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Abstract. In 1953, Pjateckii- Sapiro has proved that there are infinitely many
primes of the form [#¢] for | < ¢ < 1 2 (with an asymptotic result). This range, which
measures our progress in the technique of exponential sums, has been improved by
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many authors. In this paper we obtain 1 < ¢ < 5.
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1. Introduction. One of the most odd problems in prime number theory is to
represent infinitely many prime numbers by polynomials. Though this problem has
been completely solved for linear polynomials by the Dirichlet theorem on primes in
arithmetic progressions, until now it remains open for polynomials of degree greater
than 1 and it seems to be extremely difficult. Iwaniec [6] has proved that there exists
an infinity of integers 7 such that n* 4+ 1 has at most two prime factors. As another
direction of approaching this problem, Pjateckii-Sapiro [9] has proposed to investi-
gate the prime numbers of the form [1¢], where ¢ > 1 and [f] denotes the integer part
of t. Clearly [n] can be regarded as “‘polynomials of degree ¢”. Define

7.(x) := |{n < x : [n°] is prime number }|.

Pjateckii-Sapiro [9] has shown for 1 < ¢ < 12 =1.09 that

w(x) ~ x/clogx (x — 00). (1.1)

This range has been improved by many authors. A detailed history can be found in
[10]. The best record known is due to Rivat and Sargos [11]: 1 < ¢ < 2~ 1.16117.
Jia and Rivat have proved, independently, that

w(x) > x/clogx (x > xq) (1.2)

for 1 <c < 7—=1.16 (Rivat [10]) and 1 < ¢ < 20 ~ 1.17647 (Jia [6, I], and indepen-
dently Baker Harman and Rivat [1]). Th1s result has been improved to
l<c< 11 =1.18 by Jia [6, II] and to 1 < ¢ < ~ 1.18421 by Kumchev [8]. The
admissible range for ¢ provides a measure of our progress towards the quadratic
case, and it is interesting to extend it further.

We shall establish the following result.

THEOREM 1. The inequality (1.2) is true for 1 < ¢ < %2~ 1.18536 and x > xo(c).
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We shall prove Theorem 1 by sieving the following two sequences

A={m:m=[n], X<n°<2X}, B:={n:X<n<2X}.

For this it is necessary to present some standard notations in the sieve. For any finite
set ECN, deN and z > 2, we define £;,:={ne & :n=0 (modd)} and S(&,z) :=
{n € € : pln = p > z}|. In order to prove Theorem 1, it suffices to show that

S(A. 22 > % (X = Xo). (1.3)

where and in the sequel we put y := 1/c and § := X712V — 1).
Following Baker—-Harman—Rivat [1], we shall repeatedly use the Buchstab
identity

SE.z)=SE )= Y SE»p) (2 <21) (1.4)

22=5p<z)

together with asymptotic formulas in Lemmas 3.4 and 3.5 below. For some of them
we can obtain asymptotic formulas by these Lemmas and the rest may be discarded;
(see (4.7) below). In order to get such asymptotic formulas, we must treat the fol-
lowing exponential sums:

Si= 3 | 323 buelhomny)|,

I<h<H m~M n~N

Si = Z ’ Z Zambne(h(mn)y)

1<h<H m~M n~N

’

where e(f) := e*™ |a,,| < 1, |b,| <1, H= X'"7**, MN = X, ¢ is an arbitrarily small
positive number and m ~ M means M < m < 2M. In all previous works ([1], [7], [8],
[10]), these two sums were estimated by the method of Fouvry—Iwaniec [2] and by
the method of Heath-Brown [5].

Here we shall combine the method of Rivat-Sargos [11] with a “Weyl shift”
(Lemma 2.5 of [3]) to improve that of Heath-Brown [5]; (see Theorem 2 below).
This allows us to extend X'77* <N < X¥=42 of (1], [7]. [8], [10]) to
X1-rte < N < XOly=9)/11-¢ "which is the key to proving Theorem 1. In addition the
work of Sargos and Wu [12, Theorem 7] concerning the method of Fouvry—Iwaniec
enables us to extend the range % <y <1in Lemmas 3 and 4 of [8] to % <y<l.
Finally we shall obtain (see (4.16) below)

X
S(A, (2X)'2) > {F(y) + O(s)} g X’

where F(y) is a very complicated function (for the definition of F(y), see (4.17)
below). If we use yy to denote the zero of F(y), then ¢y := 1/y, will be our desired
value. It seems quite tedious to find the exact value of yy, but using Maple we have
been able to obtain a good approximation guaranteed by a sufficient precision. We
shall provide the details of these numerical computations in a separate section.

https://doi.org/10.1017/50017089501020080 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089501020080

PRIME NUMBERS OF THE FORM [n] 239

t 3 < ¢ <33 and write

2

Throughout the paper (except for § 2), we suppose tha
y = 1/c. We use ¢ to denote an arbitrarily small positive number and put n:=¢
Finally we define £ := log X. The notations of § 2 are independent of other sections.

