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Abstract

Let S be the surface of the unit sphere in three-dimensional euclidean space, and let wy =
(x1,X2,...,XN) be an N-tuple of points on S. We consider the product of mutual distances
ploy) =TI ik |xj — xi| and, for the variable point x on S, the product of distances p(x, wy) =

ij’:, |x = xj| from x to the points of wy. We obtain essentially best possible bounds for
maxe, p(wy) and for ming, max es p(X, wy).

1980 Mathematics subject classification (Amer. Math. Soc.) (1985 Revision): 11 K 38, 52 A 40.

1. Introduction

Let S be the surface of the unit sphere in three-dimensional euclidean space.
Given an N-tuple of points wy = {x1,X2,...,xy5) on §, we define a function
Pn(x) = p(x,wy) to be the product of the euclidean distances from the
variable point x € S to the points xj, X3,..., X"
N

(1) pn(x) =p(x,wn) =[] Ix - xl.

j=l
What can be said about the maximum value attained by py(x) on the surface
57 Instead of (1), consider the function

N

e
an(x) =g(x,wN) = Z (log [x — xj| +log \/T—>
Jj=1
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It is easy to verify that the integral of g5 (x) over the surface S (with respect to
the usual surface measure o) vanishes. This means for the original function
Pw(x) that the following inequality holds trivially: max,cs pn(x) > (2/\e)V.
We prove more.

THEOREM 1. Let wy be an N-tuple of points on S. Then with some numer-
ical constant ¢, > 0, the following inequality holds:

maxpy(x) 2 (1+¢1)(2/Ve)".
XES
This result is in a sense best possible. We prove

THEOREM 2. For each N there exists an N-tuple of points wy on S such
that the inequality

max py(x) < (1 +c2)(2/Ve)"

holds with some absolute constant c; > 0.

Note that Theorems 1 and 2 are true for the unit circle U (instead of the
unit sphere) with ¢; = ¢; = 1 and the normalizing factor (2//e)" omitted.
For in this case, the product py(x) is the modulus of a polynomial on U with
its zeros on U. Theorem 1 and 2 now follow from the fact that the unit root
polynomials are “minimal polynomials” for U.

In the case of the unit circle the author proved in a previous paper [7] that
Theorem 2 is no longer true if the N-tuples wy = (xi, X2,...,Xy) are sections
of a given infinite sequence @ = (X, Xx2,...). A similar result can be proved
for the unit sphere.

THEOREM 3. Let w = (x1,X3,...) be an infinite sequence of points on S.
Let An(w) = (ve/2)N max,es H;V:l |x —x;|. Then, for some absolute constant
¢ > 0 and infinitely many values of N, the following inequality holds:

(3) An(w) > e*VIoeN

The lower bound (3) is probably not best possible. As in the case of the
unit circle, one might conjecture that (3) holds with log N instead of \/log N.

The problems considered up to this point have a natural counterpart con-
cerning the product of mutual distances between the points of a set. For an
N-tuple of points wy = (x),X3,...,X~) on the unit circle it is known that
[Tk 1% — Xkl < N¥/2 is true. In the case of the unit sphere we prove a
similar upper bound with the exponent (N/4) instead of (N/2).

https://doi.org/10.1017/51446788700033206 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700033206

468 Gerold Wagner [3]

THEOREM 4. For each N-tuple wy = (x1,X2,...,Xn) of points on S the
Jollowing inequality holds:

T1 1% = xel < (2/v/e)*N=172 . NRol),
j<k

Again the result of Theorem 4 is best possible, apart from the exact order
of the error term o(N) in the exponent. The point set wy, which will be
constructed in order to prove Theorem 2, also satisfies the relation

H 'xj _ xkl > (2/\/E)N(N—1)/2 X NN/4+0(N).
Jj<k

2. Construction of a good point set

We begin by proving Theorem 2. It is sufficient to find, for each N, an
N-tuple @}, = (x1,...,Xxn5) on S such that maxyes g(x, ®%) < O(1) holds for
the function g(x, w%,) defined by (2).

Let N (> N,) be given. Set M = [/N]. We introduce spherical coordinates
6 (0< 8 <mand ¢ (0 < p < 27) on S. We define a partition of § into
spherical zones in the following way.

