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Abstract

The aim of this note is to give a sharp lower bound for rational approximations to £(2) = x2/6 by using
a specific Beukers’ integral. Indeed, we will show that 772 has an irrationality measure less than 6.3489,
which improves the earlier result 7.325 announced by D. V. Chudnovsky and G. V. Chudnovsky.

1991 Mathematics subject classification (Amer. Math. Soc.): 11J82.

1. Introduction

After Apéry’s remarkable irrationality proofs for £(2) and £ (3), Beukers [1] gave
elegant proofs using the Legendre polynomials L,(x) = (x"(1 — x)")®/n!. Our aim
in this note is to give a sharp lower bound for rational approximations to ¢ (2) = 72/6
using Beukers’ double integral

(wn // F(x)G(y) dx dy,
1—xy

where § is the unit square [0, 1] x [0, 1] and F(x), G(y) are non-zero polynomials
with integral coefficients. Let D, be the least common multiple of {1, 2, ..., n} and
let ordy (F) be the order of the zero point of F(x) at the origin. (We put ordy(F) =
if F(0) # 0.) The double integral (1.1) is very important in the arithmetical study of
£ (2) by virtue of the following lemma due to Beukers:

LEMMA 1.1. We have
// F(x)G(y) dy —ar (@ +b,
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a= —17fF(z)G (l) az
2ni Jo z) z

is aninteger, C denotes a closed curve enclosing the origin and b is a rational number
whose denominator is a divisor of Dy Dy with M = max{deg(F), deg(G)} and

where

N = min {max{deg(F), deg(G) — ordy(F)}, max{deg(G), deg(F) — ordy(G)}}.

Note that the expression for N in the above lemma comes from [1, Lemma 1]. In
fact, the rational part in the right-hand side of the formula

(xyy’ ~ L
/ 2 dxdy =@ - -
S

belongs to the set Z/ D,2V since n < min{deg(F),deg(G)} < N. (Note that always
M > N.) Similarly, in the formula

// XY gy 1 ] )
1 —~xy r= |In —m) \ min{n, m} + 1 max{n, m}
A

for n # m, the right-hand side belongs to the set Z/Dy Dy, since

In — m| < max{deg(F) — ordy(G), deg(G) —ordp(F)} < N

and max{n, m} < M, as required.
Beukers has studied the integral (1.1) with F(x) = L,(x) and G(y) = (1 — y)",
which produces a good irrationality measure for n2:

log(2 + +/5) + 6/5
log(2 4+ +/5) — 6/5
Taking more complicated polynomials in (1.1), the above measure u has been pared
down to 10.02979 . . . by Dvornicich and Viola [4], to 7.552 by Rukhadze [9], to 7.5252
by the author [6], to 7.398537 by Rhin and Viola [8] and to 7.325 by Chudnovsky and

Chudnovsky [2]. (The measures 7.552 and 7.325 were announced without proofs.)
In this note we consider the following integral

15n 14n
(12) ¢ — ff Gd—x)N"d-yn" dy
s

= 11.85078...

(1 — xy)12+1

instead of (1.1), which will produce a better irrationality measure of 2 in the following
sense:
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THEOREM 1.2. There exists a positive integer qy such that

z? g‘ > g0

forall p € Z and any integer q > qo. (In other words, w* has an irrationality measure
less than 6.3489.)

We thus have immediately

COROLLARY 1.3. There exists a positive integer q, such that

. PV
q

> q—12.6978

for all p € 7 and any integer q > q, uniformly in k. (w/~'k has an irrationality
measure less than 12.6978.)

This will be proved using the same techniques as in [6, Corollary 5.2]. However,

better irrationality measures for 7/+/k for some particular integral values of k are

known; for example, 8.016045 ... and 4.601579. .. for k = 1 and k = 3 respectively

(the author [7]), and 12.11... for £ = 640320 (Chudnovsky and Chudnovsky [3]).
After 12n-fold partial integration with respect to x, we have, from (1.2),

U(X)V(y)
// I —xy dxdy

with U (x) = (x"(1 — x)"*")12 /(12n)! and V (y) = y*"(1 — y)**". Hence it follows
from Lemma 1.1 that
(1.3) €, = a,{(2) + b,

where a, € Z and b, € Z/D ¢, D3, since ordy(U) = 3n and ordy(V) = 2n.

In Section 2 we will study the asymptotic behaviour of |¢,] and |a,|. The most
essential part of this note is Sections 3 and 4, in which we will show that the denom-
inator of b, is comparatively small; more precisely, b, € (d,/ D¢, Di3,)Z for some
large product d, consisting of prime numbers less than 15n. Then Theorem 1.2 will
be proved in Section 5.

