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Constructions of Uniformly Convex
Functions

Jonathan M. Borwein and Jon Vanderwerff

Abstract. 'We give precise conditions under which the composition of a norm with a convex function
yields a uniformly convex function on a Banach space. Various applications are given to functions of
power type. The results are dualized to study uniform smoothness and several examples are provided.

1 Introduction and Preliminary Results

We work in a real Banach space X whose closed unit ball is denoted by Bx and whose
unit sphere is denoted by Sx. By a proper function f: X — (—o00,+00] we mean a
function which is somewhere real-valued, in other words, its domain, dom f, is not
empty. A proper function f: X — (—o0, +00] is convex if

fOx+ (A —=Ny) <Af(x)+(1—A)y foralx,yedomf, 0< A<,
The conjugate function of f: X — (—o0, +00] is defined for x* € X* by

f (&) == sup{x*,x) — f(x).

xeX

Relevant background material on convex analysis can be found in various mono-
graphs such as [5/6},14}16]].

In particular, we will frequently use, without mention, the elementary fact that
when f: R — (—o0, +00] is convex and ¢ is in the interior of the domain of f, then

f(to +h) — f(to)

! 13
.

exists and is finite, and satisfies

@) > f(to) + f (o)t —to)

forall + € R. This is a particular instance of the more general max formula; see [5] or
[6} Corollary 2.1.3 and Theorem 4.1.10].
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Let (X, | - ||) be a Banach space. The modulus of convexity x is defined for 0 <
e <2by

x(e) = inf{ 1 H x;yH Sl =yl =1, and lx = ) > ¢}

In the case dx(g) > 0 for each ¢ > 0, we will say || - || is a uniformly convex norm.
If there exist C > 0 and p > 2 such that dx(¢) > Ce? forall 0 < ¢ < 2, then
0x is said to be of power type p. Further information can be found in the excellent
books [2,13,[10]], and various equivalent forms of the definition can be found in [9].
Although the terminology is standard, dx is not what is typically called a modulus;
see [[1]] for a nice development of relevant terminology.

Analogously, given a proper lower semicontinuous convex function f: X —
(=00, +o0], we will say its modulus of convexity is the function d¢: [0, +0c0) —
[0, +00] defined by

dp(t) == inf{%f(x)+%f(y)—f(x;y) =yl >t x,yedomf},

where the infimum over the empty set is +co. We say that f is uniformly convex when
d¢(t) > 0 forallt > 0, and f has modulus of convexity of power type p (or d¢ is of
power type p) if there exists C > 0 so that §¢(¢) > Ct? for all t > 0. In [T}15,[16],
uniformly convex functions are defined using a closely related notion called the gage
of uniform convexity, and it follows from [[15, Remark 2.1] that the definition in those
sources is equivalent to the one used here. Some natural confusion may arise with
the terminology we use, because a uniformly convex norm is never uniformly convex
when considered as a function—it is uniformly convex on its sphere.

A systematic exposition of uniformly convex norms can be found in [10} §1V.4,
IV.5], and [16} §3.5] presents a thorough account of uniformly convex functions.
However, explicit constructions of such functions, especially those derived from a
uniformly convex norm, appear to be somewhat sparse. For example, when || - || is a
uniformly convex norm on X, it is easy to see that f := || - ||" with r > 1 is uniformly
convex on bounded sets, that is for each n € Nand € > 0,

inf{%f(x)+%f(y)—f(x;y) Hlx =yl > e, x,yedomfﬂan} > 0;

however, f is not necessarily uniformly convex. In fact, [4] shows when r > 2, that
f is uniformly convex if and only if Jdx is of power type r. Our goal in this note
is provide precise conditions under which g o || - || is uniformly convex when g is a
nondecreasing convex function on [0, +00).

