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Abstract

In this paper, we study a class of Brezis—Nirenberg problems for nonlocal systems, involving the
fractional Laplacian (—A)* operator, for 0 < s < 1, posed on settings in which Sobolev trace embedding
is noncompact. We prove the existence of infinitely many solutions in large dimension, namely when
N > 65, by employing critical point theory and concentration estimates.
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1. Introduction and main result

In this paper, we are concerned with the study of the existence of infinitely many
solutions for the following elliptic system for a given 0 < s < 1:

2
(=A)u = —Z [ 2uplf + au+bv  in Q,

a+p
2 s
(=A)*y = —ﬁlul"‘lvlﬁfzv +bu+cv in Q, (Sq)
a+pf
u=v=_0 on 0Q),

where (=A)* is the fractional power of the positive —A Laplacian operator, Q c RV,
N > 2s, 1s an open bounded domain and the constants @ and S and the coefficients a, b
and c satisfy the following assumptions, respectively:

(H) a>1,8>1,a+p=2%:=2N/N -2s);
(Hy) a,c>0,b#0,ac—b*>0.
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Whenao=8,a=c=4>0,b=0and u = v, problem (ng) reduces to the semilinear
scalar fractional elliptic problem

(=AYu=u>?u+Au inQ, ®*)
u=0 on 0Q). Q

In [10], Devillanova and Solimini considered the following problem:
—Au=uPu+Au inQ, u=0 ondQ

(which corresponds to (P(,) for s = 1) and obtained infinitely many solutions for
every A > 0 provided N > 7 (that is, for N > 6). This work has been extended to the
corresponding problem involving the p-Laplacian operator (with p < N)

~Apu = [ul” Pu+AQufP?u inQ, u=0 ondQ

(where 4 > 0 and p* := (pN/N — p)) by Cao et al. They proved in [7] that the problem
admits infinitely many solutions provided N > p* + p. Recently, Yan et al. approached
problem (P)) for 0 < s <1 and obtained in [23] the existence of infinitely many
solutions for every A > 0 provided N > 6s.

Systems similar to (S;,), but involving Laplacian or p-Laplacian operators, have
been studied extensively in recent years; see [I, 9, 17, 19, 22] and the references
therein. In particular, Liu studied the p-Laplacian systems with critical growth, that
is, with @ + 8 = p*, and obtained in [16] the existence of infinitely many solutions
provided N > p? + p.

Motivated by the large use of fractional powers of the Laplacian in modelling
diffusion processes (like Lévy stable diffusion processes, flame propagation,
population dynamics and chemical reactions in liquids) and layer solutions (see [15,
20]), in this paper we extend the above-mentioned multiplicity results to system (S;))
in the corresponding critical case, that is, when a + 8 = 2;. We shall take advantage
of the variational methods nowadays available thanks to the new formulation of the
fractional Laplacian operator, given, for s = 2-1 in [6] by Caffarelli and Silvestre,
in [18] by Stinga and Torrea and in [8] by Capella et al. for 0 < s < 1 (via harmonic
extensions; see Definition 2.3 below). (This new formulation known as Dirichlet to
Neumann mapping in the case s = 27! of the fractional Laplacian (—A)* allows us
to transform nonlocal problems to local ones even if one has to deal with one more
dimension.) We shall prove that, for any 0 < s < 1, (S;,) has infinitely many solutions
provided N > 6s.

We shall adapt some ideas and techniques used in [10] (see also [1, 7, 17, 23]).
In particular, we shall introduce a sequence of perturbed (subcritical) systems (whose
corresponding energy functional satisfies the Palais—Smale (P.S. for short) property at
all energy levels) which ‘approximates’ system (S;,). Then suitable decay estimates
on the set of the sequences consisting in solutions to the introduced subcritical
approximating systems, and a (local) Pohozaev identity, will be used in order
to establish a global compactness argument, which, thanks to min—-max theorems
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employed on a genus homotopic class, will guarantee the existence of infinitely many
critical values.

The paper is organized as follows. In Section 2, we review the fractional Laplacian,
s-harmonic extension and the extended local problems posed on half-infinite cylinders.
In Section 3, we establish a local Pohozaev identity, which allows the proof of the
compactness result for sequences of solutions of the perturbed system and, finally, in
Section 4, we show how this technique allows us to prove, through the application of
classical min—-max arguments combined with the topological genus, the existence of
infinitely many solutions.

The main result is the following theorem.

TueoreM 1.1. Under assumptions (Hy) and (Hy), problem ( S¢)) has infinitely many
solutions provided N > 6s.

