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ERGODIC AVERAGES FOR WEIGHT FUNCTIONS
MOVED BY NON-LINEAR TRANSFORMATIONS ON R”

DAVID I. MCINTOSH

ABSTRACT.  Let R* denote the non-negative half of the real line, and let A de-
note Lebesgue measure on the Borel sets of R”. A function ¢:R" — R* is called a
weight function if fgn o dX = 1. Let (X, F, 1) be a non-atomic, finite measure space,
letf: X — R*, and suppose { T, },cgn is an ergodic, aperiodic R"-flow on X. We consider
the weighted ergodic averages

ARfG) = fo, TX)ox(INdv)

where {;}32, is a sequence of weight functions. Sufficient as well as necessary and
sufficient conditions for the pointwise, almost-everywhere convergence of A%k f(x) are
developed for a particular class of weight functions (. Specifically, let {r;: R* — R"}
be a sequence of measurable, non-singular maps with measurable, non-singular inverses
such that the Radon-Nikodym derivatives d)\ o7, /d\ and dX o7 ! /d) are Loo(R"), and
such that 7, and 7 ! map bounded sets to bounded sets. We examine convergence for
the sequence

d\oTy

d\

where 0 is an a.e.-convergent sequence of weight functions which are dominated by a
fixed L;(R") function with bounded support.

ok = “Opom

1. Introduction.
Background. Inrecent years a great deal of work has been done with Hardy-Littlewood
types of maximal inequalities and related convergence results. In 1984, Nagel and
Stein [17] examined the maximal operator MQ defined by

Moft0) = sup s ( BO o) [B o VG0 +x V@)

where Q C R” x R* is open. They obtain a characterization of the regions Q for which
.‘MQ is weak type (1, 1) and strong type (p, p) for p > 1. In 1987, Sueiro [21] provided a
short, elegant proof of Nagel’s and Stein’s result.

In 1990, using techniques similar to those of Nagel, Stein and Sueiro, and using
Calderodn’s transference principle, Bellow, Jones and Rosenblatt [4] derive similar max-
imal estimates and convergence results for the sequence

L&
= I_Zf(T"* X)
k i=1
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of ergodic averages where {(ax, /x)} C Z x Z*. Jones and Olsen [12] generalize these
results from Z actions of T* to Z" actions {7, },cz».

Turning to the continuous ergodic case, Broise, Déniel and Derriennic [8] have re-
cently examined the averages

(1) A7) = [ ST )

where now {7} is an R"-flow on X and ¢ is a weight function. Specifically, they examine
maximal estimates and convergence for the sequence of weight functions { ¢, }, obtained
from a fixed weight function ¢ by a sequence {7} of linear transformations on R”, via
the formula

Pk @Y O Tk.

N dety

Akgoglu and Déniel examined similar problems for affine transformations 7; on R. Un-
der various conditions on f and ¢, they obtain maximal estimates, and necessary-and-
sufficient conditions for the a.e. convergence, of the averages A¥f(x) for sequences of
affine transformations 74(f) = r; ' (£ — az).

Many others have examined similar and related ergodic averages and harmonic aver-
ages, of which we can only mention a few. See, for example, [13, 14, 19].

In the present treatment, we examine further problems, similar to those discussed
above. Specifically, we examine the case of R”-flows {7, },cr on a finite-measure space
X, and we examine a very large class of transformations 7, on R” which are used to
generate a sequence of weight functions ¢, via the formula

(V) _ d)\ o k
prv) = 3\
We obtain a maximal theorem for the maximal operator corresponding to the ergodic
averages (1). In very rough terms, Theorem 5.1 states that, under suitable regularity con-
ditions, the following inequality holds:

0) - p o (v).

p({x | W, A7) > a}) < —Cai /R FOe*(H)dl Ya>0

where f* and ¢* are the decreasing re-arrangements. From this we obtain pointwise con-
vergence results for the sequence { A%+f}.

The organization of the paper is broadly as follows. In the remainder of Section 1,
we present the required notation and definitions, followed by a precise statement of the
main results. The reader may wish to go immediately to the main results, for motivation,
prior to examining all the definitions. Section 2 contains a discussion of the meaning of
some of the regularity conditions, and a few related lemmas to be used in the sequel.
In particular Lemma 2.1 is non-trivial. In Section 3 we obtain divergence of the ergodic
averages using techniques similar to those used in [3] and elsewhere. For the reader’s
convenience Section 4 contains various technical lemmas to be used later. Their proofs
can be found in [16]. Section 5 contains the statement and proof of the maximal theorem.
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This is the key theorem of the paper. Section 6 then uses the maximal theorem to prove
the convergence results.

Notations and definitions. The cardinality of a set 4 will be denoted by #(4). The char-
acteristic function of a set E in any space will be denoted by 1z. The support of a non-
negative function f on a set X will be denoted by Sy = {x € X | f(x) > 0}.1f 4 and B are
two sets in a topological space, 4 denotes the closure of 4, B° denotes the complement
of B, A \ B denotes B° N A4, and 4 A B denotes the symmetric difference 4 \ B{JB \ 4.

Let N be the set of natural numbers, Z the integers, and R the real numbers. £ will
always denote a positive integer, so when we speak of a sequence {®;};cn, we will
usually omit the specification £ € N. Denote the non-negative half of the reals by
R* = {t € R | ¢t > 0}. In general, we will use a superscript * to indicate objects
which take on only non-negative values, the meaning should be clear from the context.
If t € R, then |¢] will denote the integer part of ¢ and [[¢]] will denote the fractional part
of ¢; thus ¢ = |¢] + [[£]]. We will be dealing extensively with R” for fixed n € N. For
subsets of R and R”, “measurable” will always mean Borel measurable. £ will denote
Lebesgue measure on R, and A will denote Lebesgue measure on R”.

The results in this paper hold for any norm | - | on R". For any such norm, the open
ball of radius » > 0 and centre v € R” will be denoted by B,(r) = {u eR" | lv—u| < r}.
When dealing with a collection of balls such as {B,,(rx)}, we will often abbreviate B, (r;)
by Bi. If @ > 0 and B is any ball, then aB denotes the ball with the same centre, but
radius multiplied by the factor a; thus aB,(r) = B,(ar). (This is not standard notation,
but it will prove very useful.) For v € R", E C R", we retain the standard definition of
v+E = {v+u | u € E}. We shall reserve the notation d(-, -) to denote the Euclidean
(i.e. £,) distance between two points (or a point and a set, or two sets). The diameter of
a set E € R"” will be denoted by Q(E) = sup{d(u,v) | u,v € E}. Open intervals, half-
open intervals and closed intervals in R are denoted by (a, b), (a, b] or [a, b), and [a, b)
respectively.

