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AN INDEPENDENT SYSTEM OF UNITS IN CERTAIN 
ALGEBRAIC NUMBER FIELDS 

CLAUDE LEVESQUE 

0. Introduction. For Kn = Q(u) a real algebraic number field of degree 
n over Q such that 

^ - *#. - ± [(• 7- r 0 + (" 7 OI"-2'-' 
with D G N , r f Ê Z , d\D2, and D2 4- 4 d > 0, we proved in [5] (by using the 
approach of Halter-Koch and Stender [6] ) that if 

e - 1 - -*£-«* + ^~ 
"k ~ (~d)k {-df 

with 

*. - i [(* ;1 ; ') + (* ; Ol*-2* 
then 

So = {ejk e N,*|/i,fc * /i} 

is an independent system of units of Kn. 
Noting that 

a» = Mn = an 4- pr, 

where 

« = - ( / ) + V/) 2 4- 4rf), p = -(D - VD2 4- 4rf), 

and that in the quadratic extension L2/1 = Kn(vD2 4- 4J) of A^, we 
have the factorization 

with 
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ALGEBRAIC NUMBER FIELDS 645 

wk — of a)k — / T 
and w, nk Qk a i l v l "nk ak 

we also proved in [5] that 

is an independent system of units of 

L2n = Q(VD2 + 4</, «); 

the proof was by induction on the number of prime divisors of n including 
multiplicity and rested on the fact that S0 is independent. 

The field L2n may be viewed as the field 

L2n = Q(VD2 + Ad, VoJTJ"). 

A natural problem is then to exhibit an independent system of units in the 
field 

F2n = Q(VD2 + Ad, Van - (I"). 

A solution to this problem is given by the following result. 

MAIN THEOREM. Let F2n = Q(0) be a real algebraic number field of 
degree 2n over Q such that 

0 = 2VM2n - 2(-df = 2V(an - p")2 > 1, 

where 

M2n = a2" + ?" = 1 [(2n ' J ~ ') + (2" ~ '')]Z)2"-2'J' 

with D e N, d e Z, d\D2, D2 + Ad > 0 and where 

1,_ . , y_ , . . . . „ 1 
a = -(£> + Vl>2 + 4/ ) p =-(D - VD2 + Ad). 

For any positive divisor t ofn and for any positive divisor k of n with n/k odd, 
define £„,, tynk and i\ by 

6' - a' 6* + pk
 J p 

€„, = ,y » ^ = 1— a"d iJ = - • 
/$ « a 

Then 

S = \ i«r ^nk> V t, k e. N, ;|n, k\n, t ¥* n, k ¥= "•^} 
w tffl independent system of units of F2n. 
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Examples. For 1 ë n Si 6, here are the values of 62" and S: 

n = 1 : D2 + Ad, S = {ij}; 

n = 2:D4 + AD2d,S = {6-J^v}, 

n = 3 : Z)6 + 6Z>4J + 9Z>2</2 + Ad3, 

HV'^4 
n = 4 : Z)8 + 8ZA/ + 20D4d2 + 16DV, 

(0 - a 02 - a2 \ 

n = 5 : Dw + lOD8d + 35D6d2 + 50D4d3 + 25D2d4 + Ad5, 

«-{^4*4 
n = 6 : Dn + \2Dl0d + 5ADsd2 + 112£»V + 105Z>V 

+ 36D2d5, 

_ f6 - a 02 - a2 6>3 - a3 62 + /î2 1 

Let us recall that if AT is an algebraic extension of degree m = r + 2s 
over the rationals Q with r real (resp. 2s complex) embeddings in the field 
C of complex numbers, then by Dirichlet's theorem, the unit group °UK of 
AT is a direct product of cyclic groups, 

®K= WKX C, X . . . X C r + i _ „ 

where WK is the finite group of roots of unity in K and where the C/s are 
copies of Z. A fundamental system of units of K is a set of r + 5 — 1 
generators of the C/s. Finally, a finite set S = {e,, c2, . . . , € , } of / units of 
K is said to be an independent system of units if 

Yl t"1 = 1 (with at e Z) implies a, = 0 for all /. 