2. Estimates on exponential sums. This section is devoted to investigating
multiple exponential sums. The notations of this section are independent. Firstly we
combine the method of Rivat-Sargos [11] with a “Weyl shift” [3, Lemma 2.5] to
treat the following triple exponential sum of type II:

B
Si=3 3 Y abmue(X é’afﬁ’zy) @.1)

h~H m~M n~N

THEOREM 2. Let k>2 and K:=2'—2. Let a,B,yeR with ala—1)
Byly—1)#0 and (y—1)/(1 —a)#1,---,k. Let X>0, H>1, M>1, N> 1,
L:=log(2+ XHMN), |ay| <1 and |b, .| < 1. Let S be defined as in (2.1). If
X < H?, then

S < {(XKH4K72k+2M5K7/{N5K73k)1/(6K72k) 4 (X2H6M7N9)1/10
+ (XH*M*N)'* + HMN)'? + HP/*MN + X' HMN)L.

Proof. In view of Theorem 2 in [2], we can suppose that X > MN. Let ¢y, ¢y, - - -
be some suitable constants depending on «, 8,y at most and E := coMPN7”. Let
0O > 10 be a parameter to be chosen later. By the Cauchy inequality and by Lemma
5in [11] (or [13, Lemma 2.5]) with x; = mfn”/E and z; = b, ,e(Xh*mPn” | H* MPNY),
we have

SP < 1Y | 3 Y bone(X e )|

h~H m~M n~N

<HQY Y ZZ‘ZE(HfﬁljlﬂL;VV)

m~M m~M n~N a~N h~H
lul<€/0Q

where u = up(n) := mPn? —mPi’, m := (m, m) and n := (n, 7).
According to Lemma 1 in [2], the contribution of |u| < EL/MN is O(H> MNQL).
Thus after a splitting-up argument, we find, for some A € (L/MN, 1/Q], that

SP<HOLY 33N Z (Hj(;;‘;vy)) +HMNQL.  (2.2)

m~M m~M n~N i~N
A<|ul/E<2A

If H := XA/H < ¢, by Theorem 2.1 in [3] and Lemma 1 in [2], the first term on
the right-hand side of (2.2) is « X '(HMN)*QL <« H*MNQL. Next we suppose
that H > ¢. By applying Lemma 2.2 in [12], the innermost sum of (2.2) is equal to

(XA)'2Hb, Y aye(fik')) + O(L + W (1) + Wa(u)),
nel
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where  Wi(u) := min {(XA)""?H, 1/|lc:Xu/HE|}, |||l := min ezl — nl, law| <1,
b < 1, fil) := 3 XA/ AB)/ O JH)Y @D and I’ is a subinterval of [H', 2H'].
Inserting into (2.2), we deduce, for some A € (L/MN, 1/Q] and some /' =< H', the
following inequality:

IS <« (XA V2H?QS(A) + HO{T(A) + T>(A)} + {H*MNQ + HMN)Y*}L, (2.3)

where
SA) =YD NN D Sawe(fih)]. THA) =D Y DD wiu).
T gea e B

According to (2.13) in [13], we have
Ti(A) < {X'?AM*N + X'>MN + A(MN)*} L*. (2.4)

Next we shall apply the method of [11] to treat S(A). For this we must smooth the
coefficient of u. By the Cauchy inequality and a “Weyl shift” [3, Lemma 2.5], we
have, for any R € (0, ¢H'], that

IS(AF < (AHY(MN)'R™' + AH(MNYR™ Y > 1Sp (M), (2.5)
I<r<RW~H
where

SpA) =D YYD e(gw)),

m~M m~M n~N n~N
A<|ul/E<2A

gu) := Yu/1=9 and Y := s XA{(W + n)*/ ™D — pele=Dy grele-bag) /0=,

Clearly ¢4 < (m/m)P’” < ¢s for m~ M and /m~ M. We split the interval
I:=[c4, cs] into J :=[|1|/eA] + 1 subintervals /; of length 6 := |I|/J < eA. For each
d € N, we put

M(d) = {m:m~ M,m~ M, (m,m) =d, (m/m)P" € L},

and for each m € M;(d) we define N(m):={n:n~ N,i~N,A < |u]/E <2A}.
Thus

Sid)= 330 >0 ISP A m)l S A m) = Y elgw).  (26)

d<2M j<J meM;(d) neN (m)
We pick a;/b; € [; UQ with b; least and subject to b; > §~'/2. For dj € Z we

define Iy, := {(x,y) € R?:y= (ajx — d;)/b;}. Clearly when d; runs over Z, 7* N Ty
constitutes a partition of Z>. Hence we can write

SPam <Y | > egw)]. 2.7)

die? ne./\/(m)ﬂl‘(//.
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Let (ng, p) be the starting point of A'(m) N Ty, # @. Then bjiig = ajng — d;. Now we
write the parameter equation of this straight line as follows:

Define
u(t) i= mP(bjt + o)’ — (st + o), (1) = g(u(1)).
From (2.7) and Lemma 2.7 in [13], we deduce that
ANDb;| e(F(l)| if bj< N,
S (A, m) < l<<XN/:b, (2.8)

Aij if bj > N.