Throughout the paper, we let (X, F, i) be a non-atomic, finite measure space. By this
we mean that we have a o-algebra F of subsets of X, and a measure p on ¥ such that
is non-atomic and 0 < p(X) < oo. Also, to avoid technicalities, we will assume X is a
Lebesgue space.

We let {T,},cg- be a measurable R"-flow on X. By this we mean that:

i) Foreachv € R, T,: X — X is a measurable, measure-preserving transformation
onX.
i) T,0T, = Ty, forallu,v € R".
iii) To(X) is a measurable set.
iv) If E C Xis measurable, then {(v,x) | 7,(x) € E} is a measurable subset of R" x X
with the product o-algebra and measure A X .
From these properties, {7, },cr- is a commutative group under composition, and there
is a set X C X of full measure on which all T, are invertible. {7,} is called ergodic if
whenever B satisfies u(B A T,B) = 0 for all v € R”, then either u(B) = 0 or uw(B°) = 0.
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{T,} is called aperiodic if there is a set X C X of full measure so thatif x € Xandv € R,
v # 0, then T,(x) # x.

A function ¢:R" — R* is called a weight function if fg» ¢ d) = 1; it is called a
compact weight function if the closure of its support is compact. Given /: X — R*, we
wish to consider the pointwise convergence of the ergodic averages defined by

@) A7) = [ AT X)ouvA @)

where {4 }ien is a sequence of weight functions defined as follows. Let {7} }scn be
a sequence of measurable, non-singular transformations 7,: R" — R” with measurable,
non-singular inverses. (By non-singular 7, we mean that 7~! takes sets of A\-measure zero
to sets of A\-measure zero.) We consider the sequence

dX
pr) = —E0) - oTily)

where ¢ is a fixed weight function and d) o 7 /d) is the Radon-Nikodym derivative.
Essentially, 7; is the device used to “spread out” or “compress” the weight function ¢,
and d\ o 74 /d) is the natural correction factor used to keep the total weight at 1. In
Theorem 1.4 below, we also consider more general sequences.

When investigating the convergence of the averages (2), we make use of various regu-
larity conditions, specified below, and prove a Hardy-Littlewood-type maximal theorem.
We need some definitions in order to formulate these regularity conditions. Let {E;} be
a sequence of bounded, measurable, non-null sets in R”. (A measurable set is called non-
null if its Lebesgue measure is non-zero.)

SUPER-REGULARITY. For any bounded, measurable set E C R”, define R(F) =
inf{r | Iv € R", E C B,(r)}. Thus R(E) is the radius of the smallest closed ball which
is a super-set of (i.e. contains) E. The sequence {E;} will be called super-regular if
supy R"(Ex)/ MEx) < 0o.

B-SEQUENCES. The sequence {Ey} is called a 3-sequence if there is a constant 3
such that, for any open ball B C R”,

M{v € R" | Tk, v+ E; C BY) < BA(B).

AsYMPTOTIC CONVEXITY. We will say that {E} } is asymptotically convex if there is
a sequence {K; } of compact, convex sets such that limy_,., A(Ex 2 Ki)/ MEx) = 0.

Regularity. We define here a number of regularity conditions on {r;} which we will be
considering. They will be referred to by number throughout the paper.
(Ry) 7x are measurable, non-singular mappings with measurable, non-singular in-
verses.
(Ry) 7 and 7! take bounded sets to bounded sets.
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(R3) (Loo boundedness) The Radon-Nikodymderivativesd\ o 7, /d\ andd\ o 7! /d\
are Loo(R"). Henceforth, we will denote these two functions by § and 57" respec-
tively. We require that

G Sup([6illo - 157 ) < 00

(R4) (Super-regularity) For any ball B, {r; ' B} is super-regular.
(Rs) (B-regularity) For some ball B, {'rk“lB} is a 3-sequence.
(Rs)® There is a sequence of balls {B;};cn such that B; C Bi+1, U2, B; = R", and such
that, for all i, {7, B;}xen is not a 3-sequence.
(Re) (Localizing regularity) ||67||0o and |77 ! (0)| both converge to zero.
(R7) (Globalizing regularity) ||67 || converges to infinity. For any ball B, {r, 'B} is
asymptotically convex, and

MB)
)\(Tk"lB) ‘

o(v) — Mdv) = 0.

lim [
k—oo JT !B

The last property will be called asymptotic flatness of {6;}.

These conditions on {7, } will not all be imposed simultaneously—in fact the last two
are mutually exclusive. The first two, however, will always be assumed. We prove a
Hardy-Littlewood type maximal theorem using regularity conditions (R;)}~(Rs). Then,
to obtain pointwise convergence of the averages A%+ f(x), we impose the additional re-
quirement that the sequence {r;} satisfy either (Rg) or (R;). Conversely, we obtain di-
vergence when the {r;} fail to satisfy a particular one of these regularity conditions, the
(-regularity property (Rs).

Principal results.

THEOREM 1.1. Assume {T,} is an aperiodic, ergodic R" flow. Suppose {7} satisfy
(R1), (R2), and (Rs)°. Then, for every weight function ¢ onR", there is a bounded function
f on X such that A%+f(x) diverges on a set of positive measure.

THEOREM 1.2. Assume that {1} satisfy (Ri)—(Rs) and either (R¢) or (R7). Then
AP f(x) converges a.e. for any bounded function f and any weight function .

Before presenting the next two theorems, we need one more definition. Let (Y, ‘E, v)
be a measure space, not necessarily of finite measure, and let /1Y — R*. We define
the distribution of f to be the measure Dy on the Borel sets of R given by D/(E) =
vof! (E N (o, oo)). If this measure is finite for all sets of the form E = (a, 00), where
a > 0, then there is an a.e.-unique function &: R — R* which satisfies

i) £()=0forallt <0
i) £ is non-increasing on (0, 00), and lim; .o, £(f) = 0

iii) Dy = Dg.

Any function ¢ satisfying (i) and (ii) will be called a re-arrangement,and if € also satisfies
(iii) for some f, then we call £ the re-arrangement of / and denote it by f* = &.
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THEOREM 1.3.  Assume that {7;} satisfy (Ri)—~(Rs) and either (Rg) or (R7). Let p be
a compact weight function. Then A% f(x) converges a.e. for all functions f on X such
that

Avrwde<al

We also examine convergence for a slightly more general sequence of weight func-
tions. Let {6; } be a sequence of weight functions which are all bounded by a fixed func-
tion ® € L;(R") of bounded support, and which converge a.e. to a function . ¢ is thus
necessarily a compact weight function. Define

Yi(v) = 0i(v) - O 0 Ti(v).