2. Notation and preliminaries

In this paper we shall make use of the following notation. For any 0 < s < 1,
(=A)* 1is the fractional power of the positive Laplacian operator —A acting on
functions defined in a smooth bounded domain Q c RY, N > 2s, and satisfying
Dirichlet boundary conditions. In the paper we shall adopt the definition of (—A)*
given by the spectral decomposition of the —A operator (as in [4], which is based
on [5]) according to which any normalized positive eigenfunction ¢ (with related

eigenvalue A = IIVszIiZ(Q) = fQ —Ayy dx) of —A operator is still an eigenfunction
of the (—=A)* operator (with A* = ||[Vy||?$  as related eigenvalue). (Note that then

L2(Q)
fQ(—A)S;bgb dx=2°=( fQ —Ayyrdx)*.) By taking into account that the sequence (¥ ) jen
of (positive normalized) eigenfunctions of —A (with (4;) > as corresponding sequence
of eigenvalues) is an orthonormal basis of L*(Q), we can introduce the following
subspace of L*(Q):

H(Q) = {u: Sap e 2@y iy < +oo} @2.1)
=1 J=1
equipped with the norm

12
il = (Z a?ﬂj) forall u=Y" au; € HQ. 2.2)

=1 =1

Denote by H;(€2) the closure of C7(Q) with respect to the norm

lu(x) — uy)I* 1z
lletl sy = llullz2 ) + (L L dxdy)

and set

2
HI2 Q) o= { 2 f _w }
o0 ()= que , dist(e, o) ST
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We have, see [5], that
HY(Q) if0<s<l,s#3,
HPQ) ifs=1.
We can define on H(Q) the linear operator (—A)® by setting

(=AY'u = Z a; 5, forallu= Z ajy; € HQ). 2.3)

=1 =1

HQ) = {

Moreover, since (¢/;);>1 is orthonormal in L*(Q), then ) = l(=A)* 2ulle(Q), SO
that for all u € H(Q), (=A)*?u € L*(Q). Moreover, since for all u,v € H(Q),

f (=AY Pu(=A) Py = f (=AY uy
Q Q

(that is, a certain kind of integration by parts formula holds), we can give the following
definition on some elements of the set

E(Q) := H(Q) x H(Q). (2.4)

DermviTion 2.1. A pair of functions (u, v) € E(Q) is said to be a weak solution of system
(Sg) if, for all (¢1,¢2) € E(Q),

[ aruare v -8y -0y d
Q
- f(augol + b(vp) + ups) + cvpr) dx
Q

2a _ 2 @1 1B
flula uPeor dx - 2 f lul* v~ veps dx = 0.
04 +ﬂ Q [0 +ﬁ Q

Remark 2.2. Note that condition (#;) guarantees that the last two integrals in the
above equality are finite. On the other hand, the condition b # 0 in () is used to
exclude the semitrivial solutions of (S,), that is, solutions of the form (u, 0) and (0, v)
with u and v eigenfunctions of the (—A)* operator.

Indeed, if (#,) holds true, then the quadratic form Q(x,y) := ax? + 2bxy + cy” is
positive definite and satisfies

(P +3%) < 0(x,y) < pa(® +y7) V(xy) €R%,
where p11 < p, are the eigenvalues of the coefficient matrix M = (¢ %) of linear terms in
(S5)

Solutions to (S;,) will then be obtained as critical points of the following energy
functional F defined by setting for all (u,v) € E(Q),

1 )
Fu) =5 f (=A)"2ul + (=AY PvP) dx
Q
1
S f (alul® + 2buv + cv*) dx
2 Jo

2 (04
oy fg lu|* VP dx. (2.5)
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Notice that, in view of embedding theorems [11, Corollary 7.2], the functional F' is
well defined and critical points of F' are solutions to (Sg,).

We conclude this section by sketching the main ingredients of a recent technique
developed in [6] (for s = 27") and in [8] (for 0 < s < 1) to deal with fractional powers
of the Laplacian operator. In order to treat the nonlocal system (S;,), we shall follow
the same approach in [6, 14] by introducing a corresponding extension problem, which
allows us to investigate system (S;,) by studying a local system (which involves one
more dimension) but still via classical variational methods.

First we need to introduce some notation to deal with the auxiliary dimension. We
shall work on (subsets of) the upper half-space in R¥*!, denoted by RY*!, and we shall
split any element z € RY*! as a pair (x,y) with x = (xy,...,xy) € RV and y > 0, so that

R¥* =RV xR, = {z=(x,y) = (x1,..., x5, y) e RV [y > 0).
Given any (smooth bounded) domain D c R", we shall denote by
Cp := D x (0, +c0) c RM*!
the half-cylinder with base D and by
01Cp := 0D x [0,+c0) and pCp := D X {0}

its lateral and base boundaries, respectively. Now we are ready to recall the following
definition (given for instance in [4]).

DermitioN 2.3. The s-harmonic extension U = &g(u) of a function u € H(Q) to the
(open) cylinder Cg, is the (unique) weak solution to the problem

—div(y' 2 Vw(x,y) =0, xeQ, y>0,
w(x,y) =0, x€dQ, y>0, (2.6)
w(x,0) = u(x), xe Q.