Similarly to Lemma 8 in [11] (or [13, Lemma 2.8]), we casily prove the following
result.

LEMMA 2.1. If (y = 1)/(1 =) #0, 1, - -,k — 1, then
u(t) = A(bjt +no)’ " {1 + O(s + A)}, (2.9)

FO() = Bbjt +ng) " V0 P14 Oe + A} (0<i<h),  (2.10)

where

A = yif(a;/by) =" (d;/b)) < AMPN,
B:=[1 (v = /(1 — ) — ) YAV(O=0) < fpN-(=D/(-e),

Applying Theorem 2.9* in [3] to the sum over / in (2.8) with (F, N) = (Hr, N/b;)
yields

S (A, m) < AN?O;,

where

~(min{l, O} if b <N,
7 by/N if b; > N,

and O(b)) := (HrN*kbf-‘)z/ K-2) Inserting into (2.6) leads to

SklA) KANLY ™ Y > @+ANLY > > e (21D
d<2M j<J,b;j<N meM;(d) d<2M j<J,bj>N meM,;(d)

By using Lemma 2.6 in [13], we have

*Clearly the condition I C [N, 2N] in this theorem can be relaxed to 7 C (1,2N].
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YooY Y pN< Y 2T« Ve

Jj<J,bj>N 0<ikL j<J,1<b;/2'N<2 0<ikL

In addition since the points in M;(d) are spaced by > (d/M)*, we have
IMi(d)] <« 8(M/d)* + 1. Thus the second member on the right-hand side of (2.11) is

<« AN*(SM? + M)(N8) 2L < (M*> + A" M)L. (2.12)
Similarly Lemma 2.6 in [13] allows us to deduce that

Z 0 K Z Z ®(b/) < 24_i3_l@(2i8_1/2) < 3—1@)(5—1/2).

Jj<J,bj<N 0<ikL j<J,1<b;/2i5-1/2<2 i>0

Thus the first member on the right-hand side of (2.11) is

KANL Y Y Y el)+ANL Y > >

d</sMJ<J.b;<N meM;(d) d>/3M ST .b<N meM,(d)
KANL Y sM/dy Y Ob)+ANL D (M/dY
d<~/3M Jj<J.bj<N d>/3M (2.13)

< AMN?OGE V)L + ASTV2PMN*L
L AMNP?O(A™) L+ AVPMN*L.
Inserting (2.12) and (2.13) into (2.11), we obtain
SwA(A) < {(AkaszzM2K74N2K72k74r2)1/(K72) + AV2MN? 4+ M2+ A’IM}E.
Inserting into (2.5) leads to the inequality
|S(A)|2 < {(A2K7k74H/2K74H2M4K78N4K72k78R2)1/(K—2)
+ (AH'V(MNY'R™ + (A H*MON®)'? + AH P M*N* + H 2 MP N} L.
Optimizing R over (0, eH'] we get
|S(A)|2 < {(AZK—kH/ 2KH2M4KN4K72/€)1/K
+ AH'(MNY' + (AP H*MON®)'? + AH'*M*N* + H>MPN*} L.
Replacing H' by XA/H yields
|S(A)|2 & {(XZKA4K7/(H72K+2M4KN4K72k)l/K + XA3H71(MN)4 (214)
+(XATHHMONG'? + XN H2MAN? + XA H 2 MPN? L.
Inserting (2.14) and (2.4) into (2.3) and using A < 1/Q, we have

|S|2 < {(XKH2K+2 M4KN4K—2kQ—(K—k))1/2K
+ (EPM*NHY'? + (PHMON QY4 + (XH? M*N?)'/?
+ (XH*M*N*Q)'? + (XH*M*N*Q*)'> + H*MNQ + H(MN)*} £*.
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Since X < H?, we have (XH*M2N2Q»)'? < H*MNQ. If Q> Qy:= max {10,
XH2M}, then (XH2M3N?*Q)'? < HXMNQ. Thus the previous estimation can be
simplified as follows:

|S|2 < {(XKH2K+2M4KN4K—2/CQ—(K—/€))1/2K + (X2H4M6N8Q—l)l/4
+ H*MNQ + H**M*N* + X' HM*N + H(MN)*} L*.

Now optimizing Q over [Qy, c0) and noticing that (XM?N)'/? < (XH>M*N?)'/*, we
obtain the required result. This completes the proof. 0

We also need another result on triple exponential sum of type II; see
[12, Theorem 7].

LEmMMA 2.2. Let a, B,y € R with aBy(e¢ — 1) (@ —2)#0, X >0, H>1, M > 1,
N=>1, L:=log2+ XHMN), |ay| <1 and |b,, | < 1. Let S be defined as in (2.1).
Then

+ H'"V'SMN + HMNY* + X' HMN} L.

From Theorem 2 and Lemma 2.2, we immediately deduce the following result.