THEOREM 1.4. Assume that {r;} satisfy (R\)~(Rs) and either (R¢) or (R7). Let o,
{6k}, and {4} be as above. Then AV+f(x) converges a.e. for all functions f on X such
that

AWW&<M

Applications and examples. We may obtain many of the results found in [3], [7], [12],
and [13] as a subcase of those found here. In [7], the authors deal with the class of linear
transformations 7: R* — R” satisfying ||7]|-||7~!|| < K, and examine the weight functions
| det7|~1p o 771, For affine transformations, note that

-1

.

so Cs = 1. Thus (R )~(R3) are satisfied trivially. If ] is the unit ball centred at 0, then for
any sequence of linear transformations, {r; 11} is necessarily a 3-sequence with constant
B < 1, because all members of the sequence contain the common point 0. Thus (Rs) is
easily satisfied. The condition ||7] - ||7~!|| < K guarantees that

R'(B) _ K"
A7B) — M0’

and so (Ry) is satisfied as well. Conditions (R¢) and (R7) are also trivial in this setting.

In [3], the conditions (R;)}(R4) are again trivial. ((R4) holds because there we have
only intervals in R!). (Rs) is a direct generalization of the 3-sequence condition defined
by Akgoglu-Déniel. The same techniques used there to apply their results to the discrete
flow {T*} may also be used in our setting. Here however, the non-linearity of 7, allows
us to obtain stronger results. To begin with, we restrict our attention to the case n = 1,
that is, we consider only 7;: R — R. We will use this to investigate the averages

d\ot
d\

detr| =
|w|” >

_ ”d/\ o7 !
[e¢]

L s

A = gp 2
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for quite general sequences of sets of integers { £y }. Given an ergodic, invertible measure
preserving transformation 7: X — X, we consider the auxiliary system X = X x [0, 1)
(with the product measure 1 x \), and T;(x,s) = (TU*)x, [[¢ + s]]). This is the standard
flow under a ceiling function of unit height. Let {E}} be a sequence of sets of integers
and set [, = #E;. To be specific suppose

Ex = Y <jie <Jjis < <Ju}
and define £} = Uﬁ"zl[jki,jk,« +1) and Fy = (—00,ji1) U Ex. Define 74: R — R as

W0 =150+ T [ 150156+ 15015 ds
k YJk

and finally let ¢ = 1| 1y. With these definitions, we see that

AP f(x) = Af(x)

where the definitions for 4%+ f are implicitly assumed to be made with the elements of
our auxiliary system. Thus we have reduced the question of convergence of Z;f(x) to
examining the transformations {7;} and the question of whether or not (R;)~(Rs) and
(R7) are satisfied. As usual, (R;) and (R») are trivial, and we assume /;, — oo. (R3) is
also trivial, because ||6||oo = 167 |5t = I;!. By examining {r; 'I} = {E}}, we see that
(Rs) holds ifand only if the sequence {[jx1, /i, +1)} = { [jkl Jki +Q(Ek)) } isa 3-sequence,
and so Theorem 1.1 implies that we get divergence whenever this fails. Conversely, to
obtain convergence, both (R4) and the asymptotic convexity of (R;) are guaranteed if we
impose the condition limy_,., QED /#E; = 1, although we can weaken this somewhat.
Indeed, in this context (R4) and the asymptotic convexity in (R;) are very similar to
Tempel’man’s [22] regularity conditions.

2. Regularity. This section examines more closely the definitions and regularity
conditions introduced in Section 1. The restrictions (R;) and (R;) need no comment.

Intuitively, the first statement of (R3) says that, for fixed £, 7;, cannot stretch or shrink
sets by arbitrarily large factors. The second statement says that the variation between
the maximum amount 7} stretches sets to the maximum amount it shrinks (or “doesn’t
stretch™) sets must be bounded uniformly for all £&. We will denote this bound by Cs =

sup([16x/loo - 1167 [loo)-

Super-Regularity. Intuitively, a sequence {E } is super-regular if none of the sets in the
sequence are too dispersed. More precisely, a sequence is super-regular if each member
E;, of the sequence occupies at least a certain fixed proportion of the measure of some
ball B, which contains it. As applied to the sequence {7; ! B}, where B is a fixed ball, this
implies that we can choose a sequence of open balls {B} andaI" > 0 such that7;'B C
By and A\(By) < TA(1; ! B). Thus (R4) is essentially a strengthening the requirement that
;! take bounded sets to bounded sets.

Similar types of “regularity” conditions appear throughout the literature. With nota-
tion as above, Krengel [14, p. 209] defines a sequence of convex sets {E; } to be regular
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if there is a nested sequence of intervals By C R”" such that E; C Bj and such that
A(Br) < T'A(Ey). He also defines the notion of restricted convergence along a sequence
of intervals [0, v;] where the corners v, remain in a sector. This notion is directly related
to super-regularity. Tempel’man [22] defines regularity similarly to Krengel, but the se-
quence {B;} is any nested sequence satisfying a number of other conditions. Broise,
Déniel and Derriennic’s [7] condition ||7]| - ||7~!|| < K for all 7 corresponds precisely to
our condition of super-regularity on the sequence {; !B} when applied to linear trans-
formations.

B-Sequences. Let 15 denote the collection of all open balls in our chosen norm on R”,
and let {E }1en be a sequence of bounded, measurable subsets of R”. Recall that this
sequence is called a 3-sequence if there exists a constant 3 € R* such that, for any ball
Bek,

(1) - A{v € R" | Tk, v+ E; C BY) < BAB).

We enquire as to how this definition depends on the collection B of measurable sets
from which we choose B. Suppose € and ¥ are two collections of measurable sets, and
suppose there exists a constant C such that, for any set E € G, there is an F € ¥ with
E C Fand A\(F) < CX(E). It is clear that if (1) holds for any B € ¥ (with a particular
constant (), then it also holds for any B € G (with the constant 3’ = C3—see Lemma 2.2
below). Thus our definition of 3-sequence is independent of the particular norm | -| which
we use. For most sequences {E; }, the determination of whether or not the sequence is a
B-sequence would change significantly if we widened our collection of test sets B3 from
just the open balls to the whole Borel o-algebra. However, when {E;} is a sequence of
balls, it would not change. Indeed, we have the following lemma.

LEMMA 2.1.  For any sequence of balls { By }ren, the following are equivalent:
i) {Bi}ien is a B-sequence (with constant (3).
ii) Thereis a constant (3', such that for any measurable set E C R",

2 A{v €R" | 3k, v+ B, C E}) < B'ME).
iii) If By = By, (rt), then there is a constant C such that, for all t > 0,

A{v | I v —wl| <@—ro}) < Cr.