Notice that, for all u € H(Q), the related s-extension &,(u) belongs to the space
Hy,(Cq) := {w € H'(Co): w=00nd,Cq, f Yy Vw)? dxdy < oo} (2.7)
Ca
equipped with the homogeneous norm

1/2
Wl o 1= ( f Y2 dxdy) .

Ca

Since
lullz@ = sl cqy  for all u € H(Q),

the extension operator &; (which maps u into E;(u)) is an isometry between H(Q) and
H; ,(Cq). Vice versa, for every function w € H}), (Cq), set

tI.N("V) = W(" O)a
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the related trace on the hyperspace {(x,y) € RY *1 . y = 0}; we have that try(w) € H(Q).
Moreover, by Definition 2.3,

try(Es(m)) =u Yue HQ)

and, by using the divergence theorem and (2.7),
f divwdxdy = f tryw)dx VYwe H(l)’L(Q). (2.8)
Cao Q

We shall now express the fractional Laplacian operator (—A)* of a function u € H(C2)
through the trace of a suitable (directional) derivative (along the outward normal to
0p(Cq)), denoted by 4y, of its s-harmonic extension &,(u). Indeed, for almost every
x€eQ,

(=AY u(x) = —k, lim y!-2 28
y—0* 0

(x, y), (2.9)
where k; = 2!"2T(1 — s5)/T'(s) is a normalization constant and I" denotes the Euler
Gamma function. Formula (2.9), for s = 27!, justifies the name, given to the square
root of the Laplacian, as the Dirichlet to Neumann map (since it maps u, that is,
the Dirichlet data for E;(u) on dgCq into the trace of its outer normal derivative
0E(u)/dv).

To shorten the notation, for any smooth bounded domain D c R, we shall
introduce the operator 9, defined by setting for all w € Hé’ 1(Cp),

0
Aw(x,0) = —k, lim y 2 (x,y) VxeQ. (2.10)
y—0* ay

Then (2.9) states that, for all u € H(Q),
(=A)’u(x) = 9,E,(u)(x,0) VYxe Q. (2.11)

In the remaining part of the paper we shall take the constant &, in (2.9) equal to 1.

Now, by taking into account that (—A)‘u is expressed, through formula (2.11), in
terms of its s-harmonic extension E;(u), and since Ey(u) must solve (2.6), we can
associate to system (S;,) the following (local) extended system:

—div(y! > Vw,(x,y)) = 0, (x,y) € Ca,
—div(y! > Vw,(x,y)) = 0, (x,y) € Ca,
wi(x,y) = Wz()s y) =0, (x,y) € 01Caq,
_ @ a=2

Bywi(x,0) = —— +ﬁIW1(x, 0)|*2w1 (x, 0)lwa(x, 0)f° (s5)

+awi(x,0) + bw,(x,0), xeQ,

2
325, 0) = —P— i (x, O)*wa (. O)FF 2w, 0)

a+p
+ bwi(x,0) + cwy(x, 0), xeQ,

whose solutions (wy, w;) belong to the set

E);(Cq) := Hy;(Cqa) X Hy;(Cq)
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equipped with the norm
[IOwy, W2)||E(1)YL(CQ) = ||Wl||HévL(cQ) + ||W2||1-1(1LL(CQ)-

By taking into account (2.10) and (2.8), we shall say that (w;,w,) € E&L(Cg) is an
energy solution to system (S¢. ) if

fyl_stw1V<,01dxdy+f VI EVw, Vi, dx dy
Ca Ca

= f (awi@1 + b(wap1 + wiga) + cwar) dx dy
Ca

2a . 2 _
+ Wil 2wilwoPe dxdy + p f Wil IwalP2woga dx dy
o + ﬁ Ca a + ,B Ca

holds true for all (¢1, ¢,) € E&L(Cg).
The energy functional corresponding to system (S¢. ) is then defined by setting for
all (wy, w2) € Eg; (Ca),

1 _
Iwi,wy) = Ef Y EAVw P + [Vwol?) dxdy
Ca

1
- = (alw1 > + 2bwywy + clwa|*) dx dy
2 Jeq

2
- Uy, dx dy.
a/+/3]C‘»Q|W1| [wal” dx dy

Remark 2.4. Formula (2.11) and Definition 2.3 allow us to see system (S'(‘}Q) as an
‘extension’ of the system (S;,). Indeed, if (w, w») € E(l)’ 1 (Co) satisfies (SE‘Q), then set
u = try(wy) and v = try(wy); the pair (i, v) belongs to the space E(2) and is a solution
to the original system (S,). Moreover, the traces on Q of critical points of / in E(l)’ (Ca)
are critical points in E(Q) of the functional F defined by (2.5).

In order to shorten the notation, we shall consider the following quantities
depending on the index: i € {1, 2}

. Ja fori=1, ._Ja fori=1,
Yi= B fori=2, Ci=\¢ fori=2.