2. Estimates of ¢, and q,,

From (1.2) it is easily verified that

1 1 . 15 1 — 14
lim —log|e,| = max log ((X( x))” (y(1 —y)) ) '
n—oo n O<x,y<l

(1 —xy)?
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Since the maximum « of the right-hand side is attained at x = (/6969 — 27)/96 and
y = (346969 — 127)/208, we get

2 515714(v 6969 +21)'2(54/6969 — 343)'*(994/6969 — 7519)"
@1) a=l 925731513281 712
<—36.0223.

We now estimate |a,|. Since

1 1\ d
a, = U(z)V( ) i
2 i z

1) (w(l ~w)'™ (1 -2)'*
=1 dw dZ,
27” cJe, (w —_ 2)12n+1 216n+1

where C and C, are circles centered at z = 0 and w = z with radii r and p respectively,
we have

1
limsup — log |a,] < min log (
n r, p>0

n—>oo

A+nN"r+pBU+r+p°
r16p12

The minimum B of the right-hand side is attained at r = (34/6969 — 127)/224 and
p = (285 — 4/6969)/336; therefore we get

2.2)
515(//6969 +285)'2(34/6969 + 97)4(3/6969 + 127)'6(5+/6969 + 343) 5
p =log 2693157141328 712
<35.4093.

3. The denominator of b, (I)

In this section we investigate the prime factors p of T, = b, D¢, D13, satisfying
5n < p < 15n.

After k-fold and (12n — k)-fold partial integrations with respect to x and y respect-
ively, we obtain, from (1.2),

-1
v () [

with

Fe() = 272 (51— ") /K1, Ga() = (51 = »™) ™ /(120 —k)!
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for any integer k € [0, 12n]. Note that F.(x) € Z[x] and G,(y) € Z[y] with
deg(F,) = 18n, ordo(F,) = 3n, deg(G,) = 16n and ordy(G,) = 2n. Then, from
Lemma 1.1, (1.3) and (3.1),

ak,n;(2) + bk.n = (12’1)671 = (12'1){0";.(2) + bn}

k k
for some a; , € Z and b, , € Z/D\g,D1g,. Thus, putting Ty , = by , D16, D15, We
obtain 0
n
(3.2) L= ( p )Tn

since ¢ (2) is irrational. For any prime p let v,(n) be the exponent of p in the resolution
of n into its prime factors. Hence, from (3.2),

(3.3) Vp(Ti.n) = [120] — [1200 — k] + v, (T7)

where w = {n/p)} and « = {k/p} for any prime p > 5./n. (Here {x} denotes the
fractional part of x.)

On the other hand, it is easily seen from Lemma 1.1 that if p is a common prime
factor of all the coefficients of F,(x), or of G,(y), then p becomes a divisor of T ,.
More precisely, we have

vp(T;(,n) 2 OSI?SiIIISn vp(Aj,k,n) +0g15i{}4n vp(Bl.k.n)
where
150\ [15n + j 14n\ [14n — k +1
Ajin = d  Bin.= .
(1)( k ) we A (1)( 12n — k )

Since v, (4; i, ») = [150]—[150—01+[15w+0]-[150w+6 —k] = I (w, 8, k), say, and
Vp(Bik,n) = [140]—[140—0'1+[140—k +0'] - [120—k ]| - Rw+0'] = J (w, 0', k),
say, for any p > 5./n where = {j/p} and 8’ = {l/p}, we have

. . I3
(34 Vp(Ti.n) > Jnin I(w,0,«)+ Jmin J(,0, k)

for any k € [0, 12n].
We now distinguish four cases, as follows:

CASE I: Wetakek = 12n givingx = {12w}. From (3.3), v,(Ti24.,) = v,(T;). Suppose
now that 2{15w} < {12w}. Then clearly

I{w, 0, {12w}) = [15w] — [15w — 8] + [15w + 6] — [120w] — [3w + 6]
> 2[15w] — [120w] — [18w] = {12w} + {18w} — 2{15w)}
> {18w} > 0

for any 0 € [0, 1); hence we have v,(7,) > 1 from (3.4), since I (w, 0, «) € Z.
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CasE II: We take k = 0 giving x = 0. From (3.3), v,(% ») = v,(T;). Suppose now
that 2{14w} < {12w}. Then

J(w,9,0) =[140] — [14w — 6] + [140w + 0'] — [120] — 2w + 6]
> 2[14w] — [12w] — [16w] = {12w} + {16w} — 2{14w}
> {16w} > 0

for any 6’ € [0, 1); hence v,(7,) > 1 from (3.4).

