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1. Introduction. In [3], a group G was said to be a CF-group if, for every subgroup
H of G, H/Cores H is finite. It was shown there that a locally finite CF-group G is
abelian-by-finite and that there is a bound for the indices |H:Cores H| as H runs through
all subgroups of G. (Groups for which such a bound exists were referred to in [3] as
BCF-groups.) The CF-property was further investigated in [10], one of the main results
there being that nilpotent CF-groups are (again) abelian-by-finite and BCF. In the
present paper, we shall discuss the CF-property in conjunction with some related
properties, which are defined as follows.

A group G has property §,, A; or C, respectively if every subgroup, every abelian
subgroup or every cyclic subgroup (respectively) of G has finite index over its core in G.
A group G has property S,, A, or C, respectively if the index |H:H N H?*| is finite for
every element x of G and every subgroup, every abelian subgroup or every cyclic
subgroup H of G.

It is clear that S,,5,,C; and C, are inherited by homomorphic images. Not
surprisingly, this is not true of properties A, and A,, and a suitable example is given in
Section 5 below. The class of S;-groups is precisely that of CF-groups, and it is contained
in all of the other classes. Indeed, it is clear that S, =>S,, A;=> A, and C, > C, and that
S;>A,>C,;, i=1,2. We shall see in Section 5 that there are no further implications
between any of the above properties, even with the additional hypothesis of nilpotency
(which, as stated above, proved quite decisive for CF-groups). Another hypothesis that it
is reasonable to impose is that of finite generation. It will be shown that a finitely
generated C,-group is a C,-group and that a finitely generated A,-group satisfies A;. We
have not resolved the problem as to whether a finitely generated S,-group is S;, but such
evidence as we have suggests to us that this is the case. On the other hand, for finitely
generated soluble groups, the property C, certainly suffices to ensure that S; holds (see
Corollary 2.5). The key to establishing the relevant properties of C,-groups is Proposition
2.1, which shows that torsionfree elements of a C,-group ‘“‘almost commute”—a finitely
generated torsionfree C,-group is then seen to be centre-by-periodic. Clearly such groups
will be centre-by-finite in many cases, and centre-by-finite groups are of course BCF.

2. Cyclic subgroups. We begin by considering the relationship between any two
torsionfree elements in a C,-group. We have the following.
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PROPOSITION 2.1. Let G be a group such that |(g):(g) N (g)"| is finite for all g,h in G
and let a,x be elements of mﬁmte order in G. Then there exist nonzero integers a, B such
that [a, x"‘] =1=[x,a"]

Proof. For a contradiction, we may assume that no nonzero power of x centralizes a.
By hypothesis, there exist nonzero integers m,n,r,s such that (a*)" =a", (x?)" =x". Set
d = (m,n) (the greatest common divisor) and write m =dm,, n=dn,. Similarly, let
r=er,, s=es,, where e=(r,s). Thus (m;,n)=1=(r,s;). Let v=a?, w=x° and
suppose first that || =|s;} =1. Thus r = +s. If r = —s then (x")* =x7", that is, (x*1)" =
x™* and so w® =w~! and w® =w, giving (wa?®)* =w'a? and hence (wa®°’ =(w 'a?).
Now if w =472 then w® =w =w~! and we have the contradiction w?= 1. Thus (wa?)# 1
and, by the C,-property, it follows that (wa®) N (w~'a® # 1, that is, there exist nonzero
integers y, 8 such that (w™'a%)? = (wa®)’. Since a® and w commute, we have w*®=
a**™®_ giving (w**®)* =w”*® and hence y+8=0. Thus a**"®=1 and y=6=0, a
contradiction which shows that if {r,|=[s,|=1 then r =5 and hence [x",a] =1, another
contradiction. So either |r|# 1 or Is,l =<1,