In this way we can rewrite system (Sgp) as a pair of systems S; and S, ;, where, for
i#je{l,2}, '

—div(y""Vw;(x,y)) = 0, (x,y) € Ca,
wi(x,y) =0, (x,y) € 0.Q,
2y, . . i,
Bwi(x,0) = —L i (x, O)" 2w, O)lw (x, O) (1.9
i T
+ciwi(x, 0) + bw;(x,0), i#j, xeQ
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and we shall also use the notation S, (CQ) to refer to system (S‘ )- Since we work
under the critical growth assumptlon (see (H,)), the functional I does not satisfy
the P.S. condition at every energy level, so we cannot apply the usual min-max
theorems to obtain infinitely many solutions to (Szh) (and by Remark 2.4 to (S;))).
Following the original idea in [10] (employed also in [23]), we deal first with a
suitable perturbed system. Given a suitably small positive number & > 0, namely
0 <e<min{e -1,8-1,2; — 1}, and setting

(2.12)

s, Ja—g fori=1,
Yi= B—¢ fori=2,

we shall consider the perturbed system (Séi) given by the pair of systems (S7,) and
S;l, where, for i # j € {1,2},

—div(y!"" > Vw;i(x,y)) = 0, (x,y) € Cq,
wi(x,y) =0, (x,y) € 0:Caq,

o,wi(x,0) = (Sij)

T O 2w, O)lw (. O)Y +
i J
+ciwi(x, 0) + bw;(x,0), i+ j, xeQ.

The functional /* corresponding to system (SE’Z) is defined by setting for all (w1, w») €
Eé,L(CQ)s

1
IF(wi,wy) = if YEAVWI + [VwoP) dx dy
Ca

1
—= | (alwiP + 2bwiwy + clwo*) dxdy +
CQ

a—& dd
T aipe 2f|W1| IwalP~® dx dy.

Note that /? is even and satisfies the P.S. condition at all energy levels and so, by
applying the symmetric mountain pass lemma (see [2, Corollary 2.9]), we deduce that
system (S7 ;) has infinitely many solutions for each given &£ > 0. More precisely, it
follows from [13, Theorem 6.1] that, fixing any small enough £ > 0 and any integer
number k, there exist ¢f > 0 and (w's ok g’k) solutions to (S7 /.) belonging to a suitable set
Ay topologically dependent on k such that Ig(w‘Sk ‘Bk) =c. In such a way one gets
a sequence (c;)ren Of positive numbers and a sequence ((w , S’k))keN of solutions
to (Sé ) such that ¢ — +co as k — +co. The idea is then to fix an infinitesimal
sequence (En)nen of real posmve numbers and, for any k € N, to take the sequence
((wln,wzn))neN ((we” 2 ))neN whose elements belong to the same set A;. To
obtain the existence of infinitely many solutions for (the approximated (extended)
system) (SZ‘Q) (and by Remark 2.4 to system (S;))), the first step is to investigate
whether, for fixed k € N, ((w’l"n, Wlé,n)neN converges strongly in Eé, 1(Ca) asn — +oo.
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3. Sequential compactness of the set of approximating balanced sequences
in E(l) L(CQ)

We shall adapt to this context the notion of a balanced sequence first introduced
in [10].

DerINiTION 3.1. Let (W14, Wau))new be a sequence in E(l)’L(CQ). We shall say that
(W10, Won)nen 1s a balanced sequence if for all n € N, (wy,, wa,) is a solution to
(5% ) for some € = ¢, > 0. If, in addition, &, — 0 as n — +oco, we shall say that
((W1 n> W2.n))ne 18 an approximating balanced sequence.

In this section, we shall establish the following compactness result.

PropositioN 3.2. Let (Hy) and (Hp) hold true and assume that N > 6s. Then
every approximating balanced sequence which is bounded in E(l)’L(Q) is, modulo a

subsequence, strongly convergent in E(l) 1(Ca) to a solution to (S, ).

Before giving the proof of Proposition 3.2, we need some estimates for a solution
(wi,wy) to (S"3 ) for & > 0. In correspondence to any smooth domain D c R" such that
Qcc D, we shall replace any solution (wy, w;) to (Sv ) by the related null extension
to Cp obtained by taking null traces out of Q, that is, by imposing (w(x, 0), wa(x,0)) =
(0,0)in D\ Q.

We choose a constant A > 0 large enough so that for all x, y € R, and for all suitably
small £ > 0, the following inequality system is verified.

