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Abstract

We consider models of random groups in which the typical group is of intermediate rank (in
particular, it is not hyperbolic). These models are parallel to Gromov’s well-known constructions,
and include for example a ‘density model” for groups of intermediate rank. The main novelty is the
higher rank nature of the random groups. They are randomizations of certain families of lattices in
algebraic groups (of rank 2) over local fields.
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1. Introduction

This paper introduces models of random groups ‘of higher rank’. The
construction, basic properties, and applications are detailed in § 2 to § 8 below,
which we now summarize.

The construction (see § 2) is rather general. If " is a group which acts properly
on a simply connected complex X' of dimension 2 with X’/I"’ compact, and I"” C
I’ is a subgroup of ‘very large’ finite index, then one can choose at random a
family of I"”-orbits of 2-cells Y C X' inside X’. Then let X denote the universal
cover of X” := X'\ Y. The random group I" is the group of transformations of
the Galois covering

X —»X"/T".
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This construction leads to several distinct models of random groups including a
‘density model’, following Gromov. The initial structural data (I, X', ...) for
the model is called the deterministic data. The basic properties of I" depend on
the deterministic data.

An idea of groups ‘of intermediate rank’ was introduced in [2] in particular to
address the following question, where X is CAT(0) and X/I" is compact:

R X =7 I?

(This is the ‘periodic flat plane problem’ which has been formulated in many
places; see [12] for an early reference.) Since the assumption R?* < X is
equivalent to X being nonhyperbolic, the new models are relevant to the study
of this question. We will see that in some cases (depending on the deterministic
data, the density parameter, etc.) the answer is positive ‘generically’, but that the
precise relation between the two conditions ‘R? < X’ and ‘Z* < I remains
mysterious even for random groups associated with lattices in PSL;.

Before turning to these models, let us discuss briefly Gromov’s original
construction of random groups and the density model introduced in [14] (see
also [12, Section 6], [13], or [15]).

Let Iy be a hyperbolic group in the sense of Gromov, and take successive
quotients I} — I3 —» ---, say

Fn+1 = Fn/«Rn»9

where R, C I, is a finite set of additional relations. As explained in [14], the set
R, can ‘in general’ be chosen so that the following hold:

(1) I}y stays hyperbolic;
(i) I, — I, is injective on larger and larger balls.

Property (ii) ensures the existence of an infinite limit group I, while the
attribute ‘in general’ accounts for the oversupply of choices in the construction;
its precise meaning depends on the size and the nature of R,. For example, if
I is torsion free and the sets R, consist of a single relation which is a ‘higher
and higher’ power of the nth element in a list exhausting I7, then the limit I
is a finitely generated infinite torsion group [14, Section 4.5.C]. Here, (i) and (ii)
become geometric assertions relying on K < 0, and the construction offers almost
total freedom. (Gromov’s construction is related to the Burnside problem—the
existence of infinite torsion groups was established by Golod, and the existence
of infinite groups of finite exponent by Adian and Novikov, and by Olshanskii
using the small cancellation theory.)
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A prominent feature is the genericity of hyperbolic groups, as put forward
in [14] and illustrated by (i) above. Gromov has since invented several models of
random groups and constructed many exotic infinite groups using them [11, 15—
17, 21]. We are interested here in his so-called density model, which studies ‘one-
step’ random quotients I, — I, for ‘very large’ random sets R, of ‘very long’
relations. If one starts with a free group F, on r generators, and we let § denote
the density parameter, then the random group in the density model is a quotient
of the form F,/{W,), where W, is a set of ~|S,|° words chosen uniformly
independently at random in the sphere S, of radius p in F,. Gromov shows that,
if 8 < 1/2, then the resulting random group is hyperbolic with overwhelming
probability as p — oo, while if § > 1/2 it is trivial (meaning 1 or %) with
overwhelming probability. In this model, small cancellations occur for § < 1/12.
(One can also start here with a nonelementary hyperbolic group I" and take
random quotients by elements in the spheres S, C I', p — 00; the same phase
transition ‘6 < 1/2 = hyperbolic’ and ‘6 > 1/2 = 1/=’ is then valid provided
that I" is torsion free [22].) An earlier model of Gromov, called the ‘few-relator
model’, studies the situation where |W,| is bounded. We refer to [21] for a survey
of these groups.

The groups of intermediate rank constructed in [2] can be put on a ‘rank
interpolation line’:

(we emphasize again that this only has a schematic value: as discussed in [2], the
phenomenon of rank interpolation is not unidimensional.) The two extreme cases
in this picture are the hyperbolic groups (rank 1, or more generally the groups with
isolated flats, of rank 11) and the lattices in nonarchimedean groups (rank 2). The
value 1.94 refers to the bowtie group I, introduced in [2] and further studied
in [4]. The present paper constructs many groups whose rank is arbitrarily close
to 2: if the deterministic data arises from a nonarchimedean Lie group of rank 2,
then the ‘rank’ of the random group (for example, the local rank in the sense of [3,
Definition 4.5]) is as close to 2 as desired.

We now formulate our main result in the special case of the density model
with deterministic data the Cartwright—Steger lattices in PGL; (F, (())) and their
congruence subgroups. The techniques and constructions involved in the proof of
this result apply in more general situations, and we will state and establish more
general statements along the text. In fact, most of the assertions in Theorem 1,
with the notable exception of the fact that ‘§ < % = 7? < I, will be proved
under less restrictive assumptions.
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The Cartwright—Steger lattices [7] are uniform lattices I, < PGL,(F,((y)))
associated with the ring R = F [y, 1/y, 1/(1 + y)] = F,(y). Their congruence
subgroups I,(I) correspond to ideals I < R. The groups [, act transitively on
the vertexes of the Bruhat-Tits building X, of PGL,(F,((y))). Below n = 3;
the random groups discussed in Theorem 1 have as deterministic data the lattices
(X3, I's, {I3(1),)}) associated with the Cartwright—Steger lattices of rank 2.

THEOREM 1. Let g be a prime power. Fix two sequences (f),)p>1 and (s,)p>1,
where f, € F,[y] is a monic irreducible polynomial prime to y and y + 1 and
sp = 1 is an integer. If the density parameter § satisfies

< %,

then the random group I' in the density model of parameter & with (Cartwright—
Steger) deterministic data (X3, I's, {I3(1,)}) satisfies

7} I

with overwhelming probability, where the congruence subgroups I3(1,),>1 are
associated with the ideal 1, = (f,") generated by f," in F [y, 1/y, 1/(1 + y)].
If in addition s, > k for p large enough, then 7? < T with overwhelming
probability whenever

7k —3

Tk +1
(which can be made as close to 1 as desired, independently of q). Furthermore, if

6 <

-1
q—2
(which can be made as close to 1 as desired, independently of k), then I" acts
freely uniformly on a space X of dimension 2 with the geodesic extension property,
and if

5<% and ¢ > 5,

then I' has Kazhdan’s property T with overwhelming probability. In addition, if
8o is an arbitrary real number <1 given in advance, then there exists q, such that,
if g = qo, then I' has Kazhdan’s property T with overwhelming probability for
every 8§ < 8. If, on the other hand,

q

§ > ——,
qg—1

then I' does not have property FA. Finally, if

1
5<2
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(and q is arbitrary), then (X, ") has the extension rigidity property of [3]
(namely, it ‘remembers’ the building X3 it comes from). Finally, if 5y < 1 and
e > 0 are real numbers given in advance, then there exists qo such that, if
q = qo, then (X, I') has local rank (in the sense of [3]) uniformly 22 — ¢ with
overwhelming probability for every § < &.

The paper is structured as follows. An analog of Gromov’s few-relator model is
studied in Section 4 in relation with the periodic flat plane problem. The density
model is studied from Section 5 onwards, where we introduce ‘critical densities’
for various properties of groups in this model. In our framework, the density
parameter § regulates the size of the random subset ¥ C X’. For example, we
have a critical density ér for Kazhdan’s property T, 4 for property FA, etc.,
and most importantly the critical density 8z for the property that Z> < I'. The
critical densities depend on the deterministic data. In Section 6, we discuss various
analogs of Gromov’s § = 1/2 phase transition theorem in the density model, while
Section 7 is devoted to estimating 8z for nonarchimedean lattices (in positive
characteristic). Finally, Section 8 derives other properties of the random group
(for example property T) and its ‘intermediate rank’ behavior. The reason why
property T arises only ‘for sufficiently large residue fields’ is the same as in
Garland’s paper [10], namely that the spectral gap is large enough only for ¢
large enough.

We conclude with a question, the issue of which seems hard to predict at this
stage.