In many algorithms, uniform convexity on bounded sets and other weaker forms
of convexity suffice for their implementation, as can be seen, for example, in [7,[8]].
Nonetheless, beyond their theoretical interest, uniformly convex functions are dual
under conjugation to uniformly smooth convex functions [1I]. Also, when considered
with moduli of power type, there is a tight duality with Hoélder continuity conditions
on the derivatives (see [1f], [16} Theorem 3.5.10, Corollary 3.5.11, Theorem 3.5.12]).
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Because uniformly convex norms, and even those with some power type are (abun-
dantly) available on superreflexive spaces, as is discussed in the monographs [2,[10],
we believe it is important to find explicit conditions under which the composition
with a norm yields a uniformly convex function (or even better, one with modulus of
power type). Inter alia, we adumbrate the somewhat subtle relationship between no-
tions of uniform convexity for norms—based on behavior on the sphere—and those
for convex functions.

We will use the following simple examples of uniformly convex functions on the
real line recorded in [6 Exercise 5.4.2].

Fact 1.1 Suppose that a function f on R satisfies f* > o > 0 on [a, +00), where
n > 2 is a fixed integer, and that f® > 0 on [a, +o00) fork € {2,...,n+1}. Define the
function g by g(x) := f(x) forx > a and g(x) := +oo for x < a. Then g is uniformly
convex with modulus of convexity of power type n.

In particular, for b > 1, let g(x) := b* for x > 0, and g(x) := 400 otherwise. Then
¢ is uniformly convex with modulus of convexity of power type p for any p > 2.
Similarly, using Taylor series one can show that for p > 2 and g(x) := x? forx > 0
and g(x) := 400 otherwise, g is uniformly convex with modulus of convexity of

power type p.

2 Constructions of Uniformly Convex Functions

Our first objective is to determine precisely when a composition with a norm vyields
a (continuous) uniformly convex function.

Theorem 2.1 Suppose (X,||-||) is a Banach space and f: [0,+00) — [0, +00) is

convex and nondecreasing. Then fo|| - || is uniformly convex if and only if f is uniformly
convex and || - || is a uniformly convex norm while

. . / £
(2.1) limint f/ () 5X( t) £>0

for each e > 0.

Proof (=): Clearly f is uniformly convex, because for fixed xy € Sx, we have that
f(#) = f(|ltxo]]) and so f is a uniformly convex function. Similarly, | - || is a uni-
formly convex norm. Indeed, suppose ||x,|| = ||y.|| = 1 and ||x, + y.|| — 2. Then

)%O,

because f is continuous at 1. The uniform convexity of fol| - || implies ||x,—y,| — 0;
thus || - || is a uniformly convex norm.

Thence, suppose for some & > 0 and t,, — oo, that lim,,_, o f/(t,)- 5X(i) -t, = 0.
Now choose u,, v, € Sy such that ||u, — v,|| > ti but

21—25X(t3).

%f(||x,,||) + %f(HynH) - f( H WT%

H Uy, +vy
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Let x,, := t,u, and y, := t,v,. Then ||x, — y,|| > & for all n, but

Al

taly + 1, V,
2

) = St =200 () - £0)
> f(||taun||) — 2, wheree, = MSX(;) flt,) — 0,

which contradicts the uniform convexity of f o || - ||.
(«<): Suppose for each ¢ > 0, liminf,_, f/(¢) - 0x($) -t > 0, f is uniformly

convex and | - || is a uniformly convex norm. Suppose f o || -|| is not uniformly
convex. Then there exist (x,), (y,) C X and € > 0 such that ||x, — y,|| > & for all
n € N, but

1 1 X, +
(22) SFsl) + 5 £l = £(| 2522]) = o,

2 2 2

First suppose limsup,,_, .. | [lxu|| — [|y4]|| > 0. By switching roles of x, and y, as

necessary, and passing to a subsequence, we may assume ||x,|| — ||y.|| > n > 0 for

all n € N. Thus using the fact f is nondecreasing and uniformly convex, we have

Xnt Yn

1
) = 3£

! CARAPA
2 flyal) = £ )

>d¢(n) >0 foralln € N.

Sl + 5 £yl — £(|

This is a contradicion with (22). Thus, for the rest of the proof we may suppose
(lxall = [lyull) — 0.

