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ABSTRACT

In this article we study the Kéahler—Ricci flow, the corresponding parabolic Monge—
Ampere equation and complete non-compact Kéahler—Ricci flat manifolds. Our main
result states that if (M, g) is sufficiently close to being Kéhler-Ricci flat in a suitable
sense, then the Ké&hler—Ricci flow has a long time smooth solution ¢(t) converging
smoothly uniformly on compact sets to a complete Kéhler—Ricci flat metric on M.
The main step is to obtain a uniform C-estimate for the corresponding parabolic
Monge—-Ampere equation. Our results on this can be viewed as parabolic versions of the
main results of Tian and Yau [Complete Kdhler manifolds with zero Ricci curvature. 11,
Invent. Math. 106 (1990), 27-60] on the elliptic Monge—Ampere equation.

1. Introduction

Let (M™, go) be a complete non-compact Kéhler manifold with complex dimension n. Consider
the following Kéahler—Ricci flow on M:

(1)

We are interested in studying when (1) admits a long time solution g(t) converging smoothly
on M to a complete Kahler metric g(oo). Such a limit g(co) must be Kéhler-Einstein with zero
scalar curvature by (1). We are thus interested in studying when (M™, gy) converges to a Kahler—
Ricci flat metric under (1). When M is compact, Cao [Cao85] established that a necessary and
sufficient condition for such convergence is that

(Ro)iz = (fo)iz (2)

for a smooth potential function fy on M where (Rp);; is the Ricci tensor of gg. This re-
establishes the famous Calabi conjecture first proved by Yau [Yau78]. In Theorem 1 we establish
a non-compact version of Cao’s result. We prove that when (M™, g9) is complete, non-compact
with bounded curvature, with volume growth V(1) < Cr?" for some xo and C for all r, and
satisfies a certain Sobolev inequality, then:
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under the above conditions, the Kdhler-Ricci flow (1) has a long time solution g(t)
converging smoothly on M provided (2) is satisfied and |fo|(z) < C/(1+ pg*<(z)) for
some C, €>0 and all x.

See Theorem 1 for details. The result is motivated by the work of Tian-Yau [TY86, TY90] on
the existence of complete non-compact Kéhler—Ricci flat manifolds. In particular in [TY90] they
roved the existence of a Kahler—Ricci flat metric in the complement of a smooth divisor D
in a compact Kéahler manifold M under the following conditions: D is neat, almost ample
and admissible so that D admits a Kahler—Einstein metric with positive scalar curvature and
— Ky — BLp for some 3 > 1, where K is the canonical line bundle of M and Lp is the line
bundle associated with D (see [TY90] for details). Their method was to first construct a Kéhler
metric satisfying the conditions in Theorem 1, then solve the elliptic complex Monge—Ampere
equation to obtain a K&hler—Ricci flat metric. Our results can thus be viewed as a parabolic
version of the result on the elliptic Monge-Ampere equation in [TY90].

Related results on the convergence of the Kahler—Ricci flow to Kéhler—Einstein metrics with
negative scalar curvature were obtained in [Cao85, Cha04]. In [Cao85], it was proved that (1)
converges after re-scaling to a Kéhler—FEinstein metric with negative scalar curvature provided

that (Ro)i; + (90)i; = (fo)i; for smooth fy. A non-compact version of this result was proved
in [Cha04].

2. The main result

Let (M™, go) be a complete non-compact Kéahler manifold with complex dimension n such that (2)
holds for some smooth potential fy on M. When fy =0, then (M", go) is Kdhler—Einstein with
zero scalar curvature. We are thus interested in the behavior of the Kéhler—Ricci flow on complete
Kahler manifolds which are close to being Kéhler —-Einstein. We prove the following theorem.

THEOREM 1. Let (M™, go) be a complete non-compact Kéhler manifold with bounded curvature
and n > 3. Assume the following:

(a) the Ricci tensor of go has a smooth potential fy, (i.e. (2) holds for some smooth fy), such
that fy satisfies

Cy
| fol(z) < W (3)

for some C1, € >0, and all x € M where po(x) is the distance function from a fixed o € M
(b) the following Sobolev inequality is true

(n-1)/n
( / \quQ”/(”‘”ch)) <G / Voo|* dVp (4)
M M

for some Cy > 0 and all ¢ € C§°(M);
(c) there exists a constant Cs > 0 such that

Vo(r) < Car™ ()

for some C3 >0 and all r where Vy(r) is the volume of the geodesic ball with radius r
centered at some o € M.