COROLLARY 1. Let 37 <y <S$t, H=X""™_MN = X, |a,| < 1 and |b,| < 1. If
one of the following three conditions

(l) X3—3y+s <N< XSy—2—s’

(11) Xl—)/+£ < NE )('(6])/—49)/11—87

(111) X(60—61y)/11+8 < Nf XV—¢
holds, then

ambne(h(mn)’)| <« X' (2.15)
> [ X X anbue(itnny)|

I<h<H m~Mn~N

Proof. By using Lemma 2.2 with (H, M, N) = (X/N, Hy, N) (Hy < H), we sce
that (2.15) holds provided 3¢ <y <1 and X*~9t < N < X@=19/7=¢ " Inter-
changing X/N and N, we find X220~V < N < X¥=27¢ Since
22(y —1)/7 < 1/2 < (22y — 15)/7 for y > 3, this proves (2.15) provided (i) holds
and 3 <y < 1.

If (ii) holds and 2 < ¥ < &, we can get (2.15) by using Theorem 2 with k = 5 and
(H,M,N)=(X/N, Hy, N) (Hy < H). Similarly if (iii) holds andg <y< g—{, we can get
(2.15) by using Theorem 2 with k = 5 and (H, M, N) = (N, Hy, X/N) (Hy < H). [

We also need a result on triple exponential sums of type I [12, Theorem 8].

LEmMMA 2.3. Let o, B,y € R with aBy(y —2)(a+y — ) a+2y—2)#0, X > 0,
H>1,M>1,N>1, L:=log(2+ XHMN), |ay| <1 and |b,,| < 1. Define
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hembPn?
$= 2 2 L e gy )

h~H m~M n~N

Then

S<< {(X13H15M22N4)1/26+(X2H2M3N)l/4+(XH4M3N)1/4
+XH"M'"™ + HM + X"HMN} L*.

COROLLARY 2. Let 3 <y < B H= X" MN =X, |b,| < 1. If N < X777,
then

3 ( 3 ane(h(mn)y)‘ < X9, (2.16)

I<h<H m~M n~N

Proof. By Lemma 2.3 with (H, M, N) = (N HO,X/N) (Hy < H), we see that
(2.16) holds provided N < XC2=13/11=¢ apq 2 7<V < Combmmg this and Cor-
ollary 1(i) and noticing that (22y — 13)/11 > 3 — 3)/ for y > %, we deduce the
desired result. O

3. An alternative sieve. The aim of this section is to describe simply the alter-
native sieve of Baker—-Harman—Rivat [1]. We insert new results on exponential sums
in § 2 into their alternative sieve. This allows us to improve all results there. Since the
proof is very similar, we shall state our results. For more details see [1], [8] and [4].

Let ZZ <y< gg, By:=6y—35, 6:=1—vy, 6, :=(61ly—49)/11, 63 :=3 — 3y,
04 1= 3y — 2,05 := (60 — 61y)/11, 05 :=y, ¢; := X% fori=1,---,6 and z := (2X)"/%.
Define Ii(y) := [¢ri1 X%, i X ] fori=1,2, 3.

LeEmmMA 3.1. Let |b,| < X" and* <y < IfN < X%~¢ then

D bulAul = 8X Y bu/n+ OGX' ).

n<N n<N

Proof. We can proceed as in Lemma 6 in [1], by replacing Lemma 5 in [1] by
Corollary 2. O

LEMMA 3.2. Let 37 < y <$i, lam| < X"* and |b,| < X"2.If N lies in one of Ii(y)
(i=1,2,3), then

DD nbu= D > anbuy(mn)”! + OEX').

m~M n~N m~M n~N
mneA mneBB

Proof. We can proceed as in Lemma 7 in [1], by replacing Lemma 4 in [1] b
Corollary 1. O

LeEmMMA 3.3. Suppose that % <y< §—§ and N < X%~¢. Then we have
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Z bnS(Ana ¢0) =34 Z bnS(Bn, ¢0){1 —+ 0(1/5)} + 0(8X1—21;)’

n~N n~N
where 0 < b, < X" and b,, = 0 unless pln = p > ¢y.

Proof. This can be proved in the same way as in Lemma 12 in [1], by using
Lemmas 3.2 and 3.3 in place of Lemmas 7 and 9 in [1]. O

LEMMA 3.4. Let k be a given positive integer and let D C {1, ---, k}. Assuming
that N lies in one of Ii(y) (i = 1,2, 3), then

DD S g p) =8 8By pOUL + O/ L)) + O(BX' ),
b I

Pk 4

where x means that (py, - - -, px) satisfy X¢ <p; <p, < --- < px, H;‘er./ = N together
with no more than e~ further conditions which take the form R < [lespi =S

Proof. We can proceed as in Lemma 11 in [1], by replacing Lemma 7 in [1] by
Lemma 3.2. ]

4. Decomposition of S(A, z). As described in § 1, we repeatedly use the Buchstab
identity (1.4) together with asymptotic formulas in Lemmas 3.4 and 3.5 to decom-
pose S(A, z) such that the loss (i.e. the sums discarded) is as small as possible.
Henceforth the letters p, ¢, r, s always denote prime numbers.