Choose numbers 6,, 0 = ) < 0 < --- < Oy_; < Oy = m in such a way
that (N/2)(cosf, — cos8,41) (. =0,1,...,M — 1) is a positive integer and
that the differences (6,1 — 6,) are bounded from above and from below by
const /VN. Set N, = (N/2)(cos 8, — cos8,,1). On each of the M circles of
latitude 6 =&, = (0, + 0,41)/2 (1 =0,1,...,M — 1) we place N, points; at
the vertices of a regular N,-gon. The position of the regular N,-gon on the
circle is arbitrary. In this way, Eﬁ:,' N =% Eﬁi}'(cos 0,—cosf,1)=N
points are distributed over the surface S.

Denote the point set defined in this way by w9, its points by x,, (1 =
0,....M—-1,a=0,1,...,N, — 1), and their coordinates by (,, ¢,.) where
we choose ¢,, = 2na /N, for convenience.

We shall prove

(4) max ¢(x, ®%) < O(1).
xX€ES
As a first step, we split the distance function (x = (8, ¢),xs = (6o, ¢0))
d(x,x) = log|x — xo| — log(2/+/e) into two parts. Let

e(0,00) = e_(0, 6p) :=log(e/4) + log(1 + cos ) + log(1 — cos 6y)
for0<0<6by<nm

(5)
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and
e(0,0y) =e.(0,6)) :=log(e/4) + log(1 — cos ) + log(1 + cos )
for0 <8 <6y<m.
Furthermore, let
(6) 1(6,9; 60, p0) = log|1 — pe'®=%0)|
where g o
p=p-= (tani/tan 2) for0<0<by<nm
and

p=p+=(tan02/tang) for0< 8y <80 <m.

An easy calculation shows that d(x, xp) = %e(o, 0o) + f(8,9; 60, o). Given

the set W, let e,(0) = €(6,¢,) and fu.(0,9) = f(0,9;8u, 9ua) (0 =0, ...,
M-1,0=0,...,N,-1).
In order to prove (4), it is sufficient to show that the two functions

(M E(6) = MX_; Nu—eu(8), F(8,0)=3 fual6,9)
- e
are bounded from above.
LemMma 1. E(8) < O(1).
ProoF. Let 8 € (0,n). Choose m € {0,1,...,M — 1} such that £,,_; <

8 < &, holds. The case when 0 < 8 < & or &y < 8 < 7 is settled in a
similar way. By (5), (7), and the construction of w?, we have

M-1 M~1

N
E(0)= ) Nue(0.8) = > " (cos, — cosB,.1) - e(6,&,)
u=0 u=0
N M-
=3 Z A6, -sin&, - (1 + O((A8,)?)) - e(6,&,).
u=0
Here we set A, = 0,., — 6,. Using the relation A8, < N~1/2, we obtain

E®)=4§Y5 ‘Ae,, sing, - e(0,&,) + O(max, | sing, - e(6,&,)]). The term
sin¢, - e(6, fﬂ) is bounded, uniformly in £, and 6, as can be seen from the
definition (5) and the inequality |¢ - log?| < e~!, valid for 0 < ¢ < 1. Hence
we get

E6) =

D] 2

M-1
D" A8, -sing, - e(6,&,) + O(1) = E*(6) + O(1).
n=0
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It remains to prove that E*(8) is bounded from above. We have

Nm—l NM 1
E*(0) = ZAG” sing, - e4(6,8,) + 5 > Af,-sing, -e_(6,£,).

;:=O pu=m

We interpret the first sum as a Riemann sum for the integral ¥ fo sinf -
e.+(0,t)dt and obtain (see [4], Part II, Problem 11)

Nm—l
> > A6, -sinf, - e.(6,&,)

u=0
N [0 NE
= 7/0 sint-e.(0,t)dt — a8 ”Ezo(AB,,) (sint-e.(0,1)),.,

where 6, < 1, < 0,41. A calculation shows that
d2
dz2(

2
= sin¢ (log% + I—_’Q_O—t— + log(1 — cos ) + log(1 + cos t))

sint - e, (0,1))

and this expression is bounded from above for §,¢ € (0, #). Hence

m—1 Om
® N3 80,-sinu-e0.80 5/0 sint- e, (6, 1)dt + O(1).
#=0

A similar estimate shows that
N Mzl

(9) ZAG,, siné, - e_(6,&,) < /nsint-e_(e,t)dt+0(l).
Om

Adding (8) and (9), and carrying out the integrations, we obtain
E*(0)<0(1)+ %(1 — ¢0s 6,,)(log(1 — cos 8) — log(1 — cos 8,,))

2

2
=0(1)+ R(6,0,,).