200 — .
P by <20 + DD+ 4,
a+p-
B¢ 3.1
] a2y b ey < 204 + b
+B-
Letw e H&L(CD), w > 0, be a solution to
—div(yl_ZSVW(x, y) =0, xeD,y>0,
w(x,y) = 0, xedD,y>0, 3.2)

Isw(x,0) = 2(lw(x, 0)| + [w(x,0)D)>"' + A, xeD.
Lemma 3.3. Let A > 0 be as in (3.1) and w a solution of (3.2), where D cC R Then,
if (w1, wn) is a solution to (Sf/.)for some € > 0,
wil <w Vie({l,2} and therefore %(|W1| + [wo|) < w. 3.3)

Proor. By suitably choosing the domain D and the constant A, since (wy, wy) solves
(Sf: /.), we find that, for i = 1,2, w + w; satisfies the following system:

—div(y'"»V(w £ w)(x,y)) =0, xeD,y>0,
w(x,y) £ wi(x,y) =0, x€dD,y >0, (3.4
O,(w+w)(x,0) >0, x€D.

https://doi.org/10.1017/51446788718000307 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788718000307

224 M. Khiddi, S. Benmouloud and S. M. Sbai [10]

The above lemma allows us to care about estimates on Cq to positive solutions w

to (3.2).
Let
Joo YEAVWP + Vo) dx dy
. Q
Ssaxs = oot o 2/2;
wWi,W2)€E s
SR [ b, O, O)F i)
2
- ”(WI’WZ)”E(ILL(CQ)
= 1mn )
(lewz)EE(l)’L(Cn) [I(try (wy), trN(WZ))”inﬁ(Q)
where

L@ = { = (o) I Pl g = fg @IIAWP < +oo) € ESQ)

Then (see [14, Lemma 2.5])

S |(8f () s

where S(s, N) is the related (best) Sobolev constant defined by

Jo, ¥ 29w P dxdy

S(s,N) := inf
weH}, Calo) ( fo, Iw(x, 0)[3 dx)?/%
Iwli?,
. H,,(Ca)
= inf (3.5)
weH, , (Ca)\(0) ||trN(W)||L2§(Q)

which is achieved if and only if Q = RY by any function w, = E,(u,) which is the
s-harmonic extension of (translations of)

£N=29)/2 N
Ma(x):: W, 8>0, xeR )
see for instance [3] and [21] for the case s = 27!.

Now we introduce the ‘system on the whole space’

~div(y" 2 Viny (x,y)) = 0, (x,y) € RV,
~div(y' 2 Vina(x,y)) = 0, (x,y) € R+,
8,1 (x,0) = ﬁw‘,’-l(x, 0l (x,0), xeRY, (3.6)
dy(x,0) = Z—Bw‘,’(x, 0wr ' (x,0), xeRVN.

a+p 2
wi(x,0) > 0, Wwy(x,0) >0, xRV,
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Set
2 \Va+B-2 /g \B/2Aa+B-2) 28 \l/a+p-2 o \a/2a+p-2)
w=(g) () e ()T
a+p a a+pf B
then system (3.6) can be rewritten as
~div(y'"">VW,(x,y)) = 0, (x,y) € RN+,
~div(y' ' VWa(x,y)) =0, (x,y) € RY*,
I,Wi(x,0) = W‘f"(x, O)Wf(x, 0), xeRVN, (3.7
3, Wa(x,0) = Wi (x,0)Ws ' (x,0), xeRN.
Wi(x,0) >0, Wa(x,0) >0, xeRN.

The following lemma guarantees that solutions to system (3.7) have the same trace
on RV,

Lemma 3.4. Let (W, W) be a solution to (3.7). Then try(Wy) = try(Ws).
Proor. Let (W, W) be a solution of (3.7). Then

—diviy!"" V(W = W»)) =0 in RN+,
3, (Wi = Wa)(x,0) = W (x, )W5 ™" (x,0)(W> = W) on RY x {0}, (3.8)
Wi>0, W,>0 in RY x {0}.

By multiplying (3.8) by (W; — W,)(:,0) and integrating by parts,
f YRV = Wo)(x, O dxdy
RN+

=- f W (x, 0)WE ™ (x, 0) (W) — W2)*(x,0) dx < 0,
RN

which implies that
Wi(-,0) — W,(-,0) = const. 3.9

[m]

Notice that by the last requirement in (3.8), W;(-,0) > 0, W,(-,0) > 0 in RV,
Therefore, from (3.7), it follows that W2~'(-,0)W5(-,0) = W2, )W ™' (-,0) = (W, —
W>)(-,0) in RV, Hence, by (3.9), W;(-,0) = W(-,0), that is, try(W) = try(W5).

From Proposition A.1 in the Appendix, we have the global compactness result on
(Sg)- Let (Wi, wan)new be an approximating balanced sequence (see Definition 3.1)
bounded in Ej(Cq). Then, modulo subsequences, there exist k sequences of mutually
diverging scalings (o, x,,) (determined by the scaling factor o, and the concentration
point x\) such that as n — +oo,

k
Wi =wig+ A5 > (@) EW (e (x = 1), 0) + 77,

i=1 (3.10)

k
Wan = wao+ By' Y (@ EW(oh(x = x0),0) + 12,
i=1
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where (w10, w20) € Ej(Cq) is a weak solution to system (Sgﬂ), ||(r,£, r,2,)||E3(CQ) — 0 as
n — +oo, W achieves the constant S(s, N), which is given in (3.5), and

Ao = ((jfﬁ )2 ( 'g )/3—2)1/2(%/3—2)’ By - ( ( azfﬁ)z ( % )0—2)1/2(a+/3_2)‘

The terms that constitute the sum Y (o )M W(ori(- — x%),0) which appear in (3.10)
are called bubbles or profiles of the pair (w; ,, wa,).

