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1. Introduction

In semigroup theory as in other algebraic theories a significant part of the total effort
is appropriately applied to the study of certain standard examples occurring, as it were,
“in nature”. The most obvious such semigroup is the full transformation semigroup
Z (X) (see [3]) and about this semigroup a great deal is known in both the finite and
infinite cases.

Inverse semigroups (see [3, Chapter V]) are of interest not only as a naturally
occurring special case of semigroups but also for their role in describing partial
symmetries. Mathematically this property is expressed by the Vagner—Preston Theorem
[3, Theorem V.1.10], by which every (finite) inverse semigroup is embedded in an
appropriate (finite) symmetric inverse semigroup #(X), consisting of all partial one-to-one
maps, or subpermutations (to use an attractive term from Cameron and Deza [1]) of X.

Since the theory of inverse semigroups is now extensive enough to have been the
subject of a substantial book by Petrich [7], it is perhaps rather surprising that very
little has been written on the symmetric inverse semigroup. Certainly the Green
equivalences are well understood. (See [3, Example V.2].) A notable contribution was
made by Liber [5], whose description of the congruences on #(X) is analogous to
Mal'cev’s work [6, see also 2, Section 10.8] on full transformation semigroups. Much
more recently Howie and Marques-Smith [4] investigated certain properties of nilpotent
elements in #(X) in the case where X is infinite. This paper is to some extent motivated
by that work.

Let Z=(1,...,n), let I,(=4(Z)) be the symmetric inverse semigroup on Z, let S, be
the symmetric group on Z and let SP,=1,\S,, the inverse semigroup of all proper
subpermutations of Z.

The inverse semigroup SP, has n #-classes (or 2-classes, since £F=2) Jo,...,Jp-1,
where J, (r=0,...,n—1) consists of all subpermutations of height r, i.c. all « in SP, for
which

|doma|=|ima|=r.

Notice that J, consists solely of 0, the unique subpermutation with empty domain, and

that
2
n
= '
FA (r) r!
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In particular |J,_,|=n*n—1)! The D-class J,_, contains n #-classes R; (corresponding
to the n different possible domains Z\{i} of cardinality n—1) and n Z-classes L;
(corresponding to the n different possible images Z\{j}). Each of the n? s#-classes
H; ;=R;nL; contains (n—1)! elements.

Let N be the set of nilpotent elements in SP, and let N,=NnJ,_,. For a given
subset 4 of SP, we write {A) for the inverse subsemigroup of SP, generated by A. The
main result (Theorem 3.18) of Section 3 is that if n is even then

(NY=(N,>=5P,

By contrast, if n is odd we still have {(N>=(N,), but (N> is now a proper inverse
subsemigroup SP\K of SP,, where K consists of exactly half of the elements of J,_,.
Theorem 3.18 also specifies precisely which half of J,_, lies in {N).

Since SP, is finite, the ascent

N NUN?*cNuUN*UN3g--

must stabilize at some k, the least integer for which

N S N2U---UN*=(N>.

It is shown in Section 4 that k=2 or 3 according as n is odd or even. By contrast, if [ is
the least integer for which

NyUNTU- UN =N Y(={ND)

we find that [=n.

2. Nilpotents in a finite symmetric inverse semigroup

For notation and for basic properties of symmetric inverse semigroups, see [3, Section
V.1]. _

An element a of I, is called nilpotent if a*=0 for some k= 1. The index (of nilpotency)
i(e) of a(#0) is the unique k for which a* =0, a*~* £0.

It is evident that all nilpotents in I, lie in SP,. The first step in our investigation is to
give a set-theoretic characterization of nilpotent elements.

Lemma 2.1. Let a€J,, with r<n. Then a is nilpotent if and only if there exists no non-
empty subset A of doma such that Aa=A.

Proof. If a=0 (the empty map) the result is trivial. We may therefore confine

ourselves to elements a for which doma# (J. Certainly if there exists A# @ inside
dom a for which Aa=A we have .

A=Aa=Aa?=""-

and so a is not nilpotent.
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Conversely, suppose that no such A4 exists. Then
im a=(dom a)a ¥ dom a

and so dom a? cdom a (properly). We now show that for k=2,3, ...

doma*+ F=doma** ! cdom o*.