The term R(6, 6,,) assumes its maximum value O at § = 8,,, and is negative

elsewhere. This proves Lemma 1.

1 + cos 8,,)(log(1 + cos @) — log(1 + cos 8,,))

LEMMA 2. F(0,9) < O(1).

PrOOF. Let again &,,,_; < 0 < &, 0 < ¢ < 2m. Note that the points of
w% have coordinates (&, Pua) (U =0,...,M — 1;0 =0,. — 1) where
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04 = 2na/N,. For u < m — 1 fixed we have

Ny—1 -1

Z Jual0,0) = Z log|l — p, . ello— wa)|

'a=0

= logll — p{lv" . e’NM’I

(10)

where p, = tan(¢,/2)/tan(6/2). Similarly, we get for u > m

Ny—1
(11) Z ﬁ‘a(ey ¢) = 10g|1 —_ p:‘Nl‘ .eiN“qu

where p,, = tan(6/2)/tan(¢,/2). Relations (10) and (11) imply the following
inequality:

m— M-1
F(6,9) < > log(1+ py*)+ Y log(1 + p,™)
u=0 pu=m

m—1 N M-—1 N
’
< E Pu’ + E Pu”.
u=0 u=m

We may assume that 0 < 8 < n/2. In order to obtain an estimate for
the first sum in (12), note that N, > K, - u and tan({,/2)/tan(6/2) < 1 -
057»7(’" u — 1) holds for 4 = 0,1,...,m — 1 and suitably chosen absolute
constants K; > 0 and K; > 0. In addition, it follows from the assumption
Em—1 < 6 < &y that @ < K3m/V/N, and hence p, < 1 — Kg(m — pu— 1)/m
where K, = K;/K3;. We obtain

m—1 N m—1 K4 Kin m— .
pr”sz(l—;(m—u—l)> Z e~ Krmimmh=
1=0 n=0 u=0
(=)
SZEe‘K (”'"')<<22e et
u=0 u=0

(12)

Proceeding in quite a similar way as before, we get the corresponding estimate
for the second sum in (12):

(14) Zp <1

From (13) and (14) the assertion follows.

Lemma 1 and 2 together imply the validity of Theorem 2.

It seems remarkable that from the point of view of uniform distribution
the point set w9 constructed above is not a very good one. Denoting by k
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an arbitrary spherical cap of S, by F(x) its area, and by Zx(x) the number
of points in k, we certainly have

(15) sup | Zy(x) — —I——N'F(x) > N2,
x 4r

It is known, however (see [1]), that there exist point distributions for which
the left-hand side of (15) is « N'/4.log!/? N. It seems that a point set
wy for which the function g(x, wy) possesses a small maximum, must have
properties somewhat distinct from those of a point set for which (15) is small.

As mentioned already, the point set w9 can also be used to prove that
the upper bound in Theorem 4 is best possible. As the proof is even more
computational in nature than that of Theorem 2, we shall not give all the
details and restrict ourselves to a brief sketch.

Let 0% = (X4a) (= 0,....,M - 1; a = 0,...,N, — 1) be the point set
contructed above, where x,, = ({,, @ua)- It is sufficient to prove that the sum

(16) Z loglx,m—x,,,gl—N(N—l)‘log%
(m,0)#£(v,B)

is bounded from below by (N/2)-log N + O(N). Using the functions e and f
defined by (5) and (6), we obtain the following representation of the expres-
sion (16):

M-1
Z Z S &u> Ouas Sus (0/113) + Z Zf(éus Pua; vy Pup)

#=0 a#p HEV af
Z N,N,e(&,, &) + Z(N,, De(Qu>€u)
##v
= (I)+ () + (1) + (IV)..

The first sum (I) constitutes the main term and can be evaluated as follows:

M-—1 M-1
N
I) =) N,logN,=NlogVN+ Y N,llog\/—%
u=0 u=0
NlogN+\/_Z log logN+0( ).
2 \/—

The second sum (II) is bounded by O(N). In order to prove this, we may
proceed as in the proof of Lemma 2, noting however that this time we need
a lower bound instead of an upper bound. Finally, following the idea of the
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proof of Lemma 1, we can also show that the sums (III) and (IV) are bounded
by O(N).