After a section of preliminaries, we obtain in Section 2 the units £np y^nk 

and calculate relative norms of these units. 
Then supposing n odd, we obtain in Section 3 the independence of 

a fact which will prove useful, as can be seen just before formula (4.2). 
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Sections 4 and 5 are devoted to the proof of the main theorem for n odd 
and for n even respectively. The proof is by induction on the number 
of prime divisors of n including multiplicity: we assume that n > 1 is not a 
prime number and that the result holds true for all divisors m of n with 
m ¥= n. Starting with a linear relation of the form 

(n e>)( n *H»"-
nlk odd 

and taking the relative norm NF /F with respect to some subfields, we 
obtain linear relations among certain units for which we are able to apply 
the induction hypothesis or some previous results. 

In short, we have to prove the independence of a system of units for F2n. 
We consider in Section 4 the case where n is odd, so the induction 
hypothesis can be used for the subfields F2m with m\n because m is still 
odd. In Section 5, we suppose n even, so when we come across the 
subfields F2m with m\n, either we apply the induction hypothesis when m is 
still even, or we apply the results of Section 4 when m is odd. 

Some parts of the paper may be skipped on a first reading: for instance, 
the technical lemmas 3.2, 4.1 and 5.2. 

1. Preliminaries. Let us recall the definitions and properties of certain 
recursive sequences of second order defined in [5]. For m, n e Z, 0! = 1 
and 

\m) 1 
(n — m)\m\ 
1 if n = — 1 = m, 
0 otherwise. 

if n = m ^ 0, 

Definition 1.1. For n ^ 0, 

Mn = MniD, d) = i [(» 7_1 ; ') + (» ; '•)]*»-v. 

Definition 1.2. For n ^ — 1, 

PROPOSITION 1.3. For all r, s e N, 

(i)MJD,d) = Mr(Ms, -(-df), 

(ii) GJD, d) = GS(D, d)Gr(Ms, ~(-d)s). 
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PROPOSITION 1.4. If a = - ( D + v V + 4d), and fi = -(D-VD2 + Ad) 

{with a + p = D, < * - / ? = V/)2 + Ad ¥> 0 and a/? = -d), then for any 
i t e N , 

(i) Mk = ak + pk, 

ak _ pk ak _ pk 
00 G, = 

« - 0 VZ>2 + Ad 

(iii) Af2 = (Z)2 + Ad)G\ + A(-d)k, 

(iv) ak = -(Mk + GkVD2 + Ad), 

and 

(v)jB* = l(Mfc - G,V/)2 + 4rf). 

Both of these propositions were proven in [5] and we will use them 
without explicitly referring to them. 

Throughout this paper, /x stands for the Môbius function defined for a 
positive integer n by the rules 

ix(n) 
1 if n = 1, 
0 if p2\n for some prime/?, 
(— l) r if n is square-free with r prime factors. 

2. Some units in F2n. Let F2n = Q(#) be a real algebraic number field of 
degree 2n over Q such that 

eln = M2„(A d) - 2(-d)n > 1 

with 2) G N, </ e Z, d|Z>2, and Z)2 + Ad > 0. Then 

(2.1) 02" = M2„ - 2(»rf)w = M2 - 4 ( - J ) " 

= (D2 + 4</)G2 = (a77 - £")2, 

where 

and 

a = -(D + VD2 + 4rf) - -(/> -f —J 
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Assume that n = mt, and consider the subfields F2m = Q(8') and 
Fm = Q(02') where 

(2.2) (0')2m = M2m(M,, - ( - < / ) ' ) - H-d)'m 

= ((«T-(/?T)2 , 
so that Flm = Q(6l) is a field of degree 2m over Q. 

F2m = Q(0') 

F2 = Q(0") = 0(Vl> 2 + Ad) 

Figure 1 

PROPOSITION 2.1. For any positive divisor t ofn with n = m/, the algebraic 
numbers 

f) = 
a 

L 
_ 0' 

P 
a! 