Asin[7, 10, 23], we shall introduce the following facts which are essentials to prove
the strong convergence of (uy, vn)nen in Ef(Cq). Referring to the profile decomposition
(3.10) of the pair (wy,, wa,), we shall denote by o, one of the slowest concentration
scaling factors o (that is, o, is the lowest order infinity among the ones appearing in
the bubbles) and we shall set x, as the corresponding concentration point x!.

Note that, since the number of the bubbles in (w;,, w,,) is finite and independent
of n, we can always choose a constant C > 0, independent of , such that the region

ﬂllz = (B(E+5)g—;1/2(xm 0) \ Ba;—;‘/z(xm 0)) NCa

does not contain any concentration point of (wj,, wp,) for every n € N. We set two
thinner subsets as follows:

Ay = (Bgoue 7 (n, 0) \ Bz, pyp-12(%0, 0)) N Coy

and
Ay = (B30 (4n: 0) \ Biz)-12(%n 0)) N Ca.
Then, by applying inequality (3.3) and by using [23, Propositions 4.1 and 4.2], we

get the following integral estimates.

LemmA 3.5. Let Let (W1 4, Wa.n)new be an approximating balanced sequence. Then there
exists a constant C > 0, independent of n, such that for all p > 1,

_2s —-N+27/2}
[ 3wl by dxay < oy
A

n

and
f (Winl? + wanl?) dx < Co VP,
try(A2)

Moreover,

f Y (VWi + VP dxdy < Co) V.
ﬂ3

n

Note that with X = (x,y) € R¥*!, we have the following local Pohozaev identity.
Let

F (i, Vs %, X0, ¥) ::[ gl v,

@y + B

1
+ E(auﬁ + 2bu,v, + cvi)]((x - Xp) * V)
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and

N - 2s( ou,, 6vn)
2 n ov Vn ov

1
- E(IVMnI2 + Vv )((X = 20) - v)

G(uns Vm x7 y» xOv V) = yl_zs[

%”” (T (X =z

+ Vit - (X = 20)) = 5 I

where X = (x,y) € R¥*! and x is a point in RV,

Lemma 3.6. Let (uy, v,)u>1 be a solution of (Sf:j) and ap=a—¢&,, Bn=P— &y €=
&, = 0asn — +o0 and B, be any bounded set in Cq. Then we have the local Pohozaev
identity on B,, C Cq associated to equations of ( Sf j ):

4e,N
25(25 — 2&4) Jp,niy=0)

+ sf (au? + 2bu,v, + cv2)dx
B,N{y=0}

| v dx

=f F(u,, vy, x, x0,v)do +f G(uy, vy, X, v, X9, V) do, 3.11)
a(B,N{y=0}) 0B,N{y>0}

where v is the outward unit normal to OB, and zo = (x,0) with xo a point in RV .

Proor. By employing the classical strategy of testing the equation against the test
functions (Vu,, - (x — xo)) and (Vv, - (x — x¢)) and then using the divergence theorem,

N—2sf l’zs(u Ot +v %)dO'
2 (My "oy " v

1 -2s
=5 [ TR PG - 20 vy do
2 n

- f yl‘”((Vun-(X—zO))
0B,

=+ (Vv - (X = 29))
v

ou ov,
do,
P By ) o
where v is the outward unit normal to 9B, and zy = (xo, 0) with xg a point in RV,
Since (u,, v,) is a solution of (S;?'; ].), we have the following equations:

2ay,
11, 008,14 (X, 0) = ——— [, (x, 0)| vy (x, O) P
a, + B,
+ auﬁ(x, 0) + bv,(x,0),
2 (3.12)
Va(x, 00, (x, 0) = ———ut, (x, 0)]*" [v, (x, 0) P
a, + Bn

+ bu,zl(x, 0) + cv,(x,0).
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We obtain from (3.12) that

N —=2s
2

f Clut| [valPr + auﬁ + 2bu,v, + cvﬁ) dx
{y=0}

N —2s f 1—osf Oy 0vy
+ y ‘(un—+v,,—)d0'
2 OB,N{y>0} 81/ 61/

f YEAVun + (Vv P)((x = xo) - v) dx
B,N{y=0}

N =

1
! f YV + [V PYX - ) dor
"2 8B, N{y>0)

oo

)

_f yl_zs((wn X ZO) ) o (313)
0B,N{y>0}
Noting that the product scalar ((x — xp) - v) = 0, on B, N {y = 0},
1
2 f YRVl + 199,P)((x = x0) - v) dx = 0. (3.14)
2 Jg,niy=0)