Now write m, = ml, n,=né, n=ri, s,= Then (v™)* =v™ and (w’z)" =w',
Further, (v™?)*?=v"? and so (V™)*’=(v™ )(‘”") —v"((v 2)2)**y = v"F, that is,
(v™ )W”—( m)*? and so [v™F, w?™*?] = 1. Similarly, [w"#’,v™""2] = 1. Now |r,| and |s,|
are coprime and not both equal to 1, so r, — s, #0. Also, z = v"?7" s centralized by
both w”™* and w'?’ and hence by w (since (r,—s5,1r)=1). Thus z=z"=
((vmz)W)mgz—l(mz—nz) = Unszzz-l(mz—nz)‘ By torsionfreeness we have vmz(mz—nz) - vnz(mz—nz) and
hence m; =n,, which implies |m;|=|n|=1 and m=+n But m=—n leads to a
contradiction in exactly the same way as did the hypothesis r = —s, so we may assume
(@™ =a™ and thus x*" =x. Now (x")* =x® and so (x"")*" = x*". But [x,a™] =1 implies
(x"")*" =x"" and we have x"" = x*" and hence r = +s (again by-torsionfreeness). This in
turn implies |r,| = |s;| = 1, which we have seen to be impossible. This completes the proof
of Proposition 2.1.

Note that the infinite dihedral group (x,a:x° =x"',a? = 1) satisfies C, but no nonzero
power of x centralizes a. Thus torsionfreeness is an essential hypothesis in the above.

The main consequence for us of Proposition 2.1 is the following.

THEOREM 2.2. Every finitely generated Cy-group satisfies C.

Proof. Let{g,,...,g&} be a generating set for the C,-group G and let x € G. If x has
finite order then of course (x)/Core(x) is finite, so suppose (x) is infinite. If g; has infinite
order then, by Proposition 2.1, there is a nonzero integer a; such that [x*, g;] = 1, while if
g: has finite order k then there exist nonzero integers m;, n; such that (x™)% = x" and
hence x™ = (x"'f‘)gft =x" and m; = £n;. Let a;=m; in this case and write a =a; ... a,.
Then (x*) <G and the theorem is proved.

The next result is also a consequence of Proposition 2.1. Its proof is easy and is
omitted.

CoROLLARY 2.3. Let G be a finitely generated torsionfree C,-group and let Z denote
the centre of G. Then G/Z is periodic.

In the context of this corollary, it is worth remarking that Adian has constructed a finitely
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generated torsionfree group G, with cyclic centre Z, such that G/Z is a Tarski p-group.
Every subgroup of G thus has index at most p over its core.

As we mentioned above, the infinite dihedral group satisfies C,, although it is not
centre-by-periodic. However, finitely generated groups satisfying C, are almost centre-by-
periodic, in the following sense.

CoROLLARY 2.4. Let G be a finitely generated Cy-group. Then there is a normal
subgroup C of G such that |G/C|<2 and C/Z(C) is periodic. In particular, G is
abelian-by-periodic.

Proof. By Theorem 2.2, G satisfies C,. Let A be the subgroup generated by all
infinite cyclic normal subgroups of G. As in Lemma 4.3 of [3], A is abelian and its
centralizer C has index at most 2 in G. By the C;-property, C/A is periodic.

Of course, for many familiar classes & of groups, all finitely generated periodic
Z-groups are finite. A class which contains many such & as subclasses (for instance, the
class of hyperabelian groups) is that of groups with ascending series whose factors are
locally (nilpotent or finite). Denoting this class by PL(NX U %), we have the following,

~ CoroLLarY 2.5. Let G be a finitely generated Cy-group belonging to the class
PL(NU%). Then G is abelian-by-finite and BCF. In particular, G satisfies S,.

Proof. By Corollary 2.4, such a group G is abelian-by-finite. The argument of the proof of
Corollary 4.4 of [3] now shows that G is BCF.

We see from Corollary 2.5 that a torsionfree, locally nilpotent C,-group is abelian.
We now record a few more results on torsionfree Cy-groups. Firstly we note that, with the
notation of Corollary 2.4, if |G:C| =2 then there exists x € G such that g* =g~ for all g
in A (see Lemma 4.3 of [3]), but this is impossible if G is torsionfree, since G/A is
periodic. Thus A< Z(G) and G is centre-by-periodic. Since a torsionfree centre-by-finite
group is abelian, we may state the following.