Then (1) has a long time solution g(t). Moreover, as t — oo, g(t) converges uniformly on compact
sets in the C* topology on M to a complete Kahler—Ricci flat metric goo on M which is uniformly
equivalent to gg.

Here and below V; and A; denote the covariant derivative and Laplacian with respect to g(t).
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In order to prove the theorem, as in [Cao85] we use the following parabolic Monge—Ampere
equation corresponding to (1):

u _ o8 det((go)wi + ui) fo
ot det((g0) ) (©)
u(z,0) =0.

The relationship between the two equations can be described as follows, see [Cha04, Proof of
Lemma 4.1]. If (6) has a smooth solution u on M x [0,T'), then g;; = (go)i; + ui; is a smooth
solution to (1). Conversely, if (1) has a solution g, then

= to 7det(gi—) x,s)ds — x
) = [ tog ST o) ds — i) @

is a solution to (6).

Since the curvature of gg is bounded by some constant kg, by [Shi97, Theorem 1.1] (1) has a
solution g(t) on M x [0, T] where T depends only on kg and n. Moreover, the curvature tensor
Rm(t) of g(t) satisfies:

m C(m, ko, n)
IV Rm(t)| < —— 53— (8)
for all m >0 and T >t > 0, where C(m, ko, n) is a constant depending only on m, ko and n.

Remark 1. Let [0, Tiax), with Tinax < 00, be the maximal time interval such that (1) has a
smooth solution in M X [0, Tinax). By the estimates in [Shi89, Shi97], for any 0 < Ty < T1 < Tinax
the curvature tensor g(t) is uniformly bounded in M x [0, T1] and the covariant derivatives of the
curvature tensor are uniformly bounded in M x [Tp, T1].

Let u(z,t) be as in (7). The major step in proving the main Theorem 1 is to obtain a
uniform C° bound on u. Once this is obtained, the higher order estimates for u can be obtained
by somewhat more standard estimates for (6) (see Lemma 5). To get the C estimate for u, we
introduce the function f = —u; and derive initial estimates for f. We will do this using maximum
principle arguments. While there are various versions of the maximum principle which can be
used here (see [EH91, NT04, Shi97]), the version in Ecker—Huisken [EH91] seems to be most
suitable in our setting. The following is a consequence of their more general result.

LEMMA 1 (Ecker—Huisken [EH91, Theorem 4.3]). Let g(t) be a solution of (1) on M x [0, T
with uniformly bounded curvature tensor. Let h be a smooth function on M x [0, T| such that

oh
N < Ath+ (a, Vih),

for some vector field a which is uniformly bounded on M x [0, T|. Suppose that h satisfies

T
/ (/ exp(—ap?)|Vih|? th) dt < oo
0 M

for some « >0, where p; is the distance function of g(t) from a fixed point o € M. If h <0 at
t=0, then h <0 in M x [0, T].

COROLLARY 1. Let g(t) be as in Lemma 1. Let h be a smooth function on M x [0, T| such that
Oh/Ot < A¢h and h(0h/0t) < hAih. Suppose that

T
/ (/ exp(—ap?)h? th> dt + / exp(—ap?)h? dVy = A < oo
0 M M

for some o> 0. Then sup sy jo,r) b < supzen h(z, 0).
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Proof. We may assume that sup,cs h(z, 0) < co. Since g(t) has uniformly bounded curvature,
by [Shi97, Lemma 4.5] there exists a smooth exhaustion function 7 independent of ¢ such that for
some positive constants K1, Ko, K3, depending only on n, T" and the uniform bound on Rm(z, t)
on M x [0, T], n satisfies

(1) Ki(pe +1) <n< Kape +1);

(2) |Venl, [Vin| < Ks;

for all t € [0,T]. Now take a smooth function 1 : R — R which is equal to one on [—1, 1] and

has support in [—2, 2]. Define the function ¢g:=1(n/R). Then ¢p is equal to one on By(R)
and zero outside By(2R), and there exists C' > 0 such that for all R, supps. (o171 |Vierlt < C/R.