REMARK. In the proof of this lemma, we use the following result. It is known that
any norm on R” satisfies the following decomposition property. There exist constants
L € N and !/ > 0 such that any non-trivial open set O C R” can be written as a union of
open balls O = J2, By satisfying

a) IB,NO° #0;
b) forallv € O, #{k | v € By} < L, i.e. the collection {By} is “L-overlapping”.
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This form of decomposition, called a Whitney decomposition, is taken from [10, pp. 66—
71]. The pair of constants /, L will be called Whitney constants. With this definition, we
may add the following statement to the lemma:

The minimum possible constants for (i) and (ii) are related by

B<B <L+
where | and L are Whitney constants for the norm | - |.
PROOF. ii) = i) trivially with 8 = 3.

i) = ii). Given € > 0, find an open set O such that E C O and \(O \ E) < ¢. Then
{v| 3k,v+By C E} C {v| Ik, v+ By C O}, so we need only show (ii) for O, since then
M{v| Zk,v+B, CE}) <A{v| 3k,v+B, C 0})

< B'NO0)

<BNE)+ef'.
Write O as a Whitney decomposition O = |J2, O;. Suppose v+ B, C U2, 0. If B, =
B, (rt), then v +u; € O; for some i. Now, [0; N O° # 0, so also I0; N (v + By)° # 0, and

hence v+ B, C (I+2)0;. Thus {v | 3k,v+ B, C O} C U2 {v| Ik, v+ B C 2+DO;},
$0

™8

A{v | Fk,v+B, c O} <Y A({v| Fk,v+B, C 2+10;})

1

T

<

M

T

BA(2+D0))
< B@+I'LA(O).

Setting 3’ = B(2 + [)"L yields the result.
For the equivalence of iii), see, e.g., [3]. Condition iii) is the “cone” condition, used

by Bellow, Jones, Rosenblatt, and Nagel, Stein, and Sueiro in [4, 17, 21]. n
We state the following easy facts without proof. In fact we have used this result in the
discussion above.

LEMMA 2.2. i) If{E} is a B-sequence and v € R", then {v+ E,} is a -sequence.
ii) If {E} is a B-sequence and E; C Fy for all k, then {F;} is a 3-sequence. (We
assume all Fy, are measurable and bounded.)

LEMMA 2.3.  (Rs) holds if and only if (Rs) is false.

Localizing regularity. This property ensures that the averages A4%«f(x) are “local aver-
ages” about the point x. The following lemma gives some equivalent formulations.

LEMMA 2.4. Assume T satisfy conditions (R\)—(R4). Then the following are equiv-
alent.
i) 1imys00 71 (0) = 0, limy 00 |67 |00 = 0.
ii) Let B be any ball. Then, for any € > 0, there is a K such that for all k > K,
Ty 'B C By(e).
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iiij) For M-a.e.v € R", 7;7'v converges to zero.
iv) There s a set E of non-zero measure such that, for any v € E, ;v converges to
zero.

It may seem odd that (R¢) should depend on the values of the 7 at the single point
v = 0. This is merely a convenience which avoids many unnecessary “a.e.” arguments.
Furthermore, it emphasizes the parallels between this condition and similar conditions
in the literature. Clearly we could replace (R¢) by (ii) above. Then in the definition of
R (E), we would replace the containment E C B,(r) by containment a.e. The arguments
would merely become more cumbersome. Instead it is simpler to work with the defi-
nitions made, and then note that all the convergence and maximal results clearly hold
for any sequence {7, } whose members are equal a.e. to a sequence satisfying the given
regularity conditions.

Globalizing regularity. The discussion of the consequences of (R7) is postponed until
Section 6 where it is needed.

3. Divergence of averages. In this section, we prove Theorem 1.1. We need some
preliminary lemmas.

The next result requires some notation. Let Q C R”. We say Q tiles R" iff Q is mea-
surable with compact closure, and if there exists a closed additive subgroup H C R" such
that R” /H is compact and such that the projection mapping 7: R" — R"/H is bijective
on Q. If F C X, let ToF <L, T,F. ToF is called disjoint iff {T,F},cg is disjoint.
The following lemma is known (see [15]).

LEMMA 3.1. Let {T\}.,cr be an aperiodic R"-flow on (X, F, ). Then for any Q
which tiles R", and any € > 0, there is a measurable set E C X such that ToE is disjoint
and measurable, and such that ((TpE) > (1 —e)u(X). Furthermore, on ToE the measure
 is the completed product of a measure pg on E with X on Q.

REMARK. The last statement in this lemma implies the following. Let O and E be as

in the lemma. If P C Q, F C E are measurable, then
AP)
1 TpF) = —=u(ToF).

(1) u( 30 TeP

We will not need the condition pi(TpE) > (1—¢)p(X), but we require that any bounded
set be contained in a set Q which tiles R”. This is trivial, since every cube Q = [—a, a)"
tiles R”.

LEMMA 3.2. Let {T,},er- be an aperiodic R"-flow on (X, F, i1). Suppose that (R,),
(R2), and (Rs)¢ hold. Let ¢ be any weight function. Then for each M > 0, K € N, and
€ > 0, we can find two sets C and D in X such that

0 <Mu(C) < (D)
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and such that
sup A% 1c(x) > 1—¢, Vx€D.

k>K

PROOF. Find a ball B such that the integral of ¢ over B is greater than 1 — ¢. Then
for any £,

[t dd = [0 0nBON@) = [, o) > 1.

By Lemma 2.3, the hypotheses imply that {r; ! B} is not a 3-sequence for any ball B, so
nor is its tail {r; ' B}4>x for any K. Thus we can find a ball 4 such that

M{v €R"| 3k > K,v+7'B C A}) > MAA).
Then there is an integer J such that
M{v ER"| Fk,K <k <J,v+1,'B C 4}) > MAA).

LetP={veR"| kK <k <Jv+1,'B C A}, s0 \(P) > MA\(A). Since 4 and P are
both bounded, we can find Q such that AU P C Q and such that Q tiles R". Finally, let £
be chosen as in Lemma 3.1, and let C = T4(E) and D = Tp(E). Then we see that C and
D satisfy the requirements of the lemma as follows.

We have ) \P)
0 < M—= (T, —— (T,
M@)o < 3 g+ TeP)

and so by (1), 0 < Mu(C) < p(D), satisfying the first requirement.

Next, let x € D, so x = T,(y) for some choice of v € P,y € E. Then there is a &,
K < k < J, such that v+Tk“B C A. Thus forall u € T,:'B, we have v+ u € A4, and so
Tu(x) = Ty4u(y) € T4(E) = C. Then for this x, with this choice of k,

A1) 2 [ 1T @Mdu) = [ o @) > 1 ¢,

and so for all x € D, sup;>x A% 1c(x) > 1 —e. ]
The following lemma follows easily from the ergodicity of the flow and the mean
ergodic theorem.

LEMMA 3.3. Let {D;} be a sequence of measurable subsets of X which satisfy

8

u(Dy) = oo.
k=1

If {T,} ere is an ergodic R"-flow on X, then there is a sequence of points {v; | v € R"}
such that

,U(kEjK Tkak) = pX)
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Jorany K € N.

PROOF OF THEOREM 1.1. Given €, > 0, we may choose a sequence, {(Ck, Dy)},
of pairs of non-null subsets of X, and a sequence of integers K converging to infinity,
such that the following conditions are satisfied:

) 22 Gy < nu(X).
ii) 52, u(Dy) = oo.

i) sup;sg, A%1c,(x) > 1 —¢,Vx € Dy.