3. Proof of Theorem 1

The proof of Theorem 1 is based on the remarkable fact that the distance
function d(x, xg) = log|x — xo| + log(v/€/2) is superharmonic on S. As the
Laplace operator A is rotation invariant, it is sufficient to consider Ad(x, xp)
where X is the north pole on S. In this case,

d(x,x0) = log (2 sin g) + log 12_5

and

. 0 1 8 (. .0 . 8 1
Ad(x, xp) —A(logsm 5) = 50390 (sm 655 <logsm 5)) =-3
Let wy = (X1, X3,...,Xy) be an arbitrary N-tuple of points on S. It follows
from the preceding remark that Ag(x, wny) = —N/2 holds for all points x #
xj(j=12,...,N)onS.
In accordance with the point set wy, we construct a test function 7(0, ¢)
in the following way. Consider the domain D c S defined by
n 4 T
= M < — = —_ —_ —_
D={(0.pr0<3=0-6<Z,0<p<3}.
(The choice of D is rather arbitrary.) Let r be an integer satisfying 2N <
4" < 8N. We decompose the domain D into 4" “squares”
Bu={0,0ygw-1)27"<Z-0<Z v 27

6
T

c-1-27"<e< %u-Z"}
with x4, v both running from 1 to 2". There are two kinds of squares B, :
squares of the first kind, denoted by B,’,,,, that contain some point x; in
their interior, and squares of the second kind, denoted by B,,, that are free
from such points. Note that the total area of squares B, satisfies the rela-
tion Y o(B,) > 1 (o = area measure). On each B,, we define a function
T (0, 9) as follows. If B, is of the first kind, let 7,,(0,9) = 0. If B,, is
of the second kind, let 7,, (8, 9) = sin?(6 - 276) - sin’(6 - 2p). Note that the
normal derivative of 7,, with respect to the boundary of B,, vanishes, and
that

2
AT, (6, )] = |sin2 6 - %;';—” +sin'6- 2 <sin0- a"‘”)

(17)
<4 «N
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holds everywhere. Now define the test function 7(6,¢) on S by T(8,¢9) =
At,,(0,9) for (0,9) € B,,, and T(6,¢) = 0 for (6,¢) ¢ D. Using Green’s

second formula for domains on curved surfaces (see, for example, [2, Section
91]), we obtain the following estimate:

[lantx)ldotx) - supiT(] 2 | [ qN(X)T(X)dG(X)‘
Z/ gn(x) - Aty (x)da(x)

=3 Z/ T (x)do(x) > ZO’(B",,) > N.

Recalling inequality (17), we find that sup,.¢|7(x)| < N holds, and that
finally

(18) /S lan(x)|do(x) > 1.

X) T (x)do(x)

In view of the relation [, gn(x)do(x) = 0, (18) is even stronger than the
assertion of Theorem 1. This finishes the proof of Theorem 1.

4. Proof of Theorem 3

In order to prove Theorem 3 we make use of two ideas. The first one is
due to K. F. Roth [6] and consists in replacing the dynamic problem by a
static one. The second idea is due to G. Halasz [3]: different test functions
are combined in the form of a Riesz product to obtain a lower bound for the
maximum in question.

Let w = (x;, Xx3,...) be an infinite sequence on S. Define numbers a,(w)
by

_ - , ve
an(w) = max (;loglx x;) +log7 .

Consider the section wy = (X1, Xx2,...,Xy) of @ with N = 4" where I is a
fixed positive integer. We shall prove that

(19) lrSnnanNa,,(co) >,

from which the assertion follows. Denote by X the box S x[0,1) = {(8, ¢,):
0<08<n0<¢p<2r0<1t< 1} Let X be endowed with the product
measure v = ¢ X A, where ¢ is the usual area measure on S, and A is the one-
dimensional Lebesgue measure. To each point x; = (6;,¢;) of the section
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Wy, we assign as a counterpart on X the point y; = (6;,¢;,(j — 1)/N) (j =
1,2,..., N). Define a function Q(y) = Q(0, ¢,t) on X by

[Nt]+1 \/E
06.9.0) = awani(x) = 3 (1ogb —x]+log 5 ).