QUESTION 2. Is there (X, I') of local rank > r such that Z*> <> I’ for every
r<2?

Here, X is a CAT(0) of dimension 2 and I" ~ X freely with X/I" compact,
and the local rank is defined in [3]. The question can be considered both in the
general case or when the order ¢ is bounded. See [3, Question 0.2] for a related
question (some aspects of the ‘local to global problem’ implicit in Question 2 are
also discussed in [3]) and also [4, Problem 3].

2. Description of the random group

Let I" be a discrete group acting freely simplicially on a 2-complex X with
X/I'" compact, and let I'|, I, ... be a family of finite index subgroups of I" with
[I": T',] — oo, p — oo. The random group defined below is a ‘randomization’
of the following (deterministic) sequence of covering maps:
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r X/ X/ X/ T3

associated with X and (I7,) ,>;. (The family may be nested I" > I} > I3 -+, and
may correspond to a tower X/I" < X/} < X/I; < X/I's; < --- of compact
spaces.) The randomization is achieved by inserting a ‘random topological noise’
to the spaces X /I, (where p is very large) which is detected by the fundamental

group.
DEFINITION 3. We call (X, I', {I',}) the deterministic data.

The topological perturbation is implemented as follows. For each p > 1,
remove a family of 2-cells in X /I, (equivalently, a family of I',-orbits of 2-cells
in the fixed space X) at random (with respect to a probability scheme for removing

2-cells, for example, Bernoulli). The universal cover X, of the resulting (random)
space X, C X has a (random) group f,, of deck transformations:

X,
lf‘p

X/I_vp th/['p

as described in the following overall diagram:

X/I
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We study the properties of X s f,,) when the order of approximation p is very
large. The construction provides a random group fp, a random space X p a
random action I, ~ X ,, and a random compact space X,/ I’,.

At this stage, the model will be precisely defined as long as the random
scheme removing 2-cells is specified; several options are possible. We study
here analogs of Gromov’s well-known models for adding relators at random to
a finitely generated group (more precisely, analogs of the ‘few-relator model’ and
the ‘density model’ of [14, 15]).

Fix the deterministic data (X, I, {I',}) (different choices for the triples (X, I',
{I,}) give rise to different models of random groups and lead to a priori distinct
random objects). The set

€, := {I',-orbits of faces in X}

(whose element are called equivariant faces of X with respect to I',, or sometimes
equivariant chambers when we have in mind a Bruhat-Tits building) is finite, and
in many interesting cases it is rapidly growing. It plays the role of the set

W, := all words (or reduced words) of length p (or at most p) in I"

in Gromov’s models, from which the relations are picked up at random and added
to the given group I (e.g. the free group F,).
For a finite subset A = {C|, ..., Cy} of €, we set

o X, =x-, C.
o K, :=m(X,) and X A — X4 is the corresponding universal cover.
e [, is the Galois group of the covering map:
XA — XA/Fp .
The random group is defined by the following.

DEFINITION 4. Fix for every p > 1 a process IP, for selecting random subsets
of elements in &,. The random group of order p in the (X, I', {I,}, {P,})-model
is the group Iy associated by the construction above to the P,-generic subset
A C ©,. We say that a property P occurs with overwhelming probability in this
model if the probability that the random group I, of order p satisfies P converges
tolas p — oo.

REMARK 5. (1) In all cases considered below, the random process {P,} is
universal in that it does not depend on the deterministic data (X, I', {I,}). More
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precisely, a predetermined process PP is chosen for selecting a random finite subset
in an arbitrary finite set, and this process P is applied recursively to the terms of
the sequence (%) ,.

(2) Most of the results of the present paper extend easily to the case of proper
actions on cell complexes with compact quotient. We also note that these models
of random group only take into account the ‘profinite information’ contained in
the deterministic data.

We study two special cases of Definition 4: the ‘bounded model’ and the
‘density model’. In the first model, a uniformly bounded number of elements of
%, is chosen at random.

DEFINITION 6 (The bounded model). Fix an integer parameter ¢ > 1. The
bounded model over (X, I', {I',}) is the (X, I', {I',}, {P,})-model associated with
the process

P, := ‘choose ¢ chambers in €, uniformly and independently at random’.

This corresponds to Gromov’s ‘few-relator model’.
In the second model, the number of chosen chambers in €, is unbounded and
rapidly growing.

DEFINITION 7 (The density model). Fix a real parameter § > 0O (the density).
The density model over (X, I', {I',}) is the (X, I', {I',}, {IP,})-model associated
with the process

P, := ‘choose |%),|’ chambers in %), uniformly and independently at random’.

This corresponds to the Gromov ‘density model’. As in Gromov models, the
bounded model can be seen as a manifestation of the ‘density model with § = 0’
(see also Section 5).

REMARK 8. In a sense, the new models can be thought of as ‘mirror images’
of the Gromov models: rather than starting with a group with a large supply of
quotients, for example nonabelian-free groups, and gradually adding relations at
random, we typically start (see below) with lattices in some algebraic group of
rank 2, which have ‘as many relations as is conceivable’ for an infinite group
(in particular, they are just infinite up to center), and remove them at random.
It is unclear how to randomize (say, residually finite) discrete groups of higher
cohomological dimension; for example, the above construction provides a precise
meaning for the expression ‘I” is a random extension of a lattice in PSL, (K)’ for
n = 3, where K is a local field—what about n > 3?
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3. Preliminary results

Let (X, I, {I',}) be the deterministic data, andlet p > 1, A C 6, X4, I'a, K4
(following the notation of Section 2) be fixed throughout the section.

Observe that the sequence of covering spaces X4 X4 — X4 /T, provides an
exact sequence (nonsplit in general)

1—)KA—>FA—>FP—>1

of discrete groups.

LEMMA 9. If X is contractible, then the following hold.

(1) The homology groups H;(X 4, Z) vanish for i > 2, and the covering space
X 4 is contractible.

(2) The group K 4 is a free group on countably many generators.

(3) The group I'y is a finitely presented group of geometric dimension 2. If |A| #
0, then Iy is a strict extension of I.

Proof. The first part of the first assertion is clear, and the second part classically
follows from the first (X 4 is weakly homotopy equivalent to a point, and therefore
contractible). The universal coefficient theorem

0 — Ext(H,(X4,7Z),Z) - H* (X4, Z) — Hom(H>(X 4, Z)) — 0,

where the module H;(X 4, Z) is free and thus projective, shows that the second
integral cohomology H*(X 4, Z) vanishes. Thus, K 4 is a free group. This follows
from the Stallings—Swan theorem that a group of cohomological dimension 1
is free. (Note that the group K4 does not act ‘naturally’ on a tree in general.)
Let us prove (3). Since I" acts freely on X contractible, X/I" is an Eilenberg—
MacLane space, K (I, 1), and it follows from (1) that XA/FA isaK(I'4,1)andin
particular I, is finitely presented of geometric dimension 2. (If the action I" ~ X
is only assumed to be proper, then the groups I, are of proper (Bredon) geometric
dimension 2.) Assume that |A| # 0. Let y be the boundary of an element of A.
If I'y — I is an isomorphism, then y is a boundary in X ,, and therefore is an
equator in a 2-sphere of X. This contradicts the fact that X, is aspherical, so
K4 # 1, and, by equivariance, K 4 is infinitely generated. O

REMARK 10. If I' is of higher cohomological dimension, then K, is not

necessarily free. The density model is interesting to study in this situation, and it
seems to be working properly only in ‘high density regimes’ (this to compensate,
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especially in the case of SL,,, n > 4, for the very strong ambient rigidity properties
of the deterministic data).

The following ‘flat plane correspondence’ assertion is useful in connection with
Gromov’s periodic flat plane problem.

LEMMA 11. Assume that X is a CAT(0) space and that I’ ~ X is isometric. For
every flat T C X 4, there exists a flat IT C X 4 such that the restriction of 4 :
X4 — X4 toIT is an isometry onto Il. Furthermore, if there exists a subgroup
ACT, A>~7 suc~h that I1/ A is a compact torus, then there is a corresponding

subgroup A C Iy, A~ 72 such that IT / Aisa compact torus, and the following
diagram commutes:

Acr

e

7} —— ACT,

Conversely, 1f17 C Xais a flat in XA, then 7 (IT) is aflat in X 4. If in addition
there exists a subgroup A C Iy, A~ 72 such that [T / Aisa compact torus, then
its projection Ain I is a subgroup isomorphic to 7*, such that IT/ A is a compact
torus.