For suppose by way of contradiction that
domo**! =dom o* + &
for some k=2. Then

dom o* =dom(a - a*) =(im a ndom o*)a " L. (2.2)

Thus |im e ndom o*|=|dom o*| and so, since the sets are finite,

ima~dom o* =dom o*. (2.3)

Fom (2.2) and (2.3) it now follows that

(dom o*)a =dom o,

contrary to hypothesis. We thus have a strict descent
doma>doma?s---

and hence there exists m2=1 such that dom o™= (¥, i.e. such that «™=0.

Recall that if aeJ, we say that « is of height r; let us alternatively write h{a)=r. It is
clear that for all a, 8 in I,

h(ap) <max {h(), h(B)}. (2.4)
On the other hand h(af) cannot be too smalk:

Lemma 2.5. If a,fel, then

h(xp) 2 h(2) + h(B) —n.
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Proof. Suppose that doma=A4,imoa=B,domf=C,imf=D,domaf=E=(BNC)a"!
imaff=F=(BnC)B. Then

’

Z\dom afi=Z\E =(Z\ A)U(A\E).
Thus
|Z\dom af|=|Z\A4|+|A\E|
=|Z\A|+|B\(BN C)| (since « is one-one)
<|2\4|+|2\c|.
Hence n— h(af) <n—h(x) + n— h(f) and the result then follows.
As a consequence,
aeN¥=ha)2k(n—1)—nk—~1)=n—k.
Lemma 2.5 also has consequences for indices of nilpotency:

Corollary 2.6. If « is a nilpotent of height r in SP, then i(«) Zn/(n—r).

Proof. From the lemma it is easy to show inductively that for k=1,2, ...
h(a®) = kr —(k—1)n.
In particular, if i(x) =p then
O=h(a?)2pr—(p—1)n
and the result then follows by rearrangement.

Specializing still further we have

Corollary 2.7. If a is a nilpotent of height n—1 in SP, then i(a)Zn.
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Let re{l,...,n—1} and let a,,...,a,,, be distinct elements of Z={1,...,n}. The

element
(al a ... a, )
a, as a4y

(mapping a; to a;4, (i=1,...,r)) is clearly nilpotent of index r+1. Let us write it as
|la,a;-..a,+,|| and call it a primitive nilpotent in SP,.

Theorem 2.8. Every non-zero nilpotent a in SP, is a disjoint union oy U --wa of
primitive nilpotents. Moreover, k <n—h(a) and

i(0)=max {i(ay), ..., ()}

Proof. Certainly doma#(doma)a=ima by Lemma 2.1. Let a,edoma\ima and
consider the sequence

al, az=ala, a3=a2a,....
The sequence terminates when we reach an a,,, =a,a such that a,,, ¢doma. There can
be no repetitions in the sequence: if a@;=a;,;=a;&/ (j>0) then the non-empty set
{a;,...,a;,;_,} is invariant under a, which is impossible by Lemma 2.1. Hence the
sequence must terminate in the way described.

If r=h(a) then o is the primitive nilpotent ||a,a,...a,,,||. Otherwise « is a disjoint
union

a=||aa,...a,+,||uB.
Since
a"=|layay...a,4,|"0B"
for m=1,2,... it follows that § is nilpotent. But h(f) <h(a) and so we may suppose
inductively that f is a disjoint union of primitive nilpotents. Hence we may express a as
o, U Uy as required.
Since each «; is of the form ||a,a;...a,,|| where a,,, ¢ dom« it follows that there are

at least k elements not in dom a; thus

k€n—h(a).

The final assertion of the theorem follows from the fact that
am=alu vy

form=1,2,...
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Corollary 2.9. Every nilpotent of height n—1 in SP, is primitive and hence of index n.

Proof. If a is nilpotent of height n—1 then k<n—(n—1) by Theorem 2.8. Hence « is
primitive.

In the introduction the structure of the top #-class J,_, in SP, was described. It can
now be seen that each s#-class H;; (i#j) contains (n—1)! elements of which exactly
(n—2)! are (primitive) nilpotents of the form

|liaz .. an—4i]|
with a,,...,a,-,€Z\{i, j}. Since there are n(n—1) #-classes containing nilpotents, the

total number of nilpotents in J,,_, is nl.
We end this section with a result on conjugates of nilpotents

Theorem 2.10. If B is a nilpotent in SP, and a.€ SP, then o™ 'Bua is a nilpotent.