COROLLARY 2.6. Let G be a torsionfree C,-group. If G is finitely generated and every
periodic image of G is finite then G is abelian. In particular, if G is locally radical or
locally (soluble-by-finite) then G is abelian.

3. Abelian subgroups. We turn our attention now to the properties A; and A,.
Firstly, we recall from [3] that a subgroup H of a group G is said to be G-hamiltonian if
every (cyclic) subgroup of H is normal in G. If x is an element of G and H is a subgroup
of G, we shall say that H is x-hamiltonian if every subgroup of H is normalized by x. Now
suppose that G is a Cj-group and that N =(g € G:(g) ]G and |g| = ). Then N is abelian
and even G-hamiltonian (see the remarks preceding Corollary 2.6), and G/N is periodic.
This property of N is useful in the proof of our next main result.

THEOREM 3.1. Let G be a finitely generated A,-group. Then G satisfies A;.

Proof. Let G be as stated and assume, for a contradiction, that some abelian
subgroup A has infinite index over its core C. By Theorem 2.2, G is a C;-group and so,
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with the notation as above, N is G-hamiltonian. Thus ANN <I{G and, in particular,
ANNs<C and A/C is periodic. Although the property A, is not inherited by
homomorphic images, from now on we shall only be using the A,-property as it applies to
subgroups of A. For convenience, then, we shall assume that C =1 and hence that A is
periodic. Every subgroup of A of type C,= is G-hamiltonian and so A must be reduced. If
some p-component of A is infinite then we may assume that A is an elementary p-group.

Otherwise, we may suppose that A = Dr{(a,), where each a, has prime order p and the set

per

# is infinite. In the latter case, let x be an arbitrary element of G. Then A N A™ has finite
index n, say, in A. For all primes p not dividing » we have a, e A N A*. Thus (a,) =(a;,
and x e Ng({a,)). Letting x run through a generating set for G, we see that (a,)<IG for
almost all p in 7, a contradiction. Thus we may assume that A is an elementary p-group,
for some prime p. Again let x € G.

Claim. A is “almost x-hamiltonian”, that is, there is a subgroup K of finite index in A
such that {g)* = (a) for all a in K. Suppose that the claim is false. Since A N A*" has finite
index in A, there exists a; in A N A* ' such that (a,) # (a,). Let B, = (a,,a?). Then B, <A
and A = B, X A,, for some A,. Since A, N A} has finite index in A, and hence in A, there
exists a, e A;NAY" such that (a,)#(a,). Let B,={(a,,ai). Then B,<A; and so
(B, B;) =B, X B, and A, = B, X A,, for some A,. We may then choose a; in A, ﬁA’z‘_1
such that (a3) # (a3)* and we get B3 = (a3, a3) < A,. Eventually, we obtain a subgroup B of
A, where B=B, X B, X...,B;={a,;,a}) and {(a;)# {a;)" for each i. Let D ={a},a3,...).
Then D¥' ={(a,,a,,...) and so DND* =1, contradicting the A,-property. This estab-
lishes the claim.

Now let X be a finite generating set for G. Then A is almost x-hamiltonian for each x
in X UX ™! and so A certainly has finite index over its core in G, a contradiction.

The theorem is thus proved.

4. Arbitrary subgroups. Our main concern in this section is with the question: Does
every finitely generated S;-group satisfy §;? As stated in the introduction, we do not know
the answer, but we have been able to effect a reduction which allows us to deal with one
or two special cases and provides strong evidence (in our view) that the answer to this
question is in the affirmative. We begin with a result which allows us to focus our
attention on finitely generated subgroups.

Lemma 4.1. Ler G be a finitely generated S,-group in which every finitely generated
subgroup has finite index over its core in G. Then G has the property §,.