Proof. Since m, : Xy, > X, isa locally isometric covering map and R? is
contractible, the map j : R? - 1 C X, admits a unique isometric lifting
] R2— ITC X, through any p01nt](0) =X € X, such that 77, (X) = Jj@O) =:x,
such that the following diagram commutes:

X,

7

RZﬁXA

The map 7 4, being a local isometry, restricts to an isometry from IT onto IT. Let
A C T be a subgroup isomorphic to Z? such that I7/A is a compact torus. Let
s € A, and let g; € I'y be any lift of s € A. By equivariance of w4, we have
ma(gs(X)) = sx. Choose k; € K, such that k,g,x € 1. Then (k, gs Y-L(IT) is
an isometric lifting of /7 which contains x. Uniqueness of liftings implies that
ks 8s (17 ) = 1. Let {a b} be a generating set of A, and letd, b € I'y be such that
a(H) IT and b(H) I1. Since yrA(abx) = abms(X) = bam,(Xx) = nA(bax)
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and 7T, : T — ITis isometric, the elements a and b of Iy commute and therefore
generate an (infinite torsion-free) abelian group ACT,y . IfA~7 letébea
generator, and let ¢ € I', be its image. Then ¢(/T) = IT and A C (c), contradicting
A ~ 72 Therefore A ~ IT is conjugate to a discrete action of Z? on R?, and
hence T/ A is compact.

Conversely, let IT be the image of IT under 7. Since 774 iz 1s alocally isometric
covering map, [T is either a torus, a cylinder, or a flat plane. The first two
possibilities are incompatible with the fact that [T C X, C X, where X is a
CAT(0) space of dimension 2. In particular, we see that, if A = (a, 5) is a
subgroup isomorphic to Z? acting on IT with IT / A compact, then K, N A = {e).
But this implies that its image A in I" is isomorphic to Z?, acting freely on IT
with IT/A compact. O

LEMMA 12. Assume that X is a CAT(0) space and that I" acts isometrically.
Assume that A C B C 6.

(1) If Iy is Gromov hyperbolic, then 'y is Gromov hyperbolic.

(2) If Ty contains a subgroup isomorphic to Z2, then I'y contains a subgroup
isomorphic to 7.

Proof. (1) By invariance under quasiisometry, it is enough to prove that X5 is
hyperbolic. If it is not hyperbolic, then, being a CAT(0) space, it contains a flat
plane IT ~ R? — X5 by the flat plane theorem. Since the image of IT in Xp
under the covering map g : X g — Xp is a flat plane, the space X 4 contains a flat
plane, and therefore X, contains a flat plane by Lemma 11. Therefore, X4 is not
hyperbolic and I, is not a hyperbolic group, contrary to assumption. Thus I is
hyperbolic.
(2) Since A C B, the map }?B — Xp <> X, lifts to a map

XB—)XA—»XA.

Let Y = X4, A = Iy, and let C be the pull-back of B\ A C X in Y. Let also
AcCTzbea subgroup isomorphic to Z?, and let IT C Xj be the corresponding
periodic flat. We apply Lemma 11 to the isometric action A ~ Y, and the subset
C of Y. Then Y¢ coincides with the image of )}B in Y and f’c = )?B, Ac=1T3.1t
follows that IT = 7#-(IT) isaflatin Yo C Y = X 4 and that the projection A of A
in A is a subgroup isomorphic to Z2, such that IT/A is compact. This shows that
I, contains a copy of Z2. O

The same is true for the isolated flats property.
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LEMMA 13. Assume that X is a CAT(0) space and that I" acts isometrically. If
X has the isolated flats property, then X 4 has the isolated flats property.

4. Random periodic flat plane problems I

We consider the bounded model first.

Recall that a countable group I is called virtually indicable if some finite index
subgroup of I" admits an infinite abelian quotient.

The main theorem in this section is a result that is significantly more general
than Theorem 1 but is restricted to the bounded model. It produces groups which
are infinitesimal perturbations of the deterministic data.

LEMMA 14. Assume that the deterministic data (X, I', {I',}) satisfies:

e X is a CAT(0) space and I' acts isometrically;

o Iy« I',and[I" : I')] -, oo

e [ is not virtually indicable;

e 72 I;

then the random group in the bounded (X, I', {I',})-model contains a copy of Z*

with overwhelming probability.

Proof. Let A be a subgroup of I" isomorphic to Z>. Let IT < X be a flat plane
on which A acts freely with X /A a compact torus (which exists by the flat torus
theorem). Consider the subgroup

A, =T,NA,
and let F), be the set of A ,-orbits of chambers in I1. Since
[A: AT :T,],

the set F), is finite. We denote by F, C ¢, the image of F), into ¢, under the map
which associates to a A ,-orbit in /T its corresponding I,-orbit in X.

Let (I'y,, X 4,) be the random group associated with a random subset A, C €,
in the bounded model (so |A,| = ¢ > 1 is a fixed integer). We will show that

P(A, N IT # @) —> 0.
p—>00

Assume toward a contradiction that the limit is not zero. Then there exist § > 0
and a sequence p; < p, < p3 < --- of integers such that, forall i > 1, the random
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set A,, in €, contains, with probability at least § > 0, an equivariant chamber C
such that C N IT # ¢:

P@EC € A, | CNIT # %) > 6.

A fortiori,
dDIPCNIT#) =8

CeAp,

Thus, foralli > 1,
)
C €€, | CNIT £ > "I,

Since the condition C N IT # ¢ is equivalent to the fact that C € F , we obtain

|Fpl 2 |F) 1 =2 {C €6, | CNIT #0}| > gl‘gp,l-
Consider the groups G, = I'/I", and H, = A/A,, which act freely on ¢, and
F,, respectively.

It follows that there exists a constant x, which depends only on &, ¢, the number
of I'-orbit of chambers in X, and the number of A-orbits of chambers in I7, such
that

(G, : Hp,] < k.

Hence, for every i, the subgroup Al of I" is (by the isomorphism theorems) of
index
[I": AT, ] <«

As I is finitely generated (for it acts freely on X with X/I" compact), the family
J of subgroups of index at most « is finite.

A finitely generated group I” is not virtually indicable if and only if every finite
index subgroup I of I" has finite abelianization Iy /[ 15, Io]. Since AT, € I, we
have

| AT, [TAT,,, AT, <y

for some fixed y > 0, not depending on i. On the other hand, since A ~ Z2,
H, C AT, [IAT,,. AT,].
and as

|Hp,- | —_—> O,
|G p; >0
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we have
|AT,, /IAT,,, AT, ]| —— oo,

pi—>00

which gives the desired contradiction. Thus,

P(A, N IT # @) —> 0.
p—>00

We now apply Lemma 11, whose assumptions are satisfied with overwhelming
probability. This shows that Z*> < I';  with overwhelming probability. O

Theorem 16 below can be expressed by saying that ‘the periodic flat plane
problem is stable under randomization in the bounded model’, under suitable
assumptions. More precisely, we have the following.

DEFINITION 15. We say that a property P is stable under randomization in the
(X, I', {I,}, {P,})-model if the random group has property P with overwhelming
probability provided that the deterministic data (X, I", {I,}) has property P.

THEOREM 16. Let (X, I',{I,}) be the deterministic data, where I acts
isometrically on X CAT(0), and I', < I' is a sequence of normal subgroups
such that [I" : I',)] — oo. If I' is not virtually indicable, then the periodic flat
plane alternative is stable under randomization in the bounded (X, I',{I',})-
model.

Proof. Assume that I” satisfies the periodic flat plane alternative and let us prove
that the random group does. If I" contains Z?, then Lemma 14 shows more: every
copy of Z? eventually survives in the random group. If I" does not contain Z2,
then it is hyperbolic, and Lemma 12 shows that the random group is hyperbolic
as well. O

According to the ‘flat closing conjecture’ (which is equivalent to the hypothesis
that the periodic flat plane problem always has a positive answer), one expects
that virtual indicability does not play a role regarding the existence of a periodic
flat plane in the bounded model. The conjecture implies that, for arbitrary
deterministic data (X, I', {I,}), where X is CAT(0) and I" acts isometrically, the
periodic flat plane alternative is stable under randomization in the bounded (X,
I', {I',})-model. This can be checked easily in a few situations, including spaces
with isolated flats, using Lemma 13.

Let us conclude this section with a statement which (in the case of the bounded
model) weakens the assumption on the deterministic data for the Z*> < I’
assertion in Theorem 1.
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Let k be a nonarchimedean local field with discrete valuation, and let G be an
algebraic group of rank 2 over k. Let X be the associated Bruhat—Tits building, let
I" be a uniform lattice in G acting freely on X, let {I",}, be a sequence of finite
index normal subgroups, and let us take (X, I', {I,}) as the deterministic data.