j=1
Following Roth’s idea, it is sufficient to prove the lower estimate

max Q00,9,t) > 1,

from which (19) follows. In the sequel, we may assume without loss of
generality that [, |Q|dv < I, otherwise the assertion follows in view of the
relation [, Qdv =0

Now we use the method of Halasz. We construct a test function T(y) =
I'[L=l(l + pR,(y)) on X, where 0 < p < 1/2 is a suitably chosen parameter,
and the functions R,(y) possess the following properties:

() [Re(y)|<lforyeXanda=1,2,...,/;
and

2) fXRal(y)-Raz(y)---Ras(y)d'v( )=0 for <oy <ay<---<as <L
These two properties imply that [, T(y)dv(y) = [, 1-dv(y) = 4 holds. We
have

20) maxQy)= gz maxQ0)- [ TGMVD) > 5 [ WITRIdVR).

yeX

The functions R, (y) are chosen in such a way that the linear terms p-R,, in the
expansion of l'[fpl(l + pR.(y)) give the main contribution to the integral on
the right of (20), whereas the mixed terms p*R, Rq, - - - Ra, (s > 2) produce
error terms dominated by the main contribution.

Let X* C X be the subdomain X* = D x [0, 1), where D is the domain
introduced in Section 3. Let a € {1,2,...,/} and define n, = 29" Note that
N = 4" = n2. Let P, be a partition of X* into boxes Afﬁ,) ;» Where AL",‘) ; 1s the
cartesian product of the box ’

a n _
B = {(0.0x % (-1 <0
1yl
p-nl<op<?Z & uen; }cD
with the interval C(") {:(A-1)-5 —m <t<Li: —=L} The indices u# and v run
from 1 to n,, the 1ndex A runs from 1 to 2N/n2. Hence, foreacha,1 <a </,
we have a partition of X* into 2N boxes Afz‘,) oL Again, there exist two kinds

of boxes: boxes of the first kind that contain some point y; as an interior
point, and boxes of the second kind that are free from such points.
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On each box of the second kind we define a function u("‘) ) = o v, 1(0 @, 1)
by

ﬂu/l(o 9,t) = A1, (0, 9) - signt,

where sign = —1 for (4 — 1) <t< (1— -)ZN, s1gnt = +1for (A— 4 2;, <
t<A- ;,%, and 7,,(0,¢) = —c-n3?%- sin” 61,0 - sin’ 6n,9. Here ¢ > 0 is an

absolute constant (¢ = 1/1000 will do) chosen in such a way that the spherical
Laplacian derivative At,, (6, ¢) is bounded by 1 in absolute value.

On boxes of the first kind, set uﬁl";) 1(y) = 0. Finally, define R,(y) = u A(y)

fory € A%, Ra(y) =0 for y € X\X*, and let T(y) = [I,_,(1+ p - R,,(y)).

The parameter p, 0 < p < 1/2, will be chosen later on.

First of all, we shall prove that the R,’s form a system of functions com-
pletely orthogonal with respect to the measure v.

LEMMA 3. Let 1 < a) < a3 < --- < ag < l. Then the following orthogonal-
ity relation holds: [y Ra,(y)Ra,(¥) - Ra,(y)dv(y) = 0.

Proor. For fixed 6,¢ consider the set {(0,9,t):(4 — 1)n /2N < t <
Angl/ZN }. The functions R,,,...,R,, are of constant value on this inter-
val, whereas R,, is of constant absolute value but changes sign in the mid-
dle of the interval. Integrating first with respect to d¢, then with respect to
sinfdfdg, proves the assertion.

COoROLLARY 1. [, T(y)dv(y) = [, dv(y) =4n

LEMMA 4. For each box AL"; , of the second kind, the following inequality
holds:
(21) o QOIR()dV(y) > N7

nA

ProoF. Fix ty, (A—1)n2/2N < to < (A—1)n2/2N, and set t; = to+3n2/2N.
Note that R,(8, ¢,t) = —R.(6, ¢, ;). We obtain the integral in question by
first integrating Q(0, ¢, to) - Ra(0, 9, to) + Q(0, 9, t1) - Ra(6, @, 1) with respect
to da(0, ¢) over B,(,‘,’,) , using Green’s formula as in the proof of Theorem 1,
and then with respect to dz; over the interval (1 — 1)n2/2N < ¢, < An2/2N.
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We have

