle
terms of any minimal d-extension between any two (not necessarily indecomposable) objects in /.
In this subsection, we show that under certain conditions, it is enough to understand the d-extensions
between indecomposable objects. The main result is the following.

Theorem 3.20. Suppose U C M is closed under d-extensions with indecomposable end terms and all
d-quotients. Then U is closed under all d-extensions.

We apply the theorem above in Sections 5 and 6, where we use it to give a combinatorial description
of d-torsion classes of higher Auslander algebras of type A and higher Nakayama algebras of type A
and AZ.

In order to prove Theorem 3.20, recall first from Lemma 3.8 that we may focus our attention purely on
minimal d-extensions and minimal d-quotients. Our first step is to show that when closing a subcategory
under d-extensions, it may suffice to consider d-extensions where the first term is indecomposable.

Lemma 3.21. Suppose U C M is closed under d-quotients. If U is closed under d-extensions with
indecomposable first term, then U is closed under all d-extensions.

Proof. Assume that U is closed under d-quotients and under d-extensions with indecomposable first
term. Let

0O->X—->E - ---—>E;—>Y—>0 5)

be a minimal d-extension with X,Y € /. We want to show that E; € U foralli = 1,...,d. By Lemma
3.10, it is sufficient to check that £ € U.
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If X is indecomposable, we are done by assumption. Suppose, hence, that X = X; ® X, where X| is
indecomposable and X, # 0. We take a d-pushout of the d-extension along the projection 7: X — Xj.
This yields a commutative diagram

0 > X > Ey ? > Eq > Y >0
0 > X > F > > Fy > Y > 0

where the lower sequence is d-exact and can be assumed to be minimal by Lemma 2.10. As Xj is
indecomposable, we have F; € U for 1 <i < d.By [J2, Proposition 4.8 (ii)], we have a d-exact sequence

0->X—>X®E > FI®E,—---—>F; ®E; — F; — 0.

Since X = X @ X», this complex can be written as the sum of the identity morphism

1
0—>X1i>X1—>0—>---—>0—>0—>0
and a d-exact sequence
0-X,—>E >F®E)—> - > F;109E; > F; — 0. (6)

Next, we choose a decomposition £y = E{' @ E{ and F| = E]' & F such that the morphism E; — F;
becomes

(]E{/ 0

0 f)ZEi,@Ei—)EI’@Fl

with f € Rad4(E], F}). In particular, E { is a summand of F; and is therefore contained in /. Hence,

E| € U if and only if E; € U. Furthermore, (6) can be written as a sum of the identity morphism

g
0-50—E/ —5E’—>0—--—0-0-0

and a d-exact sequence
O—>X2—>E{—>F1®E2—>~~~—>Fd_1®Ed—>Fd—>O.

By minimality of (5), the morphism E; — E; is in the Jacobson radical, and hence, the induced
morphism E| — Ej is also in the Jacobson radical. Combining this with the fact that f: E{ — F|isin
the Jacobson radical, we get that E { — F ]’ @ E, is in the Jacobson radical. Hence, if we let

0-X,>E —-F —--—>F,_ —>F,-0
be the minimal d-cokernel of X, — E, then this must also give a minimal d-extension. By Proposition
2.6, the term F); is a direct summand of F; and must therefore be in /. Obviously, the object X, has
fewer indecomposable summands than X. If X; is indecomposable, we know that E| € U (which is
equivalent to E; € U), as the end terms X, and F é of the above minimal d-extension are in /. If not,

we repeat the argument to eventually show that £y € U. O

We are now ready to give the proof of Theorem 3.20.
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Proof of Theorem 3.20. Suppose that we have a minimal d-extension

0-X2SESLSES . “2LE, Sy >0

with X,Y € U. By Lemma 3.21, we may assume that X is indecomposable. Let Y = @;:1 Y;, where
each Y; is indecomposable. For each inclusion ¢;: ¥; — Y, consider a d-pullback diagram

0 > X — Fji ')"'ﬁ'd7§FJ-,d — Y;

hjo lh i lhj,d L )

€o €l €d-1 €d
0 > X > E > e > Eq >

~
o

,
~
~
o

By the dual of Lemma 2.10, the top d-extension can be chosen to be minimal. Consequently, each of
the morphisms fj 1, ..., fj,a-1 is in the Jacobson radical. Moreover, the middle objects F; 1, ..., F; 4
are in U since U is closed under d-extensions between indecomposables.

Now look at the d-extension

t t t ¢
Jo A Ja-1 Ja
0—)6?X—>G?FJ-’1 —>--«—>G?Fj,d—>e?Yj—>0
Jj= Jj= Jj= Jj=

given by the direct sum of all the upper d-extensions obtained as in (7). Consider the induced map

OH@;zlxﬁ@le],li)ﬂ dfﬁd@;=lY]—>0

t
@j:l Fj,
[ g 2
> X > Eq

€d-1 €d

~
Iy

—_
~

with #; = (ki - hi) fori =0,...,d. This is a d-pushout diagram by [J2, Proposition 4.8], and thus,
the associated mapping cone

60 hl

oe@x ) L xe @ ]1————>E1@@F12—>---—>Ed—>0 )

is a d-extension. Note that the term X & @3: 1 Fj.1 liesin . If (8) is given by the minimal d-cokernel of
the first morphism, we are hence done by closure under minimal d-quotients. So suppose this d-cokernel
is not minimal. By Remark 2.7, it is then isomorphic to the direct sum of the minimal d-cokernel and

shifted complexes of the form N 4 N. In particular, if

t
0 0,
XoEPFii= M = My— - — Mg —0
i
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is the minimal d-cokernel of ( _h]% ), then there is a commutative diagram

[} h2
0 -
Ero @' Fja (—fz>) Exo @ Fis

Jew gy ]

M, & N, L} M>, ® Ny & N>,

where the vertical maps are isomorphisms. Since e; € Rad 4(E1, E3), the morphism

¢o(eol):E1—>M2@NleaN2

also lies in the radical, and thus so does

¢ 0l= ol = c |
00 0

This shows that ¢ € Rad4(E;, N1). Now let ( M 'g) denote the inverse of (¢ 5 ). We have aa + B¢ = 1g,,

or equivalently, @a = 1g, — Sc. It follows from the definition of the radical that this is an isomorphism,
as ¢ € Rad4(E1, Np). This implies that E; is a direct summand of M,. But M; € U since U is
closed under minimal d-quotients, and hence, E; also lies in /. It then follows from Lemma 3.10 that
E,,...,Eg €U, so we can conclude that I/ is closed under d-extensions as required. m]

4. The lattice of d-torsion classes

The torsion classes in .A form a complete lattice with meet given by intersection; see, for example,
[IRTT, Proposition 2.3]. In this section, we use the characterisation of higher torsion classes given in
Theorem 3.17 to show that an analogous statement holds for higher torsion classes.

Let us first recall some relevant definitions.

Definition 4.1. Let P be a poset. For an arbitrary subset H C P, the join of H, if it exists, is the least
upper bound of H. Dually, the meet of H, if it exists, is the greatest lower bound of H. The poset P is a
complete lattice if for any subset H C P, the join and the meet of H exist.

For the sake of clarity, note that a least upper bound is unique as it is smaller than any other upper
bound, and similarly for greatest lower bounds. Note also that a complete lattice is bounded (i.e., it has
a minimum and a maximum) obtained by letting H in the definition be empty. The following lemma is
well known; see, for example, [G, Chapter I, Lemma 34].

Lemma 4.2. Let P be a poset. If every subset of P admits a meet or if every subset of P admits a join,
then P is a complete lattice.