Proof. Suppose that f=0. Then by elementary properties of the order < in an
inverse semigroup (see [3, Section V.2])

(e By =a"1f(aax"Y)B... (e YpaLa ! fra=0;
hence (a~!Ba)t=0.

3. The inverse semigroup generated by N,

For each a in H;; (cJ,_,) there exists a unique completion & in S, (the symmetric
group on Z={1,..., n}) defined by

id=j, xa=xa (x#i).

The completion of the nilpotent ||a,a,...q,|| in J,_, is the cycle (a,a,...a,) in S,.
From Lemma 2.5 we can see that '

H; jHy,SJ,-> 3.1
if j#k. Also

H,;Hy<H,.

If ke H; ; and e H; , then their product lies in J,_,, and

af=ap.
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For these reasons the question of whether an element of J,_, is expressible as a product

of elements of N, is closely bound up with the expression of elements of S, as products

of cycles of length n (what we shall call n-cycles for brevity). There follow some results

concerning S,; these may well be known but we have been unable to find them in print.
An element « of S, partitions Z={1,...,n} into two disjoint sets

shift a={x:xa#x}, fix a={x:xa=x}.
When we refer to two permutations as disjoint we shall mean as usual that their shifts
are disjoint.

We shall eventually prove that every even permutation a is expressible as a product
of two cycles of length n. (These are not disjoint cycles, naturally.) It is convenient to
prove something a little more precise: if fix a={x,,...,x,} we shall prove-that a=¢,&,,
where the n-cycle £, =(...x,x,...x,) ends with the elements of fix « in some order and
the n-cycle &;=(...x,x,_,...x,) ends with the elements of fix a in the reverse order. We
refer to such a product as a tidy product of two n-cycles.

Lemma 3.2. Every cycle of odd length I1<n in S, is a tidy product of two n-cycles.

Proof. Let a=(a,a,...a), where l is odd, and write fix a={x,, ..., x,-;}. Then

0=(8:1a3...4/8,84...4;_ X1 ... Xy N@QAp_y ... A1 X0 _p...X1)

It is not possible here to drop the restriction that I be odd, for a product of two
cycles of length n is necessarily an even permutation, while a cycle of even length is an

odd permutation. However, we do have

Lemma 3.3. If &,,&, are disjoint cycles of even length then £,&, is expressible as a
tidy product n,n, of two n-cycles.

Proof. Write ¢, =(aa,...a,), &,=(b;b,...b,). We may assume without loss of
generality that k</. Let

fix &8 =X\({ay,...,an}u{by,....ba})={xy,..., x,},
where p=n—2k—2[20. Let
Ni=(buba—1...bzs181b,105b; ... a3b2x1%;...X)),
Na=(bax+1baxs3---by_1byazby...a5b2a b4 s 2bsysa.. byxpx, ... %)

then it is not hard to verify that the tidy product 5,7, coincides with £,¢&,.

Lemma 34. Let 0,1 be disjoint permutations in S, and suppose that each of 0,7 is a
tidy product of two n-cycles. Then ot is a tidy product {,{, of two n-cycles.

EMS—C
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Proof. Suppose that shift o={a,,...,a,}, shift t={c,...,¢;}, fix or={x,,...,x,}.
Then

fixo={cy,...,c;,x1,...,x,}, fixt={ay,...,a,xy,...,%,}.