By (1.4), we first write

S(A,2) = S(A ¢0) = Y S(A.p) = Y S(Ayp)

Po=p<e Pr1=p<¢

- Y SAnp) = Y S(Ay.p) (4.1)

$r=p<¢3 $3<p<z
=851 -85 -8 —84-—S5,

where S| can be evaluated asymptotically by Lemma 3.3 and S5, S5 by Lemma 3.4.
Applying three times (1.4) to S, yields

Sa= Y S(And)— Y D S(Ayd0)+ Y DD S(Apr, do)

Po=p<¢1 Po=q<p<¢ Po<r<q<p<¢
D INCTEDED P I IY DT 4.2)
Po=s<r<q<p<¢i po<s<r<q<p<¢
(Va) (Vs)

=: 8¢ — S7+ Sg — Sy — Sho,
where

(V4) some subproducts of pgrs lie in one of the intervals Ii(y) (i =1, 2, 3),
(Vq) no subproduct of pgrs lies in one of the intervals [;(y) (i =1, 2, 3).

We have asymptotic formulas for Sg, S7, Sg by Lemma 3.3 and for Sg by Lemma 3.4.
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In order to treat Sy in (4.1), we first write, by (1.4),

Si= D SAn¢)— D D S(Ay.q)

$r=p<¢3 Pr=p<e3 po=q<¢
- Z S(Apg. q) — Z Z S(Apg, 9) (4.3)
P1=q<pr<p<¢3 $r=q<p<¢3

=511 —S12 — 813 — Sis.

Lemma 3.3 provides asymptotic formulae for S;; and Lemma 3.4 for S3.
For Si,, we split the range of summation into three parts:

S12= Z Z S(.qu,q)-i- Z Z S(qusq)—'— Z Z S(Al’lj’q)

$Dr=p<d3 po=q<¢) $2=p<d3 Po=q<¢) Dr=p<d3 Po=q<¢)
PG* >4, pAEB3 P4l PG*>¢a, pagle.hal PP <4
=: 815+ Si6 + Si7-

According to Lemma 3.4, we have asymptotic formulas for Sis.
By applying (1.4), we have

1/2
Su= Y D S CXp)'"H+ 3T 3T 3T S(Ann)
2 <p<¢3 do=<q< $21=p<¢3 =4<¢1 g<r<(2X/pq)"?
PG*> ¢4, pagles.bal P4*>¢a, pagles.dal, (V3)

DD DD DR e
$r=p<¢3 0=q<¢1 g<r<(2X/pq)'"’*
PG> >¢a, pagle.dal, (V3)

=: S15 + Si9 + S,

where

(V3)  some subproducts of pgr lie in one of the intervals I;(y) (i = 1, 2, 3),
(V3)'  no subproduct of pgr lies in one of the intervals Ii(y) (i =1, 2, 3).

We can evaluate asymptotically Sj9 by Lemma 3.3.
By applying (1.4) twice, we have

S= Y Y St — D DY S(Ap o)

Dr=p<¢3 po=q<¢) Pr=p<e3 po=<r<q<¢i
PP <¢a PP <¢s
+ D0 22 2 S+ D0 3D S A, 9)
D2=<p<d3 po<s<r<q<e P2=<p<d3 po<s<r<q<¢
PEP<ds, (Va) PG <¢a, (Va)

=: 801 — S 4+ 523 + Soa.

Lemma 3.3 provides asymptotic formulae for Sy, S»; and Lemma 3.4 for Sy3.
Combining these we obtain

S12 = 815 + S18 + S19 + S20 + S21 — S22 + Sz + S, (4.4

where S5, S9, Sa1, Sz, Sz can be evaluated asymptotically.
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It remains to treat Si4 in (4.3). We have

Siu= D0 S @)+ 3 S+ YD S ) @5)

Pr=q<p<d3 $r=q<p<¢3 Pr=q<p<e3
Pg<e3 PYEld3. 4] Pg>d4
172
= D) S QX/p)"H+ DT Y S(Aw 9)
$r=q<p<¢3 hr=q<p<¢3 q§r<(2X/pq)l/2
Pa<¢s Pg<e3,(V3)
+ 2.0 D S+ DD S+ )LD S(Ayq)
pr=q<p<e3 q§r<(2X/pq)l/2 $r=q<p<¢3 $r=q<p<¢3
pa<ds, (V3) PYE($3.¢4] Pg>a

=: 825 + Sa6 + S27 + Sag + Sa9,

where S»>¢ and Spg can be evaluated asymptotically by Lemma 3.4.
Inserting (4.4) and (4.5) into (4.3) yields