Proof. Suppose that G is as given and assume, for a contradiction, that there is a
subgroup H of G such that H/Coreg H is infinite. Now it is easy to see that the property
on finitely generated subgroups is inherited by homomorphic images of G and so we may
assume H is corefree in G. Since H is countable, there is an ascending chain
H,<H,<...of finitely generated subgroups whose union is H. Then each H, is corefree
in G and therefore finite, and so H is locally finite. Since H is also infinite, it contains an
infinite abelian subgroup [5] and we may thus assume that H is abelian. Theorem 3.1 now
gives a contradiction.

We note that the above proof also establishes the following.
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LeEmMA 4.2. Let G be a finitely generated S,-group and H a locally finite subgroup of
G. Then (every subgroup of) H is finite over its core in G.

Our next reduction is to the case where G is periodic.

Lemma 4.3. Let G be a finitely generated S,-group all of whose periodic images satisfy
Si. Then G also satisfies S;.

Proof. By Corollary 2.4, there is a normal subgroup C of index at most 2 in G and a
G-invariant subgroup A of Z(C) such that G/A is periodic. With A as defined in
Corollary 2.4, we also know that every subgroup of A is normal in G (again see the
remarks preceding Corollary 2.6). Let H be an arbitrary subgroup of G. In order to show
that H/Coreg H is finite, we may of course assume that H is contained in C and that H is
corefree in G. By hypothesis, there is a normal subgroup N of G such that A< N=<HA
and HA/N is finite. Then N = A(N N H) and |H:N N H| is finite and we may assume that
N=AH. We now have N' = (AH) = A’H'[A,H] = H', since H < C and A < Z(C). Since
H is corefree and N' <|G we see that H is abelian. Also, H N A is normal in G and hence
trivial, giving H periodic and hence of finite index over its core, by Lemma 4.2.

We have already seen that it is finitely generated subgroups of a finitely generated
S;-group that need to be considered. The following lemma provides the basis for an
inductive argument. Its proof will involve an appeal to some deep results of Zel’manov
and others and, although this is somewhat unsatisfactory here, we note that we are in the
realm of finitely generated infinite periodic groups and that a positive solution to the
question we have raised may well depend on some difficult theorems. In any case, here is
the reduction.

LEmMMA 4.4. Let G be a periodic S,-group and let H, K be finitely generated subgroups
of G such that H<K. Suppose that H/Corex H and K/Coreg K are finite. Then
H/Cores H is finite.

Proof. We shall assume that H is corefree in G. Set L = Coreg K, M = Corex H,
N =L N M. Then H/N is finite and N is normal in K and so N <JIN® <IG. Now for all g in
G we have N8 <INC and |N®N:N|=|N®:N& N N|, which is finite. Thus N°/N is locally
finite. Further, K/N is a finitely generated S,-group and hence, by Lemma 4.2, every
subgroup of N°/N is finite over its core in K/N and hence over its core in N°/N. By the
main result of [3}, N°/N is abelian-by-finite. Let T be a normal subgroup of finite index ¢,
say, in N€ such that N<T and T/N is abelian, and let P = ((N®)")". Then P<\G and
P<T'sNs<H. Since H is corefree, P=1 and so N' is abelian. Also, H/N' has finite
exponent. Let B be a maximal normal abelian subgroup of H containing N'. Again since
H is corefree in G, the S,-property tells us that H is residually finite and hence that H/B is
residually finite (by the maximality of B). But H/B is finitely generated and of finite
exponent and so, by Zel’'manov’s solution to the Restricted Burnside Problem ([11] and
[12]), there is a bound for the order of a finite image of H/B. It follows that H/B is finite
and so H is finitely generated abelian-by-finite and hence finite, since G is periodic. The
result follows.

Our final reduction is to the case where G =(H,x) (where H is finitely generated
and, for a contradiction, has infinite index over its core). Probably the clearest manner in
which to make our point is simply to exhibit the reduction for what it is.

https://doi.org/10.1017/50017089500031608 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089500031608

332 JOHN C. LENNOX ET AL.

LemMa 4.5. If there exists a finitely generated S,-group which is not 8., then there exists
such a group G which is periodic and generated by a finitely generated subgroup H and an
element x such that H/Coreg H is infinite.