> 

and 

_6< + ̂  
*n, "a* 

are units in F2m 
ç ^ 

z/ra w 0UW, 

Proof, (i) We saw in [5] that rj is a unit of 

Q(V/) 2 4- 4J) = F2. 

(ii) Proceeding as in page 134 of [5] and noting that 

(el)m = amt - pmt, 

we see that £nt is a root of the polynomial 

m-\ n— 1 / \ 

2 (7)(n-iy*--' + i 
,=n \ * / 
i = 0 
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with coefficients in the ring of algebraic integers of F2 = Q(VD2 4- Ad). 
(iii) Similarly, when m = n/t is odd, \pnt is a root of the polynomial 

m-\ / \ 
I wi \ 

~ 1. 

PROPOSITION 2.2. Let m, k be positive divisors of n with 

k t 
n = mt, r = (k, /), h = - , and I = -. 

r r 

(i) Then 

(ii) If n/k is odd, then 
NFln/F2m^nk) = Vnjkl = Vmh-

(iii) If m is odd, then 
Nr2„/Fm(U = (-wen*,*",,*, = (-mr

mhvmh. 
(iv) If m and n/k are odd, then 

NF2n/Fnttnk) = (~mr
n,klvn,kl = (-mr

mhvmh. 
Proof (i) Let f be a primitive /-th root of unity. Then Çk is a primitive 

/-th root of unity and 

V2 2<7 / 

/z> _ g" y 
V2 2<77 

\ V 2 2GJ 

(ii) Let n/k be odd and let f be a primitive /-th root of unity. Then / is 
odd and 
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^ / ^ ^ ) = | 0 l — - k — ) 

= ^ aki ) = *»M = *mh-

(iii) Whenever m is odd, we have h odd and 

f\m\h\r 

2 2G„ 
fa - («. + S£CY 

V 2 2G- / 

V 2 2G„ / 

V V 2 2G / 
X 

2 2G~ 

2 2Gn 

'M, Gt(-e')m\h 

2 2Gn 

= (-i)T„,A/^,A, 
We used here the facts that 

a' = I(M, + G,Vz>2 + 4/), 

0' = 1(3/, - GrVi>2 + Ad), 

VD2 + 4J = 0V G„, 

and /J/ = A;/. 
(iv) Similarly, if m and nlk are odd, we have that 

ttt" + ph'Y 
NFln,Fmttnk) = NFlm/Fm\ ahl ) 

_ ($>" + pf"V(-ef" + ah'Y 
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Note. In Proposition 3.1.3 of [5], (-1)'<* + 1> should be replaced by 
(— 1/ r. This does not change the proof, because in Lemma 3.3.1 of [5], 
we consider absolute values. 

Whenever n is odd, we have from Proposition 2.1 that for any divisor 
k of n, 

nn t , 0k ~ak 6k + & 
(23> Vnk = SnkVnk = Jk ' ~k 

is a unit of Q(#A) Q F2n. More precisely, 
/"• . alk /-i ûii + k alk 

CjVD^TTde* - t , = - l + ^— - * 
'Ac jk jkn Ak 

C H 

%k = - 1 + -£VD2 + 4dOk -— = - \ + 
dK dK dKGn d 

is a unit of Q(02k), because 
gn + k = nk(n/k+\) 

We shall now evaluate the norm N Q ^ / Q ^ 2 ' ) of these units r}nk for 
n = mt. 