COROLLARY 17. If I is the random group in the bounded (X, I', {I',})-model,
then 72 < I with overwhelming probability.

Note that such deterministic data can be constructed. Indeed, let I"'* be any
uniform lattice in G (see [19, Ch. IX.3]; if the characteristic of k is zero, then
all lattices are all uniform). Then, by a well-known result of Selberg, I" has a
torsion-free subgroup of finite index I, and since G over k is a linear group,
Malcev’s theorem shows that I" is residually finite. Now I, may be taken to be
any sequence of finite index subgroups of I', for example a sequence of normal
subgroups with trivial intersection.

Proof. Being an algebraic group of rank 2, G satisfies Kazhdan’s property T
(see [5, Ch. 1, Theorem 1.6.1]), and so does the lattice I". A fortiori, I" is not
virtually indicable, and therefore Lemma 14 applies. O

5. Critical densities, factors, and lifts

This section defines two relevant critical densities for studying the periodic flat
plane problem in the density model: dg: (the critical density for being hyperbolic)
and 8z (the critical density for containing Z?). Existence follows from the
‘lift/quotient stability in the density model’ of the corresponding group property
(compare Proposition 23).

We call a group property P lift stable (respectively, factor stable or quotient
stable), if, for every surjective morphism I — "’ where I"’ (respectively, I") has
property P, then I" (respectively, I'’) has property P. It is clear that the following
hold.

e P lift stable <& — P factor stable.

e P lift stable and P factor stable implies that P trivial. (In this respect, factor-
stable and lift-stable properties are ‘half-trivial’ properties.)

The following result explains the origin, for lift-/factor-stable group properties,
of transition thresholds observed in the density models.

PROPOSITION 18. Let P be a lift-stable (respectively, P’ be a factor-stable)
group property and let (I', X, {I',}) be the deterministic data. There exists a
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critical parameter §p = 6p(I", X, {I',}) (respectively, §pr = 8p (1", X, {I',})) such
that the random group I in the density model of parameter & over (I', X, {I',})
satisfies the following:

e [ has property P if § > §p (respectively, I' has property P’ if § < &p);

e [ does not have property P if § < §p (respectively, I' does not have property
P ifs > 8%);

(with overwhelming probability). In particular, 6_p < 8p and §p < S-p
respectively—leading to a ‘threshold’:

N

0 Spr dop

‘Half-trivial’ properties have one threshold

It seems that in known cases §p = §_p. For P such that 6, > é_p, it could
be informative to determine the true behavior of the probabilities on the interval
between 5_p and 6p.

EXAMPLE 19. The proposition shows the existence of critical densities for the
following.

e Kazhdan’s property T (factor stable), say dr.
e Serre’s property FA (factor stable), say &r4.

e Largeness, which is the existence of a finite index subgroup of I” surjecting to
a nonabelian-free group (lift stable), say §"",

—»F>
e Virtual indicability (lift stable), say 8*7,.
Here, ' '
8 < 8pa <8V, <8V

—F

Observe that, if P = P’, where both P, P’ are factor stable/both are lift stable,
orif P = —P’, where P is factor stable and P’ is lift stable, then 6, < §p..

The proof of Proposition 18 will follow from an assertion that ‘the random
group at density &’ is a quotient of the random group at a higher density § > §”,
which we make precise in Lemma 21. The existence of transition thresholds does
not generalize to properties which are not lift stable or factor stable. For example,

a property like TV " Z admits a priori two thresholds. In general, the above
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result can be extended to any finite conjunction of properties which are lift stable
or factor stable, resulting in a finite number of phase transitions.

We prove Lemma 21 in a more general model, called the ‘@-model’, which
extends both the bounded model (where « is bounded) and the density model of
parameter § for any § > 0 (where o, = |%,|‘3).

DEFINITION 20. Let (X, I', {I,}) be the deterministic data, and let o : N — N
be an increasing sequence. The a-model over (X, I', {I',}) is the (X, I', {1},
{IP,})-model of random groups in which P,, selects o, chambers in %,, uniformly
and independently at random. Given «, 8 : N — N, we say that the «-model is
dominated by the -model if «, < B, for every n sufficiently large.

Zero density models, in which say o, := 0(|%, %) for every § > 0 (this includes
the bounded model), can be used to provide variations on the model density § > 0,
for example: «, := |6,|° + o(|G, ).

The bounded model is dominated by the density model of parameter §, which
is dominated by the density model of parameter 6’ > §. Lemma 21 makes explicit
the fact that, if « dominates g, then ‘the random group in the «-density model
is a quotient of the random group in the §-density model’. We prove the case
of lift-stable properties only, since the corresponding statement for factor-stable
properties is analogous.

LEMMA 21. Let P be a lift-stable group property, and let (I', X, {I',}) be the
deterministic data. If the a-model on (I", X, {I',}) is dominated by the B-model
on (I', X, {I',}), then the probability that the random group has property P in the
a-model is dominated by the probability that the random group has property P in
the B-model.

In particular, if P occurs with overwhelming probability in the «-model, then
it does so in the 8-model, establishing Proposition 18.

Proof. If P is lift stable, then
lei, ... ca, € € | Ie.....c,) has property P}

{er, ... cp, € €, | Ie,...c,) s property P}
(6, e
< |{C1,...,Cﬂp Gcgp | 1—'{01 ..... CBp
b (6, e
Therefore, if A, denotes the random subset of €, in the «-model and Az denotes
the random subset of €, in the B-model, then

y has property P}|
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P(I's, has property P) < IP(I'y, has property P).
This proves the assertion. O

However, a property like ‘hyperbolicity’ is neither factor stable nor lift stable,
even though Gromov establishes a sharp phase transition in his density model.

The following weakening of lift/factor stability is consistent with the density
model and allows for more general properties.

DEFINITION 22. A group property P is said to be lift stable (respectively, factor
stable or quotient stable) in the density model if the random group at density §
satisfies property P with overwhelming probability whenever the random group
at density &' < § (respectively, §' > §) satisfies property P with overwhelming
probability.

Thus, we have (tautologically) a critical density 8, (1", X, {I',}) for every lift-
stable property P in the density model, and similarly for factor-stable properties.
Furthermore,

8-p (I X AT,)) < 8p(I, X, (1))

if P is lift stable and — P factor stable.

PROPOSITION 23. Let (I', X, {I',}) be the deterministic data, where X is a
CAT(0) space and I' acts isometrically. Then the following hold.

(1) Gromov hyperbolicity is lift stable in the density model over (I', X, {I},}).
Therefore, there exists a critical density, denoted Sg2(I", X, {I',}), for the
random group in the density model to be hyperbolic.

(2) The existence of subgroups isomorphic to 7* is factor stable in the density
model. Therefore, there exists a critical density, denoted dz2(I', X, {I',}), for
the random group in the density model to contain a subgroup isomorphic

to 72.
By the periodic flat plane theorem,

Spe (I, X, {I,}) 2 82(I, X, {T',)).

PROBLEM 24. Given the deterministic data (I, X, {I,}), where X is a CAT(0)
space and I" acts properly uniformly isometrically, is it true that

S (I, X, {T,}) = 82(, X, {T,})?
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The flat closing conjecture implies that the answer is positive.

Proof of Proposition 23. (1) By Lemma 12(a), we have

l{ci, ... ca, €6, | Ie,. ..., 1s hyperbolic}|
e, ..o cp, € €, | Ty, 18 hyperbolicl|
A
- e, ..o cp, € €, | Tey....cp,) 18 hyperbolicl|

X |(gp|ﬂp—a,,

This shows that the random group in the 8-model is hyperbolic provided that the
random in the @-model is hyperbolic, for any 8 dominating «, which applies in
particular to the density model.

(2) The same proof applies (using now Lemma 12(b)), with a reverse inequality.
Namely, we have

R
et vvsCa, € Cp | T cay) CONLRAINS Z}|
Hei, ... cp, € 6, | Ic...c,) CONLRINS 72}
B |G| Pr e
- {ers o vscp, € €, | Tey....cp,) CONtAINS 72}
- |G| Pr—r

This shows that the random group in the «-model contains Z* provided that the
random in the B-model contains Z2, for any 8 dominating o. O

REMARK 25. The above discussion of ‘lift-stable’ and ‘factor-stable’ properties
also applies to the classical Gromov models and shows the existence of critical
densities, for example in the density model. Recall that there exist morphisms
between the random group of different models at the same density, for example
when comparing the usual model with the triangular model; see [21, 1.3.g]. The
above results are of a different nature in that they concern morphisms between
random groups at distinct density regimes in a given model.