Briefly, we see this as follows. Apply Lemma 3.2 repeatedly to generate the sequence
{(Ck, D)}, choosing successively larger ratios M in such a way as to guarantee (i). To
satisfy (ii), we can repeat pairs in our sequence whenever p(D) < 1(X)/2, and this can
be done without violating (i). The sequence thus chosen will also satisfy (iii).

Conditions (i) through (iii) are unaffected if we replace {Cyx} and {D;} by {C, =
T,,Cc}and {D; = T, Dy}, s0 by the previous lemma, we may also assume (g2 D;) =
p(X) forall K € N. Let E = U2, C}, and define f = 15. Then

Af dp < nuX),

yet
sup A% f(x) > 1 —¢
k>K

for p-a.e. x. If we choose 7 + ¢ < 1, then A% f(x) must diverge on a set of positive
measure. n

4. Re-arrangements. This section contains a number of elementary, but very tech-
nical results. These results are not readily available in the literature in the form that we
require, and hence we present them here, primarily for the reader’s convenience. Their
proofs can be found in [16].

Let f/ be a non-negative, measurable function on some non-atomic measure space
(Y, ‘E, v). Define the distribution of f to be the measure Dy on the Borel sets of R given
by

DAE) = V(f‘(Em(o, oo))).

Define f'(f) = Dy(t,00) for t > 0, and zero otherwise. Then f” is non-increasing on
(0, 00), but may be infinite at all points ¢ in some interval (0, a). Whenever this is not
the case, i.e. whenever /' < 00, define the re-arrangement of f to be f* = f”. We call
any non-negative measurable function £ on R a re-arrangement if it is zero on (—00, 0],
non-increasing on (0, 00), and lim,,», £(f) = 0. Let L.(Y) denote the set of all functions
f for which |f]* is defined. As usual L}(Y) denotes all non-negative f € L.(Y).

We note the following facts.

LEMMA 4.1. Letf:Y — R* be v-measurable.
i) Ifff < oo, then f* < 00, limyoo f*(¢) = 0 (50 we are justified in calling f* a
re-arrangement) and
Dy = Dj..
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ii) Any two re-arrangements with the same distribution are equal except possibly on
a set of {-measure zero.

iii) f* is defined (and finite) for any non-negative f with support of finite measure. In
this case the support of f* is a finite interval of length v(Sy), beginning at 0.

iv) f* is defined (and finite) for any non-negativef € L,(Y), 1 < p < oo. Furthermore

(7) = (Y ae.,f* € LyR) andin fact ||f||, = |I/*||,-
v) Iff € L, is such that f* is defined (and finite), then ||f]|co = ||f*lco-

We remark that (iv) implies, for f € Ly(X), 1 < p < oo,

o< ll% vt >0,

and thus if f; — f in L,(X), 1 <p < oo, then | — f;|* — 0 pointwise.

LEMMA 4.2. Letf € LL(R"). Let :R" — R" be a measurable, non-singular map-
ping, and let§~ = d)\o7~! /d) be the Radon-Nikodym derivative of the measure Aot~
If6~ € Loo(R™), then (f o 7)*(£) < f*(t/ |67 || oo)-

LEMMA 4.3. For any f € L(R"), there is a measure preserving map 7: Sy — Sp
such that f(v) = f*(v) for M-a.e. v. T is surjective but not necessarily injective.

LEMMA 4.4. Letf € L{(R"). Given a re-arrangement function £ on R, there is a
function g on R” such that g* = £ and such that

/ngdx =/Rf*g*d£=/Rf*§dE.

Furthermore, if E C R" is such that Sy C E and S; C (0, /\(E)), then the support of g
can be taken within E.

LEMMA 4.5. Letf,g € L{(Y), and let A C Y be measurable. Then
[ fadv < [(F14) (Lo de
< e de

V)
S/O fgde.

Let (X, ¥, 1) be another non-atomic measure space, and let 7 be a function from X' x Y
to R* which is measurable with respect to . x v. Define Fy,(x) = F(x,y), and suppose
that, for v-a.e.y € Y, F, € L}(X). Define F:R x ¥ — R* by

F(s,y) = F;(s).
LEMMA 4.6. IfF €L} (X x Y)or F € LR x Y), then F* = F*.

Suppose F has the form F(x,y) = f(x,y)g(y) where f: X X ¥ — R*and g: Y — R*
satisfy: £ (s) = & (s / c(y)) for c(y) > 0 such that cg € Li(Y), and € such that £ = £*.
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LEMMA 4.7.  F*(s) = &(s/C), where C = [y c(y)g(y) dy.
We will use the following applications of Lemma 4.7.

COROLLARY 4.8. i) Let {fi}", be a collection of functions in L}(X) with disjoint
supports {A;}",, satisfying f(t) = &(t/c;) for some fixed £ = £* andc; > 0. If f =
> fi then f* = &(t/ C) where C = Y c;.

ii) Let Y = R", and let E C R" be of non-zero, finite measure. Let X be a finite
measure space, let {T,} be an R"-flow on X, and let f € L{(X). If F(x,v) = f(T,x)15(v),
then F*(t) = j*(t/ )\(E)). In alternate notation, if V(v) = f(T,x)1g(v), then Y*(t) =
r(/NB).

iii) Let p* € LL(R), let Y be a finite measure space, and let F(t,y) = ©*(t). Then
F () = ¢*(t/v(®)).

LEMMA 4.9. Letf,g € Ly(X X Y). Thenf,,g, € L;(X) v-a.e. y and

/,;'xyfg = /Y/Rf;(s)g;(s) ds dy
< [rgat.

The following easy lemma will be used occasionally.

LEMMA 4.10. If€ =&* 1 =n% anda,b > 0, then

[ &@/aym(e/b)di < max(a,b) [ &@mee)t.

5. Maximal estimates. In this section we prove a Hardy-Littlewood type maximal
theorem:

THEOREM 5.1.  Suppose {7, } satisfy (R) through (Rs). Given any ball B, there exists
a constant Cp such that if ¢ is any weight function with S, C B, then

C
u(fx | 3. A%7() > a}) < 2 [ [0 O de
forall > 0andall f: X — R*.

Once we have proved some preliminary lemmas, we prove a maximal-type theorem
for the measure space R” under the “flow” T,,(u) = v+ u. Then we use Calderon’s trans-
ference principle to get a maximal estimate for the general case (X, F, u, T).