PROPOSITION 2.3. Let n be odd and let m, k be positive divisors of n 
with 

k t 
n = mt, r = (k, t), h = - , and I = -. 

r r 
Then 

NFn/Fm(^nk) = tlnM = ^ mh' 

Proof. Let f be a primitive t-th root of unity. Then 

G 
,_ , / -et1 + -A(Ç02in+k)n - ( f 0 2 ) ^ 

NFJFm(vnk) = n x dk 
i = 0 

Now, since n is odd, f is also a primitive /-th root of unity. 
Moreover f* is a primitive /-th root of unity. Therefore 

/ ik i ^k Un + k)inn + A: %>2kis\2k^ 

' w - ' - S l — ^ 
i=o \ rf* y 

' — 1 / M//jA: _ „k\ / ykink 

/ = 0 ^ j8* ' ^ OLk / 
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3. A secondary result. In this section, we assume that n is always odd. 
For any positive divisor / of n, we defined r]nt by 

el -a1 el + p? 
( 3 -0 %t = intent = nt ' g f ' 

We plan to show that {rjnt\t e N, t\n9 t ¥* n} is an independent system of 
units of Q(02) Q F2n. This result will prove useful in the proof of the main 
theorem. 

We need two lemmas which we shall prove under the hypotheses of 
Theorem 3.3. 

LEMMA 3.1. Let n be odd. Then 
(i) a > 0 if and only if d < 0; 

( i i ) « > 2|0|; 
(iii) 101 < 0. 

Proof (i) 0n = a" - 0" < an if and only if 0 > 0 if and only if 
d <0. 

(ii) See part (iii) of Lemma 2.3.1 in [5]. 
(iii) For d < 0, we have 0n = an - 0" > 0" from part (ii). 

If d > 0, 0 > - 0 , because 0n = an - 0" > - 0 " . 

LEMMA 3.2. Let v = px . . .ps, where pv . . . , ps are the distinct prime 
factors of n. Then 

n k,r> n K,r. 
t\v t\v 

Proof. We shall consider two cases separately. 

Case A: d > 0. The previous lemma yields 

(3.2) 0 > a > - 2 0 > - 0 > 0; 

hence 

w=^^=(0'-')((^)'-') 
Let 

0 0 
(3.3) 1 + S, = A, = - and 1 + 52 = A2 = . 

a —0 
Since 

i< (i+«,)«=A» = i + {^y < i + Q)n 
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by Lemma 3.1, we conclude that 0 < 6, < 1. In addition, 0 > a > — 2yff 
implies # / ( - /? ) > 2, i.e., 

6 
5 = A - 1 = - 1 > 1. 

2 2 -fi 
Proceeding as in page 129 of [5], we will have the conclusion if we can 
prove 

0.4) n </«,«2)v"> n ( t f . A ' . A ^ ' . 
t\v t\v 

(i) Suppose 5 ^ 2. As in page 130 of [5], we see that it suffices to 
prove 

(3.5) A, = 1 + 5, < 1 + — - — . 
1 ] (A,A2r 

Since — B<-a and n > 1, we have 
2 

J> - /?")2 = ( l + ( — J J a2" < ( 1 + - M <*2" < 2 « 2 

from which we conclude 

1 2a" 
— < 

2a"(-j8)" < /j + 2 V' 

(a" - 0")2 V (A,A2)n/ ' 

a" (a" - B")2' 

This last inequality leads to 

A« = , + izK < ! 

from which we can obtain inequality (3.5). 
(ii) Suppose s = 1, i.e., n = p1 for/? a prime. Then the inequality which 

corresponds to (3.4) and which we want to prove is 

p&xSP2 > ( f i j A ^ ) ' , i.e.,/>«5 > fif'A^. 

Since /?#? > 2 and 

it suffices to prove 

« . < 2 
1 (A,A2)"' 

which follows from inequality (3.5). 
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Case B: d < 0. From the preceeding lemma, we have 

(3.6) a > 0 > fi > 0 and a > 2/?, 

hence 

«' - e')(e' + p) \e' A 6>'/ 
h I = -

Let 

(3.7) 1 + 5, = A, = % n d A2 = f. 

Here 0 < A2 < 1 and a > 2/3 implies 

a" < 2a" - 2/T, 

i.e., 

A? = * < 2, 
a" - 0" 

i.e., 

8] < 1. 