Case 1:  Suppose (x,) is a bounded sequence. By passing to a subsequence as nec-
essary, we may assume ||x,|| — « and ||y,]| — o for some @ > 0. Because

lxx — ]l > €, itis clear that & > 0, and because || - || is a uniformly convex norm,
we obtain N
: x 5
llmsupH"iy" < 1—5X(—).
f—00 2c Q

Xntyn
2

Consequently, lim sup,,_,
and nondecreasing, we obtain

< a1 — dx(£)]. Using the fact that f is convex

1innl(i>xo1f%f(||xn||) + %f(HmH) - f(H % )

Zliminff(w) _f(HM

n—00 2 2

)
> fla)— f(a—adx(Z)) >0

which contradicts (2.2).
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Case 2: It remains to consider the situation where (x,) is unbounded. In fact, any
bounded subsequence of (x,) would yield a contradiction as above, so we let o, :=
|| || and assume «v,, — co. Further, because we now know that (||x,|| — ||y.]l) — 0,
interchanging x, and y, as necessary, we write ||y,|| = 5,, where o, = B, + N>
7, > 0andn, — 0.

Now let 32,1 = ixn and 7, := giy,,. Then ||%, — 74| > E;j Fix N € N such that
%0 — 7ull > 55 forn > N. Then

Hx"+y" gl—éx(zzn) forn > N.
Let
Buim 20— 5(5) B

Note that [|x,+ ¥, || < Bull%n+ 7ul|+7n, and that 3,/8, — 1 (since B, — 00,7, — 0).
Then, for n > N, the monotonicity of f ensures that
+ 2
2

(=) = o

< f( 5 —5X(26n) B+ 1)
= f(Ba).

The convexity of f guarantees that

xn"‘)’n

@+ 2160 2 (Y s By vae(55) B fB, fornz N,

25n)'

Hence

@3) 130 < 35+ 3160 = o 57) B £

1 1
= - — - > M
Zf(||xn||)+2f(||)/n”) 5X( 25, ) Bu- f1(Ba), forn>N
To complete the proof, it remains to verify that

o) B £1B) >0

€
24 liminf§ (
@0 imintox( 35
a~nd as a consequence it will follovg that (Z3) contradicts (2.2). Indeed, since
Bn/Bn — 1, for sufficiently large n, 5, > % Bx and because Jx is nondecreasing on

[0, 2], this additionally ensures dx (5

35 = 6;&%) for such n. Consequently,

5X< Zﬁn) B - er/(B") > %5X( SB/,:L) : Bn : er'(B,,) for sufficiently large .

Applying ([2.1) with /4 replacing ¢ to the right-hand side of the previous inequality,
one deduces (2.4) as desired. [ |
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We next construct continuous uniformly convex functions using any uniformly
convex norm on a superreflexive Banach space.

Example 2.2 Let X be a Banach space with uniformly convex norm || - ||. We define
f(t) :=t*for 0 < t < 1 while

t
1
19X

We may apply Theorem 2.1]to show f o || - || is uniformly convex. We recall that dx
is continuous, positive, and nondecreasing on (0, 2] (see [12]), and so f’ is positive
and increasing on [0, +00). Thus f is convex and increasing on [0, +00). Moreover,
t +— t2 is uniformly convex (hence so is its sum with another convex function), and
so f is uniformly convex. Now, for t > 1, f/(t) = 2t + 1/6x(¢t~2). For fixed e > 0
when t > £71, we then have

, € 1 €
. I . ) >
£® 5X(t> L2 5D 5X(t) b2t
and so (Z.1) holds.

Further examples will be given after the following more quantitative result con-
cerning moduli of power type.

Theorem 2.3 Let (X, || - ||) be a Banach space, let f: [0, +00) — [0, +00) be a convex
nondecreasing function and let p > 2.

(i)  Suppose &; and dx are both of power type p and f/(t) > CtP~! for some C > 0
and forallt > 0. Then f o || - || has modulus of convexity of power type p.