CAsE III: From (3.3) we have always v,(T,) > v,(T;,,) — 1. Suppose that (2w} +
{12w} < 1, {2w} + {l14w} < 1 and 2{15w} < {l4w}. Since p < 14n, one can
take k = k(p) = 14n — [14n/plp; hence k = k, = {2w} + {12w}. Then, for any
g, 8 [0,1),

I{w,0,k,) = [150] — [15w — 6] + [15w + 0] — {14w] — [w + 0]
> 2[15w} — [14w] — [16w] = {14w} + {16w} — 2{15w}
> {16w} >0

and

J(, 0, k,) = [14w] — [14w — 6'1 + 1 + 2w] — 2w + 6']
> 14 2w] + [140] — [160] = 1 + {16w} — {20} — {14w)
> {l6w} > 0.

Hence v, (Tiy),») = 2 from (3.4) and so v,(T;) > 1.
CASE IV: The same argument as in Case III can be applied to the following expression:

3.5) (12”> / f U"l(x_)‘fy(y) xdy

with

X137k (1 — x)15 (12n—k) ph12n (ylan(] _ yyidn )
( ) v = 2 )

Ui(x) = (12n — k)! : k!

for any integer k € [0, 12n], which comes from k-fold and (12n — k)-fold partial
integrations with respect to y and x respectively. Then, by taking k = 151 —
[15n/plp, it can be seen that v,(T,) > 1 for any w satisfying {3w} + {120} < 1,
{3w} + {15w} < 1 and 2{14w} < {15w@}. We have thus proved the following

LEMMA 3.1. Suppose a prime p € (54/n, 15n) satisfies one of the following four
conditions:
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I 2{15w} < {12w);

() 2{l4w} < {12w};
) QRo}+{12w} < 1, 2w} + {14w} < 1 and 2{15w} < {14w};
av) {Bw}+ (12w} < 1, 3w} + {15w} < 1 and 2{14w} < {15w}.

Then p must divide T,.
4. The denominator of b, (IT)

In this section we investigate prime factors p € (54/n, 15n) of T, satisfying p?|T,.
Suppose now that {2w} 4+ {12w} > 1. In the expression (3.1), one can take k =
k(p) = 14n — [14n/plp; thus ¢« = &, = {20} + {12w} — 1. Hence, from (3.3),
Vo (Tepy.n) = v,p(T,). Suppose further that {2w} + {14w} < 1 and 2{15w} < {14w}.
Then, for any 8, 0’ € [0, 1),

I (w,0,k,) =[150] — [150 — 8] + [15w + 6] — 1 — [2w] — [120] — [w + 6]

> 2[15w] — [14w] — [16w] = {14w} + {16w} — 2{15w}
> {l6w} = 0

and

J(w,0,k,) =[140) — [14w — 0'] + 20] + 1 — 20 + 6]
> 1+ 2w] + [14w] — [16w] = 1 + {l6w} — {20} — (14w}
> {16w} > 0.
Therefore v,(Ti(,),») > 2 from (3.4); hence v,(T,) > 2.
A similar argument to that above can be applied to the expression (3.5). By taking
k = 15n — [15n/p]p, we can show that v,(T,) > 2 if w satisfies (3w} + {120} > 1,
{30} + {150} < 1 and 2{14w} < {15w}.
‘We have thus proved the following

LEMMA 4.1. Suppose a prime p € (54/n, 15n) satisfies one of the following two
conditions:

V) 2w} + {120} > 1, 2w} + {14w} < 1 and 2{15w} < {14w};
(VD) {Bw}+ {120} > 1, (3w} + {15w} < 1 and 2{14w} < {15w}.
Then p? must divide T,.
5. Proof of Theorem 1.2

Let ©2; and €2, be the sets of w € [0, 1) satisfying one of the conditions stated in
Lemma 3.1 (I, I, HI or IV) and in Lemma 4.1 (V or VI) respectively. Then it is easily
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verified that the set ; consists of the following intervals:

L1Y T2 1y L1 [4 5)[25)[5 5) 25
(157 12) {156/ [5°4)° | 157 18)" 7°16)° (14’ 13)° {5'12)°
(3 4 7 1 8 9 4 7 é E i E _§ é

1 79/ [1572)° 15716/ [7°12)° |5'8)  |14° 16 L774)
[11 5 6 8 13 17

TAa 1155 ) and T4° 10 1°

| 147 6 79 14" 18

Similarly the set €2, consists of the following intervals:

1 1 1 2 3 2 11 3 4 13 13 7 and1415
14°13)°17°13)°|114°9/)°|15°4)°|5°16)° 15’8’ 15°16)°
Note that €2, C €2;. Putting

A= l_[ 14

p:prime

5/n<p<15n
{n/ple
for i = 1, 2, it follows from Lemmas 3.1 and 4.1 that the integer d, = A;A; must
divide T,; that is,

dy
5.1 b z

y € ———-17.