Proceeding as in page 131 of [5], we need only to prove 

(3.8) n w / r > n (ts^i'f. 
t\v t\v 

(i) Suppose s ^ 2 . Then it suffices to prove 

a" 2n(an - /?") 
(3.9) < 1 + — — , 

an - fi" 2 V 
i.e., 

2na2n > (2n + 4« )(-</)" - 2rt£2". 

We will show 

2na2n > (2n + 4« )(-</)". 

Here d < 0 and D2 + 4J > 0 imply Z> > 2 ^ = ^ , and d\ (D2 + 
implies Z>2 + 4<i > — d. Hence 

1 1 O 

2V 2 2 

from which we conclude that 
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a2 > — d> ~2d, 
4 

and that 

2naln > 2n(-2d)n = 2n+xn{~d)n > (2" + 4 « ) ( - J ) " . 

(ii) Suppose s = 1, i.e., « = p1 for p a. prime. Then the inequality which 
corresponds to (3.8) and which we want to prove is 

PSl > ( 2 5 1 A 1 ) ^ i . e . , / 7 > ^ - 1 ( 2 A 1 ) ^ . 

Since p â 2 and «1(2A,)W ^ 8P
}~\2^)P, it is sufficient to prove 

2 / 2 y 
«, < , i.e., A? = (1 + 5 , r < 1 + , 

1 (2A,)" ] ]J \ (2A1f/ 
which follows from inequality (3.9). 

Lemma 3.2 will be used in the last part of the proof of the following 
result. 

THEOREM 3.3. Let F2n = Q(0) be a real algebraic number field of degree 
2n over Q with n > 1 odd such that 

e = 2VM1U - 2(-df > i, 

where 

"--âKV-'r'M2","')]*--2''-
with D G N , ^ / G Z , d\D2, and D2 + 4d > 0. For any positive divisor t of ny 

define i\nt by 

where 

i = 0 ^ l ' 

Then 

is an independent system of units of Fn = Q(62) Q F2n. 

Proof Since we have seen that SQ is a set of units of Fn, so it remains to 
show the independence; this will be achieved by induction on the number 
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of prime divisors of n including multiplicity. We shall use the factorisation 
of r]nt in (3.1) and proceed as in [5]. 

If n is a prime number, the proof is immediate. We now assume that n is 
not a prime number and that the theorem holds for all divisors m of n such 
that m ^ n. Suppose that there exists a linear relation 

(3.10) I l < ( ,° = 1 with KO e Z. 

By applying the norm NF /F with respect to the field Fm = Q(02p) where 
n = mp for p a prime divisor of n, we obtain from Proposition 2.3 

•imt 

Proceeding as in page 127 of [5], we conclude that either S0 is independent 
or (3.10) reduces to 

an) ( n c)( n v~u,) = ±i. 

In (3.11), we can omit the condition / ¥= n since it is superfluous 
whenever n ¥= v, and it adds the factor r\nn = —\ for n = v. So (3.11) 
implies 

(3.12) n < = = ± n Ï ) V / ' 

rlv rlv 
K0 = 1 /H0=" 1 

which contradicts Lemma 3.2. 

4. Proof of the main theorem for n odd. In this section, n is always odd. 
Under the hypotheses of the main theorem, we shall first prove a lemma 
which will be used in the last part of the proof of the fact that 

is an independent system of units of F2n. 

LEMMA 4.1. Let v = px .. .ps, where pl9. . . , ps are the distinct prime 
factors of n. Then 

( n \u"')( n \*j") 
\ t\v / \ r|v / 

( n \i„r){ n i^r). 
rlv 7 v rlv 

Proof. We shall use the same notation as that used in the proof of 
Lemma 3.2. 
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Case A. d > 0. We must prove 

( n (A; - i r ) ( n (A'2-i)
v/') 

t\v ' x t\v 
M ( 0 = - 1 Kt)=\ 

( n (A; -ir)( n (A^-ir) > 
M(0=1 M ( 0 = - 1 

and we see that this follows directly from inequality (3.4). 
Case B. d < 0. We need to prove 

( n (A; -i)v/')( n (A^+iH 
V ,|v / V ,|v / 

>( n (A', - ir)( n (A^+ir), 
rlv 7 x rlv 

which follows from (3.8). 