We have
0 272
ai [, 7 )

< / 20%hAh AV, — / ©Rh2R(t) dVy
M M

< [ |Vignli Vi~ | GHIVHE v+ [ G av, (9)
M M M

for some constant C; depending only on the bound of the curvature of g(¢). Here R(t) is the
scalar curvature of ¢(t). Integrating from zero to T, and using the assumption on h and the fact
that Rm(t) is uniformly bounded we have

T
/ / IV:h|? dV; < Cy exp(BR?)
0 JBo(R)

for some constants Cy and > 0 depending only on the bound of Rm(t), a and A. Hence, there
exists v > 0 depending only on 7" and the bound of Rm(t), such that

T
I/ exp(— 1) Vihl? Vs < Cy exp(~ B?)
0 JBo(R)\Bo(R/2)
for all R > 0. Therefore,

T
/ / exp(—p})|Vih|} dV; < oo.
0 M

Applying Lemma 1 to the function h — sup,c,, h(x, 0), the result follows. a

LEMMA 2. Let (M™, go) be a complete non-compact Kahler manifold with bounded curvature
such that (2) holds for a smooth bounded potential fy. Suppose that g(t) is a smooth solution
to (1) on M x [0, T] such that g(t) has uniformly bounded curvature in M x [0, T]. If u(x, t) is
the corresponding solution to (6), then f(x,t) = —u(z,t) satisfies the following.

(i) We have SUPMx[o,T](f2 + [V f?) < supy, f02-

(ii) For each 0 <t < T, the covariant derivatives of f(x,t) relative to g(t) are bounded on M
by constants depending only on bounds for the curvature tensor of g(t) and its covariant
derivatives.

(iii) If, in addition, |fo(z)| < C/(1 4 po(z))N for some N > 1, where pq is the distance function
relative some o € M with respect to g(0), then there is a constant C' depending only on T,
a bound on the curvature tensor of g in M x [0, T], and a bound on |p} fo(z)| such that
|f(z,t)] <C"/(14 pe(x))N where pi(x) is the distance relative to o with respect to g(t).
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Proof. We first prove part (i). First note that f(x,0) = fo(z). By (1), (6) and the assumption
that g(¢) has bounded curvature in M x [0,T], we see that f= —u; is uniformly bounded in
M x [0, T]. Now differentiating (6) gives

0
——A =0. 10
(55— ) (10)
By Corollary 1, we have

sup | f(z, t)| <sup|fol. (11)
zeM M

Direct computation shows
0
57| VeI = AV = |l = 1 figl
Hence, we have
0
a(lvtfl2 + D)2 <AV P+ 1)
and for any T >tg >0

O (= 10+ 1) < Aullt ~ 1)V + 1)

for T >t > t¢, see [ChoO1]. By the proof of Corollary 1, we see that

T
/ / exp(—ap?)|Vif|? dV; < oc.
0o Jm

for some o > 0.
By part (ii), which is proved below, we see that sup,¢ s |V, f|?(z, to) is bounded. Hence, one
can apply Lemma 1 to (|V;f|? + 1)/2 to conclude that

sup  |Vif|* < oc.
MX[t(),T}

By applying Lemma 1 to (t — to)|V¢f|? + f2, we conclude that

sup  (t —to)|Vef > + f2 < sup f2(z, to)
Mx[to,T] zeM

from which we conclude, by applying Lemma 1 to f and letting tg — 0, that

sup  (t{Vif> + f2) < sup f5.
Mx|[to,T] zeM

Now part (ii) can be shown as follows. By (8), for fixed T' > ¢ > 0 all of the covariant derivatives
of Rm(t) are bounded. On the other hand, A;f(t) = R(¢). By lifting this equation to the tangent
space by the exponential map, and using Schauder estimates we conclude that part (ii) is true
by (11).

We now prove part (iii). Let 7 be the smooth exhaustion function as in the proof of Corollary 1.
Direct computation gives

d
7(772Nf2) < T]QNAth

dt
= A(*N 2) — (AP ™M) 2 = 2(V?N VL2,
_ At(772Nf2) _ 2N772N71(At77)f2
—2N@2N — 1)p*N 2|V £2 = AN NN (Vim, Vi)
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< At(n2Nf2) + 01772Nf2
s (g (TS
t

772N
< AN f2) + Con™ 2 — ANy 1V, Vi (*N £2)) (12)

for constants C7, Co > 0 depending only on n, N, T" and the bound on Rm(z,t) on M x [0, T).
Let h = exp(—Cat)n?N f2, then by (12)
0
il < Ath = ANy Vi, Vih)y. (13)

By our hypothesis on fy and the first property for n we have that h is bounded at t =0. Let
hi = h —supy, h(0). Then h; satisfies (13) while h;(0) < 0. By Lemma 1 we conclude that h(t) <0
for all t € [0, T]. By the first property for n we conclude that part (iii) is true. O

Remark 2. We make the following remarks.