S4 = S11 — S15 — S1g5 — S19 — S20 — S21 + S22 (4.6)
— 823 — 824 — 813 — 825 — Sa6 — S27 — S8 — Sho,

where S; can be evaluated asymptotically, except for j = 18, 20, 24, 25, 27, 29.
Finally from (4.1), (4.2) and (4.6), we deduce that

S(A,z) =81 — S+ S7—Sg + Sg + Si10 — S3 — S11 + Si5 + Siz + Sio + S
+ 821 — S22 + 823+ Sa4 + S13 + S25 + Sa6 + So7 + Sag + S29 — Ss,

where S; can be evaluated asymptotically, except for j = 10, 18, 20, 24, 25, 27, 29.
Obviously the same decomposition also holds for S(B, z); that is

S(B,z)=8] — Sc + 5, —Sg+ So + 81y — S5 — S}, + Sis + Sig + She + Sy
+ 85 — S5 + Shy + Shy + S5+ Shs + She + Shy + Shy + She — S5,

where Sj/- is defined similarly to S; with the only difference that A is replaced by B.
Since S; = SS]’-{I + O(e)} except for j = 10, 18, 20, 24, 25, 27, 29, we can obtain

S(A, 2) = 8(S(B. 2) — S}y — S} — Sy — Shy — Shs — Shy — S}l + 0(e))
+ S0 + S18 + S20 + S24 + Sos + S27 + S,

from which we deduce, in view of §; > 0 for j = 10, 18, 20, 24, 25, 27, 29,
S(A.2) = 8{(S(B. 2) — Sjg = Sig — Sy — Soy = Shs = Sy = Syl + O(e)}.  (4.7)

By the prime number theorem, we have

S(B, z) ~ X

e (4.8)

Next we shall give upper bounds for S; forj =10, 18, 20, 24, 25, 27, 29. Define «;
by the relations p := X, ¢ := X*2, r:= X® and s := X™. Let w(f) be the Buchstab
function.
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A. Estimation of S,,.
According to Lemma 5 in [8], we deduce that

/ log (X/pgrs)
S 10 = ={l+ 0(5)} Z Z Zqurslogs ( = 10g[;qrs )

Po<s<r<q<p<oi
(Va)

By using the standard procedure for replacing sums over primes by integrals, we can

prove that
10 = 1o)g(X - of = ;4 —) da;fiii?;f% {1+ 0@,
where
Dio :={(o1, a0, a3, 04) 1 6 <oy < a3 <o <oy <61, (C)y)
and
((ON there is no subsum of o) + ay + a3 + a4 in [0y, 05], [03, 64].
Since w(f) < 0.5672fort > 2and (1 —a; — - — ag)/ag > 2 for (a1, a2, a3, aq) € Dy,
we find that
Sho sflo(y)%,, (4.9)
where

doty detyders d
Sio(y) = 0.5672] dondodasdas
Dy, 1002030

B. Estimation of Ss.
According to the definition of S, we have

14+ 0(e)}X
S = Z Z Z | = {1+ 0(s)}

b Zotn by ST X g2 Xipg zptn dozaen PAOE (X/PY)
PG> >¢a, pagles .4l PG >¢a, pagles.pa]

from which we deduce that
, X
Sis = Uis) + 0 5 (4.10)

where

do do
fir)= | 1
Dy ¢102(1 — o) — az)
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and

Dig :={(a1,a2) : 0 <o) < 63,00 <p <01, 01 + 200 > 04, 01 + 02 & [63, 04]}.

C. Estimation of S,.
Similarly to A, we have

S X
Sy =/20(y) Tog X’ (4.11)

where

dou dord
Sa(y) :=0.5672 / don dopdats

2
Dy H10203

Dao = {(a1, 00, 03) 1 6 <o) < 63,60 <z <O, 00 <3 <3(1 —a) —a2),
a1 + 200 > 64, (C)3}

and
(C)s there is no subsum of o) + ay + a3 in [0y, 65], [03, O4], [05, Os].
D. Estimation of Sh,.
Similarly to A, we have
X
Shy < — 4.12
24 < f2u(y) logX’ ( )
where

dloty ot does
foa(y) == 0.5672 / dndordanday
Dy 1200300

Doy 1= {(Ot],Olz,Ol3, Ol4) 10 <o <03,0) <ag <oa3 <ay <01,01 + 20 < 04, (C):l}

and
(C)ﬁ, there is no subsum of o + @y + a3 + a4 in [61, 6,], [63, 64], [6s, O6].
E. Estimation of S)s.
Similarly to {B}, we have
St = Uss(n) + O(e)) —— “.13)
25 = UJ25\Y logX’ .
where

https://doi.org/10.1017/5S0017089501020080 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089501020080

250 J. RIVAT AND J. WU

doy do
fsr) = | Lo
Dy 2102(1 — ap — o)

and

Das :={(a1,2) : O <an <o) <03, 1 +an < 63}

F. Estimation of S,.
Similarly to B, we have

X
Sy = {far(y) + 0(8)}@, (4.14)

where

doty doy da
fotr) = | e —
Dy 051052063(1 — ] — 0y — 063)

Dy == {(a1, a2, 03) 1 Sy <o) < 63,00 <3 <5(1 — o) — o), ) + oz < 63, (C)}}

and

(0); there is no subsum of «| 4+ a; + a3 in [03, 64].