6. General facts on the random group at positive density

The random group I" in Gromov’s density model exhibits the following well-
known phase transition at density § = % (see [15] and Theorem 11 in [21]).

(1) If 6 < 1/2, then with overwhelming probability I" is infinite hyperbolic,
torsion free and of geometric dimension 2.
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(2) If § > 1/2, then with overwhelming probability I” is trivial (either {e} or
7./27).

In other words, Sy, = Syiy = S-pyp = S-iv = 1/2.
The analogous result in our setting takes the following form. The proof, as in
Gromov’s case, is an illustration of the box principle.

PROPOSITION 26. Let (I', X, {I',}) be the deterministic data, and letr € N>, be
fixed. Then the random space X » in the density model over (X, I', {I',}) exhibits
a phase transition with overwhelming probability:

(1) If§ < 1/2, then the random set A C X is r-separated (that is, the simplicial
distance between any two elements of A is at least r).

(2) If 6 > 1/2, then there exist at least r pairs of adjacent elements of A.

Proof. (1) Let Yy, Y3, Y3, ... be a sequence of independent uniformly distributed
random variables with values in €),, and for m < i < |%),| denote by E{’(m) the
event

E(m) = {diam(Yy,, ..., Y,) =7 | V1 <k < - < ky < i}
We have
P(E (m))

= ) PEYmIMi=c,... Yo =ca )N E;TVm)
(C[,...,L‘;fl)ECg]ifl

P{Yi=ci,.... Y1 =) N ngl)(m))-

Giventheevent {Y, =c;,..., Y., =c;_1}N El(f‘”(m), namely, that the faces ¢,
..., ¢;_1 have been chosen and any m of them have diameter at least r, we obtain,
letting Ny (c1, ..., ¢;—1) be the number of faces in X whose union with m — 1 of
the faces ¢y, ..., ¢;_; forms a set of diameter at most r,

Np(cl7 .. 'aci—])
k7]

Let N, be the number of faces in the r neighborhood of a single chamber of X
(this does not depend on the given chamber). Then

}P’(E;j)(m) [{Yi=c,....Yii=c4}N E;,i_])(m)) =1-

Np(cla--'vci—l) <Np |{(k17'--akm—l) | 1 <k1 < - <km—1 <l_1}|
<N, -G =",

SO
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(1 — 1ymn—1
BEm) > Y (1_—1\7,, (~1) )

(C],.,.,C,‘,])E(fli,_l |<gp|
PYy =cp, .. Yo =} N ES D (m))
N. - (l _ l)m—l) .
=(1—-—L2— "2 \PEY“D(m)).
( 1€ g

X

Using e < 1 — x forall x < 0.79, we get

P(ED) > ¢ 25im WpG=D" 16D 5 p=2NpG6=1/1%,)
¢ .

Therefore, if i = |$9”,,|‘5, where § < 1/2, then P(E,) is arbitrarily close to 1. This
concludes the proof of (1). The proof of (2) is of a similar nature. ]

Then the density model exhibits several extra phase transitions as the parameter
d increases. The transitions depend on the local structure of the initial space X:

PROPOSITION 27. Let (I', X, {I',}) be the deterministic data, and let r € N3,,
k,? € N, be fixed. Then the random space X 4 in the density model over (X, I',
{I,}) admits a phase transition at density § = k/(k + 1). Namely, the following
hold with overwhelming probability.

(1) If§ < k/(k + 1), every ball B of radius r in X* contains at most k elements
of A.

(2) If 8 > (k — 1)/k, there exists an r-separated set E C X'V of cardinality at
least £, such that every edge e € E is included in exactly min(k, g, + 1)
elements of A.

Proof. (1) Let Yy, V>, Y3, ... be a sequence of independent uniformly distributed
random variables with values in %,. For a ball B C X® of radius r, we write
Y; ~p Y; to mean that both ¥; and Y; are included in B.

Let B C X® be aball of radius r, and fix 1 < m; < --- < my <i. Since

b \*
Py, ~8 Y, ~3 -+ ~p Yn) < ,
Yo 5 Yo g 205 Y <|‘€p|)

where b* := maxp-xo |B,| (wWhich is finite as X/I" is compact), we obtain

]P(Hl <m1 < .- < my gla HB’ le ~B sz ~B " "B Ymk)
<

S Py ~n Yo ~a by V)

I<my<<m<i f€6,
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b* \*
<HOmy,.ooo,m) | 1< ml<"'<mk<i}|'|%p|'<|_)

G,
<o(zm)
= |<gp|k—1 :

Therefore, if i = |%,|°, where § < k/(k — 1), then with overwhelming probability
every ball in X® of radius at most  contains at most k elements of the random
subset A of €, at density 8.

(2) Let Yy, Y5, Y3,... be a sequence of independent uniformly distributed
random variables with values in €),. Let .%, ; be the set of all k-tuples of elements
of 6, whose faces are mutually adjacent to a same edge. For every ¢ € %, ;, we
write E; ;(¢) for the event

lk(l”)_{al mla-'-’mkgi(vr#s’ mr#ms)lyml:wl’---aymk:wk}a

and let x; (1) be the characteristic function of E; (). We will estimate the
expectation of the random variable

Zpii= Y Xepih)
Wegzp,k

whenever § € [(k — 1)/k,k/(k + 1)]. Fix k and € .%, ;. Write

P(E; «(¥)) = P( U Yo, =1,y Yoy = wk>.

M1y =1|Vrzs,m #ms

We have

P(E; () > > P(Y, = Y1y Yo = ¥
my,....mp=1|\Vr#£s,m,#mg

i i

- 2

mi,.mp=1Vr#s,mp#ms m',....m=1|\Vrs,m) #m
P(le :’(/,17-"1 mg wk7 Ym/ —1//l7~~-»YmL=1//k)

by inclusion—exclusion, where

P, =V, Y =¥1) =

and

P, =1, Yo, =V, Yoy =Y, Yo = ¥ <
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Therefore,

(=D G—k=1) Gi=D—k=1)

i
A >
P(E (V) > Z e

Substituting |%,|° for i, we deduce

E(Zp) = Y EGtes(¥))

VeFpk
> |7 kl(%pla('%”'s — DG k=1
S 1, |*
GG = D (61 — k= 1)
|<gp|2k °
Since, for p large enough,
|(gp|5 _j < l
|C,| 2’

whenever § < 1 and j < k + 1, we have

GG =12 (G, =k =1 |G (G = D--- (%I —k—1)

I%ply( 2k|<gp|k ’
and therefore
I (16,P1C,° =1 - (16,1° —k—1)
E(Z,) > |Zill1 - = L L L
a1~ (D
1\ (6,1 —k—1D*
> |7 1—— ().
Zui(1- ) (P
Now, o
3
Cgfp,k| 2 | P| )
(g*+1)
SO

3 1\ [ (%, —k — D)
]E(Z”"D(q*ﬂ)(l_i)( @, )

This shows that
E(Zp!k) — X

whenever § > (k — 1)/k. Since is X uniformly locally bounded, this shows that
we can find at least £ edges ey, ..., e, in X (for any ¢ fixed in advance), having
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at least k chambers adjacent to e; removed. In addition, since the number of such
edges grows to infinity, we may suppose that the pairwise distance between these
edges is at least r from each other in X (for any r fixed in advance), and since the
chambers are chosen independently at random, we may also suppose that exactly
min(k, g, + 1) distinct chambers will be removed on ey, . .., €. ]

PROPOSITION 28. Let (I', X, {I',}) be the deterministic data, and let £ € Nx,.
Then the random group I'y in the density model over (X, I', {I',}) satisfies the
Sfollowing with overwhelming probability.

(D) If 8 < q.(X)/(g«(X) + 1), then Iy acts freely on a simply connected space
X 4 without boundary with X /Iy compact.

Q) If § > q.(X)/(q«(X) + 1), then 'y splits off a free factor isomorphic to a
free group F, on £ generators:

FA ~ A x Fg,
where A is a finitely presented group, and q,(X) := min,cx ge.

In particular,

9(X)
4:(X) + 1
where 84 is the critical density for Serre’s property FA (existence of fixed point
for actions on trees).