For a d-cluster tilting subcategory M of A, we let d-tors(M) denote the poset of d-torsion classes
in M ordered by inclusion.

Theorem 4.3. Let M be a d-cluster tilting subcategory of A. Then d-tors(M) is a complete lattice
with meet given by intersection.

Proof. To show that d-tors(M) is a complete lattice, it suffices to show that it has arbitrary meets by
Lemma 4.2. We note that if d-tors(M) is closed under arbitrary intersections, then meets are given by
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M

I

add {20} o1}

!

add {3} add {} @1}

!

add {1}

/
{0}

Figure 2. The Hasse diagram of the lattice of 2-torsion classes in Example 4.4.

intersections, and closure under arbitrary meets follows. Therefore, we only need to show that for any
subset S of d-tors(M), the intersection
vi= (U

UeS

is a d-torsion class. By Theorem 3.17 and Lemma 3.8, it is enough to show that V is closed under
minimal d-extensions and minimal d-quotients. This follows from the fact that each &/ € § is closed
under d-extensions and d-quotients by Theorem 3.17. O

We illustrate the lattice structure on the set of higher torsion classes in our running example.

Example 4.4. In the setting of Example 2.4, the set of all 2-torsion classes in M is listed in Table 1.
By Theorem 4.3, we know that the poset of all 2-torsion classes in M ordered by inclusion forms a
complete lattice. We include the Hasse diagram in Figure 2.

Another example — namely, the complete lattice of 3-torsion classes for the higher Auslander algebra
Ag — can be found in Example 5.21. This example will demonstrate that, unlike in the classical setting,
the lattice of d-torsion classes may not be Hasse-regular or semi-distributive (see e.g. [DIRRT] for the
definitions).

It follows from Theorem 2.15 that there is an injective, order-preserving map

T(-) : d-tors(M) — tors(A) 9

which takes a d-torsion class &/ C M to the smallest torsion class in A containing U (see [AJST,
Corollary 3.3]). We now give an example that demonstrates that this map is not a morphism of lattices.

Example 4.5. Continuing with Example 4.4, we see that the 2-torsion classes add{3} and add{1} are
both torsion classes in .4 and thus are sent to themselves under the map (9). However, Figure 2 shows
that the join in 2-tors(M) is M, which is sent to .A under (9), while the join in tors(.A) is simply
add{3 @ 1}, which is contained in M, but it is not a 2-torsion class.

Remark 4.6. Note that for U € d-tors(M), the set

torsy/(A) = {T €tors(A) | T N M =U}
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may contain more than one element, is convex and has a minimal element. Indeed, for the 2-torsion
class I := add{; ® 1} in Example 4.5, we have

add{}® 1} e tors;;(A) and add{2@®,d® 1} € torsy(A),

and hence, torsy/(A) has more than one element. Also, for U € d-tors(M), if we have inclusions
Ti € T € T, of torsion classes such that 77, 75 € tors;;(.A), then

U=TIinMCTNnMCThHLnNnM=U.

This shows that 7 € torsy(A), and hence, tors;;(.A) is convex. Finally, T (I/) is the minimal element
in torsz;(A) by Theorem 2.15, where T(-) is as in (9).

We finish by investigating when the intersection with a d-cluster tilting subcategory gives a map of
posets. The result will be applied in the context of higher Nakayama algebras in Section 6.

Proposition 4.7. Let A| and A; be abelian categories of finite length, and let My € Ay and M, C A;
be d-cluster tilting subcategories. Assume we have an exact inclusion Ay C A such that M, C M.
The following statements hold:

(1) IfU is a d-torsion class in M, then U N M is a d-torsion class in M.
(2) Intersecting with M gives a map of posets

d-tors(My) — d-tors(M>)

which preserves meets.
(3) If A, is closed under quotients in Ay, then M is closed under d-quotients in M.

Proof. Assume that U is a d-torsion class in M. Since the inclusion A, C A; is exact, it must
send d-cokernels and d-kernels in M to d-cokernels and d-kernels in M, respectively. In particular,
it preserves d-quotients and d-extensions. Therefore, the subcategory &/ N M, must be closed under
d-extensions and d-quotients in M», since U is closed under d-extensions and d-quotients in M. This
proves (1).

Part (2) follows from (1) and the fact that meets in d-tors(M;) and d-tors(M;) are given by
intersection.

For part (3), note that giving a d-quotient in M/ of an object Y € M is the same as giving a
d-cokernel in M of a morphism X — Y with X € M. This is again equivalent to giving an exact
sequence

0->C->M —->M, > ---—> M;—0,

where C is the cokernel of X — Y and each M; is in M. Now since A, is closed under quotients in
Ay, the cokernel C must be contained in A,. As My is d-cluster tilting in .A;, we can construct an exact
sequence

0—->C—>N —->Np,—>---—> Ng—0,

where each N; is in My; see [J2, Proposition 3.17]. Since M, C M, this must give a d-cokernel of
X — Y in M by the observation above. This proves the claim. O

Remark 4.8. Note that if 4, is closed under quotients in .4y, it follows from Proposition 4.7(3) that any
minimal d-cokernel in M of a morphism X — Y withY € M, is a minimal d-cokernel of a morphism
in M. In particular, a subcategory of M, is closed under d-quotients in M, if and only if it is closed
under d-quotients in M.
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5. Higher Auslander algebras

In this section, we apply Theorem 3.17 to classify and count the d-torsion classes associated to higher
Auslander algebras of type A. Higher Auslander algebras were introduced in [I3] and constitute an
important class of algebras in higher homological algebra. The module category of each such algebra
contains a d-cluster tilting subcategory, which was described combinatorially in [I3] and [OT].

Recall from Theorem 3.17 that d-torsion classes in a d-cluster tilting subcategory are precisely
the subcategories which are closed under d-extensions and d-quotients. In Sections 5.1 and 5.2, we
present results on closure under d-extensions and d-quotients for higher Auslander algebras of type
A, culiminating in a combinatorial characterisation of their higher torsion classes in Theorem 5.13. In
Section 5.3, we employ our results to write an algorithm which computes and counts all these d-torsion
classes.

5.1. Background on higher Auslander algebras

We start by providing a brief introduction to higher Auslander algebras, highlighting combinatorial de-
scriptions which will be important throughout Section 5. We mostly follow the notation and terminology
from [JKPK].

For positive integers n and d, let N, = {0, 1,...,n — 1} with the natural poset structure. Consider
the set

d times
of d-tuples x = (xq, ..., xq-1) over N,. We endow N,‘f with the product order, meaning that x < y in
N¢ifand only if x; < y; foralli =0, 1,...,d — 1. We consider N¢ as a category whose objects are the

elements of N¢, and whose morphisms are given by the poset relations of N¢. Taking the k-linearisation
of this category, we get a finite-dimensional k-algebra; see [JKPK, Section 1.2] for more details. By
abuse of notation, we also denote this algebra by N,‘f .

Let os¢ be the subset of N¢ of non-decreasing d-tuples over N,,. In particular, an element of os¢ is a
tuple x = (xq, . ..,Xg-1) Withxg < x; < -+ < xg4_1. The higher Auslander algebra Aff is defined as the
idempotent quotient

A = N /(N os?),

where we consider N¢ as a finite-dimensional k-algebra as above. Note that AZ is equivalently given by
the opposite of a quiver Q"¢ whose vertices are the elements of the set 0s¢, and where there is an arrow
from vertex x to vertex y if we have y; = x; + 1 for exactly one 0 <i < d —1and y; = x; for j # i. The
relations of AZ are given by an admissible ideal 1, ; making squares commutative and sending certain
compositions of two arrows to zero; see [HJ].