G. Estimation of Shy.
Similarly to A, we have

X
. ; — 4.15
S29 =< {f29(3/) + 0(8)} logX’ ( )
where
. 1 —o; — oy dojda
S(y) = / 0)( l 2) 1 22
Dsg (2% 105
and

Doy :={(or1, 02) : 0 <ty <y < 03,01 + 0t > 04,00 + 20 < 1}
Inserting (4.8)—(4.15) into (4.7), we obtain
S(A, ) > (F(y) + 0(e)) (4.16)
S & log X’ ’
where

Fy) .= 1—fio(y) = f15(¥) = f20(¥) = f24(¥) = f25(¥) — f21(¥) — f20(¥). 4.17)
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5. End of the proof of Theorem 1: numerical calculations. The problem of
computing yy with a sufficient precision remains to compute multiple integrals over a
simplex domain with sufficient precision. In general, this is a difficult question of
numerical analysis. The Monte Carlo method provides an approximation but the
precision is not guaranteed. Hence we choose a safer method: symbolic integration
and numerical integral in 1 variable (which is safe using Simpson or another
method), using Maple. Since the use of min and max is not safe with Maple, we
shall manually split the domains of integration in order to simplify them. (We have
slightly enlarged them, by the way.)

We have

Dy € Diy UDE UDS, UDY, UDE,

Dllqo = {(ay, a2, a3, 4) € Dig:az+as > 6, aj +ar + a3z + oy > 64},
IDﬁ) ={(o1, @z, a3, 04) €Dyg:az + g > 60, o] +ay + a3 + oy < 63},
IDIC;) ={(oy, a2, a3, 04) €Dy : s+ g <6y, ) +ay >0, ay + a3 > 65},
Dﬁ) = {(ay, @z, @3, 04) € Dig:oas+ag <0y, aj +ar >0, ar +az < 61},

£ .
Dy := {(a1, a2, a3, 04) € Dot a3 + s < 61, o) + a2 < 61}

Hence

D/{lo C {%94 < o] <91,%(94—91) < o <051,%92 < a3 <052,92—0[3 < 04 <Ot3},
Dﬁ)C{%92<(11<93—%92,%92<0[2<93—92—0[1,%92<Ol3 <O{2,92—(X3 <O{4<Ol3},
D]CO C {92—%91 <Ol1<91,92—91 +90 < <O[1,9() < 04 <%91,0t4 < o3 <91 —Ol4},
Dﬁ) C {92—%91 < ] <9],%92 < 2 <91 —90,92—91 < 04 <%91,0€4 < o3 <%9]},

E 1 1
DlOC{%QQ < a; <6 —%92,392 <oy <ap,b—0; <ajz <§9],92—91 < 04 <Ol3}.

We have
A B c
Dy = Djy UD, U D,
where

Dis := {(o1, 00) € D15 : oy + o < B3, o < 1(64 — 62)},
D?S ={(a1, ) €Dyg oy + a3 <03, ay > %(94 — 61},
[DIC;Z = {(Ot],a’z) € Dig : o] + oy > 04},

Hence we have
[Ij)’l‘i8 ={0) <y < %(94 — 92), 04 —20p < 0] < 63 — o},
DY =50 — ) <ax <01, 0 < <03 — a2},

DIC;;:{90<C(2<91, 94—062<061 <93}.
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We have

B C D E F G H I J K L
Dy = D%, U DS uDS U D2, UDE UDEL UDS UDY U D, UD, UDK UDE
U Dy U DY,

D5 == {(er1, @2, 3) € Dyg g + 3 < Oy, 1 +ay < 63, 0 < 1(61 — 63 + 64)},

D%, = {(e1, a2, 03) € Dyg : 2 + 3 < Oy, 01 + o < 63, 0 > 1(6) — 63 + 64)},

[[I)2C0 = {(a1, a0, a3) € Dyg : o + a3 < 01, a1 + ay > 04},

D2 = (a1, @2, @3) € Dag : a + a3 > 03, a3 <y, 01 + 3 <63, 03 < 1(20, + 65 — 64)},
I]:Dfo = {(a,00,03) € Dyt ax +a3 > 02, a3 <O, 01 + 3 <63, 003 > %(292 + 03 — 64)},
[Dgo ={(ar, a0, a3) € Dyg:on + a3 > 0, a3 <60y, a) + 03 > 04,1 + 02 <03, <%91},
cho = {(a1,00,03) € Dyt ap + a3 > 61,03 < 01,1 + a3 >04, 01 + <03, 2 >%91},
DZ) ={(ag, a0, a3) € Dy :on + a3 > 01, a3 < 01,01 + a3 > 04, 01 + @y > 04},