Let us show that S is independent when n is odd. If n = 1, then 5 = {17} 
is independent. Assume that « 7̂  1 and that there exists a linear 
relation 

(4.D (uèT)(u^y-
with p(k)9 X(k) and a e Z. Using Proposition 2.2, we apply the norm 
A^ / F to obtain ifa = zt 1, i.e., # = 0. Applying now the norm NF /F and 
using Theorem 3.3, we find 

v(k) + X(k) = 0, 

whereupon relation (4.1) becomes 

1. (4.2) ( n e ^ ( n ^ ) 

The proof is again by induction on the number of prime divisors of n 
including multiplicity. If n is a prime number /?, then (4.2) becomes 

&r -1, 

i.e., 

i.e., 

(a + 0)0 = a2 ±: £2, 
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i.e., 

IGp = D2 + 2d or 6 = 6P/Gp\ 

since this is impossible, S is independent whenever n = p. 
Applying the norm A^ /F , where n = mp for/? a prime divisor of n and 

proceeding as in [5], we have that either S is independent or that (4.2) 
implies 

( n &*)( n vjA « ±( n &*)( n <*), 
V * | v 7 V * | v 7 V * | v 7 V * | v 7 

which contradicts Lemma 4.1. 

5. Proof of the main theorem for n even. Throughout this section, n is 
always even. In order to show that 

s = \^r *nk> ri\t9k GN9 t\n, k\n, t * n, k * n, 2 \ ^ J 

is an independent system of units of F2n, we shall need two lemmas which 
we shall prove under the hypotheses of the main theorem. 

LEMMA 5.1. Let n be even. Then 
(i) 0 < a; 

(i i)a > 2|j8|; 
(iii) \P\ < 0. 

Proof. This is similar to that of Lemma 3.1. 

LEMMA 5.2. Let v = px . . .ps, where pv . . . , ps are the distinct prime 
factors of n. Then 

n \uv"> n \uv/t-
t\v t\v 

K0=-\ K0=1 
Proof Lemma 5.1 yields 

(5.1) a > 0 >m and a > 21/81 > 0 ; 

hence 

IU = 
6' / « ' 

- ' ) • 

Let 

(5.2) 1 + 8 = A = 
a 
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Here 

A» - - _ : ! _ < 2, 
a" - p" 

because 2/8" < a". Hence 0 < S < 1. As in [4], we have the inequalities 

(5.3) tS < A' - 1 < rSA'. 

Proceeding as in [4], we see that it suffices to prove 

(5.4) n (tif > n OSAT'. 
rlv r|v 

Since Av ^ An < 2, we need only to prove 

(5.5) n (/*)v//>22,_l( n w Y 
t\v V t\v 7 

which is inequality (15) of [4]. 

Let us prove the independence of S when n is even. Suppose there exists 
a linear relation 

(5.6) ( n c>)( n rôA)V» 1 

with *>(/), X(k), and a ^ Z. When we apply the norm A^ /F, we obtain 
TjWfl = ± 1 , i.e., a = 0, whereupon relation (5.6) becomes 

(5.7) ( n d ( n *%>) 1. 

Suppose that n is a prime number. Since n is even, n = 2. So 
S = {^,, 7]}. Now a = 0 implies p(l) = 0, since 

0 - a 

i.e., 

i.e., 

0 ^ a± fr 

6 * D and 0 *= 02/G2. 

The proof is once more by induction on the number of prime divisors of 
n including multiplicity. Assume that n is not a prime number and that the 
theorem holds for all divisors m of n with m ¥* n. Therefore, whenever 
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n = mt, with m ^ n, 

/, k G N, t\m, k\m, t ¥= m, k ¥= m, 2 \ m 

is an independent system of units of Flm = Q(0l)\ in fact, if m is even, this 
is the induction hypothesis and if m is odd, this is a result we proved in 
Section 4. 