Remark 5.1. The notation we use is similar to that in [JKPK]. It relates to the notation in [HJ] in
the following way: What we call Q"™¢, AZ and I,, 4 corresponds to what is denoted by Q™4~!, A¢-1
and I, 41 in [HJ]. To see this, note that the poset os,‘f is isomorphic to the poset V,, 4-1 of increasing
d-tuples x" = (x(,...,x,_,) over {1,2,...,n+d — 1} used in [H]]. The isomorphism is given by
osz 4 Vn,d—l ()C(), . ,xd_l) — ()Co +1,x1+2,...,xq-1 + d).
The module category of A4 has a d-cluster tilting subcategory

M4 = add(M?) € mod A9,

where M¢ = P veosd+! M. Here, the notation M, is used for the indecomposable A%-module with
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support in all vertices y € os? such that xo < yo < x; < -+ < x4-1 < y4-1 < xq. Note that the
d-cluster tilting subcategory M¢ contains finitely many indecomposable objects, indexed by os?*!. It is
known that End 4« (M;!) and A¢*" are isomorphic as algebras by [I3, Corollary 1.16]; see also [JKPK,

Theorem 2.3]. For examples of the quivers Q"’d and relevant modules, see [JKPK, Section 2.1] and
[HJ, Example 2.13].
Next, we define the relation

x~ yifandonlyifxg < yg <x; <y; <:--<x4 <yg

on the set Z4*! of all (d + 1)-tuples over Z. Note that x ~» y implies x < y. Using the relation ~>, one
can determine the Hom-spaces between indecomposable modules in M¢.

Proposition 5.2 [OT, Theorem 3.6(3)], [JKPK, Proposition 2.8]. Let x,y € os¢*!. Then

1 ifx~y

dim Hom ,a (M, M) =
A'i( y) {0 otherwise.

The d-extensions in M9 have a similar combinatorial description, including a description of all the
middle terms. To this end, we define 7;: Z4! — Z4+! by

Td(X(), e ,xd) = (JC() - 1,x1 - 1, ceesXd — 1).

The notation is motivated by the fact that if x € os¢*! with xo > 0, then 74(M,)=M,, by [JKPK,
Proposition 2.7(iii)], where 74(M,) is the higher Auslander—Reiten translate of M.

Proposition 5.3 [OT, Theorem 3.6(4) and 3.8], [JKPK, Proposition 2.8]. Let x,y € osﬁ”. Then

, L ifx ~ 74(y)
dimExt? (M, M,) =
Aﬁ( v M) {O otherwise.

In particular, if x ~» 14(y), there is a nontrivial d-extension
O-M—>E —>-+-—>E;—>M,—0, (10)

where Ex = P M, for

z€Zy

Zi ={z € oyt | zi € {xi, yi} for eachiand |{i | z; = yi}| = k}.
Remark 5.4. The d-extension (10) in Proposition 5.3 is minimal. This is seen by combining the fact
that E; and Ex4; have no isomorphic direct summands for k = 1,...,d — 1 with Proposition 2.6 and
Remark 2.7.

We will use the following lemma, which can be seen as an immediate consequence of the description
of d-extensions in Proposition 5.3.

Lemma 5.5. Suppose that x,y € os¢*! with x; = y; foralli = 0,...,d — 1 and x4 < yg4. Then any

nonzero morphism My — M, is a monomorphism.

Proof. If x4 = y4, the only nonzero morphism (up to multiplication by a scalar) is the identity, which
is a monomorphism. If x; < yg4, the result follows from Proposition 5.3 when looking at the extension
between M, and M,, where z = (x; + 1,...,xg+ 1,v4). O

Although Proposition 5.3 is limited to describing the middle terms in d-extensions with indecompos-
able end terms, we know from Theorem 3.20 that this knowledge is sufficient for producing d-torsion
classes if we have already established closure under d-quotients.
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5.2. A combinatorial characterisation of d-torsion classes in M.

The main result of this subsection is a characterisation of higher torsion classes associated to higher
Auslander algebras of type A; see Theorem 5.13. The key ingredient in the proof of this result is a
combinatorial description of how to close a subcategory of M¢ under d-quotients.

Given M € M¢, we write dq(M) for the smallest subcategory of M¢ which contains M and is
closed under d-quotients (see Definition 3.7). We often refer to dq(M) as the d-quotient closure of M.
It is clear that if N € dq(M), then dq(N) C dq(M).

We filter dq(M) as follows:

o Setdq(M)y = add(M).
o Fori > 0, set

dq(M);41 = add :N e M2

3 minimal d-quotient X - Y - C; —» -+ > C4 — 0in
MZ withY € dq(M); and N = C; forsome 1 < j < d

We see that dq(M)y € dq(M); C ... and that the chain must stabilise with dq(M); = dq(M),; for
some ¢ € N because M has finitely many indecomposables. By definition, we have dq(M) = dq(M);.

To completely determine the subcategory dq(M), it is sufficient to describe the indecomposable
modules it contains. With this in mind, we begin by identifying certain indecomposables which must
be contained in d-quotient closures.

Lemma 5.6. Let x € OSﬁf“ be such that x; + 1 < x4 for some 0 < i < d — 1 and set

y=(x0,...,Xi-1, % + L, Xis1, ..., xq). Then My € dq(My).

Proof. Define z = (20, ..., zq) such that

X lf]?':l+1
Zj =
Py ifj =i+l

We then have z ~» x, so there is a nonzero morphism M, — M, by Proposition 5.2. Because
X; < Zis1 < Xi+1, the module M, is hence in dq(M,) by [HJ, Lemma 3.8(2)], keeping in mind that this
paper uses a different notation as we outlined in Remark 5.1. )

Lemma 5.6 yields the following corollary.

Corollary 5.7. Given any x € osjf“, the set
{M, € M yeos? x <yandxy = ya}

is contained in dq(M,).

Proof. Suppose y € os?*! satisfies x < y and x4 = y4. Construct a sequence

x=2%2 .2 =y
in osﬁ”, where the element z'*! is constructed from 7z as follows. If 7/ = y, then we are fin-
ished. Otherwise, there exists a maximal j such that z’j < yj, and we must have j < d. Then

z;+1 <y <y =zj.+],andwedeﬁne
@+l k=
Zk = i . .

7 ifk#j.
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Notice that M i« € dq(M_:) by Lemma 5.6 and that this process must terminate with z"”* = y. Thus, we
get

M, € dq(M m-1) C --- Cdq(M,),

as required. O

We now present the key technical lemma needed to describe dq(M,) completely.

Lemma 5.8. Suppose that Cy — C; — -+ — Cgq — 0 is a minimal d-cokernel of a morphism
C_1 — Coin M2 If M, € add(C;) for some 1 < i < d, then there exists M € add(Cy) such that x < z
and xg = z4.

Proof. Since each C; € M, we may assume that every C; is equal to a direct sum of modules of the
form M, for z € 0s9*!. Choose M, € add(C;). Write the morphism C;_; — C; as

(]g“) Ci*l g Mz ® Cl,

By the construction of minimal d-cokernels, this morphism factors through the cokernel K of the
morphism C;_» — C;_; as indicated in the diagram

(%)

Ci—l % Mz ® Cl/’

ST

where (’; ) is a minimal left M¢-approximation of K.