(i) Conversely, if f o || - || has modulus of convexity of power type p, then §¢ and 0x
are both of power type p. In the case that §x additionally satisfies

(2.5) 0 < liminf 5’(1‘5) < o0,

e—0* 3

i.e., the modulus Jx is no better than power type p, then there exists C > 0 such
that

fl(t) > Ctt™" forallt > 0.

Proof (i) Let A, B, and C be positive constants such that

dp(e) > AeP foralle > 0, dx(e) > Be? forall0 < e < 2,

fl(t) > CtP~ forallt > 0.

Let ¢ > 0 be fixed, and suppose x, y € X satisfy ||[x — y|| > €. We may assume
Iyl < ||x||. Suppose first that ||| + £/2 < ||x||. Using the modulus of convexity of
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f> we obtain

1 1 x+ty
@6 S+ - 7| =2])
1 [l + 1171
> 2 el + 5 £yl - £ (P
e\ P
> =] .
24(3)
Thus, for the remainder of the proof we will assume || y|| + /2 > ||x||.

Leta := ||y|| and % := x/||x||, 7 := y/||y||- Then ||y — ax|| > /2. Consequently,
|7 — x|l > 5. Because dx(t) > Bt for 0 <t < 2, we deduce that

%+ 7 p
|57 =1-5(5)
2 2a

and so

X+ X+ 7y x| —a 1 1 ENP
en || <a( | Z2)) + B2 < L s Ly - ma( £
2 2 2 2 2 2a

Case 1:  We suppose Ba(5;)? > a/2. Recalling that ||x|| + ||y > [|x — y[| > &, we
have ||y|| > /4 since ||y|| > ||x|| — €/2. Because a = || y||, it follows that a/2 > ¢/8.
Thus, letting # := (||x|| + ||¥|])/2 — a/2, we have o > a/2, and the nondecreasing

property of f ensures
(=2 <o

Now we use this with the convexity of f to compute,

) Lrde+ 3y = F(PEY > p 4 i) -
> fl0) + fllafD) - @/D) > fe) + FLE/8)- (/9)
X+y e\ P
=1 (5570) e (5)

Case2: It remains to address the situation when Ba(5;)? < a/2. Then the right-
hand side of (2.7)) is at least a/2. Now use the fact f+(t) 2 C(a/2)?~! whent > a/2
to compute

eo A(Z22]) < (G + 3n) —Ba( S) (D)

< S fely + 5 £yl - Be(5) "

Putting (2.6]), (2.8), and (2.9) together, we see that f o || - || has modulus of convexity
of power type p as desired.
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(ii) Because f o || - || has modulus of convexity of power type p, one need only
fix xp € Sx and consider f(t) = f(||txo||) for ¢ > 0 to see that f has modulus of
convexity of power type p.

Also, let 3 := f/(1) and let A > 0 be such that 0| - ||(€) > AeP when & > 0. Fix
e € (0,2] and choose x, y € Sy with [|x — y|| > eand || 52| > 1 — 26x(¢). Then

py - aer = p( WY por s (522 = ) - 28000

and it follows dx () > %EP. Thus dx is of power type p as desired.

It remains to verify f/(¢t) > CtP~! for some C > 0 and all t > 0 when Z.9) is
satisfied. Indeed, in this case, we find (u,), (v,) C Sx and M > 0 such that

Uy + vy

€n:= ||ty — vul]| = 07 and H >1— Me?b.
Now fix t > 0, and let x, := tu, and y, := tv,. Then
(2.10) H | s 11— MeD).
Then ||x, — ya|| = te, and the modulus of convexity of f o || - || ensures that

S

The convexity of f implies that f(t —tMeh) > f(t) — f!(t)(tMeh). Using this along
with (2.10) and the fact f is nondecreasing, we obtain

) < 3£l + 3 Flpl) — Alie)? = £~ Al

Xyt Vu /
(2.12) f(H Ty ) > f(t — tMeP) > f(1) — f1(1)(tMeD).
Combining (Z.I0) and implies f/(t) > £t*~!, and so C := £ > Oisas
desired. ]

The following corollary recovers a result from [4] whose proof proceeded via es-
tablishing uniform smoothness and invoking duality results from [1J.