For the remainder of this section, we will assume that {r;} satisfies regularity condi-
tions (R;) through (Rs). Recall that if B” C B and {; !B’} is a 3-sequence, then so is
{r;'B}. Thus our regularity conditions guarantee that given any B” D S,, we can choose
aball B, a constant I > 1, and a sequence of balls {B; } such that

i) S, CB" CB;
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ii) 7, !B is a B-sequence;
iii) 7, 'B C By, so {By} is necessarily also a 3-sequence;
iv) A(By) < TA(T{'B).
Fix B, I and {B;} in this manner, and fix any 1) € L}(R"). Then for any Borel set E C R"
of finite, non-zero measure, define
A(B)

- A(B) . *( )
B(E)= —= 1 — | dt.

(B) = S W01y 09 {15 )

By Lemma 4.4, there is a 0 € L.(R") with support in E, such that 6;(f) =
¢*(t\(B)/ \(E)), and such that

e AB)
E(E) = ) /R VO dX.

For ¢ € L.(R") we abuse our notation slightly and define
A = [ Y+ VoA,

This is just a special case of our previous definition of 4%, in which X = R" and T,,(v) =
utv.

LEMMA 5.2. If A%(u) > o, then E(u + 1.'B) > «/Cs, where C; =
supy (16l ooI67 llco-

PROOF. We begin by remarking that ||67]|coA(B)/Au + 7'B) > 1 and that
Lemma 4.2 implies ¢}() < ||6klloo™(¢/]167 |lo0)- Since S, C 7, !B, we may calculate

as follows.
o < [ Y+ V)e)A@v)
< @l Opi© D
< [18klloo [[(W1rr18)" @" ¢/ 167 oo D)
B
< skloomax{ 1,5 o517 2275 )
et [ B)
Ji 0t 0" (155515 ) 0
< Cs2(u+1;'B). "
COROLLARY 5.3.  Supposet; !B C By and \(By) < TA(ry 'B). If A%%(u) > a, then
- 3
E(u+ By) > Gr
PROOF.
. AB) W GRP(:)
h‘(u +Bk) > F)\(ll +Tk_lB) A(wluﬂ;‘B) (t)(p (t)\(u +Tk_lB)) dt

2u+7'B o
_ Eutrn B)  a .

r CsIT
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LEMMA 54. Let a > 0, R > 0 be fixed. Let H be the union of all open balls A C
Bo(R) for which E(A) > o. Then

3'AB) [ «f, AB)
@ AH) < T/Rw (¢ (fm) dt.

PROOF. From the collection of balls {4, } whose union gives H we can find a finite,
disjoint collection {4;}" | such that \(H) < 3" ¥ | A(4;) (see [20], p. 164). Now, o <
E(A4;) implies A(4;) < A(B)/ « fg» ¥(v)04,(v) dv, and thus

< 28 [ w(v)(gjl 01, ) ) dv
<20 [ wo(S0) od
= 2 [ or (s )
i ) )

= @[RW(Q‘P* (t;w%a)e—ﬁ) dt

The two equalities hold by virtue of the disjointedness of {4;}",, Corollary 4.8(i) and
of course 4; C By(R). u

For the proof of the main theorem, we expand the notation slightly. Instead of having
afixed v € L}(R"), we will now deal with a ¢, € L}(R") which depends onx € X. Thus
our function E depends on x, and we denote this by Z(E, x). The set H also depends on x
and on the value of «, so we denote this by H(«, x).

PROOF OF THEOREM 5.1. Recall that for ¢ with compact support, we have chosen
balls B, {By }xen and constant I > 1 to satisfy

1) S, CB;

2) {r'B} is a B-sequence (with constant 3);

3) T]\TIB C By;

4) ABi) <TAr'B) forall k € N.
Letf € LY (X). Fix K € N and define

Ex = {x| 3k <K, A%f(x) > a}

Choose m > 0 such that B C By(m) and By, C By(m) for all £ < K. Fix arbitrary M > 0,
andletR = M +m, so

7¢ 'B+ Bo(M) C By + Bo(M) C By(m) + Bo(M) C Bo(R).
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For all x € X, define ¥, € LL(R") by

"/Jx(u) :f(Tux)lBo(R)(u)~

Let W = {(x,u) € Xx R" | u € By(M),TFk < K > A% (u) > a}. Fork < K,
Sy, C 7 'B C Bo(m), and so if u € By(M)

AYu) = [, ST+ Vpr() dv

= S(Trv )1y atamy( + v)i(v) dv
Bo(m)

= [ STx)ips(v)dv
= A%f(T,x).
Thus
3) W = {(x,u) | u € Bo(M), T,x € Ex},

which is clearly measurable since Ex is measurable. Let W, = {u | (x,u) € W}. If
u € W,, then Corollary 5.3 implies that for some k < K, E(u + By,x) > a/(CI).
Now u + By C By(R), so u+ By C H(a/(CsT),x), and thus W, C {u | Fk,u+ B, C
H(a/(CsT),x)}. Since {By} is a 3-sequence of balls, Lemma 2.1 implies that

3"\(B) A(B)
A(W)<6A( (er~ )) 8 TG b 0 ( Bo(R)))dt

where 5/ < L(2 +1)"3. Now we calculate  x A(W) and use Fubini’s Theorem to get an
upper bound. On the one hand

ux W) = [ [ e v (ev)
= [ J 1T @)
= w(ExA (BO(M))
by (3) and the fact that T, is measure preserving. On the other hand

HX W) = [ AW p(dx)

ﬁ'3"C5D\(B) . N A(B)
< ZGDB) 1y (I——A( - (R))) dtys(d)

5 3¢, r,\(B) . AB)
I Bo(R)))“” (tH(X)A(Bo(R)))e(dt)

'3"CsT (B /\ B, R
< ﬁ——fx*(—)max()\(Bo(R)) &)\@;(_)) /f 7

B'3"CsT max (\(B), u(X)) /
v
R

(04

= MBo(R)) p*de.
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Dividing the resulting inequality by A(BO(M)) gives a bound on p(Ex). Letting M — 00
and then K — oo, we get

) < 37(2 + Iy LBC;T max(A(B), u(X))

u({x | 3k, A7) > o} -

/R fordl.  m
6. Convergence. In this section, we consider the point-wise convergence of the
averages A% f(x) under the assumption of regularity conditions (R; )+(Rs) and either lo-
calizing regularity (Re) or globalizing regularity (R7). We begin with two lemmas which
allow us to obtain the a.e. convergence of A# f from the a.e. convergence of various
sorts of approximations.
For bounded functions f, we will use the following simple lemma.

LEMMA 6.1. If ¢ and ¢’ are two weight functions, and | € Lyo(X), then
|A%f() — A )] < lle — @I lloo-

Thus, given a bounded function f, if A% f converges a.e. for a class of weight functions
that approximate any weight function in the Li(R") norm, then A f converges a.e. for
all weight functions.

The next lemma is where the maximal estimate of Section 5 is applied. Let ¢ be a
compact weight function. Define a maximal function M ¥ by

M?f(x) = sup 1A%/ (x)-

If ¢ has bounded support, then the maximal inequality in Theorem 5.1 implies that there
is a constant C,, such that

C
ullx | Mef > o) < =2 [ |f'o" dh.