Spa((I, X A{T,})) <

’

Proof. The first assertion follows directly from Lemma 27, so we prove (2). Since
X/I' is compact, there exists a constant y > 0 such that, if ¢,(X) denotes the
lowest order of an edge in X, then

E,=={e€%,’ |q=q.X)

satisfies
1
E,| > 1%

forevery p > 0. Letk = ¢g.(X), and let Z, .« be the set of all k-tuples of elements
of €, whose faces are mutually adjacent to a same edge ¢ € E,. The proof of

Lemma 27, with the same notation except for F » .« Teplacing F ».k» sShows that

. 1\ ((G," =k = D
E(Zyx) > I%,H(l - ;) (”T)
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and since now

3y1%,|

(@*+ 1)

we obtain E(Z, ;) — oo. Therefore there exists, with overwhelming probability,
an r-separated set E C E, of cardinal ¢, such that every edge e € E is included
in exactly ¢.(X) + 1 elements of A C €. Let V, be the quotient space X /I, let
T, be a maximal tree of the 1-skeleton of V), and choose aroot s, € T),. Let V| be
the topological space obtained from V), by collapsing T, to s,,, which is homotopy
equivalent to V,,. The elements of E/I", being face-free edges in

Iﬁp,k| 2

Vii=X,/T, CV,

form a wedge sum B, of £ edges in the collapse V; of V, in V , and V} is the
wedge sum of B, and a compact complex V. The van Kampen theorem shows
that Iy >~ m,(V}) splits as

m(Vy) = m(V)) «m(By),

where 7, (B,) > F, and 7, (V) is finitely presented.
In particular, we have

q+(X)
g.(X)+ 1’

proving the proposition. O

S-ra((I, X, {T,])) <

7. Random periodic flat plane problems IT

We now prove the implication
§<i=7Z'—>T

in Theorem 1, and similar assertions over local rings.

In Theorem 1, the fixed global field (denoted k) is F, (), and the uniform lattice
I" in the deterministic data (X, I, {I',}) is the Cartwright—Steger lattice [7] which
is of type A, over F,((y)). The presentation of I" by Lubotzky, Samuels, and
Vishne in [18] is especially useful, where the congruence subgroups {I',} are
described explicitly to illustrate the Ramanujan property of their quotients. We
first review briefly the construction for notational purposes, referring to [18] for
complete details.

Let D be the central simple algebra of degree 3 over k defined by

2
D = @ kEiZ'i

i,j=0
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with relations z& = ¢ (&;)z and z* = 1+ y, where ¢ is a generator of Gal(F,/F,)
and & = ¢’ (&) is a basis for F,; over F,. Associated with D are algebraic groups
over k defined by G=D"and G = D> /k*. For a valuation v on k, we let
D, = D ®; k,, and we say that D, splits whenever D, >~ M;(k,).

Let T = {vyy, vi4,} consisting of the degree valuation v,, on k, and the
valuation v, associated with the prime 1 + y, namely, vy, ,((1 + y)' f/g) =i
where the polynomials f, g are prime to (1 4 y). Then, by [18, Proposition 3.1],
the algebra D, splits for all valuations v ¢ T on k, while it is a division algebra
forveT.

Letvo=vy ¢ Tand Ry = {x e k | v(x) = 0, Yv # vy} = F,[1/y]. Since D,
splits, we have G(k,,) >~ PGL;(F,((y))), so G(R,) embeds as a discrete subgroup
of PGL3(F,((y))). Since T # @ and G(k,) is compact for v € T, then Strong
Approximation (see [18, Section 4]) shows that G(R)) is a cocompact lattice in
PGL; (F, ((»))).

The Cartwright—Steger lattice [7, Section 2] is the subgroup I" of G(R,) defined
as follows. We note that, as stated above, the lattice G(Ry) is well defined
only up to commensurability. A strict definition of G(R;) depends upon fixing
a embedding G into a linear group over k, which is chosen here to be GLy(k)
(see [18, Proposition 3.3]), so that G(Ry) := G(k) N My(Ry). Then I consists of
matrices of G(R,) whose reductions modulo 1/y are upper triangular with 3 x 3
identity blocks on the diagonal.

Another description of I" from [18, Section 4] is as follows. Let R be the
subring of k given by R = F,[y, 1/y,1/(1 + y)], and let A(R) be the R-algebra
A(R) = @[2 i=0 RE;7/ having the same defining relations as D, so that D appears
as the algebra of central fractions of A(R), namely, D = (R\{0})"'A(R). We
have A*(R)/R* = G(Ry) [18, Proposition 4.9]. Let

b=1-z"e A*(R),
and, for u € F; C AX(R), set b, = ubu=' € A*(R). Let I” be the subgroup of

A*(R) generated by the elements b,. Then I" is the quotient of I" modulo R*.
Write X for the Bruhat-Tits building associated to PGL;(F,((y))). The
vertexes of X are F,[[y]]-lattices in Fq((y))3, and incidence is given by flags.
The action of G(Ry) on X (via its embedding in PGL;(F,((y)))) is transitive on
vertexes. The group I" is a normal subgroup of G(R,) of finite index (see [7,
Theorem 2.6]) which also acts transitively on the vertexes of X (in fact, the
reduced norm of b is y/(1 + y), which coincide with y up to the invertible
element 14y of F,[[y]]). The congruence subgroups of I" are defined as follows.
Let I be an ideal in R. The quotient map R — R/I induces an epimorphism
A(R) — A(R/I), which itself induces a group morphism A*(R) — A*(R/I).
Denote the kernel by A*(R, I) and its quotient modulo R* by (A*/R*)(R, I).
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Thenweset I'(I) = ' N (A*/R*)(R, I),and let Iy = I'/I"(I) be the quotient

group.
Let f, € F,[y] be a monic irreducible polynomial prime to y and y 4+ 1, let

S[,

sp = 1 be an integer, and let 1, = (f,,”). The deterministic data for Theorem 1 is
(X, I',{I"'({,)}), where

e X is the Bruhat-Tits building of PGL3(F,((y)));

e [ is the Cartwright-Steger lattice in PGL3 (F, ((¥)));

e {I'(1,)} are the arithmetic lattices associated with /,,.

We suppose that deg(f,”) — oo.

The assertion that Z*> < I" for these random groups is related to the elementary
algebraic structure of PGL; and PSL; over fields and local rings. As usual for a
local ring L, GL3(L) is the group of units of M;(L), SL3(L) is the subgroup of
GL;(L) of matrices with determinant 1, and PGL3(L), PSL;(L) are the projective
versions.

We start with a lemma. Let (L, m) be a finite local principal ring of prime
characteristic with residue field F, = L/m, uniformizer 7, and length s (the
smallest integer s > 0 such that m* = 0).

LEMMA 29. The order of the group (y, y') generated by two commuting elements
v,y € PGL;(L) is at most
3g°M% (g — 1),

where log, is the logarithm relative to q, and [-] is the upper integer value.

Proof. In the reduction modulo m
PGL;(L) 3 y = y € PGL3(F,),
an element y € PGL;(L) such that y = 1 has a representative of the form
A1 + 7%yy) € GL3(L)
for some A € L™, yy € M3(L), and k > 1. The Frobenius map gives

Tog, 51

(1 + 7p)? =1,

and therefore 4" = 1.

Thus, if y and y’ are two commuting elements in PGL;(L), then the kernel K
in the exact sequence

1> K= (y.7y)—> 7)1

is an abelian group of order at most g% 1,
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We now estimate |(y, y’)|. Assume without loss of generality that L = F,. Let
y, ' be representatives of y, ¥’ in GL;(L), and let f € L[X] be the characteristic
polynomial of .

Assume that f does not have a root in L. Then f is irreducible over L (since
a factorization would split off a degree-1 factor) and is therefore equal to its
minimal polynomial. It follows that the rational canonical form of y has only
one block associated with £, and y has a cyclic vector £. Given y’ € PGL;(L),
there exists P € L[X] such that

y'&=P(y)E
If
ry =x'y
for some A € L*, then
ZkZ, — )"kZ,Zk’
SO
Y'yE =1 Y P(y)E =27 P(y)y e
Thus,
1 0 O
y'=Py)|0r" 0
00 A2

in the basis (&, Z& , 125). Taking determinants, the equality Y Z’ = AK’Z shows
that A is a cube root of 1. Thus every element of (y, y’) belong to the subspace

{P(y)| P € LIX))
of M5(L), possibly after multiplying by an element of the form

100
0x 0
002

A € L* acube root of 1. Since the dimension of {P(y) | P € L[X]} over L is 3,
the order of (y, y’) is at most 3(g> — 1).

A similar argument works more generally if f equals the minimal polynomial.
Otherwise, f has a root a in L, and we may assume up to conjugacy that y has

the form (3 %), where a € L* and & € GL,(L). Write

, _[(bm
Y=\ng)
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beL*,m',nelL? and B € GL,(L). Since

!’

v =iy

for some A € L™, we have ab = Aba, so
r=1,
and thus mo = am, an = an, and

aff = Ba.