There exists some M,, € add(C;_;) with a nonzero morphism M,, — M,. Indeed, if this is not the
case, then f = 0. However, since 7 is an epimorphism, this would imply f’ = 0, contradicting (; , )
being left minimal. Consequently, we may write C;_; = D @ D’, where D # 0 and D’ is the largest

summand of C;_; that maps to zero under f. This means that the morphism ({; ) may be written as

(fl 0):D€BD’—>MZ€BC{,
81 82

where f; is nonzero. For every M,, € add(D), there is a nonzero morphism to M,. Hence, Proposi-
tion 5.2 shows that v ~» z. Since D # 0, we may choose M, € add(D) with y; maximal (i.e. for all
M, € add(D), we have v4 < yg).

With z and y fixed and knowing that y ~» z, we may now consider z’ = (2o, 1, - - - » Zd-1, Ya)- Notice
that z” ~» z. Proposition 5.2 and Lemma 5.5 thus yield that there exists a monomorphism ¢: M, — M.
Moreover, by the maximality of y,, we have v ~» 7’ for all M,, € add(D). Hence, by Proposition 5.2,
there exists a morphism h: D — M such that f; = ¢ o h. In particular, the solid part of the diagram

(&1 &)
DeD =5 My eC]

) S (]
K ;f—,) M, @Ci’

(8’)
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commutes. Since ((‘) ?) is a monomorphism, this implies that the composition of the morphism

Ci» — Cij_1 and (ghl 592) is zero. Thus, there is a morphism ¢: K — M, & C; making the upper
triangle in the diagram above commute.

Note that the lower triangle also commutes as m is an epimorphism. Finally, since (f;) is an

M¢_approximation, there exists a morphism s: M, & C! — M, ® C/ such that

()
(-2

f
g
also an epimorphism, so it must be an isomorphism, and we have M, = M. This shows that y; = zg4,
and hence, My € add(C;_) satisfies both y ~> z (and thus, y < z) and y4 = z4.

We can now repeat the argument with M, and keep going until we get M, € add(Cp) withx <y <z

and xg = yg = 24. ]

It follows that

,
and thus, (6(1)) o s is an isomorphism, since ( , ) is left minimal. Therefore, the monomorphism ¢ is

Lemma 5.8 enables us to fully describe dq(M,) for an indecomposable module M, € Mﬁf

d+1

ar', we have

Corollary 5.9. Given any x € os
dq(M,) = add{My € ./\/lz |ye OSZH, x<yandxq= yd}.

Proof. By Corollary 5.7, it suffices to show that for any M, € dq(M,), we musthavex < yandxg = yg4.
Let i > 0 be such that My € dq(M,);. If i = 0, we have M, € dq(M,)o = add(M,), so My, = M., and
the statement holds. Assume hence, i > 0. By Lemma 5.8, there exists M, € dq(My);—; suchthatz <y

and z4 = yq.
Repeating this argument, we will eventually find some M,, € dq(M, )y suchthatw < yand wy = y4.
As dq(My)y = add(M,) yields M,, = M,, the result follows. O

Remark 5.10. It follows from Corollary 5.9 that any M,, M, € dq(M,) satisfy yq = x4 = 24, and thus
there are no nontrivial d-extensions between them by Proposition 5.3. In particular, the subcategory
dq(M,) is closed under d-extensions, and it is hence the smallest d-torsion class containing M, by
Theorem 3.17.

We now consider the d-quotient closure of a set of indecomposables.

Proposition 5.11. Given any subset I C 0s3*!, suppose that M v €dq(Ep
for some x € 1.

My). Then My € dq(M,)

xel

Proof. We prove this by induction on the filtration of dq(B, .; M). If
M, € dq (@ Mx) = add (EB Mx),
xel 0 xel

the statement clearly holds.
Now suppose M, € dq(€D,., Mx), for some i > O and that the result is known for all
M € dq(€P,c; My),_,- By construction, there must exist a minimal d-quotient

XLY—>C|—>---—>Cd—>0
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in M¢ of some morphism f such that ¥ € dq(P.o; Mx)t._1 and M, € add(C;) for some 1 < j < d.
Hence, combining Lemma 5.8 with Corollary 5.7 shows that there exists

M, € add(Y) C dq (@ Mx)
i—1

xel

such that M, € dq(M;). By the induction hypothesis, we have M, € dq(M) for some x € I, and thus,
it follows that M, € dq(M,) € dq(My), as required. O

Using Proposition 5.11, we are able to give a complete description of the d-quotient closure of any
module in M.

Corollary 5.12. Given a subset I C 0s%*!, the set of indecomposable modules in dq(@xel M) is
precisely

U{My € Mg | y € OSg+1, x < yandxd =yd}~

xel

Proof. Since it is clear that dq(M) C dq(EP Mx) for each x € I, this is a direct consequence of
Corollary 5.9 and Proposition 5.11. O

For a set of indecomposable modules in M¢, Corollary 5.12 gives a purely combinatorial description
of all the indecomposables in their d-quotient closure. Unlike what we saw in Remark 5.10, there may
now exist nontrivial d-extensions, so the d-quotient closure is not necessarily a d-torsion class. However,
using the results developed in this subsection, we give a full combinatorial description of the subsets
corresponding to d-torsion classes. Note that any subcategory of Mﬁf which is closed under direct
summands is uniquely determined by its indecomposable modules (i.e., by a subset of os?*!). We hence
use the notation

Uy = add{M, e M? |y eI}

d+1

n .

for the subcategory of M¢ associated to a subset I C os

Theorem 5.13. Consider a subset I C osl*'. The subcategory U is a d-torsion class in M if and
only if the following hold for any elements x, z € 0s%*!:

n -

(D) Ifx <zandxg = zq, then x € I implies z € I.

) Ifx w 14(z) and x,z € I, then any y € os?*! with v; € {xi, zi} for each i must be in L.
n

Remark 5.14. The product order on N9*! restricts to a partial order on the subset
{y €ost™ | ya=m} < NI

Theorem 5.13(1) is equivalent to {y € I | y4 = m} being an upper set in {y € os&*! | y, = m} for each
m=0,...,n—1.

Proof of Theorem 5.13. By Corollary 5.12, condition (1) holds if and only if U is closed under
d-quotients. It follows from Proposition 5.3 and Remark 5.4 that condition (2) is equivalent to Uy
being closed under d-extensions by indecomposables. Moreover, if I/ is closed under d-quotients, it
is closed under d-extensions by indecomposables if and only if it is closed under all d-extensions by
Theorem 3.20. From Theorem 3.17, we know that U is a d-torsion class if and only if it is closed under
d-extensions and d-quotients, which proves the claim. O
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5.3. Computational results

We are now ready to present two algorithms for explicitly computing higher torsion classes associated
to higher Auslander algebras of type A. The first algorithm computes the minimal d-torsion class
containing a given module. The second computes all d-torsion classes associated to a higher Auslander
algebra. Python code implementing the algorithms is available as a Google Colab notebook.!

We extend our notation for the sake of readability. In particular, for an element x € os?*!, we set
dq(x) = {y € os®*! | M, € dq(My)}. By Corollary 5.9, we know that
dq(x) = {y € os?*! | x < yand x4 = ya}.
Given a set of indecomposable modules M,1,..., M- in Mﬁ, we let U(M,1, ..., M,r) denote the
smallest d-torsion class in M containing M,1,..., M. For aset X = {x!,...,x"} C os%*!, we let
U(X) be the set of (d + 1)-tuples in osfrl corresponding to the indecomposables in U (M1, ..., Myr).

If the set X is empty, then U(X) is also empty and corresponds to the trivial d-torsion class {0}.