Proof. Suppose G is a finitely generated periodic S,-group which is not S;. By
Lemma 4.1, there is a finitely generated subgroup H of G which has infinite index over its
core. Then G =(H,g,,...,g, ) for some elements g; and we may assume, as inductive
hypothesis, that r is minimal subject to the pair (G, H) being a counterexample (with H
finitely generated). Since r>1 we may write K=(H,g,,...,& ). The induction
hypothesis and Lemma 4.4 now give the contradiction that H/Cores H is finite. The
lemma is thus proved.

Lemma 4.5 seems to provide us with quite a substantial reduction of the problem. We
now consider the special case where G is a p-group. Even here we have met with only
limited success. The key result is the following.

ProrosiTioN 4.6. Let G be an S,-group and H a proper subgroup of G. If G is a
p-group, for some prime p, then there exists an element g of G\H such that H/Coreg, H is
finite, where G, = (H, g).

Proof. Letx e G\H and write n = |x|, V=HNH*N...NH"". Then |H:V)| is finite
and V is normal in (V,x). Thus the set Q={T<H:T=V and 3g € G\H such that
T/Corerg T is finite} is nonempty. Let M be maximal in Q. Then there exists g in G\H
and a normal subgroup C of (M, g) such that C <M and M/C is finite. If M = H then we
have the result, so assume, for a contradiction, that M < H. So there is a subgroup B of
H, with M a normal subgroup of B, such that |B/M|=p and, for every x € G/H,
B/Coreg . B is infinite. Thus B ¢ (M, g). Write B = M(h), with h” e M and S = (M, g) N
(M,gY"N...N(M,g)"". Clearly M < S and B < N4(S). Further, (M, g):S] is finite. Now
suppose S¢ H. Then (S,B)=SB=S and |SB:S|=|B:SNB|=|B:M|=p and hence
§<S8B, |SB/S|=p and SB=S(h). We have C S and M/C finite and, for every
i=0,1,...,p—1, C* S, M/C" finite. So, writing D=CNC"N...NC"", we have
S < Ng(D), B/D finite and D <|SB ¢ H, contradicting the maximality of M. Thus S = H.
Therefore (M, g):(M, g) N H| is finite and (M, g)/C is a finite p-group. Hence there exists
y € (M, g)\H such that y e N;({M, g) N H). Hence (M, g) N H =M, since M is maximal in
Q. But now we have y € Ng(M), B < Ng(M) and M <I(B, y), again a contradiction to the
maximality of M. This completes the proof.

We now present a few positive results on S,-groups.

THeOREM 4.7. Let G be an S,-group with the maximal condition on subgroups. If G is
a p-group, for some prime p, then G satisfies §,.

THEOREM 4.8. Let G be an Sy-group with is also a 2-group. Then G is locally nilpotent.

CoroLLARY 4.9. If the 2-group G is a finitely generated S,-group then G is finite (and
therefore certainly an S,-group).

Proof of Theorem 4.7. Let G be as stated. Assuming the result false, let H be a
subgroup of G which is maximal subject to H/Cores H being infinite. By Proposition 4.6,
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H/Coreg H is finite for some K =(H,g)> H. By maximality, K/Coreg K is finite. The
result follows by Lemma 4.4.

We remark that Theorem 4.7 does not in fact require the results of Zel’'manov—the
proof of Lemma 4.4 is much more elementary in the case where G satisfies max, since
(with the same notation) the group N°/N is locally finite with max and hence finite, which
implies N/Coreg N finite and thus H/Coreg H finite.

Proof of Theorem 4.8. Again with G as stated, let H be an arbitrary proper subgroup
of G. We shall show that H < N;(H)——the result will follow from a theorem of Plotkin
(see Section 6.1 of [8]). By Proposition 4.6, there exists g € G\H such that H/Coreg, H is
finite, where G, =(H,g). Then H/Cores, H is a proper finite subgroup of the 2-group
G = G,/Coreg, H and is thus properly contained in its normalizer in G (see Theorem
3.15 of [8]). The result follows.

