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REMARKS ON THE PAPER “TRANSIENT MARKOV
CONVOLUTION SEMI-GROUPS AND THE ASSOCIATED
NEGATIVE DEFINITE FUNCTIONS”

MASAYUKI ITO

Let X be a locally compact and o-compact abelian group and let X
denote the dual group of X. We denote by & a fixed Haar measure on
X and by & the Haar measure associated with & In [2], we show the
following

THEOREM. Let (a,),s, be a sub-Markov convolution semi-group on X
and let  be the negative definite function associated with (a,),.,. Then
(@)= is transient if and only if Re (1)) is locally &-summable.

In this theorem, the “if” part is essential. To prove it, we showed
the following

ProrosiTioN (see Proposition 11 in [2]). Let n, m be non-negative
integers and let X = R* X Z™, where R and Z denote the additive group
of real numbers and the additive group of integers. Let o be a probability
measure on X with supp (o) — supp (o) = X, where supp(c) denotes the
support of ¢. Put (&) =1 — 6(%) on X, where ¢ is the Fourier transform
of o. If Re(1)V) is locally E-summable, then 37 (0)* converges vaguely,
where (o) = ¢ and (o) = (6)* 'xa (k= 2).

For any positive number p, we put

ey 5 2
op+1 =i\p +1

where ¢ denotes the Dirac measure at the origin. The first main step of
the proof in [2] is the following assertion:
(¥) There exists f, € C#(X) with f, + 0 such that

(2, + 8 — pN, « ) £+ ()

>0
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is bounded, where f(x) = f(—x) and ffdz\?p = jfdzvp for all fe Cx(X).
Here Cr(X) denotes the space of all real-valued continuous functions
on X with compact support and Cx(X) = {fe Cx(X); f=0}. This proof
in [2] is not sufficient, which was pointed out by Prof. C. Berg and Prof.
Hirsch. So we must show ().
For any p > 0, we have

o P
L@ + @) - NNy = _Rev®)

[P+ ¥(x)f
SRV _po( 1) 1
(@) P(x) Re y(x)
Put
=P =RV (550) and h=Re(l).
EART P pggr P70 en e(qf)

Assume n = 0. Then X is compact, so Re (1/4) is é&-summable. Hence,
for any fe CxX) and any p > 0,

(3@, +K) = pN,+ I,) «f+f(© < [|7F Re %)ds'
Assume n = 1. It suffices to show (x) in the case of X = R". Since
supp (¢ + &) = R", we have Re(x) > 0 outside the origin and
Re y(x) = a|xf

in B(0) = {xe R";|x| <1} with some constant a > 0, where |x| denotes
the distance between x and the origin. It is well-known that if 1/Re+ is
summable in a certain neighborhood of the origin, then > 7., (3o + &))*
converges vaguely and, for any fe C.(R"),

(s + 5 (56 +a))srefo - jlf!z-Rel—wdx

(see [1]). These imply that if n =3, (&N, + N,) — pN, % N,) = f % £(0)),s0
is bounded for all fe Cr(R").
Assume n = 2. Since, for any p > 0,

2
d _<_f P gx<?
.[81(0) £,0% = 5o (p + a|x[)? ¥ < a

A~ 5
and pN,xN, = g,, (8, *f*(0)),5, 1s uniformly bounded on R" for all fe
Cx(R%. Since g, + h, is of positive type and h is locally summable,
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sup |h s fx f(x)] = sup Iimlh [ * f(x))]
< sup hjnl(gp + h o) f f(x)] + sup g, *f+F(x)|

ZER™
xeRn

§2ig§gp*f*f(0) + hxfxf(0) < oo

for all fe Cx(R?). This shows that A is temperate, so, for any fe Cz(R?
and any p > 0,

(%(Np +N) —pr*Np>*f*f(O) gWPRe (%)dx< oo,

where C3(R?) denotes the set of all real-valued and infinitely differentiable
functions on R? with compact support.

Assume n = 1. For a symmetric positive measure 8 on R' with
compact support and with g8+ 0, 8 < L(c + ¢), we set

7 = ([ 1x = y1dp0) — ([ d)ixl).

Then 7, € Cx(R"), supp (7;) D supp (8) and

, dg — )
i) = [y =

For any fe Cx(R"), we put fy(x) = fx7,x); then

e (e, e (L)

e [ ~59) reyeo
lziz1

6rlxf [W@)F
gjm<1|fﬂrRe( Jas+ o[ l>l:f<x>r-—dx<oo,

because 0 < Idﬂ — B(x) < Rey(x) < 2. Therefore
((% N, + N,) — pN, « 1\71,) wfss fﬂ(0)>
>0

is bounded.
Thus (%) is shown.
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