We may assume that we have tidy products as follows:

0=(ay...a4,Cy...C; Xy ... X, )(by...byx,. .. x4¢... ¢ ) (3.5)

T=(Cy...Cay ... QX ... X)dy .. dix,. .. %104 .. 4y); (3.6)
here (by,..., by), (dy,...,d;) are permutations respectively of (a,,...,a,), (¢y,-...,¢). Then

6T=(Cy...Ca1 ... QX1 ... X,)(b;...byd, ... d)x,.. . xy), 3.7
a tidy product of two n-cycles. The verification of this is for the most part routine and
we shall confine ourselves to noting some crucial points. If for brevity we write (3.5) as
o=¢&,¢&, and (3.6) as T1=n,7,, notice that

by=x,¢; ' =x,6¢7 " (since x,efix g)
=x,&,=a,;

similarly d,=c,. Also

a0 =c {;=b,

and similarly ¢,t=d,. Then for example we may consider a; (1<i<k—1). Using (3.5)
and (3.6) we see that

a;,—a; ., =b, (say), where r+#k since by=a,
—b,.+1=a, (say)
—a, ., (provided s+#k; if s=k then a,—x,)
—a,.
On the other hand, using (3.7) we see that
a;—a;4,=b,>b,, =a,
The other verifications are no harder than this.

As a consequence of the three lemmas proved above, we have
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Theorem 3.8. Every even permutation of S, is a product of at most two n-cycles.

Proof. Let o be an even permutation. We consider the standard decomposition of «
into a product of disjoint cycles. If « is an n-cycle (which can happen if n is odd) then
no further argument is necessary; otherwise the decomposition of « must involve an
even number of cycles of even length. The result now follows from Lemmas 3.2, 3.3 and
3.4, and we may even conclude that the product a=¢,¢&, is tidy.

Theorem 39. Let n be even. Then every permutation in S, can be expressed as a
product of at most three n-cycles.

Proof. In view of the last theorem we need only consider an odd permutation .
Then

n=[(12)(134...n)][(134...n) " '(12)n]
=(12...n)7n,

where ' =(134...n) " '(12)n, being even x odd x odd, is even. The result now follows by
Theorem 3.8.

It is obvious that “three” is best possible in this result, provided n=4. For a product
of two n-cycles must be an even permutation, and clearly not every odd permutation is
an n-cycle.

We now apply these group-theoretical results to the problem of finding (N,). First,
we have

Lemma 3.10. Let n be odd and let a€J,_,. Then ac {N,) if and only if its completion
d is an even permutation of {1,...,n}.

Proof. Suppose first that & is even, and let ae H; ;. Then & is either an n-cycle or a
product of two n-cycles. In the former case ae N, € {N,). Otherwise d=¢{n. If we write
i¢=p then we must have pn=j, since id=j. Let ye H; ,, € H, ; be such that §=¢, §=n.
Then y,6e N, and a=yd as required.

Conversely, suppose that a=v,...y, for some y,,...,y, in N,. Since aeJ,_, we must
have

v1€H; ,,7,€H »WweH

P1.P2° " Pr-1+d

for some i,p,,...,Px—1,j in Z. Hence &=7,...7,, a product of n-cycles. Since n is odd
these n-cycles are even and so & is even.

From the first part of this proof we have

Corollary 3.11. If n is odd then
(N>nJ,.,=N,UNL
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For a given H, ; the set {@:€ H; ;} consists of all the permutations in S, sending i to
j- Exactly half of the elements in each H; ; are in {(N,), and so

|<Nl>n‘]n—l|=%|‘]n—l|=%n2(n_1)!

If n is even we have a different answer.

Lemma 3.12. Ifn is even then Jo1c{ND.

Proof. Let aeH; ;=J,_,. Then &, by Theorem 3.9, is a product of one, two or three
n-cycles. Arguing as in the first part of the proof of Lemma 3.10, we deduce that « is a
product of one, two or three elements of N,.

By analogy with Corollary 3.11 we have |

Corollary 3.13. If n is even then

J,_1=N,UN?UN;3.

From (3.1) it is clear that {(N,)> contains elements of height less than n—1. The
following lemma is helpful.

Lemma 3.14. Let aeSP,, with h(o«)<n—2. Then there exists £ in N, and B in SP,
such that h(f)=h(a)+ 1 and o= B¢.

Proof. Write h(a)=h and

_ al az---ah
“‘(bl bz...b,,)
Let xe X\{ay,...,a,} and let

X\{bl’""bh}={yls""yn—h},

where n—h =2 by assumption. Define
B___(a, Gy...G4_, Gy X _,,>,
b, bs...b, Y1 Vu-n
E=||y1bubr-y - byya. . Yo-sl
then h(f)=h+1, (e N, and a=f¢E.
Next, we have

Lemma 3.15. J,_, < N2

n—2 —
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Proof. Let aeJ,_,. Suppose in fact that
doma=X\{p,q}, ima=X\{r,s},

with p#gq, r#s. We can still “complete” « to make a permutation, but there are now
two possible completions &,, &,, where

pa,=r, qa, =s,
pa,=s,  qd,=r.