LEMMA 6.2. Suppose (R1)—(Rs) hold. Let ¢ be any compact weight function and let
f € L(X). Suppose {f;: X — R} is a family of functions satisfying
i) {fa} approximates f in L,(X) for some p € [1,00], i.e. Ip € [1,00], Ve > 0,3a
such that ||f — fo]|, < e.
ii) There is a re-arrangement £ such that fg £p* d{ < 0o and such that for any a,
If —fal* <&
iii) For any a, A% f,(x) converges for y-a.e. x.
Then Axf converges pi-a.e.

PROOF. If A4%f does not converge a.e. on X, then thereisan ¢ > 0 andaset E C X
of non-zero measure such that lim sup, A% f(x)—lim inf; A4%f(x) > o on E. Since 4% f,
converges a.e. for any a, we have

lim sup A9 (f — f,)(x) — limk inf A%(f — f)(x) > «
k
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forallx € E. Thus E C {x | M?|f — f.|(x) > «/2}, for any a. On the other hand, the
maximal inequality in Theorem 5.1 says that the measure of the last set is less than

e [ —silerar
Since lim,f; = f in the L, norm, then by the remarks following Lemma 4.1,
lim, |/ — f,|*(¢) = 0 for all 2. By hypothesis |/ — f;|*¢* < £¢* which is integrable on
R. Thus by Lebesgue’s Dominated Convergence Theorem, this last integral can be made

arbitrarily small by suitable choice of a. This contradicts p(E) > 0, so A4¥+f converges
p-a.e.on X. [ ]

Local convergence.

LEMMA 6.3. Suppose (R))+Rs) hold, and let ¢ be any weight function. Then A?f
converges p-a.e. for any function f of the form f(x) = [g ) g(TvX)NdV), where g €
Loo(X) and a > 0.

PROOF.  The function F(u) = f(T,x) = [p,(a) g(Tvx)M(dv) is a bounded and continu-
ous function of u for all x € X. Thus it is enough to show that if F: R” — R is a bounded
and continuous function then

[ Foo + oA @)

converges to F(vg) for each vy € R*. We may assume F(vy) = 0, without loss of gen-
erality. Thus given € > 0, choose 77 > 0 such that |F(u)| < & whenever |u — vo| < 7.
By Lemma 6.1, we may assume ¢ has compact support, so choose B such that S, C B.
Then by Lemma 2.4, we may choose a K such that for all k > K, 7' B C Boy(n), so that
Sy C Bo(n). Then, fork > K,

e FOo + ¥ @)| = [ [ Foo+v)ouw)rdv)

< [ R0+ Ml A@)
o (1)
< Ee. [

THEOREM 6.4. Suppose {7} satisfies regularity conditions (R|)—(Rs) and (Re). Let
o be any weight function. Then A f converges -a.e. for every f € Loo(X).

PROOF. Again by Lemma 6.1, we may assume without loss of generality that ¢ has
compact support.

Let f be a bounded function with M = ||f||c. Then the family of functions f;(x) =
/A (Bo(e)) I8o(e) S (Tyx)A(dv) converge to f in L; (X) as € approaches 0. Also, this family
is bounded by the same bound M, and by the previous lemma A*f;(x) converges for a.c.
x and any ¢ > 0. Thus by applying Lemma 6.2 with { = 2M1(o .x)), A%*f(x) must
converge for a.e. x. n

Global convergence. In this part, we will be concerned with the convergence of the
averages A%+ when the sets 7, !B become very large as k — oo. To ensure conver-

gence, we will impose the global regularity condition (R;). Specifically, we will prove
the following.
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THEOREM 6.5. Suppose {7} satisfies regularity conditions (R|)~(Rs) and (R7). Let
@ be any weight function. Then A% f(x) converges -a.e. for every f € Ly(X).

We will begin by proving the assertion for weight functions ¢ of the form ¢(v) =
1/A(B)15(v), where B is a ball in R". For this type of weight function, we see

Pk
AfO) = ( B) - (LX) (A@V)
Asymptotic convexity in (R7) says that we can approximate 7; ' B by compact, convex
sets K. Combined with the asymptotic flatness in (R7) of &, we get the following ap-
proximation for A% f(x).

LEMMA 6.6. Suppose 7y satisfy regularity conditions (R|)~(R,) and (R;). Let ¢ be
as above, letf € L’ (X), and define A*+f(x) = 1/ \(Kx) Jx, /(T x)\(dv) where K, are the
compact, convex sets from the asymptotic convexity in (R7). Then

Jim |29 f(x) — A% ()| = 0 p-ace. x.

PROOF.
, s < Wleo AB)
1279 = 240 < T [L,|00) = 55 A
Mr'B
+feoft ;T(';{k)’
MKy AT 'B
e

By the asymptotic flatness in (R7) of {64}, the first term on the right goes to zero as
k — 00, and by asymptotic convexity, each of the last two terms go to zero as k — oco.m

Thus we need only consider the averages 2%f(x). We need some lemmas concerning
compact, convex sets. Let & be the set of all compact, convex K C R” with non-empty
interior. For K € X, recall

R(K) = inf{r | Iv,K C By(r)}.
We can make a similar definition regarding the radii of balls contained within K, namely
o(K) = sup{r | Iv,B,(r) C K}.

Corresponding to the notion of super-regularity, we have the notion of sub-regularity.
We will say a sequence of sets {K;} C X is sub-regular if there is ay > 1 such that
AL <y (Q(Kk))n for all £ € N. To establish a connection between super-regularity
and sub-regularity, we need the following lemma.
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LEMMA 6.7. Thereis a constant C such that, for all K € X,

ME) < C(R(K)" o(K).

PROOF. We need only show that this holds for the £,-norm, as the general case fol-
lows easily from this. Let P; and P, be two parallel linear hyperplanes of dimension
n — 1 which “sandwich” K, in the sense that K lies between P, and P,. If d(P), P;) is the
distance between any two such planes, we define the width of K, w(K), to be

w(K) = inf{d(Py, P;) | P, and P, sandwich K, and P,||P,}

If K is contained within a ball B of radius R, then it is also contained within the inter-
section of B and the space between any two planes which sandwich K. Thus if C| is the
Lebesgue measure of a solid unit sphere in R*~!, then we have A(K) < C|R"'w(K), and

so MK) < ¢ (R(K))"_lw(K). It is known that w(K) < 2v/n+ 1p(K) (see, e.g., [11],
p. 112, Theorem 50), and thus A(K) < 2C;vn+ 1(R(K))"" o(K). .
The following complementary result is of interest, although we do not need it.

LEMMA 6.8. Thereis a constant c such that, for all K € X,

c(0tK))" R (K) < MK).