[, (Q(0.0.10)- Ru(0,0.10) + 00, 0.12) - Ro(6.9. 1)) do

v

= /a<"> R.(6,9,11)(Q(6,9,1,) — Q(6,9,1))do

(22)
[N 1+1 Ve
= [ At6,0)- > <1og|x xj| + log - >da(0 ")
B() 2
[Ngl+2

> N(t, - t) - 6(BS)) - n72 > n? - a(BY)) - n72 = a(BY).
Integrating (22) with respect to dt;, and noting that v(A4®,) > N-!, we

uv,h
obtain the desired result. This proves Lemma 4.
Summing (21) over all boxes AL‘:’)A of the second kind, we get

COROLLARY 2. T, p [ Q) Ra(»)dv(y) > p - L.

In a final step we show that the remaining terms in the expansion of
1=l(l + pR,(y)) give a contribution which is dominated by p - /.

LEMMA 5. The following inequality holds:

S p / QR Rudv+ 3 p / QR RoyRaydv +---| < p? 1.

a;<a o <oy<as

ProoF. Let 1 < a; < a3 < --- < a; < I. Consider a box of the form
B,(ﬁ,’) X C{"‘). Denote by I, I, the two halves of the interval C/{“‘). For fixed
0, p, the functions R,,, ..., R,, are constant in the variable ¢ on B,(j,",’) X CA("‘),
whereas R,, is constant in absolute value, but changes sign in the middle of
Cﬁ""). We split the product R, (¥) - Ro,(¥) - -+ - Rq,_,(¥) On B}t‘,’,’) x I, into
two parts: R, (y) -+ - Ra,_,(¥) = m + &(y), where m is the mean value on
B,(f,',‘) x I, with respect to v, and &(y) is the error term. Similarly, on B,(ﬁ‘,‘) x I
we get Ry, () -+ - Ro,_ (¥) = —m + &(y). In view of |R,(y)| < 1, we have
the inequalities |m| < 1 and

o

%Ral o .Rax—l ’) < na:—l/na:‘

n 0
< = . e
|8(y)l _ 6 na; sup (.60 Ras—l + I
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Integrating over B,(ﬁ,’) X C{"') = B,(ﬁ‘,') = B,(,‘f‘,‘) x (I, Ul,), we obtain the following
inequality:

[ o QOIR() - Ro,(9)d0()
B x v

/wa ; (—=m +&(»))Q(¥)Ra, (y)dv(y)

(23) [ mte()QW)R»)dVD)
B xn
<|[ ., QURdvM - [ = QIR »)dVD)
B %I B X1
(o /) [ 100)dv()
B xC™
< (May /10,)7 - 0(B? x C*) + (M, /0,) / e l0DNdv).
B xC

In order to obtain the first term in (23), we may proceed as in the proof of
Lemma 4, replacing the symbol > by <, and noting that N(¢; — {)) <€ nﬁl in

our case.
Summing (23) over all boxes B{%)x C\*", and noting that [, |Q(y)|dy(y) <
[ without loss of generality, we get

[ QR+ Ra,<y)dv(y)|

(24) < ngl/ngs) +1-(na,_,/na,)
<< l ' (na:-l/nas)‘
Summing (24) over all s-tuples | < a; <oy < -+ < ay </ with s > 2, we get

3 p2/ QR Ro,dv+ > p3/ QR Ro,Roydv + - -
X X

o) <a) ay<ay<asg

P (May/Ney) + P31 D (May/Nay) + -+

ay <oy ay<oy<az
<Py 274 jpl T 274

ay <o oy <m<aj

L fa-1 L fa-1

— n2 - —a - —a 4 ..
_pl(g( : )2 +p§( 5 )2 + )

) I
=p-i3 2" ((1 +p)t- 1) <p2- 13 (a—1)(1+p) 227 < pll.
a=2

a=2

This proves Lemma 5.
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Corollary 2 and Lemma 5 imply the following final inequality:

[ 0011wy = [ omdv)+ Z/R )O)dv(y)
+ZP > / Q(y)Ra,(¥) -+ R, (y)dv(y)

o)< <ag
ZQN-QfL

where ¢, and ¢, are positive absolute constants. Choosing p < ¢;/2¢,, the
assertion of Theorem 3 follows in view of relation (20).