Since &, =a,(rs), exactly one of &,,d, is an even permutation: let @ be the unique even
completion of a. By Theorem 3.9 we have n-cycles {, t such that @={z. This applies even
if & is itself an n-cycle, for that can happen if n is odd, and Lemma 3.2 makes it clear
that a cycle of odd length n can be expressed as a product of two n-cycles. Now let

YEHp.pC’ 56Hqc.qi

be such that y={, §=1. Then a=y5 € N? as required.

kemark 3.16. In the next section we shall require a slightly modified version of this
result. In the above proof we took

r=C@\{p}), d=1|(2\{a}).
If instead we take
y=C(Z\{p.a}), & =1{(Z\{pl4a(})
we again obtain a=y'd’, but ¢, §’ are now in NnJ,_,. Thus
Joos E(NNJ,_5)>

From Lemmas 3.14 and 3.15 we have

Corollary 3.17. If h{a)=n—r then a e N1.

Our main result is now clear:

Theorem 3.18. For n=3 let SP, be the inverse semigroup of all proper subpermutations
of {l,...,n}, and let N, be the set of all nilpotents of height n—1 in SP,.

(1) If n is even then

(N;>=N,u--UN={0}UN,U---UN} !=SP,.

(ii) If nis odd then
(N>=N,UUN{={0}UN,U---UN ' =SP\W,_,,
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where W, _, consists of those elements of height n—1 whose completions in S, are odd
permutations.

Remark 3.19. Because of Lemma 2.5 the result of Corollary 3.17 is best possible in
the sense that h(a) =n—r implies that a¢ N7 !. Hence the result of Theorem 3.18 is also
best possible. That is

(N D#FNU-UNT™L (ND#F{OJUN,U---UN}%
4. The inverse subsemigroup generated by all nilpotent elements

From (2.4) it is clear that no product of elements (nilpotent or otherwise) in
Jou ruJ,_, can lie in J,_,. Since {N,)> contains Jou---UJ,_, we thus have
{N>={N{) and so in one sense we gain nothing by using the whole of N as a set of
generators rather than N,=NnJ,_,. If we define A({(N)) to be the unique k such that

(NY>=NUN?U---UN* (NY>#:NUN2U---UN*" 1
then from Theorem 3.18 we deduce that

AKND)=n.

We shall see that this is in fact a very poor bound.
First, we have

Lemma 4.1. Letre{2,....n—1}.If J,s(NnJ,)Y then J,_, S(NnJ,_ )~

Proof. Suppose that J,=(NnJ,)*, and let aeJ,_,. Let pe Z\doma, g€ Z\ima and
define a* e J, by

xo*=xa (xedoma), pa*=gq.
By hypothesis, a* =y¥...y¥, a product of k nilpotents of height r. Write
pyi=ts, LYI=b, .. b Vi-1=t
then t,y¥ =py¥...v¢ =pa*=gq. Define
y1=7t{(domyf\{p}), y;=y#|(domy¥\{t;})
(i=2,...,k). Then y,,..., 7, are nilpotents jn J,_, and a=y,...7, as required.
If n is even then by Corollary 3.13

Jo-t SINOJ,_JUINUI,_ )P U(NNT, ),
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and from the remark following the proof of Theorem 3.9 it is clear that 3 is best
possible. If n is odd then Corollary 3.11 gives

(NY>NT,_ i S(NNJ,_)U(NnJ,_ )%
From the Remark 3.16 we know that for all n
JoaS(NNJ,_,)>%
Hence from Lemma 4.1 we may now deduce

Theorem 4.2. For n>3 let SP, be the inverse semigroup of all proper subpermutations
of {1,...,n}, and let N be the set of all nilpotents in SP,. Let A((N)) be the unique k such
that

(N>=NUN?U--*UN*+NUN?U---UNF L,

Then A({N>)=2 or 3 according as n is odd or even.
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