Moreover,

f l 2&( )
B.Nfy= 0}

_ f (Vu, - (x xo))( 1ty |2, v, [ +aun+bv,,)dx
B,n{y=0} 18"

+f Vv, - (x - xo))( 2B ety I""Ivnlﬂ"_zvn+a2un+a3vn)dx
B,N{y=0} + B

2
= f V( [t P [Vl + —(aui + 2bu,v, + cvﬁ)) -(x—xg)dx
=0y \n + B 2

2 1
= —Nf ( |un|""|vn|ﬁ" + —(au,zl + 2bu,v, + cvﬁ))dx
N{y=0 @y +,3n 2

2 1
+ f ( || [V P + —(auﬁ + 2bu,v, + cv,%))((x —Xxp) - v)do.
AB, =0\ Un + B 2
(3.15)
Therefore, from (3.13), (3.14) and (3.15), we infer that (3.11) holds. O

Proor oF ProposiTioN 2. Let (uy, vy)n>1 be a bounded sequence in Ej(Cq) composed
of solutions for (Si_j). Thus, in order to prove the Ej(Cq)-strong convergence in (3.10),
we just need to show that the bubbles (o )N 292U (o (x — x%),0) (1 < i < k) in (3.10)
will not appear in the decomposition of u, and v,.. Since the proof is similar to that of
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[7, Lemma 6.1], here we only give a sketch of it. From Lemma 3.5, we have the local
Pohozaev identity on B, := B[N;uz((x,,, 0)) N Cq € RN*! for the solution concentrating
sequence (uy, v,,) of (57 /.) withe=¢, — 0,

4e,N f
— |t [V P dx
2:2: =280 Jp,op=0y

+ sf (au? + 2bu,v, + cv?) dx
B,N{y=0}
= f F(Mn, Vi, X, XO,V) do + f G(Mn, Vi, X, Y, anV)d0—9 (316)
(Bu(y=0) 9B, (y>0)

where v is the outward unit normal to B, and zo = (xo,0), xo € RY. We decompose
0B, N{y>0}=09;B,Ud.B,,

where 9;B,, := 0B,, N Cq and 0.B,, := B, N 0;Caq.
We consider two different cases:

(1) B, ,12((x:,0)) N {0} N (RY*\Cq) # 0;
) Bt"a_;uz((xn, 0)) N {0} c Cq.

In case 1, we take xyp € R¥\Q with |xy — x,,| < 2tn0';1/2 and v.(X — (x9,0)) <0 in
0.B,,, where v is the outward unit normal to 9;Cq.
Since (u,,v,) = (0,0) on 9;Cq,

1

-3 f Y E(Vunl* + Vv, )X = 20) - v) dor
OB,N{y>0}

ou, ov,
+ f y1_2s((Vun-X—zo) U (Y, - X = 20) 2
dB,N{y>0} dv v

)dO’
== f YV + Vv, )X = 20) - v) do < 0.
0B,N{y>0}

In case 2, 0,B, = 0, we take a point xy = x,,.
Since (u,, v,) = (0,0) on d;.Cq and, for n large enough, (4e,N/25(2; — 2g,)) > 0,

sf (au,% + 2bu,v, + cv,%) dx < f F(u,, vy, x, x9,v)do
B,N{y=0} 0:(B,N{y=0})

+ f G(up, vu, X, , X0, v) dor. (3.17)
61'Bn

Set B, = B,-1(xn, 0) N Cq. Recalling that by (3.10), we have the following
decomposition of (i, v,):

(un’ Vn) = (up, vo) + (un,h Vn,l) + (un,Za vn,2),
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where u,; = Ay’ ZIEZI(O'L)(N_ZS)QU(O'L(X - x%),0) and
k
Va1 = By' Y (@) VU@ (x - 1), 0)
=
with [|(u,2, Va2l E}Ca) = 0 as n — oo, then we deduce that for n large enough, B, C B,,.

f (au? + 2bu,v, + cv?) dx
B,n{y=0}

> f (au® + 2bu,v, + cv2) dx
B, N{y=0}

> Cf (> +v2)dx
Bn{y=0}

1
> —f (It 1 [* + Vo1 *) dx
2 Jgyniy=0)

2 2 2 2
2 f (ol + o + lt ol + v aP) i (3.18)
B, n{y=0}
After a direct calculation,
2 2 -2,
f |un,1| + |Vn,1| dx > CO’n Ya
B;,n{y=0}
luol* + [vol* dx < Cay ¥, (3.19)
Byn{y=0}
2 2 2 2 ~2s
jl;’ﬂ{yz()} [uno|” + [Vaol dx < C(”un,2”L2§(9) + ||Vn,2||Lz¢(Q))0'n .