Algorithm 5.15. Given a set of initial indecomposable modules in M¢, or equivalently, a subset of
os?*1 | this algorithm computes the minimal d-torsion class containing those modules.
Input: Integers d > 1, n > 1 andaset X = {x', ..., x¥'}D osd*!

n
(1) LetlI=X.
(2) For each pair x, y € I such that x ~» 74(y), add the (d + 1)-tuple (xp, . .., X4—1, yq) to 1.
(3) For every x € I, add the elements of dq(x) to I.
(4) If new elements were added to I in step (2) or (3), repeat from step (2). Otherwise, terminate the
process.
Output: The set 1.
Since osd*! is a finite set, Algorithm 5.15 will always terminate and give a subset I C os
output. Recall that we use the notation

d+1

arlas

Uy =add{M, e M? |y e}

for the corresponding subcategory of M¢. Proposition 5.16 shows that the set I produced in Algorithm
5.15 indeed corresponds to the minimal d-torsion class containing the indecomposable modules we
started with.

Proposition 5.16. The set I constructed in Algorithm 5.15 satisfies Uy = U (M1, ..., Myr).
Proof. We need to show that U{; is the minimal d-torsion class containing M,1, ..., M,r. Step (1) of
the algorithm ensures that M1, ..., M, € U;. By Proposition 5.11, step (3) implies that /s is closed

under d-quotients.
Consider two indecomposable modules M,, M, € U; with Extid (M, M) # 0. This means that the

pair x,y € [ satisfies x ~» 74(y) by Proposition 5.3. Moreover, if M is a direct summand in one of
the middle terms in the nontrivial d-extension from M, to M, described in Proposition 5.3, then either
z € dq(x) or z € dq((xg, - - -, Xa-1,Ya))- Step (2) followed by step (3) thus ensures that M, € Uy, so Uy
is closed under d-extensions with indecomposable end terms. By Theorem 3.20, this implies that {4y is

closed under all d-extensions. We can hence conclude that U/; is a d-torsion class by Theorem 3.17.
We now know that Uf; is a d-torsion class containing the modules M1, ..., M. However, objects
added to [ in the algorithm correspond to either M,1, ..., M,r or to indecomposable direct summands
obtained from minimal d-quotients or minimal d-extensions — see Remark 5.4 — and the result follows.
O

thttps://colab.research.google.com/drive/172Q-UZHvdPOhngGkl1T_xdYLzntg31dY
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Remark 5.17. An improvement of Algorithm 5.15, omitted for the sake of readability, is that on
subsequent iterations it suffices to only consider (d + 1)-tuples added in the previous iteration in step
(3). Similarly, in step (2), one only needs to consider pairs where at least one (d + 1)-tuple was added
in the previous iteration.

Building on Algorithm 5.15, we give an algorithm that determines all d-torsion classes in M.

Algorithm 5.18. This algorithm computes all higher torsion classes associated to a higher Auslander
algebra.
Input: Integersd > 1, n > 1.

(1) Let U be the singleton set containing the empty set. Set / = 1.

(2) For all sets X consisting of [ distinct (d + 1)-tuples in 0s?*!, compute U(X) using Algorithm 5.15
and add it to U.

(3) If new elements were added to U in step (2), increase / by one and repeat from step (2). Otherwise,
terminate the process.

Output: The set 2.

Similarly as in the case of Algorithm 5.15, it should be noted that the algorithm above must terminate

as 0sd*! is a finite set.

Proposition 5.19. The d-torsion classes in M¢ are indexed by W. In other words,
d-tors(MZ) = {Uy | T € U}.

Proof. First, observe that the trivial d-torsion class {0} = Uy, and 0 € U. As M has finitely many

indecomposable objects, any nontrivial d-torsion class V in M;{ canbe writtenasV =U (M1, ..., Mym)
for some positive integer m.

Let r be the lowest positive integer for which any d-torsion class of the form U/ (M 1, ..., Myr) can
also be written as U/ (My1 ,...,Mys) for some s < r. By construction, the set U indexes all d-torsion
classes of the form U(M,.,..., M) forl < r.

Suppose that V is a nontrivial d-torsion class, and let m > 0 be minimal such that
V =Z/[(Mx1,. . .,Mxrn).

We claim that V = Uy for some I € U (i.e., that m < r). Indeed, if m > r, consider the d-torsion class

V' =U(M,1,..., Myr). By the assumption on r, we can write V' as U (M_1, ..., M s) for some s < r.
But then Vis of the form U (M1, ... Mys, M1, ... Mym) and can hence be generated by m+s—r < m
indecomposable modules. This contradicts the minimality of m, and the result follows. O

Remark 5.20. As before, Algorithm 5.18 is presented in its simplest form for the sake of readability.
For efficient computations, we use the following improvements:

o We precalculate whether x ~> y and x ~» 74(y) for all x, y € osd*!.

o If a set X contains x,y with y € dq(x), then U(X) has already been added to U, so we skip the
computation of U(X) in step (2).

Using Algorithm 5.18, we can compute the number of higher torsion classes associated to a higher
Auslander algebra. These computational results are summarised in Table 2.

In addition to computing the full set of d-torsion classes in M, our code also produces the associated
Hasse diagram. Note that it gives a fully annotated version of the Hasse diagram, specifying the
indecomposable modules contained in each d-torsion class.

Example 5.21. Consider the higher Auslander algebra A%. The Hasse diagram of the 3-torsion classes
in the 3-cluster tilting subcategory Mg is shown in Figure 3. We note that the vertices labelled w, x and v
have valency 3, 4 and 5, respectively, so the lattice is not Hasse-regular. We moreover note that the lattice
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Table 2. The number of d-torsion classes in the d-cluster tilting subcategory M2 of
the higher Auslander algebra Aﬁ.

n
1 2 3 4 5 6
1 2 5 14 42 132 429
2 2 6 25 140 1036 10040
3 2 7 46 643 22224
d 4 2 8 87 4147
5 2 9 168 36543
6 2 10 329 427527
7 2 11 650
8 2 12 1291

is not semi-distributive as it fails the criterion of meet-semi-distributivity [G, p. 479]. Indeed, using the
notation V for join and A for meet, we seethat x Ay =v=xAz,butthatx A (yVz) =x Aw=x #v.

6. Higher Nakayama algebras

Higher Nakayama algebras were introduced in [JKPK] as a higher-dimensional generalisation of classical
Nakayama algebras. In this section, we extend the combinatorial description of higher torsion classes
from Theorem 5.13 to the setup of higher Nakayama algebras. We first consider higher Nakayama
algebras of type A in Section 6.1, before moving on to type A in Section 6.2.

6.1. Higher Nakayama algebras of type A

We start by giving a brief introduction to the construction of higher Nakayama algebras of type A. Let
n and d be positive integers, and recall the definitions of osj‘f , A;’ s /\/ljf and M, from Section 5.1.
A (connected) Kupisch series of type A, isatuple £ = ({o, {1, . . ., €y—1) of positive integers satisfying

=1 and 2<¢ <€ +1 for i=1,...,n—1.
Given such a Kupisch series £, consider the subset

osdt! = {y e os | te(y) < £y},

where £€(y) = yq — yo + 1. Note that ££(y) is equal to the Loewy length of the module M, in mod A,
see [JKPK, Lemma 2.9]. For d > 2, the d-th Nakayama algebra with Kupisch series ¢ is the idempotent
quotient

Az = Aﬁ/(osg \ osil).