If m = n = 0, then the argument of the previous section shows that the order of
(a, B) is at most g> — 1, so the order of (y, y’) is at most ¢°> — 1. Otherwise, a is
an eigenvalue of «, and it is easy to see that the order of (y, y’) is at most g — 1
in this case too, which proves the lemma. O

Proof of the assertion that 7Z? <~ I in Theorem 1. The local ring

R/1, =~ Fo[yl/{f(»)")
has residue field
Fo, = R/{fp) = F[y1/{f, (V).
By [18, Theorem 6.6],
PSL;(R/1,) C I';, C PGL3(R/1)).
Let A be any subgroup of I" isomorphic to Z?. Lemma 29 shows that the order of
the image of A in I7, is at most

2[log, s1
3QP " (q; - 1)7
where g, is the order of the residue field. Denote by IT ~ R? the flat associated
to A in X, and let %, be the set of I"(I,)-orbits of chambers in X. The set F, of
A N I'(I,) orbits of chambers in [T is finite, and there is a constant C (namely,
C = 3x the number of A orbits of chambers in I7) such that

IF,| < Cq ™1™
pl = 14 .

Let F, be the image of F), in G,
Consider a sequence Y1, Y, Y3, ... of independent identically distributed
random variable with values in &,. The probability P(E,) of the event,
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can be estimated by

LA
]P(En) 2 (1 - _P) ’
%]

and therefore
P(E,) > e 2AEP Il

Since I, acts freely on ¢, with ¢,/ 17, fixed,
|€p1 = DII7, |
for some constant D > 0. Let us compute |/7,|. The reduction map
R/1, — R/(f,) =F,,
induces a surjective map
7 : GL3(R/1,) — GL3(F,),

since det: GL3(R/I,) — (R/I,)* commutes with reduction modulo (f,), and
since an element is invertible in R/, if and only if its image in F,, is nonzero (as
R/1I, is local). Therefore any pull-back of a matrix of GL3(F,,) in M3(R/1,) is
a matrix in GL3(R/1,). The kernel of 7 consists of matrices of the form Id + y,
where all coefficient of y; belong to the ideal ( f,). Therefore

IGLs(R/1,)| = ¢2“r " |GLs(F,,)| = ¢2"~*(¢} — D)(g> — D)(g, — .

As det is surjective and a € (R/I,)* if and only if a is not a multiple of f,, we

have that
1
ISL3(R/1,)| = ————IGL3(R/1,)|
PR Ly
1 g% 2
=——-°94," (@, — D(g, — D(g, — 1)
gy 1( ap — 1) 14 I3 P
SS” (g, — D(g, — D).
This gives
T, 1 = [PSLs(R/I)| = ;' ISLs(R/T)| = 1'% (g3 — D(g? — 1),

where 1, = [{a € (R/I,)* | a® = 1}|. Therefore,

_ 2flog,  sp1+3
|%|5 ]|F/| CDS ] qu qp °P q8sp(8 1)

l s 2(logqpx,,]+8$,,(5 1)+3

= CD*! q,

Thus, since [log, s,1/5) —>n->cc 0 when deg f,} — oo, we obtain the
following.
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(i) If s, = 1 for large n, then (R/1,)™ is cyclic, i, < 3 (for large n), and thus
P(E,) — 1if
86 —-1)+3<0;
that is,
8 < %

(ii) If s, > k > 2 for large n, then (R/1,)* is not cyclic in general, but using
the rough estimate p, < q;"_l (or u, < g, — 1 if the order satisfy g # 3°,
¢£=1,2,3,...), we have that P(E,) — 1if

(I=8)(,—1)+8s,(6—1)+3 <0;

that is,
Tk —2

Tk+1°

<

(1) If ( f;”) does not satisfy (i) or (ii), we separate the cases s, > 2 and 5, = 1,
and obtain the desired conclusion when § < g as (7Tk —2)/(Tk+ 1) > % for
k>2.

This shows that P(E,) — 1. Therefore, Lemma 11 applies with overwhelming
probability, and we have that Z? <> I" with overwhelming probability. O

REMARK 30. We have proved the stronger result that every embedding Z2 <
I; eventually lifts to an embedding Z> < I" with overwhelming probability.
Recall that, according to Mostow and Prasad, the set of embeddings 7% — T3 is
dense [20].

QUESTION 31. Are these random groups residually finite? (For comparison, note
that there exist nonresidually finite [8] central extensions of the form 1 — Z —

Sp(2n,Z) — Sp(2n,Z) — 1.)

QUESTION 32. What is the value of 672 (X3, I3, {I3(1,)})? What is the value of
Sra (X3, I3, {15(1,)1)?

QUESTION 33 (‘Perforated buildings’). If X is a Bruhat-Tits building of rank 2
(possibly exotic) and ¥ C X is an R-separated subset of chambers, does R? <
X \ Y for R large enough?

REMARK 34. It is proved in [18] that the congruence quotients of X3 by

I3(1,) are Ramanujan complexes. This fact, whose proof relies on the ‘Jacquet—
Langlands correspondence’ (in positive characteristic), is not used in this paper.
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(Nevertheless, the random quotients X/I" as in Theorem | are Ramanujan
complexes ‘up to &’, at least if the density is not too large.) The main input from
algebraic groups used in the proof is Strong Approximation, and so it is most
likely that results in the spirit of Theorem 1 can also be established for other
algebraic groups (e.g. Sp) and over other fields (e.g. characteristic 0), the first
step being to construct explicit families of lattices. We also note that the case
of positive characteristic is easier to handle from an algorithmic perspective (the
construction of f, can be done in polynomial time using the Shoup algorithm).

8. Further properties of the random group

The critical density é7 (X, I", {G,}) for Kazhdan’s property T can be estimated
using the so-called ‘spectral criterion for property T°, which is local. This is
done by making (spectral) bounds on the local geometric perturbations explicit,
following [10, Section 6] and [9].

We recall (see [S] for more details) that the ‘spectral criterion’ refers to the
following well-known result of Garland [10, Theorem 5.9].

THEOREM 35 (Garland). Let V be finite simplicial complex of dimension £ in

which every simplex belongs to an £-cell, and let r < €. Assume that, for every

vertex v € VO, the rth reduced cohomology group H'(Lkv,R) [ie. H = H" if

r > 1and H° = coker(H(*) — H®)] of the link Lk v of V vanishes, and denote

by A, (LK v) the smallest nonzero eigenvalue of A* = dd acting on C" (LK v). Set

A, := min, A, (Lk v). If

L—r

r+1’

then H"(V, p) = O for every finite-dimensional unitary representation p of w, (V).
(If £ = 2, r = 1, this says that

r—1 =

Ao >1/2= H'(V,p)=0
forany p.)

The statement in [10] deals only with those V whose universal coverings
are Bruhat-Tits buildings, but Borel points out [6, Theorem 1.5] that Garland’s
argument is general. (While we are mostly interested in Bruhat-Tits buildings
here, it is the general case that is useful for us.) Borel also notes in Section 2.2
that the assumption that V is finite can be replaced by ‘uniformly locally finite’,
provided that the conclusion refers to the vanishing of L>H"(V, p) (L?-summable
cochains). It was later shown that the family of admissible p with vanishing H”
could be substantially enlarged; in particular, the linearity assumption on p can
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be disposed of (in the smooth category [24]), as can the finite-dimensionality
assumption on p (see [1, 23, 25]). The latter leads to the conclusion that H" (V,
p) = 0 for every unitary representation p of m;(V) which, when r = 1, is
equivalent to I" having Kazhdan’s property T by a well-known result of Delorme
and Guichardet (see [5]). Garland studies in particular the two-dimensional case,
exploiting the computation of the exact value of A, for Tits buildings (associated
with BN-pairs, the computation appears in [9] and [10, Proposition 7.10]) to
derive the vanishing of H' ‘when the order is large enough’. (As Garland
observes, his cohomology vanishing results for lattices—with finite-dimensional
unitary targets—were in fact already known in degree 1, as they were covered by
Kazhdan’s work.)

We now explain why property T holds for random groups ‘when the order is
large enough’ (in particular, when ¢ > 5if § < 1/2, and the deterministic data is
of type A,, and for g > 1if § is only assumed to be bounded away from 1).

The idea is that Ao is controlled if the number of chambers removed is
significantly smaller than the order (defined as the minimal number of chambers
on an edge minus 1) of V.