Note that ||(u,,2, Mn,2)||E5(cg) — 0 as n — oo. Inserting (3.19) into (3.18), we get for
n large enough,

f (au? + 2buyv, + cv2)dx > Co,>. (3.20)
B,N{y=0}

By the choice of zg = (xg,0), as in [23], we only need to consider the right-hand side
of (3.16) on 9;B,,. Using Lemma 3.4 and applying the Holder inequality,

f F(un, meyXOyV)dO"" f G(un’ an-x»-x07v)do—
8i(B.N{y=0}) 0;B,

[ln/a/"-'—ﬁn
< 00;1/2( f 12 do-) ( f [yl dr
9i(B,N{y=0}) 9i(B,N{y=0})

+ f (Vul* + Vv, H)x = xol do
3(Bunly=0))

12 12
2 2 2 2
+ f (Vi + Vv Prdo) f (i + ) do
0:(B,N{y=0}) 0i(B,N{y=0})

< Co, (V2912 (3.21)

)ﬁn /Q” +ﬁn
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Inserting (3.20) and (3.21) into (3.17),

25 ~(N-25)/2
o3 < Co, V2912
which is a contradiction for n large enough due to N > 6s. O

4. Proof of Theorem 1.1
For any positive integer k, define the Z,-homotopy class ¥ as follows:
Fr :={A: A C Ej(Cq) is compact, Z,-invariant,and y(A) > k},

where the genus y(A) is the smallest integer m such that there exists an odd map
¢ € C(A,R™\ {0}). For k =1,2,..., we define the min—max value (see [12, page 134]
for example)
Che = 52%1 ({Re)le)ix IM(u, V).

It follows from [12, Corollary 7.12] that, for each small € > 0, ¢ is a critical value of
I‘9 since I‘9 satisfies the P.S. condition. Thus, problem (Sé/) has a solution (g ¢, Vi e)
such that 75 (u;m Vke) = Cke. Note that I9 (tukp, tvi.e) — —oo uniformly with respect
toe >0 as t — +o00; hence, ¢k 1S umformly bounded with respect to ¢ for each fixed
k. By a direct calculation, we find that [|(ux,z, Vi.e)llEs(co) < C uniformly with respect
to & for each fixed k. So now we can apply Proposition 3.2 and obtain a subsequence
of (g, Vi.e,)n=1 such that, as n — +oo, (g e,, Ve,) = (g, vy) strongly in E}(Cq) for
some (u, vi) and g, — cx. Then (uy, vi) is solution of (S,) and I(u, vi) = ci. We are
now ready to show that I, , has infinitely many critical point solutions. Note that ¢y is
nondecreasing in k. By an argument similar to the one used in the proof of Theorem 1.1
in [7], we distinguish two cases.

Case 1. Suppose that there are 1 < k; < ---k; < --- satisfying

Ckl<...<cki<...

In this case, we have infinitely many distinct critical points and, therefore, infinitely
many solutions.

Case 2. We assume in this case that for some positive integer m, ¢, = ¢ for all k > m.
Suppose that for any 6 > 0, I has a critical point (u, v) with I(u,v) € (¢ — 6, ¢ + ) and
I(u,v) # c. In this case, we are done. So from now on we assume that there exists a
¢ > 0 such that I has no critical point (u, v) with I(u,v) € (¢ — 6,¢) U (¢, ¢ + 6). In this
case, using the deformation argument, we can prove that

Y(KL) Z 29

where K. = {(u,v) € X : I(u,v) =c, I'(u,v) = 0}. As a consequence, [ has infinitely
many critical points. We can obtain infinitely many solutions for problem (Sy,).
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Appendix
In this section, we give a global compactness result in the following proposition.

Prorosition A.1. Suppose that (un, vp)n>1 is a solution of (57 ) with e =g, > 0
satisfying ||(un,vn)||Ex(CQ) < C for C a constant independent of n. Then

o (u,,vy,) can be decomposed as

k
Uy = g + Ay Z(a;)W-ZMU(a;(x —x,0) + W),
i=1

k
v =vo + By' Y (@MU (x - 60, 0) + @],
=1

where (ug, vo) € Ej(Cq) is a weak solution of problem (SE‘Q), II(w,ll, w%,)”Eg(cQ) -0
as n — +oo, U achieves the constant S(s, N), which is given in (3.5), and

- (( azf B )z(g)ﬁd)] /2(%&2), bg = (( azfﬁ )2 ( % )afz)l /2(a+ﬁ*2).

Fori=1,...,k x,; € Qwith o d(x,;,0Q) = +o0, o' |x,;| — +00;
o fori,j=1,...,k ifi # J, then, asn — +oo,

j i
O—n 2
—+ = +0 o-,,lx,“ X, j|© — +o0.

O-n O' n

Proor. The proof follows without difficulty by modifying the proof of the
concentration compactness result for (Pf,) (see [6, 23]) and using Lemma 3.3. We
omit the details for the sake of 51mp11c1ty. O
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