In other words, if we let e, be the idempotent consisting of the sum of the vertices in osg\os?,
then AZ is isomorphic to AZ/Ade,Ad. Tt follows from [JKPK, Proposition 2.24] that the subcategory
MZ = M9%nmod Ag is d-cluster tilting in mod Ai, and that MZ = add (MZ) for Mg =P det M,.
Note that the isomorphism classes of indecomposable modules in M‘; are in bijection with elements

d+1
t

X E€O0S

of os;’“. Using our results, we can characterise the subsets of 0s¢™" which correspond to higher torsion

classes in M?. ‘We use the notation

Ur == add{M, € Mg |y eI}

for the subcategory of M‘; associated to a subset / C os?“.
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Figure 3. The Hasse diagram of the 3-torsion classes in the 3-cluster tilting subcategory Mg of the
higher Auslander Algebra Ag.
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Theorem 6.1. Let £ be a Kupisch series of type A,, and consider a subset I C OS?H. The subcategory

Uy is a d-torsion class in Mz if and only if the following hold for any elements x:z € osZ’,“1 :

(D) Ifx < zand xg = zq, then x € I implies z € I.

(2) Ifx ~ 14(z) and x, z € I, then any y € os?*!

¢ with y; € {x;, z;} for each i must be in L.

Proof. By Corollary 5.12, condition (1) is equivalent to I/; being closed under d-quotients in M¢. For
objects in M, the minimal d-quotients in M? are the same as the minimal d-quotients in M by
Proposition 4.77(3) and Remark 4.8. Hence, condition (1) is also equivalent to U; being closed under
d-quotients in ./\/l?.

Note next that d-extensions in M¢ coincide with d-extensions in Mg with all terms in M¢. By
Proposition 5.3 and Remark 5.4, condition (2) hence implies that I/ is closed under d-extensions by
indecomposables in M?. Assuming both (1) and (2) thus yields that I{; is closed under all d-extensions

in M‘j by Theorem 3.26, so U is a d-torsion class in M‘g by Theorem 3.17.
It remains to show that if Z{; is a d-torsion class in M2, then condition (2) is satisfied. We will use

that we already know condition (1) holds. Consider x, z € I with x ~» 74(z), and suppose that y € osff*l

satisfies y; € {x;, z;} for each i. We need to show that y € I.
As x ~»» 74(2), there is a minimal d-extension

O-My—>E —--—>E;g—>M,—>0 (11

in /\/lff with M, as a direct summand in one of the middle terms by Proposition 5.3 and Remark 5.4.

Let us first assume z4g —xo+1 < £,,. Using that x, z € OS?H and xo < zo — 1, we see that all the terms in

(11)arein M;’ in this case. Hence, we must have My, € U; and y € I as U; is closed under d-extensions
in M?.

Consider now the case zg — xg + 1 > {;,. Note that we have x < y. If y; = x4, condition (1)
hence yields that y € I, so we can assume y; = z4. Now yg = xo would contradict the assumption
Za—Xx0+ 1> €, asy € 0sd*!, so we must have yo = 2.

If y = z, we have y € I, so assume that y; = x; for some 1 < i < d — 1. This ensures that
k :=min{i | z;-1 < x;} exists. Note that for j < k, we have z;_; — 1 > x;. Combining this with the
inequality x; > z;_; — 1 coming from x ~» 7,4(z), we get thatx; = z;_1 — 1 for j > 0. Let

W= (20,205 s Zhk=1>Xks - s Xd=1,2d) = (X1 + Lxo+ 1, ..o xm1 + 1, 2e—1, Xk, - -+, Xa-1, 2a),

and observe that w € ost‘?Jr

U'with w < y and wy = yg4 since y is of the form

Y =0(20,21s s Zhk=15Yks - - -» Yd—1>2d)

under our current assumptions. Consequently, it suffices to show that w € I, as this implies y € I by
condition (1).
To this end, define
X = (20,215« s Zho1sXks - - - Xdl)
7= (ZO+1,21 +1,...,2k-1 + 1,Zk,-..,Zd).

We see that x,z € os?”. Observe moreover that x < x with Xx; = x4 and z < 7 with z4 = z4, so
X,Z € I by condition (1). Furthermore, we have X ~» 74(Z) and w; € {X;,Z;} for all i. Finally, notice
thatzy —Xo+1 =24 — 20+ 1 < ¢z,. It follows that w € I by the same argument as earlier in this proof,
and we can conclude that y € . m}
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113 123 133
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001 —— 011 12— 122 223 ———233
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000 <-==-----==------ 111 4= === === -=- o=~ 292 <--- oo - oo 333

Figure 4. The quiver of the 2-cluster tilting subcategory M% in Example 6.2.

The following example illustrates the use of Theorem 6.1.

Example 6.2. Fix n =4, d =2 and ¢ = (1,2,2,3). The higher Nakayama algebra A? has a 2-cluster
tilting subcategory M%, whose associated quiver can be found in Figure 4. Note that we identify the
indecomposable objects of M? with osf, and that we use a shortened notation for the sake of simplicity.
The following subcategories are examples of 2-torsion classes in M%:

add{0}

M;

add{000, 133, 222,223,233, 333}

add{112,113,122,123,222,133,223,233,333}.

O O O ©

Remark 6.3. With the results in this section, we can extend Algorithms 5.15 and 5.18 to the higher
Nakayama setting with a few changes:

o The input needs to include the Kupisch series £.

o Elements must be chosen from os;,pr1 , rather than os

d+1

n o -

‘We have implemented the extended algorithm in the Google Colab Notebook associated to this paper.?

6.2. Higher Nakayama algebras of type A2

The goal of this subsection is to further extend the combinatorial description of d-torsion classes to
higher Nakayama algebras of type A as introduced in [JKPK]. We start by giving a brief introduction
to this class of algebras.

In contrast to earlier in this paper, we now need to consider quivers with infinitely many vertices.
Hence, associated to a quiver with relations is a category C rather than an algebra. The objects of C
are the vertices of the quiver, and a basis of the morphisms spaces are given by the arrows modulo
the given relations. A right module over C is a k-linear functor M : C°® — Mod k. The module M is
called finite-dimensional if the sum @5, .. M (x) is finite-dimensional. We let fd C denote the category
of finite-dimensional right modules over C. For more details, see [JKPK, Sections 1.1 and 1.2].

Let os? denote the set of non-decreasing d-tuples x = (xg,...,xq_1) over Z. Consider Z< as a
Kk-linear category given by the k-linearisation of the poset Z¢ endowed with the product order. The
mesh category of type ZA% ! is defined to be the additive quotient

A4 = 721z \ 0s?).

Note that A% can be represented by the opposite of an infinite quiver Q¢ with relations. The vertices of
Q7 are elements in os¢, and there is an arrow from vertex x to vertex y if y; = x; + 1 for exactly one
i=0,...,d-1landy; = x; for j # i. The relations of A4 are given by a certain admissible ideal making
squares commutative and sending certain compositions of two arrows to zero; see [JKPK, Section 3.1]
for more details.

2https://colab.research.google.com/drive/172Q-UZHvdPOhngGkl1T_xdYLzntg31dY
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Following [JKPK, Appendix B], we say that a Kupisch series of type A is an infinite tuple
C=(....0.1,0,0,...), where ¢ is either a nonnegative integer or equal to co, and where the inequality

G <l 1+1

holds for all i € Z. We write KS(AZ) for the set of Kupisch series of type A%. Given such a Kupisch
series £, define the subset

OSZH = {y eos? | tL(y) < t,},
where ££(y) = yq — yo + 1 as before. For d > 2, the category Af is defined as the idempotent quotient
AZ = A% /(0s?\ OSZ .