LEMMA 36. For every 6 > 0 and every integer n > 0, there exists a constant
8" > 0 such that, if G is a graph of order q > 5n/§ with 1o(G) > 1 — &, and
G' C G is a subgraph with |G'"| > |G®| — n, then 1o(G') > 1 — 6.

Indeed, by the Cheeger inequality (for graphs), it is enough to prove the
corresponding statement for the Cheeger constant; then the numerators of the two
isoperimetric ratios differ by a constant that is washed out as ¢ — oo.

More explicitly, we have the following.

Proof. For asubset A C V,let hg(A) := |0gA|/(min(|A|g, | X — Alg)), where
|0 A| is the number of edges with extremities belonging to both A and X — A, and
|[Alg := )", 4 valg(x). The Cheeger constant of G is h(G) := minacg hg(A). Let
A be a subset of V' such that #(G") = h(A). By the Cheeger inequality,

2|0 A]

2o(G) < 2h(G) < —

min(|Alg, | X — Alg)

2|0g Al + 2 2
R T p— .

min(|Alg, [ X — Alg) min(|Alg, |[X — Alg')

Since g > 5n /8, we obtain Ao(G) < 2h(G’) + §/2. Thus
r(G) < 24/200(G") +6/2,

using again the Cheeger inequality. O
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Let X be a thick irreducible Euclidean building of rank 2. The links of X are
spherical buildings, and there exist integers ¢* > g. > 2 such that the degree of
an edge in X is either g* 4+ 1 or g, 4+ 1. We call g, the order of X. In the A, case,

q" = G-

THEOREM 37 (Generic property T). For every §y < 1, there exists qo such that,
if § < 8 and if in the deterministic data (X, I', {I',}), the space X is a thick
classical (i.e. associated with an algebraic group over a local field) irreducible
Bruhat-Tits building of rank 2 and order q, > qo, then the random group at
density 8 with deterministic data (X, I', {I',}) has Kazhdan’s property T with
overwhelming probability. Thus

5r(X, I AT, — 1

as q.(X) — oo.

REMARK 38. The groups appearing in the above result (and in Corollary 17) are
buildings with chambers missing in the sense of [3]. Some (weak) buildings with
chambers missing have the ‘opposite’ Haagerup property; see [3]. We also note
that random groups in the density model admit an infinite quotient with property
T, independently of the order, as soon as we are given deterministic data with
property T.

Proof. Let k be sufficiently large that §; < k/(k + 1). Let 0 < ¢ < 1/2 be given.
By Lemma 36, we can find ¢’ > 0 such that, if 1o(G) > 1 — ¢, then A¢(G — k) >
1 —& > 1/2. Feit and Higman [9] and Garland [10] show that, if G is a spherical
building of order g, then A¢(G,) converges to 1 as g — oo. Let gy be larger
than 10k and be such that Ao(G,) > 1 — ¢’ for any spherical building G; of
order g > qo. If, in the deterministic data (X, I", {I,}), the space X is a thick
classical irreducible building of rank 2 such that ¢, (X) > ¢, and if § < &y, then,
by Proposition 27, the links of X contain at most k chambers missing at every
vertex, with overwhelming probability. Therefore, the random perforated building
X \ I''A at density § satisfies Ag(X \ I"A) > 1;\e/> 1/2 with overwhelming
probability. Since the random universal cover X \ I"A is locally isomorphic to
X \ I''A, Theorem 35 applies. Thus the random group has property T (and the
spectral gap is arbitrarily close to 1) with overwhelming probability. O

It is natural to wonder if the bound on the order can be estimated. It seems
difficult to give a general answer, but we can do it at least when the density is
<1/2 (or in the model with few chambers missing). In fact, one can compute the
exact value of Ao(X), in the spirit of Feit and Higman’s paper [9].
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More precisely, we have the following.

THEOREM 39. If (X, I', {I',}) is of type A,, then, both in the bounded model and
in the density model of parameter § < 1/2, the random group has property T (with
overwhelming probability) when g > 5.

This follows from the following.

PROPOSITION 40. Let G be a spherical building of type A, and order q with a
single chamber missing. Then

Jg+1/44+1/2

M(G)=1—
0(G) |

In particular, Ao(G) > 1/2 whenever g > 5.

We recall (see, e.g., [S]) that the value computed by Feit and Higman in the A,
case is

/\o(G)zl—ﬂ;
qg+1

so, in particular, 1o(G) > 1/2 whenever g > 2.

Proof. Let G ~ G’ be an extension into an A, building of order g (see [3]), and
let P be the projective plane corresponding to G’. We choose the following basis
for the space of functions on the vertex set of G:

(8p58p,,...6

) pqz+q+l )’

’81178127 ."’8142+q+l

where p; € G (respectively [, € G) corresponds to the point p (respectively, the
line /) of P associated to the missing chamber, while p,, ..., p 4 (respectively,
I, ...,l,41) correspond to an enumeration of the points of / distinct from p
(respectively, the lines adjacent to p distinct from /) in P.

The Laplace operator A is of the form

0A
smta(50).

where A is the normalized adjacency matrix, namely A = D_'/>A,D_'/?, where
Ay is the usual (bipartite) adjacency matrix (we recall that (Ay); ; = 1 when /; is
adjacent to p;), and D, is the diagonal matrix having ¢ + 1 down the diagonal,
except on the first entry which is g. Denote ¢ = +/g(g + 1). A computation shows

172
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that
43 0, (q+DT Ny
AA" = A'A = 0, B, @+ 1. |,
(61 + 1)_]q_llq2xl ((] + 1)_21q2xq qu

where B, is the g x ¢ matrix with

9, 1
@+ qg+1)

on the diagonal, and (¢ — 1)/g(q + 1) elsewhere, while C,: is the g* x ¢* matrix
with (¢ + 1)~! on the diagonal and (g + 1)~2 elsewhere. Set

. 1
Ye=(@q+Dg "= 1+5-

We have
1 0, vilixg
(q+1)°A'A—qld= 0, ququq L |
)/qlqle lqzxq lqzxqz

whose kernel is of codimension 3. Consider the vectors

1 0
V) = Oq Uy = )/qzqul U3 = <1 ZVq > .
yqlqle 1qz><1 ¢"+ax1

A direct computation shows that

(g + 1)*A"Av; = (g + Doy + ¢y, v3
(¢ + 1)*A"Av, = (¢ + q¥))v2 + ¢’ v3
(q + A" Avy = y,v1 + qua + (¢ + @)vs.

Thus the problem reduces to computing the spectrum of the 3 x 3 matrix

qg+1 0 Ya

0 2g+1 ¢
v 4¢ 4*+q

The characteristic polynomial is

—x* +(q* + 49 +2)x° = 2¢° + 6¢° +4q + Dx +¢*(q + 1%,
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where (g + 1)? is an obvious root. The two other roots are

x=Q2g+1—-+49+1)/2
and

x=Q2q+1++49+1)/2.

Therefore, the eigenvalue of (J 3) we are interested in is

I 3tya+;

1 1
- - O
q+1/q+2+ 1+ 741

A similar computation can be worked out when two chambers are missing
(arguing according to the respective positions of the chambers in an apartment),
but the value of

ri(G):= inf  A(G\ E)
ECGO |E|=k
when G is a spherical building (of dimension 1) might be more challenging to
find. It would also be interesting to make similar estimates with more general (e.g.
smooth) targets Ao (G, Y) and deduce the corresponding fixed points theorem for
the random groups following [17, 24].

The results in [3] on buildings with chambers missing and [2] on property RD
can be applied to our random groups in the A, case. This shows in particular that
the random group is rigid in the sense that it remembers the building that it comes
from (see [3, Section 5]). Furthermore, by [2, Corollary 6], the random group
satisfies the Baum—Connes conjecture without coefficients.

THEOREM 41. Ifthe deterministic data is of type A,, then the Jfollowing hold.

(1) The random group (I', X) at density § < % admits the unique extension (I,
X))~ (I, X") (in the sense of [3, Section 1]) into a Euclidean building.

(2) The random group I' at arbitrary density satisfies the Baum—Connes
conjecture without coefficients.

The first assertion is a consequence of Proposition 26 and [3, Theorem 5.11].
It is unknown if I" satisfies the Baum—Connes conjecture with coefficients. The
conjecture without coefficients is also unknown for the other Coxeter types (in
the irreducible case), but would follow from the ‘interpolation of property RD
to intermediate rank situations’ (see [2]), that is, between hyperbolic groups and
(uniform) higher rank lattices of the corresponding type, provided that the latter
groups satisfy property RD (which is conjectured by Valette).
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