COROLLARY 6.9. Givenanyl” > 1, there existsY > 1 such that the following is true.
Forany K € X, if R"(K) < TA(K), then \(K) < 70"(K). We may take ¥ = (CT)"(I),
where I is the closed unit ball and C is the constant of Lemma 6.7. Similarly, given
any Y > 1, there exists a I' > 1 such that the following is true. For any K € X, if
MK) <7V'0"(K), then R"(K) < T'X(K). We may take T' = (Y /c)" /| \(I), where I is the
closed unit ball and c is the constant of Lemma 6.8. Thus a sequence of convex sets is
super-regular if and only if it is sub-regular.

REMARK. In the literature, the condition p(4,) — oo is often imposed on a sequence
of compact, convex sets, in combination with some type of regularity condition. It seems
more natural to require A\(4;) — 00, which the previous corollary allows us to do in
certain cases, as for example in Theorem 6.10 below.

Forany K € X and & > 0, define the “A-frame of K™ to be

oK = {veR"|dy,oK) < h}
where 0K is the boundary of K. Let F = [0, 1], a closed unit cube, and define

K={u|lue?Z" F+uCK}
K =U{F+u|ue K}
K=\J{F+u|luecZ,(F+unKkK +# 0}
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The following facts are known (see, e.g., [18]). As o(K) — 0o, we obtain
D) AR/ MK — 1;
2) MK\ K)/MK) = 0;
3) M@K/ MK) — 0;
4) #HKNZ"/MK)— 1.
We combine these facts with the previous corollary to get the following.

THEOREM 6.10. Let {K} } be any super-regular sequence of sets in K, and let h > 0.
Iflimy_,o, M(K) = 00, then
i) limy_o0 AKi) /NKx) = 1;
i) limy_, )\(kk \!(k)//\(Kk) =0
iii) 1imy_,o0 A(0pKi) [ MKy) = 0;
i) limy_0o #(zKi) / A(Ki) = 1.

LEMMA 6.11. Suppose {7} satisfies regularity conditions (Ri)—(Rs) and (R7). Let B
be any ball, and let ¢ = 1/\(B)15. Then
i) Iff € Loo(X) satisfies f(T,x) = f(x) for all u € 1", then A? f(x) converges a.e.
to

[ ST,
i) Iff is of the form f(x) = g(x) — g(Te,x), where g € Loo(X) and e; is the unit basis
vector in the i-th co-ordinate direction, then A% f(x) converges a.e. to 0.

PROOF. {7 !B} is super-regular, so choose {B;} and I' such that 7;'B C By and
MBi) < TA(r!'B). {r'B} is asymptotically convex, so choose {K;} C X such that
MKy A 17'B)/ M1 'B) — 0. We may assume that K; C By because each member
of {K; N By} is in X and this sequence still satisfies all the conditions of asymptotic
convexity. With this assumption, {K; } must also be super-regular. Furthermore, (R7)
implies that limy_., A(7; ! B) = 00, and so the same holds for {K;}. By Lemma 6.6, we
need only show that ZX+f(x) converges to the given values in (i) and (ii). All integrals
are with respect to A\(dv).

0
[0 —2pc| <| L1090~ s [ STD]* 555 o V0

1 A K
ST - 5wy 2 ST MEAKD,

MKx)
_ #zKy) MK\ Ki)
KD ‘/rf (Tox \ &y Moo

By the previous theorem, both of the last terms go to zero as k — oo.

<1
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(ii)

1
| A5 ()| = lm /Kk 8(Tox) — g(Twre,)

/I;k\Kk"'ei 8(Tw) = /Kk*ei\Kk &)
1

= XKD Ik lg(T)l
AKe A (K +e))
MKk)
01 Ky)
MKy

1
Y9

< lglloo

< llglloo

By the previous theorem, this goes to zero as kK — oo. [

PROOF OF THEOREM 6.5. To begin with, let B be any ball, and let ¢ be of the par-
ticular form 1/A(B)13. If f € Lo(X), then we can approximate f in the L;(X) norm by
functions of the form

100~ h(x) + gnlg(x) — g(Tox)

where A and g are bounded in L, (X) by ||f||c0, and A satisfies h(x) = h(T,x) forallu € 7"
(see, e.g., [14], p. 205). Then, by Lemma 6.11 and Lemma 6.2, 4%*f(x) must converge
for p-a.e. x. If ¢ and ¢’ are any two weight functions and a,a’ > 0, then 4@ ¢ =
aA% +a' A% . Thus A#+f(x) converges a.e. for any positive linear combination of weight
functions of the particular form above. Since any weight function can be approximated
in the L; norm by step functions of this type, applying Lemma 6.1 yields the required
result. L]

Extensions. We begin by noting that Theorem 1.2 is merely the combination of Theo-
rems 6.4 and 6.5.

PROOF OF THEOREM 1.3. We may assume f > 0, and the hypothesis implies that
f is integrable. Define f,,(x) = min(f ), m), S0 fm approaches f in the L;(X) norm. By
Theorem 1.2 we know that A4%f,, converges a.e., and (f — f,,)* < f*. Then Lemma 6.2
implies that 4¥«f(x) converges a.e. on X. [

THEOREM 6.12.  Suppose {74} satisfy (R\)}~(Rs), and either (Rs) or (R7). Let {0, } be
a sequence of compact weight function which are dominated by an L,(R") function ©
with bounded support. Suppose this sequence converges A-a.e. to a function @, which is
thus necessarily a compact weight function. Let

Yk = bk - B 0Tk

and as before

Pk =0 po.
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If f: X — R satisfies
AW@M<®

then
Fi(x) = | A7/ (x) — A1 (x)|

converges to zero [i-a.e. on X.

PROOF. The result will be obtained by applying our maximal theorem to the L,(R")
function

Dp(v) = sup|p(v) — 0i(v)].

i>m

To apply Theorem 5.1 with ®,, taking the role of ¢, we define

@y (v) = 6¢(v) - Pm(7yv)
in analogy with the definition of ;. Now, for k > m,

Fix) = | A%/ (@) — A/ @)
< [ V@D — il A @)
< [, V00N @)
= A%*|f|(x)

and thus the maximal inequality in Theorem 5.1 says that, for any o > 0, we have
C * *
(M) n({x | supFiu) > a}) < p({x | sup A |f|) > a}) < == [ |f* @}, .
k>m k>m o JR

Since the supports of @, are all contained within the support of ®, the constants Cg,, can
be taken independent of m. ®,, is dominated by ® and converges to zero pointwise, so
it also converges to zero in L;(R"). Thus @}, is dominated by ©*, so by hypothesis this
last integral is dominated by

AW@M<M

and @}, converges to zero pointwise. Thus, by Lebesgue’s Dominated Convergence The-
orem, (1) converges to zero as m goes to infinity, which completes our proof. [
Theorem 1.4 follows immediately from this.
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