5. On the product of mutual distances

Let wy = (x1,X32,...,Xn) be a point set on S, and let 6, ¢; be the spherical
coordinates of the points x;. We shall derive an upper bound for the product
of mutual distances between the points of wy. The first proof is more elegant
and gives a slightly better remainder term, whereas the idea of the second
proof is more general and applicable both to higher dimensions and various
types of similar kernels.

FIRST PROOF. Set

a; =cos(0,/2) -exp(ip;/2) and b; =sin(0;/2) exp(—igp;/2),
and note that
(25) |Xj — x| = 2 |ajby — ab)|.

Relation (25) allows us to express the product of mutual distances by means
of a determinant of the Vandermonde type. Consider the (N, N)-matrix
P = (py) (u,v = 1,2,...,N) where p,, = al=" - b;~!. It is easy to prove
that

[T 1% — x| = 2Y¥=D72 . | Det P|.
j<k

Now replace the matrix P by a new matrix P’ = (p,, ) where

N-1\"?
pllw=p#"'(y_l) (/‘sV=1,2,...,N).

1/2 .
Note that | Det P| = | Det P/| - [T (N l) from which

-1/2
IT 1% = xel = 2V*- WZH( ) .| Det P'|

Jj<k

https://doi.org/10.1017/51446788700033206 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700033206

480 Gerold Wagner [15]

follows. We obtain an upper bound for | Det P’| by applying Hadamard’s
inequality. The length of the uth row vector of P’ is equal to

N 1/2 N N1 1/2
(Swat) = (3 (54 wiraie) = ez
v=1 v=1

= (sin®(6,,/2) + cos?(6,/2)) ¥ V2 = 1.
Hence | Det P'| < 1 and

-1/2
(26) T by —xl < 2V ”ZH( 11) '
j<k V-

It suffices to evaluate [T%_, (¥=!) = [T¥'(v*/v!). Using Stirling’s formula,
we get

N-1
27) (v [v1) = DN =1) . N=(N/2y+o(),

1

From (26) and (27) the upper estimate

H x; — xi| < (2/VE)NN-D/2 . NN/4+o(N)
Jj<k
follows.

SECOND PROOF. Let x and y be points on S, and let y be the angle between
the radius vectors pointing from the center of the sphere to x and y, respec-
tively. We have log|x — y| = (1/2)log(2 — 2cos y). Define a new distance
function d,(x,y) on S by setting d,(x,y) = (1/2)log(1 + r* — 2rcosy). The
parameter r € (0, 1) will be chosen later on. Note that the mean value m, of
d,(x,y)on S is

n
m,=l/ llog(1+r2—2rcos¢9)sin0dl9
2), 2

=—%+(1;) g(1+7r)— L= )log(l—r)

For short, let D(x,y) = log|x — y| — log(2/+/e) and D,(x,y)=d,(x,y) —
Consider the following trivial inequality:

Y loglx; — x| = N(N — 1) log(2/v/e) = > D(x;, )

J#k J#k
= ZD (x> Xi) = ZD xj, %) + Z(D (Xj> X)) = Dr(xj, X))
J#k
< ZD, Xj, Xp) — Nlog(l —r)+N-m,
ik

+ N(N — 1) max(D(x,y) — D,(x,)).
Xx,yES
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A calculation shows that

max(D(x,y) - Dr(x,y)) = (1 - r)2/4r)log((1 +r)/(1 - r)).
Now choose r =1 — 1/,/Nlog N. We obtain

> log|x; — x| - N(N — 1)log(2/Ve)

j#k

(28) N

< ED,(xj,xk) + 5 log N + O(N loglog N).
Jik

We shall prove that the first term on the right of (28) is negative. Let
Yoney @n(r)P,(cos @) be the expansion into spherical harmonics of the ker-
nel k,(0) = (1/2)log(1 + r?> — 2rcos8) — m, (0 < r < 1). It is known that
all the coefficients a,(r) are negative (the proof works in exactly the same
manner as the proof of [5, Hilfssatz 6, page 36]). Consider the new ker-
net x,(8) = Yp2  (—an(r) - 2£1)!/2P,(cos ), which is a convolution root of
—~k,(8). Let 6,(x,y) be the distance function generated by «,(@) on S. Then
Legendre’s addition formula for spherical harmonics implies the following
relation:

2
(29) S D) = - [ | T axx)) datx) <.
Jik S\ J

From (28) and (29) the assertion of Theorem 4 follows a second time.
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