The existence of finitely generated, infinite p-groups all of whose proper subgroups
are cyclic (see, for instance, [7]) shows that there is no equivalent of Theorem 4.8 for odd
primes p.

We conclude this section with the obvious

CONJECTURE. Every finitely generated S,-group is an S;-group.

S. Some examples. We remarked in the introduction that there are certain very
obvious inclusions among the classes of groups defined by our six properties. We now
show that these are the only inclusions.

THeoreM 5.1. (a) §\ DA, DC), 5,2 4,2C,, 525, A, > A, C,>C,.

(b) Apart from the implications given in (a) (and those which are formal logical
consequences of these) there are no further implications among the six properties, even with
the additional hypothesis of nilpotency.

Proof. Of course, only part (b) needs verifying. To do this, we exhibit three nilpotent
groups G,, G, and G; such that G, has S, but not C,, G, has A, but not S, and G; has C,
but not A,.

For each prime p, let {a,) be a cyclic group of order p? and set A = Dr(a,). Define
P
zeAutAbya,= az“ for all p, and write G, = AKz). Then G; =Dr(a}) = Z(G,) and G,
p

is nil-2 (and of rank 2). Clearly Cores(z) =1 and so G; is not C,. Now let H <G, x € G,.
We wish to show that |H:H N H¥ is finite. Modulo H N A (which is normal in G;) we
have H cyclic and hence (H, x) finitely generated and finite-by-cyclic. This gives (H, x)
centre-by-finite (mod H N A) and the result follows.

Next, let p be an odd prime and G, the free nil-2, exponent-p group on generators
Ay, a1,ay,.... So G3=2(Gy)=(la;,a)]:i<j)=Z, say. If A is an arbitrary abelian
subgroup of G, then it is easy to see that |JAZ/Z|<p and so G; is certainly an A,-group.
Now let H=(ay,a,...) and write B=H'={[a;,q]:i,j>0), x=a, Then H*=
{aila;, a0):i =1,2,...) and clearly H N H* = B and so |H:H N H¥| is infinite and G, is not
an S,-group.

For our group G; we take the wreath product of an infinite elementary abelian
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p-group A by a cyclic group (x) of order p. Then G; is nilpotent [2] and obviously satisfies
C,, since it is periodic. However, identifying A with the “first component subgroup” of
the base group of G;, we have that A N A* =1 and hence G; is not an A,-group.

This completes the proof of the theorem.

The group G, above also provides an example of an A;-group which has a
homomorphic image not satisfying A,—indeed, with H and B as defined, the image of H
in G,/B is abelian but has infinite index over its intersection with (the image of) H~.
Further, the fact that an A,-group need not satisfy S, shows that there is no generalization
of the main theorem of [3] along the lines of Eremin’s improvement to the theorem of
B. H. Neumann on groups with finite classes of conjugate subgroups (see [6] and [4]).

The property of being finitely generated has been seen to be quite a strong one with
regard to the pairs (A, A,) and (C,, C,), and at least of some influence with regard to
(51,5,). We may now ask whether finite generation leads to some interdependence
between these pairs, other than as stated in Theorem 5.1. That there are no further
implications of this kind is the import of our final result, although we recall that the
situation is quite different for soluble groups (Corollary 2.5).

THEOREM 5.2. There exist finitely generated groups G,, Gs such that G, satisfies C, but
not A,, while Gs satisfies A, but not S,.

Proof. Let H be any finitely generated, infinite periodic group having an infinite
abelian subgroup A (see e.g. [9]) and let G, be the wreath product of H with a cyclic
group (x) of order 2. Then G, is finitely generated and periodic and hence a C,-group, but
ANA*=1 and so G4 does not satisfy A,.

Now let K be any finitely generated, infinite periodic group in which all abelian
subgroups are finite (see [1]) and let G, = K wr(x), where again x has order 2. Then all
abelian subgroups of G;s are finite and so Gs is an A;-group. But KN K* =1 and so G;
does not satisfy S,.

The easy constructions above rely, of course, on some highly nontrivial examples.
Corollary 2.5 may provide us with some justification for this apparent extravagance.
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