(i) Since f(t) is a potential for the Ricci tensor of ¢(t), the lemma implies that for ¢ > 0 small
enough, ¢(t) also satisfies the conditions in Theorem 1.

(i) By Remark 1, if we take tg > 0 small enough to be the initial time, we may assume that
the curvature tensor of g(¢) and all of its covariant derivatives are uniformly bounded on
M x [0, T)] for any T < Tiax.

(iii) Hence, each covariant derivative of f(z,t) is uniformly bounded on M x [0,T] for any
T < Thax, and since f = —uy, this is also true for wu.

In the following, we assume these are all true for the solution g(t).

To obtain a C? estimate of u, we begin by showing that the evolving L, norms of f remain
bounded independent of ¢ for certain p.

LEMMA 3. Let (M, go) be a complete non-compact Kéhler manifold with bounded curvature
satisfying conditions (a) and (c) in Theorem 1 with n >3 and let g(t) be the solution of the
Kéhler—Ricci flow (1) defined on M X [0, Tax). For any pg >n with (pg + 1)(2 4+ €)/(n + po) > 2
and p* =n(po+1)/(n + po) > 2n/(2 + €), we have

sup / lfF(OIP" dV; < .
t€[0,Tmax) v M
Proof. Let pg > n be such that
1
Pt aso
n + pPo
and p* =n(po +1)/(n+po) > 2n/(2 + €). Such a pg exists because n > 3.
By the assumption on fy, the volume growth of (M, gp) and Lemma 2, we see that for any
Thax >t >0 and p > p*,

/ |f(O)F dVi < cc. (14)
M
Here we have used the fact that for any finite T' < Tinax, g(t) is uniformly equivalent to g for
0<t<T.
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For any even integer p > p* 4+ 2, we have
d d
d rav, = = [ fray,
—p / LA S Vi — / A dV;
M M
= p(p—1) / PRV Vit p / PV Vi
M M
< —(plp—1) — pC) /M P22 v, (15)

where C} = sup,, | fo| and we have used the fact that for any ¢, |V f|; is bounded on M and the
fact that p — 2 > p* to justify the integration by parts. Hence, if p > 1 + C1, then

/ FOP dvi < / folP dVp < oc. (16)
M M

We have to improve (16).

Let v =max{f, 0} and for a fixed R >0 let ¢ = ¢r be the cutoff function on M defined in
the proof of Corollary 1 (thus, ¢ is independent of ¢). For any p > p* — 1> 1,

T o T
/ /cp%padet dt:/ /chUpAtdet dt
o Jm t o Jum
T T
[ [ et aviae -2 [ [ oo Vi) avide
0 M 0 M

1 T
/ /vp+1|vt<p|§ dV; dt. (17)
bPJjo Jm

On the other hand,

T
//go%”afdvtdt / / < )fo Fdt dvy
o Jum ot
’P+1 efo—
p+1/ / — v ]dtho

p+1/ / pPHefo—t fdthO (18)
Combining this with (17), we have

1
[ ortiennt avijr < / o Vil + 2= / / Vol Vi dt
M
> k(%
p+1 i
/@e / v E k‘ dth

1
—/ 2oLV, o+p+ //vp“\vtso\?dv;dt
M

1) Up+k+2
_ 2 fo AV
/M Zk (p+k+2) 0li=r
+h+2
2 fo Up 1
+ [ v Zk L Mo (19)
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Now
~1) kyprk+2 ~1) kqyptk+2

_ 250 § AV +/ 260 E dVal,_
/M < kl(p+k+2) Ole=r =+ f < kl(p+k+2) Oleo
_1)k,Uk
_ 2, p+2 _fo _dVal.—
/M@ o kz_o Hip+ k+2) Vol=r

+ / 2P t2efo i ﬂ dVoli—o
M — El(p+k+2) B
<y / VP2 dVi|ier + Cs / vP*2 AV =0
M M

<O / PF2AVi o + Ca(p) (20)
M

where Co, C3, Cy are independent of T'. Here we have used the fact that f(t) is uniformly bounded
in spacetime. Combine (19) and (20) to give