Note that we have an inclusion fd A? — fd A2 between the categories of finite-dimensional modules.
Associated to the Kupisch series £, we also have the subcategory

MY = add{M, € fd A% | x € 0s?*'}

of fd AZ . Here, we use the notation M, for the indecomposable A% -module with support in all vertices
y € os? satisfying xo < yo < x1 £ -+ £ xg-1 < ya-1 < xq. This extends the analogous definition
in Section 5.1. By [JKPK, Appendix B], the subcategory ./\/l;l is d-cluster tilting in fd A;’. For certain
choices of ¢, this gives an example of a d-cluster tilting subcategory of an abelian category with no
nonzero projective or injective objects (e.g., if {; = oo for all i € Z); see [JKPK, Proposition 3.6].

Now consider the partial order on the set KS(AZ) given by the product order. If £ < ¢/, then we have
a natural functor A?, — A? of categories. This gives an inclusion fd A? — fd A?, such that the equality

M{ = M{ nfd Af

holds. Similarly, if £ I < £2 < --- is an increasing sequence of Kupisch series which converges to
¢ € KS(AQ) (in the natural way), then

fdAf = Jfdad and M{=| JMmd.

i>1 i>1

A Kupisch series £ € KS(AY) is called finite if £; = 0 for all but finitely many j € Z. Note that for any
£ € KS(A®), we can find a sequence £' < £ < - - of finite Kupisch series in KS(A%) which converges
to £. We use this to give a characterisation of the d-torsion classes in M;’ in Theorem 6.5 below.

Remark 6.4. Let £ be a Kupisch series of type A,,. Then £ can be identified with a finite Kupisch series
¢’ of type A which is nonzero only in positions 0, ..., n — 1. In this case, there is a bijection between

the sets osz and os;’,, so the algebra Ag and the category AZ, can be naturally identified. Note that up

to isomorphism, the set os;’, and the category Al”,’, remain unchanged when shifting £’ some number of
steps to the left or right. -
In general, if £ is a finite Kupisch series of type Ay, then ¢ is obtained by gluing together shifts of

Kupisch series of type A. Hence, the set osg is in bijection with a disjoint union U?’:l 052 where £ jisa
Kupisch series of type A,; for some integer n; > 1. The associated category A? can thus be identified

with a finite product

d d
AglxmxAﬁ

m
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where Agi is a higher Nakayama algebras of type A,,. With this identification, the category fd AZ is
equivalent to the product mod AZ x- - -xmod Azm , and the d-cluster tilting subcategory M Z is equivalent
to the product M ‘él X- - XM Zm . Since any Kupisch series £ of type A can be represented by a converging

sequence of finite Kupisch series, it follows that the associated d-cluster tilting subcategory ./\/l? is the
union of finite products of d-cluster tilting subcategories of higher Nakayama algebras of type A.

As before, we use the notation
Uy = add{My e M¢ |y eI}

for the subcategory of ./\/l? associated to a subset I C os‘(f“.

Theorem 6.5. Let £ be a Kupisch series of type A% and consider a subset I C osdJr1 The subcategory

U} is a d-torsion class in ./\/ld if and only if the following hold for any elements x, z € os‘g+l

(D) If x £ zand x4 = z4, then x € I implies z € I.

) Ifx ~ 14(z) and x,z € I, then any y € osdJrl with y; € {x;, z;} for each i must be in I.

Proof. Choose an increasing sequence £' < £> < --- of finite Kupisch series which converges to £.
Then we have that

d _
Z/[] N M[[ = uInOS;I;I

foreachi > 1. Fixi > 1, and set J' = I N osd"l We have an equivalence between Md and a finite

product /\/ld - X /\/ld as in Remark 6.4. The subcategory Ui of Md. is hence equlvalent to a

7m

product U; X - - X Uy, where Uy is a subcategory of /\/ld for each k. Note that os is in bijection

d+1

with the disjoint union [ J;" | os o asin Remark 6.4. We let J i denote the intersection of os? 1 with the
Lk

. —k
image of J' under this bijection. Then we get U = U i

Note that I satisfies the conditions (1) and (2) in the statement if and only if the set J' satisfies the
analogous conditions for eachi > 1. Furthermore, this holds if and only if each J ,’< satisfies the conditions
of Theorem 6.1. By Theorem 6.1, this is again equivalent to U Ji being a d-torsion class in /\/l‘;i for all

< Lk
iand k (i.e., that Uyi = Uyi X - X Uy; s a d-torsion class in M‘;,. for alli > 1). Hence, it suffices to
show that {; is a d-torsion class in M;l if and only if ;. is a d-torsion class in M?i foralli > 1.

If Uy is a d-torsion class in M?, thenU;: =Ur N M?i is a d-torsion class in M?:= M? Nfd Aj,. for

alli > 1 by Proposition 4.7(1). Conversely, assume I/ J;is a d-torsion class in ./\/lfi for all i > 1. Since

we have

Up CUp -+ and Uy = Uy,

i>1

the subcategory {/; must be closed both under d-extensions and d-quotients in ./\/ld = Ui M?i, since
Ui is closed under d-extensions and d-quotients in Md foralli > 1. By Theorem 3.17, this shows that

Uy is a d-torsion class. O

Acknowledgements. This project was started while the authors participated in the Junior Trimester Program ‘New Trends in
Representation Theory’ at the Hausdorff Research Institute for Mathematics in Bonn. We thank the Institute for their hospitality
and inspiring working conditions.

https://doi.org/10.1017/fms.2024.73 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2024.73

Forum of Mathematics, Sigma 35

We are grateful to J. Asadollahi, P. Jgrgensen and S. Schroll for allowing HT to share the ideas of [AJST] even before the
first draft of that paper was finished. Without their generosity, this project would not have started. We thank S. Land for help with
coding optimization. We would also like to thank the anonymous referee for their careful reading and helpful comments.

JA was supported by the Max Planck Institute of Mathematics, and a DNRF Chair from the Danish National Research
Foundation (grant no. DNRF156). JA, KMJ and SK would like to thank the Centre for Advanced Study in Oslo, where parts of
this work were done.

Parts of this work were carried out while JH visited Aarhus University. She would like to thank the university for the hospitality
and the project ‘Pure Mathematics in Norway’ funded by the Trond Mohn Foundation for supporting the stay.

KM]J was funded by the Norwegian Research Council via the project ‘Higher homological algebra and tilting theory’ (301046).

YP was supported by the French grant CHARMS (ANR-19-CE40-0017).

HT was supported by the European Union’s Horizon 2020 research and innovation programme under the Marie Sklodowska-
Curie grant agreement No 893654 and by the Deutsche Forschungsgemeinschaft (DFG, German Research Foundation) under
Germany’s Excellence Strategy Programme — EXC-2047/1 — 390685813.

Competing interests. The authors have no competing interest to declare.