Dgo = {(ar,00,a3) € Dy : 03 > 0h, a1 +an < 03,01 + a3 < B3},

[Dgo ={(ar, a0, a3) € Dyt 3 > 0,1 +an < 03,01 +a3 > 04,00 < %92},

I]])f0 = {(ay, a0, a3) € Dyg : a3 > Oy, 001 +ap <63, ) + 003>04, a > %92,0{1 <04 — 0>},
I]:Dfo = {(ay, a0, a3) € Doy : a3 > 6h, 01 +an <63, 1 + 03>04, ap >%92,a1 > 04 — 0>},
[D% ={(ar, a0, a3) € Dy i3 > 0,001 +ap > 04,01 + a3 > 04,00 < 1 — 26, — 63},

DY == {(e1, @2, 3) € Dag : a3 > b, a1 + @2 > Oy, a1 + 3 > Oy, 0 > 1 — 26, — 63},
Hence

D3y C {60 <o <1(01 — 03+ 64), 0n < a3 < 202 + 03 — 04,04 — 200 < ) < O3 — a3},
[Dgo C {%(91 —603+64) <y <%91,a2 <3 <0 —ay,04— 200 <) <03 — a3},
cho C {6y < <%91,a2 <oy <0 —ap, 04—y < <6},

I]])go C {%6’2 <o <%(202+93—6’4),6’2—a3 <y < 03,04 — 205 <o) <63 —a3},
D3 C (120, + 65 — 04) <a3 <01, L (a3 + 64 — 63) <ar < 3,04 — 200 < oy < 03 — a3},
[D§0 C {6y < o <%91,94—2a2 <o <6 —az,%(94—93 +6) < a3 <6},

DS C (01 <o <61 +63 — 04,05 — 6 <1 <03 — a2, 1(0s — 65 +62) < a3 < 61},
IDZ, C {%02 <a3 <0, —a3 <oy <w3,04—ar <y <063},

Dy C {0 <y <03 — 02,50 — 1) <2 < 01,65 <3 <63 — a1},

D5, C {60 < @2 <$62,04 =207 <) <63 — 2,0, <3 < 5(1 —ay —a)},

|]])§0 C {%02 <0y <01,04 — 200 <) <04 —60,,04 —a) < a3 <%(1 — o) —a)},

[l:DfO C {%02 <o <01,04—6, <ay; <03 —an,0, < a3 <%(1 —a; —m)},

ID%C{GO <oy <1—=20,—05,04 —ar <) <03,0, < a3 <%(l—a1 —a)},

IDQ/OC{I —20, — 03 <0 <01,0 —ar<a;<1 =26, —ay,0, < a3 <%(1 — o —ay)}
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We have
A B c D
Dy C D24 U ID24 U D24 @) |D24,
where

A
D3y = {(a1, 22, a3, 04) € Dog t o + 3 > 62, a3 + otq > 602},
B
D5, == {(o1, @2, 03, 4) € Doy 1 ax + 3 > O, 3 + g < 61},
DS, == {(ar1, @2, a3, @) € Doy s oy + a3 < Oy, 01 + a2 + a3 + ag > 64},

D5 = {(a1, 02, 03, 04) € Doy o + a3 < Oy, 01 + 2 + a3 + s < 63}
Hence

A
|D24C {%92<(¥3<%(93—92),0{3<052<93—%92,92<0(1<93—92,%(392—93)<C(4<Ol3},
D§4 C {92 < (] <93—92,92—91 < 04 <%61,92—0[4 < <91,0[4 <oz < 91 —(14},
[DZC4 C {6y < g < a3 <%91,%92<a2 <0 — a3z, 04 —%(a2+a3) <a) <63 —ar —a3),

I]])é)4 C {92—91<a3<%91,%92 <ap <0 —w3,0, <o) <O3—0,,0,0 — 0 <oy < a3}

We have

Dos = {(a1, 00) 1 602 < o < 363,00 < ) < 03 — a2}

Also, we have

Dy = {(ay, a2, 03) 1 61 <y < %93,0(2 <o <b3—o,a <az <0;—a}.
Finally
Dy C Dy U Dy U D3, U Dy, U Dy U D,
where

D3 == {(a1, @2) : 104 <oy <1304 —1),604 —ay <y <y},

[D§9 = (o1, a2) : %(394 D<o <1 —392,%(1 —a)) <oy <o},
[DZ% ={(a1,00): 1 =36, <) < %,82 <ay <oy},

[Dgg = {(o1, a2) : % <o <03,60 <oy < %(1 —ay},

D5 i={(ot1,00) : 530 — 1) <ot <4 — 65,04 — a1 <ar < (1 —ap)},

Dgg = {(Ol],Otz) . 94 —092 <o < 1— 392,92 <o) < %(1 —Ol])}.

(For the integrals on I]])ZE9 and I]fl)f9 we make use of (tw(f)) = w(t—1) and
o(t) < 0.5644 for t > 3.)
205

Using these domains we obtain F(553) > 0.0003. Hence it suffices to choose

205. o0 o< 243
Y = 543 1.6 ¢ = 55
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