1
/ O? P dVi|i—r < Cs +p+/ / P V)2 dV; dt
M

+ Cy / VP2 AVy| =t (21)
M
for some constants Cy, C'5 independent of T'. Letting R — oo, gives
/ VP dVi|i—r < C5 + Co / VP2 dVi|y—r. (22)
M M
Similarly one can prove that if w = max{—f, 0}, then
/ WPt dVy|—r < Cs + Cy / WP dVy|y—r (23)
M M
by modifying Cs and Cs if necessary, while still independent of T'. Hence, we have
[Pt avilr <265+ Gy [ 1177 (21)
M M
for all p > p* — 1. By iteration and (16), we conclude that
/ |fIP" dVile=r < Cs (25)
for some constant C5 independent of T'. O

In the next lemma we show that |u| remains uniformly bounded along (6) independent of ¢.
Our approach can be described roughly as follows. In [T'Y90] the elliptic Monge-Ampeére equation

det(gyr + wer)
det(gy)

was studied on a complete non-compact Kéhler manifold (M, g;;) where f is a given function
on M. In particular, an a priori C° estimate was established for u provided that g and f satisfy
basically the same hypothesis as in Theorem 1. This was done using a non-compact version of
the Nash—Moser iteration for (26) established in [Yau78] in the compact case. Now for each ¢
we may treat (6) as an elliptic Monge-Ampere equation as in (26) simply by subtracting u;

0 =log (26)
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from both sides of (6). Doing this for each ¢, our hypothesis on (M, go) together with (25) will
essentially allow us to proceed as in [TY90] to estimate the C° norm of u independent of ¢. This
method of using estimates for the elliptic Monge—Ampere equation to derive estimates for the
corresponding parabolic equation was first done in [Cao85] in the compact case.

LEMMA 4. Let (M, go) be as in Theorem 1 and let g(t) be the solution of the Kihler-Ricci
flow (1) in M % [0, Tiyax). Then

sup  Ju| < oo.
M x [O’Tmax)

Proof. Fix some Tméx >t>0 and let wy be the Kédhler form corresponding to ¢(0) and let
w=uwp + (vV—1/2)00u be the Kéhler form corresponding to g(¢). Then by (6)

W= efo_fwg
and

(P~ — 1 = (" = wf)

It n—1
= T_lﬁéu A <Z wg A wn_j_1> . (27)
j=0

(See [Cao85, (1.13)].) For any p > 1, multiply both sides by —¢?|u|P sign(u) and integrate, where ¢
is a smooth function with compact support. After integrating by parts and some computation
(see [Cao85] for a similar computation in the compact case), we have

2/ P ulPlelo= — 1] dVj
M
p (p+1)/2 1|2 _ 3/ p+1 2
> V|ul\P dV U V| dV; 28
(p+ 12 /M| Jul o|" dVo » M‘ P Vel® dVy (28)

where we have used the fact that (v/—1/2)0u A du A wg A w71 >0 for all j.

Note that for all ¢, |u| also decays as pt_2_E by Lemma 2. Let ¢ be such that ¢ =1 in By(r)
and ¢ =0 outside By(2r) such that |Vo¢| < C/r for some constant C' independent of r. Using
the fact that the curvature of g(¢) is bounded in M x [0, T'] for all T' < Tiax, the last term in the
right-hand side of (28) will tend to zero as r — oo provided that p > p*. Hence, using the Sobolev
inequality (4) we obtain the following for p > py > p* (here py and p* are as in Lemma 3):

1/k
( / lu!@“)“dvo) < Crp / ulPlefo~F — 1] dVj
M M

< Czp/ Pl fo — f| Vo
M

p/(p+1) 1/(p+1)
<cgp( / \u|P+1dvo> ( / \fo—frp“dvo)
M M

p/(p+1)
< Con( [ 1t avo)
M
<cu( [ 1), (20)
M
Here C1,...,Cy are constants independent of ¢,p and k=n/(n—1)>1 and we have

used Lemma 3 and the fact that f(t) is uniformly bounded on space and time. Take p = py,
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we also have

1/k
( / |ur<p°+1>ﬂdvo) < Capo [ Jullfo— flavy
M M

po/(po+1)K
< Caypo ( / Ju|(PoFD)" dVb)
M

1—po/(po+1)x
% (/ | fo — f’(po-&-l)'ﬂ/(Po-i-l)H—po dVb)
M

po/(po+1)k . 1/p*
=C2P0< / |U’(p°+1)“dV0) ( [ 150-s¥ dV0> . (30)
M M

Hence, by Lemma 3, we have

1/(po+1)x
< / ju| Pt dVo) <Cs (31)
M

for some constant Cj independent of ¢. By (29) and Young’s inequality we have that for p > py:

/ |u|(P+1)f-c dVo+1 < (C4p)n [/ |u|p+1 dVy + 1:| +1
M M

< (Cyp)”® [ /M [Pt dVy + 2]

< (20up)" [ [l ave + 1] | (32)
M
Hence, we have
1/k(p+1) 1/(p+1)
[/ |u|(p+1)'~€ dVo + 1} < (204p)1/(p+1) [/ [Pt vy + 1]
M M
1/(p+1)
< (2C4(p+ 1))/ H) [ / ulPT dvy + 1] (33)
M
That is to say, for all ¢ > pg + 1,
1/kq 1/q
[/ |ul® dVy + 1} < (204q)" [/ lul? dVy + 1] . (34)
M M
By iteration (see [TY90]), it is straightforward to show that
1/(po+1)k
sup |u| < Cg / Ju| PO+ @V + 1] <Cr
M M

for some constants Cg, C7 > 0 independent of ¢. Here we have used (31). This completes the proof
of the lemma. a

Once we obtain a C° bound for u, then we may obtain bounds on the higher-order derivatives
of u as in [Cha04, §5].! See also [Cao85, Yau7s].

! The equation treated in [Cha04] was actually (6) with an additional term —u on the right: the equation for
negative Kahler—Einstein metrics. Despite the difference in these equations, the a priori estimates for higher-order
derivatives of u in terms of the C° norm of u follow from essentially the exact same calculations. We refer also
to [Cao85] for similar a priori estimates for (6) in the compact case.
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LEMMA 5. Let g(t) be the solution to (1) on M x [0,T] such that the curvature of g(t) and all
of its covariant derivatives are uniformly bounded. Assume that the initial Ricci tensor has a
bounded potential fo and let u and f be as before. Assume also that all of the covariant derivatives
of f(t) with respect to g(t) are uniformly bounded in M x [0, T]. Suppose that sup ;o7 |u| = A
Then for any k > 1, there is a constant C' depending only on A, k, fo and g(0) such that

|VEu| < C

COROLLARY 2. Let (M", go) be a complete non-compact Kahler manifold with bounded
curvature such that (2) is satisfied for a smooth bounded potential fy. Then (1) has a long
time smooth solution.

Proof. Let u and f be as before. By Lemma 2(i) we have |f(x, t)| <sup,, | fo|- Hence, |u(z, t)] <

tsup,y |fol for all (x,t) € M X [0, Tax) and sup,, u(z, t) cannot blowup in ﬁmte time. By
Lemma 5, the curvature tensor of g(¢) cannot blowup in finite time. By [Shi89], we conclude
that T'= oo and thus (1) has a long time smooth solution. O

We now prove Theorem 1.

Proof of Theorem 1. By Lemmas 3, 4, and 5, we conclude that for all ¢ >0, ¢g(¢) is uniformly
equivalent to g independent of ¢, and that for any sequence t; — oo some subsequence of u(x, ty)
(which we still denote by u(x, t;)) converges in the C'*° sense on compact subsets of M to a
smooth limit v on M. Thus, by Lemma 2(i), we conclude that %(m, tr) = —f(x, tg) converges
uniformly on M to a constant c. Lemma 3 and the fact that M has infinite volume imply that ¢
must be zero. Hence, g;; + vi; is a smooth complete Kahler-Ricci flat metric on M. On the other
hand, Lemma 6 below implies that the limit metric g;; + v;; is independent of the ;.. We conclude
that u(x, t) converges to v in the C* sense on compact subsets of M. This completes the proof
of the theorem. O

The following was basically proved in [Cha05], and says that bounded limits of (6) are unique.

LEMMA 6. Let g and h be two equivalent complete Kahler metrics on a non-compact complex
manifold M such that:

(i) hiz = giy + viz for some smooth bounded function v;
(ii) g has nonnegative Ricci curvature; and
(iii)
det(giz + viz)

log
det(giz)

=0.
Then g = h.

Proof. We sketch the proof. Since

= / — log det(gi5 + sviz)

= (/0 g’ ()d8>%

where g;7(s) = gi; + svi;. Hence, v satisfies ail v;7 = 0 for some Kéhler metric a;; which is uniformly
equivalent to g. As g has nonnegative Ricci curvature, v must be constant by [Gri92, Sal92]. O
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