Corollary 2.4 ([4, Theorem 2.3]) Let (X, || - ||) be a Banach space, and suppose [ :=
| - [|2, where p > 2. Then the following are equivalent:

(1)  f is uniformly convex;
(ii) Ox is of power type p;
(iii) f has modulus of convexity of power type p.
Proof (i) = (ii): Suppose f is uniformly convex, then (Z.I) holds with € = 1. Con-
sequently,
ligigfptp Sx(t™H >0,

and so there exist C > 0 and #, > 0 such that pt? §x(t~!) > C whent > t,. In
particular, for 0 < € < 1/ty, we have dx(¢) > Ke? where K := Cp~".

(ii) = (iii): This follows from Theorem 23(i) because the function ¢ +— [¢|P has
modulus of convexity of power type p (see the paragraph after Fact[L.T).

(iii) = (i): This is trivial. [ |
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Example 2.5 Let (X,]|-]||) be a Banach space and b > 1. Suppose Jy is of power
type p, where p > 2. Then f := bll " Il is uniformly convex with modulus of convexity
of power type p. However, even on R? there are uniformly convex norms ||| - ||| so that
h := bll- Il is not uniformly convex.

Proof Let g(t) := V' fort > 0. Then g’(¢) > Ct? for some C > 0 and all t > 0, and
¢ has modulus of convexity of power type p by Fact[I.Il According to Theorem
f has modulus of convexity of power type p.

For the claim concerning h, we appeal to [L1, Theorem 2.8] to obtain a uniformly
convex norm ||| - ||| on R? so that when Y := (R?,||| - |||), we have

liminft b’ log(b)dy (t~") = 0.
t—00

Then (2.7)) fails, and so Theorem[2.Ilensures 4 is not uniformly convex. [ |

One may view the above conditions dually. For this, let (X, | -||) be a Banach
space. Then the modulus of smoothness, px, is defined for 7 > 0 by

x+7h| +|x—Th| -2
pxtr) = sup XTI T2y g =1},

Given 1 < g < 2, we will say px is of power type q if there exists C > 0 so that
p () < C7ifor 7 > 05 see [213}[10] for further information. Analogously, we
define the modulus of smoothness of a convex function f for 7 > 0 by

ps(T) = sup{ %f(x+7’h) + %f(x— Th) — f(x):x € X, |h]| = 1};

and when pf(7) < C71 for some C > 0 and all 7 > 0, we will say py is of power
type q. See [[1I], [16} p. 204ff] or [6, §5.4] for further information on this and related
topics. We note also that given ki := f o || - ||, then the conjugate is given by

h*(¢) = sup (x) — f([lx]) = sup [|p[[[lx]| — f(llx]) = ([l
xeX xeX

We may now present the following as a sample dual version of Theorem[2.3]

Corollary 2.6 Let (X, | -||) be a Banach space, 1 < q < 2 and f: R — R be convex,
nondecreasing with [0, +oo) C dom f*.

(1) Suppose px is of power type q, f has modulus of smoothness of power type q while
f'(t) < Ct17! for some C > 0 and allt > 0. Then f o|| - || has modulus of smoothness
of power type q.

(ii) Conversely, suppose f o || - || has modulus of smoothness of power type q. Then
px is of power type q, f has modulus of smoothness of power type q, and if px is not
better than power type q, then f'(t) < Ct1~! for some C > 0 and allt > 0.