D 16n D 18n
Note that d, is a divisor of D5, D3,. Then, as in [6, 7], it follows from the prime
number theorem that

1
lim — logd, =/ dyr(x) +f dyr(x) =y, say,
n Q Q,

n—->oo

where ¥ (x) = I'"(x)/'(x) is the digamma function. The above Stieltjes integrals
can be expressed as sums of values of some elementary functions, by virtue of Gauss’
formula. (See, for example, Erdélyi et al. (5, p. 19].) Numerically one obtains

5.2) y > 9.22875.
Now, putting K, = D¢, Dys,/d, € Z, we have, from (1.3) and (5.1),
K,a,;(2) - K, ¢, = —K,b, € Z.

Then we get
|
limsup — log |K,a,} <34 —y + B =0, say,

nsoo N
and

1
lim ;loglK,,e,,l =34 —-—y+a=-1, say,
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Therefore it follows from (2.1), (2.2) and (5.2) that 72 has an irrationality measure

_34-y+8B - 35.4093 + 36.0223
34—y4+a 922875 —34 4 36.0223

This completes the proof.

< 6.3489.

1+2 -1
T

Addendum

Using the birational diffeomorphism 7 : (0, 1)> — (0, 1)? defined by

1—x
(x,y) = (1 —x)’,m),

it follows that the double integral (1.2) can also be written as

17n 1 — 14n ,,15n 1— 14n
* € = // A -0"y A=) dxdy.
N

(1 — xy)]3n+l

The transformation t, satisfying t = t~', was essentially used in Rhin and Vi-
ola [8], although their transformation generates a cyclic group of order 5. The above
expression (*) gives us further information about the denominator of b, € Q so that
we can obtain

THEOREM. There exists a positive integer qq such that

7% — g’ > g5

for all p € Z and any integer q > qq.

PROOF. After k-fold and (13n — k)-fold partial integration with respect to x and y
respectively in (*), it can be seen that

vp(T) = [130 — k] = [130] + min /(0,6 «) + min J(@,6',«)
with

i(w, 0,k)=[14w] — [14w — 01+ [1Tw + 0] — [17w + 0 — k],
J(,6', k) =[140] — [140 — 0] + [15w — k + '] — [130w — k] — [2w + 6']

for any integer k € [0, 13n] and for any prime p > 6./n, where @ = {n/p},
« = {k/p}. Using this estimate for v,(7;), Lemmas 3.1 and 4.1 can now be improved
as follows.
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LEMMA 1. Suppose a prime p € (6./n, 15n) satisfies one of the conditions (1),
(D, (11D, AV), (VII) or (VIII), the latter two being:

(VID) {140} + {170} < {130},
(VIID {20} + {130} < 1, 20} + {140} < 1 and {140} + (170} < 20} + {13w}.

Then p must divide T,.

LEMMA 2. Suppose a prime p € (6./n, 15n) satisfies one of the conditions (V),
(VD) or

(IX) {20} + {l4w} < 1l and 1 + {14w} + {170} < {2w} + {13w}.
Then p* must divide T,.

The above lemmas can be easily verified as above by taking £ = 13n in Case (VII)
and k = 15n — [15n/plp in Cases (VIII) and (IX). Thus the sets 2, and €2; can be
replaced by

~ 1 1y 2 1 3 3 9 8 10 3 13 10
QIZQIU T 32 U T=°' o U T 1L ) T4 1 U T = ) T 14 1
17 16 17" 8 1716 1715 175 1713

N 5 4 5 3 37
2 = U T 14 U PR pp R
2= [17 13) [14 S)U[7 16)
1 1

respectively. Here the contribution of the interval [, )" to the corresponding

Stieltjes integral must be treated differently as follows:

00 1 1 1
/[#.%)‘ W=D G =Y (E) v (ﬁ) -t

n=1

since p < 15n. Consequently we obtain a better exponent y > 10.5383. Therefore
72 has an irrationality measure less than

35.4093 + 36.0223
10.5383 — 34 4 36.0223

which completes the proof.

< 5.687,
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