If we start with the linear relation (5.6), we saw that it reduces to 
relation (5.7). 

We now apply the norm NF /F with respect to the field F2m = Q(6P) 
where n = pm for p a prime divisor of n. From Proposition 2.2, we have 

NF2JFJU - I f itpU, 
l ) ^ ' C * Pit; 

m,t/p + 1 

when n/k is odd (so k is even) and when p\k, we have 

NF2n/Flmttnk) = €,MP-

Let us first take p = 2. We then obtain 

i - { n NFïn/Fjc^)){n NF2n/Fjc'^ 
l\t 2\t 

rJ*^ ) x ( n NF2n/f 
n/k odd 

= ±{u e)(n o ) ( n o)( n «A) 
2\t 2\t 4k w /* <wfc/ 

= ±( n c )+>(2°)( n e2 , ))( n +$»>). 
2\t 2\t m/k odd 

(As usual, an empty product is 1.) Whatever the parity of m, we conclude 
that \(2k) = 0 for any k ¥= nil with k\(n/2) and n/2k odd, i.e., 

(5.8) \(k) = 0 for any k # « with Jfc|/i and w/ifc odd. 

It seems amazing that we eliminated all the integers \{k). This is best 
explained by the fact that if n = 2m and if 

4 
B 

N 

N 

k\n, k ¥> , 2 , $ . 

k\m, k ¥= m, 2 \ m 
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then A and B have the same cardinality. 
Next, we apply the norm NF /F with respect to the field F2m = Q ( ^ ) 

where n = mp for p a prime divisor of n. Thus, we obtain 

i - n A W C ) 

= ±( n c)+pH,p))( n iCp)\ 
p\t pit 

whereupon 

(5.9) v(t) = 0 for any / ¥= n with/?2|/|«, 

n H 

(5.10) v{t) = -pv{tp) for any / ¥= - with/? J / |- . 
/> /> 

From (5.9) and (5.10), we conclude that by applying this procedure to 
all primesp\n, we obtain v(t) = 0 for all proper divisors t of n containing a 
non-linear prime factor. 

For all divisors t of n (t ^ n) that are products of r distinct prime 
factors, we obtain from (5.10) that 

(5.11) v(\) = ( - 1 / / K 0 . 

\l v(\) = 0, then v{t) = 0 and the theorem is proven. Let v{\) ^ 0. Then 
(5.11) implies 

( n c ) ( n €.7/') - ±i. 

which contradicts Lemma 5.2. 

6. Conclusion. It is obvious that instead of n] in the independent 
system S of units of F2n, we can take TJ0, the fundamental unit of 
Q(VD2 4- 4J). 

For « = 1, 2, 3, S is a maximal independent system of units of 
F2n = Q(0), in the sense that the cardinality of S is equal to the rank of 
°ttkIWk. For n = 1, the fundamental unit of Q(6) is known from a result 
of Degert [7]. 

In a forthcoming paper, we will show that for n = 2, 3, S can be taken, 
under certain hypotheses, as a fundamental system of units of F2n. 

For n = 2, it will suffice to show, according to the method of Ljunggren 
described in [7], that £21 is the smallest unit (>1 ) of F4 such that 

and that ^ I ^ O *s n o t a s c m a r e °f F4. 
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In the case where n = 3, we will use Stender's method: starting with 
TJ0 (>1) the fundamental unit of F2, we will show that TJ3 = £31̂ 31 
is the fundamental unit of F3; then we will prove that £0 = — £31 ^31 is 
the smallest unit > 1 of F6 such that 

NF6/FJLE() = ±\9NF6/F2 = ±l; 

once it is established that neither Etf\2 nor Etf)\ is a cube of F6, the 
conclusion will be drawn from the fact that the group generated by 
{£31» ̂ 31» ^o) i s e c lu a l t o t h e BrouP generated by {E0, TJ3, r?0}. 
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