Proof (i) We may shift f vertically so that f(0) = 0. Because f is convex, nonde-
creasing, and f'(t) < Cti~! fort > 0, it follows that f’(0) = 0, and also f(¢) = 0 for
t < 0. Consequently, f* is nonnegative and nondecreasing on [0, +00), which is its
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domain. Now let i := f o || - || as above. According to [10}, Proposition IV.1.12], the
dual norm || - || has modulus of convexity of power type p, where p is the conjugate
index of ¢, thatis, p~' + qg~! = 1. Now lett € df*(y), where y > 0. Thent > 0,
y € df(t),and so y < Ct1~!, Thust > Ky'/@=1, where K := C™i,or equivalently
t > KyP~!. This implies (f*)" + (y) > Ky?~! for all y > 0. Moreover, because
py is of power type g, it follows that f* has modulus of convexity of power type p
(see [16, Corollary 3.5.11]). Thus we may appeal to Theorem[2.3(i) to deduce h* has
modulus of convexity of power type p. Applying [16, Corollary 3.5.11] once again,
we conclude h has modulus of smoothness of power type g.

(ii) The details are analogous to (i). This part follows from Theorem[2.3[ii), again
by invoking duality results of [16, Corollary 3.5.11] and [10} PropositionIV.1.12]. ®

Remark 2.7 (1) Although our primary focus centers on continuous uniformly
convex functions, one can deduce certain restricted domain cases from the observa-
tion that with f as in Theorem 2.1 or 2.3, one has d;,, < p,,, with h; := fo || -] and
hy := go]| - ||, where for fixed a > 0 we define g(¢) := f(¢) fort < aand g(t) := +o0
otherwise. In the converse directions one additionally needs [0, a] C dom f for some
a > 0 to deduce properties about dy from those of 5o - |-

(2) It follows from part (1) that the requirement [0, +00) C dom f* is not neces-
sary in Corollary[2.6(i). However, Corollary[2.6(ii) can fail when f is a constant func-
tion, so some growth requirement on f is needed (for example, to ensure [0,a] C
dom f* for some a > 0).

We used the definition for dy as in [3L[10]. However, if one defines §(&) := dx(2¢)
for 0 < e < 1 (see [[I} p. 724]), duality formulas such as [3} Proposition A.3(ii)] for
px~ can then be naturally expressed in terms of the conjugate of §. Along this line,
several neat duality relations for both norms and convex functions are derived in [[].
Because of the power of duality, it is often a matter of taste whether one prefers to
start, for example, with Corollary2.6 or Theorem 23] and derive the other through
conjugation. As a final application of duality, we illustrate the restrictiveness of ob-
taining functions that are simultaneously uniformly convex and uniformly smooth.

Proposition 2.8 Suppose (X, || - ||) is a Banach space and f: X — R is both uniformly
convex and uniformly smooth. Then X is isomorphic to a Hilbert space. Moreover,
g = ||-||? is simultaneously uniformly convex and uniformly smooth if and only if
p = 2 and both §x and px are of power type 2.

Proof Let f be as given. Because f is uniformly convex, [16, Proposition 3.5.8]
implies that
lim inf fx)

> 0.
llxll—o0 [|x[|2

Because continuous convex functions are bounded below on bounded sets, we have
f > 4a||-|* + b for some a > 0and b € R. Thus by replacing f with f — b,
we may assume f > 4a -||*>. Then f* < a|-||>. Additionally, f* is uniformly
convex because f is uniformly smooth [1]], [16, Theorem 3.5.12]. According to [4}
Theorem 3.7], X* admits a norm with modulus of convexity of power type 2.
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Proceeding similarly with f*, one can show that f — B < A|| - ||* for some A > 0
and constant B. Applying [4} Theorem 3.7] shows that X admits a norm with mod-
ulus of convexity of power type 2. It follows from [10}, Propositions IV.1.12, IV.5.10,
IV.5.12] that X has type 2 and cotype 2, and so X is isomorphic to a Hilbert space by
Kwapien’s theorem [13]].

For the “moreover” assertion, we note that the “only if” claim follows from Corol-
laries[Z.4land 2.6 For the “if” assertion, as in the previous paragraph, the duality re-
sults just cited imply that f and f* are both uniformly convex and hence [[16} Propo-
sition 3.5.8] implies that both p > 2 and its conjugate index q > 2; consequently,
p = 2 as claimed. ]
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