References

[AIR] T. Adachi, O. Iyama and I. Reiten, ‘7-tilting theory’, Compos. Math. 150(3) (2014), 415-452.
[AHLSV] L. Angeleri Hiigel, R. Laking, J. Sfovi¢ek and J. Vitéria, ‘Mutation and torsion pairs’, Preprint, 2022, arXiv:2201.02147.
[AHMV] L. Angeleri Hiigel, F. Marks and J. Vitéria, ‘Silting modules’, Int. Math. Res. Not. IMRN 2016(4) (2016), 1251-1284.
[AJST] J. Asadollahi, P. Jgrgensen, S. Schroll and H. Treffinger, ‘On higher torsion classes’, Nagoya Math. J. 248 (2022),
823-848.
[AP] S. Asai and C. Pfeiffer, “Wide subcategories and lattices of torsion classes’, Algebr. Represent. Theory 25(6) (2022),
1611-1629.
[ASS] I. Assem, D. Simson and A. Skowronski, Elements of the Representation Theory of Associative Algebras: Vol. 1.
Techniques of Representation Theory (London Mathematical Society Student Texts) vol. 65 (Cambridge University
Press, Cambridge, 2006).
[AHJ+] J. August, J. Haugland, K. M. Jacobsen, S. Kvamme, Y. Palu and H. Treffinger. ‘Functorially finite higher torsion
classes and 74-tilting theory’, in preparation.
[BCZ] E. Barnard, A. Carrol and S. Zhu, ‘Minimal inclusions of torsion classes’, Algebr. Comb. 2(5) (2019), 879-901.
[BBD] A. A. Beilinson, J. Bernstein and P. Deligne. ‘Faisceaux pervers’, in Analysis and Topology on Singular Spaces, |
(Luminy, 1981) (Astérisque) vol. 100 (Soc. Math. France, Paris, 1982), 5-171.
[BB] S. Brenner and M. C. R. Butler, ‘Generalizations of the Bernstein-Gelfand-Ponomarev reflection functors’, in Repre-
sentation Theory, II (Proc. Second Internat. Conf., Carleton Univ., Ottawa, Ont., 1979). (Lecture Notes in Math.) vol.
832 (Springer, Berlin-New York, 1980), 103—169.
[B] T. Bridgeland, ‘Stability conditions on triangulated categories’, Ann. of Math. (2) 166(2) (2007), 317-345.
[DIRRT] L. Demonet, O. Iyama, N. Reading, I. Reiten and H. Thomas, ‘Lattice theory of torsion classes: Beyond 7-tilting
theory’, to appear in Trans. Amer. Math. Soc.
[D] S.E. Dickson, ‘A torsion theory for abelian categories’, Trans. Amer. Math. Soc. 121 (1966), 223-235.
[DIL] T. Dyckerhoff, G. Jasso and Y. Lekili. “The symplectic geometry of higher Auslander algebras: Symmetric products
of disks’, Forum Math. Sigma 9 (2021), Paper No. e10.
[DIW] T. Dyckerhoff, G. Jasso and T. Walde. ‘Simplicial structures in higher Auslander-Reiten theory’, Adv. Math. 355 (2019),
106762.
[EN-I] R. Ebrahimi and A. Nasr-Isfahani, ‘Higher Auslander’s formula’, Int. Math. Res. Not. IMRN 2022(22) (2022), 18186~
18203.
[GM] A. Garver and T. McConville, ‘Lattice properties of oriented exchange graphs and torsion classes’, Algebr. Represent.
Theory 22(1) (2019), 43-78.
[GKO] C. Geiss, B. Keller and S. Oppermann, ‘n-angulated categories’, J. Reine Angew. Math. 675 (2013), 101-120.
[G] G. Gritzer, Lattice Theory: Foundation (Birkhduser/Springer Basel AG, Basel, 2011).
[H] J. Haugland, ‘The Grothendieck group of an n-exangulated category’, Appl. Categ. Structures 29(3) (2021), 431-446.
[HJ] M. Herschend and P. Jgrgensen, ‘Classification of higher wide subcategories for higher Auslander algebras of type A’,
J. Pure Appl. Algebra 225(5) (2021), 106583.
[HIV] M. Herschend, P. Jgrgensen and L. Vaso, ‘Wide subcategories of d-cluster tilting subcategories’, Trans. Amer. Math.
Soc. 373(4) (2020), 2281-2309.
[HLN1] M. Herschend, Y. Liu and H. Nakaoka, ‘n-exangulated categories (I): Definitions and fundamental properties’,
J. Algebra 570 (2021), 531-586.
[HLN2] M. Herschend, Y. Liu and H. Nakaoka, ‘n-exangulated categories (II): Constructions from n-cluster tilting subcate-
gories’, J. Algebra 594 (2022), 636-684.

https://doi.org/10.1017/fms.2024.73 Published online by Cambridge University Press


https://arxiv.org/abs/2201.02147
https://doi.org/10.1017/fms.2024.73

36 J. August et al.

[I1] O. Iyama, ‘Higher-dimensional Auslander—Reiten theory on maximal orthogonal subcategories’, Adv. Math. 210(1)
(2007), 22-50.
[12] O.Iyama, ‘Auslander correspondence’, Adv. Math. 210(1) (2007), 51-82.
[I3] O. Iyama, ‘Cluster tilting for higher Auslander algebras’, Adv. Math. 226(1) (2011), 1-61.
[IRTT] O. Iyama, I. Reiten, H. Thomas and G. Todorov, ‘Lattice structure of torsion classes for path algebras’, Bull. Lond.
Math. Soc. 47(4) (2015), 639-650.
[J1] G. Jasso, ‘Reduction of 7-tilting modules and torsion pairs’, Int. Math. Res. Not. IMRN 2015(16) (2015), 7190-7237.
[J2] G. Jasso, ‘n-abelian and n-exact categories’, Math. Z. 283(3-4) (2016), 703-759.
[JKM] G. Jasso, B. Keller and F. Muro, ‘The triangulated Auslander-Iyama -correspondence’, Preprint, 2023,
arXiv:2208.14413.
[JKPK] G. Jasso, J. Kiilshammer, C. Psaroudakis and S. Kvamme, ‘Higher Nakayama algebras I: Construction’, Adv. Math.
351 (2019), 1139-1200.
[JK] G. Jasso and S. Kvamme, ‘An introduction to higher Auslander—Reiten theory’, Bull. Lond. Math. Soc. 51(1) (2019),
1-24.
[Jg¢] P. Jgrgensen, ‘Torsion classes and #-structures in higher homological algebra’, Int. Math. Res. Not. IMRN 2016(13)
(2016), 3880-3905.
[K1] C. Klapproth, ‘n-extension closed subcategories of n-exangulated categories’, Preprint, 2023, arXiv:2209.01128v3.
[Kr] H. Krause, ‘Krull-Schmidt categories and projective covers’, Expo. Math. 33(4) (2015), 535-549.
[KS] H. Krause and M. Saorin, ‘On minimal approximations of modules’, in Trends in the Representation Theory of Finite-
Dimensional Algebras (Seattle, WA, 1997) (Contemp. Math.) vol. 229 (1998), 227-236.
[Kv] S. Kvamme, ‘Axiomatizing subcategories of abelian categories’, J. Pure Appl. Algebra 226(4) (2022), 106862.
[OT] S. Oppermann and H. Thomas, ‘Higher-dimensional cluster combinatorics and representation theory’, J. Eur. Math.
Soc. (JEMS) 14(6) (2012), 1679-1737.
[T] H. Thomas, ‘An introduction to the lattice of torsion classes’, Bull. Iran. Math. Soc. 47(Suppl. 1) (2021), 35-55.

https://doi.org/10.1017/fms.2024.73 Published online by Cambridge University Press


https://arxiv.org/abs/2208.14413
https://arxiv.org/abs/2209.01128v3
https://doi.org/10.1017/fms.2024.73

	1 Introduction
	2 Background and preliminaries
	2.1 d-cluster tilting subcategories and d-abelian categories
	2.2 Minimality
	2.3 Torsion and d-torsion classes

	3 Closure under d-extensions and d-quotients
	3.1 Approximations by d-torsion classes
	3.2 Characterising d-torsion classes
	3.3 Closure under d-extensions

	4 The lattice of d-torsion classes
	5 Higher Auslander algebras
	5.1 Background on higher Auslander algebras
	5.2 A combinatorial characterisation of d-torsion classes in Mdn.
	5.3 Computational results

	6 Higher Nakayama algebras
	6.1 Higher Nakayama algebras of type A
	6.2 Higher Nakayama algebras of type A∞∞

	Acknowledgements
	References

