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THE STRUCTURE OF CONTINUOUS {0, 1}-VALUED 
FUNCTIONS ON A TOPOLOGICAL PRODUCT 

S. BROVERMAN 

1. Introduction. In this paper we investigate the question of which con­
tinuous {0, 1}-valued functions on a product space II{Xa : a £ A} admit con­
tinuous extensions to Tl{pXa : a £ A) where pXa is the Stone-Cech compacti-
fication of Xa and {0, 1} denotes the two point discrete space. This problem is 
clearly equivalent to determining which clopen subsets of II{Xa : a G A) 
have clopen closures in Tl[pXa : a £ A). 

A space X is called 0-dimensional if it has a base of clopen sets. The solution 
of the above problem in the case of 0-dimensional spaces Xa leads to a charac­
terization of pseudocompactness in 0-dimensional topological products. 

All spaces discussed in this paper are assumed to be completely regular and 
Hausdorff. The notation will be that of [7] except for the definition of a 
0-dimensional space which is given above. 

The author would like to thank the referee for many helpful suggestions, 
and, in particular, for a greatly simplified version of the proof of the necessity 
of Theorem 2.4 by means of Theorem 2.2. 

2. The main results. It has been known for some time that every 0-dimen-
sional space has a maximal compactification (30X analagous to (3X in the sense 
that (3QX is 0-dimensional and every function from X to a compact 0-dimen-
sional space admits a continuous extension to (3QX. The space (3oX may be more 
familiar to the reader as the maximal 0-dimensional compactification con­
structed by Banaschewski in [1]. It is clear that if X is 0-dimensional, the 
closure in fiQX of a clopen subset of X is again clopen. 

If X is a compact space, let X* denote the component space of X, i.e. X* 
is the quotient space of X formed by collapsing the connected components of X. 
Since in a compact space the connected component of a point is equal to its 
quasi-component (the intersection of all clopen sets containing the point—see 
Theorem 16.15 of [7]), X* becomes a compact, Hausdorff, 0-dimensional space. 
Let q : X —> X* be this quotient map. Suppose/ : X —> Y where Y is compact 
and 0-dimensional. It is easy to see t h a t / must be constant on the connected 
components of X, and hence there is a map /* : X* —> Y such that /* • q = / . 
Since g is a quotient map, /* is continuous. 

The following lemma is well-known (see [2, Part I, p. 110] for a proof). 
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2.1 LEMMA. Let {Xa : a G A} be a family of spaces. Then the connected com­
ponent of a point (xa)aeA G II{X a : a G A} is equal to YL{Ca : a G A} where Ca 

is the connected component of xa in Xafor each a in A. 

2.2 THEOREM. Let {Ka : a G 4̂} be a family of compact spaces. Then the map 
which takes the component of the point (xa)a£A in Tl{Ka : a G A} to the product of 
the components of the xa's is a homeomorphism from (\\{Ka : a G ̂ 4})* onto 
Il{Ka* :ae A}. 

Proof. Let k : U{Ka : a U h (U{Ka : a G A })* and ka : Ka -> Ka* be 
the quotient maps. Let h denote the following map: h((xa)a(zA) = (ka(xa))a(zAl 

i.e. h is the product of the ka's. Thus h is a continuous map from IT{i£a : a G A} 
to II{i£a* : a É i j . As noted above, there is a map g : (II{i£a : a G ̂ 4})* —> 
II{i£a* : a G ̂ 4} such that g - k = h. Clearly g is the map described in the 
statement of the theorem. Furthermore, g is continuous, as k is a quotient map, 
g is onto (because h is onto), and g is one-to-one by Lemma 2.1. 

2.3 Definition. Let {Xa : a: G 4̂} be a family of spaces, and let 
/ : I I {Xa : a G ̂ 4} —» {0, 1}. T h e n / i s called finitely decomposable if there exists 
a finite subset T7 = {«i, . . . , an} Ç ^4, and finite decompositions (into pairwise 
disjoint clopen sets) T* of Xai for i = 1, . . . n such t h a t / is constant on each 
set of the form IlfC* : i = 1, . . . n) X Ilf^C* : a 5* ai, i = 1, . . . , n\ where 
d G Tiîori = 1,. . .n. 

2.4 THEOREM. Let \Xa : a £ A} be a family of spaces. Suppose 
f : II{X a : a £ A} —> {0, 1} is a continuous map. Then f admits a continuous 
extension to TY{f}Xa : a G A} if and only if f is finitely decomposable. 

Proof. Sufficiency. Suppose / is finitely decomposable. Then there is a finite 
subset F = {«i, . . . , an} Ç A and finite decompositions T* of Xai such t h a t / 
is constant on each set of the form IT^C* : i = 1, . . . n) X II{X a : a ^ atl 

i = 1, . . . , n), where C* G Tf. Since each Ct is clopen, the set 

EI jcWa .(C,) :i = 1, . . . , » [ X f i fa» -.a^aui = 1 , . . . , » [ 

is clopen and is the closure in II{|SXa : a G A} of the set mentioned above. 
Since T* is finite for i = 1, . . . , n, it follows that the sets of the form 

E[ jcW a . (C0 :i = 1, . . . , » [ X I I j ^ a : a ^ a „ i = 1, . . . , » [ 

form a finite decomposition of Il{/3Xa : a É i j into clopen sets. If we define 
f*:Il{0Xa:a G A} -» {0,1} by 

/ * ( n jcW t t,(C,) : i = l , . . . , n j X I I j j 8 ^ « : a ^ a * , t = l , . . . , n j ) 

= / ( n J C « : * = 1, . . . , n [ X I I \Xa:a^aui= 1 » j ) , 

then /* is continuous and is an extension of / . 
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Necessity. Suppose /* : U{pXa : a G A} -> {0, 1} is a continuous extension 
of / : H{Xa : a G 4} -> {0, 1}. Let ka : 0Xa -» (0Xa)* be the quotient maps 
for all a £ A, and let h : II{0Xa : a G 4} - • II{ (0Xa)* : a £ A} be the pro­
duct of the fea's. By Theorem 2.2, /* factors through IT{ (pXa)* : a G ^4}, i.e. 
there is a map g : II{(f3Xa)* : a 6 A} —> {0, 1} such that g - h = f*. Since 
II{ (pXa)* : a £ A} is compact and 0-dimensional, it is easy to see that there 
is a finite subset of A, F = {«i, . . . , a*} such that g*~({0}) and g*~({l}) are sets 
of the form 

U=V{(Il{Uij:j= 1 , . . . , *} 

X II{(/3Xa)* : a ?*«„* = 1 , . . . ,»}) : i = 1, . . . ,*} 

where & and n are positive integers, and Un is a clopen subset of (fiXaj)* for 
j = 1, . . . , n and i — 1, . . . k (this is because the canonical clopen sets form 
a base for the open sets). Let ki, k2 G N and 

U = t(W) = KJ{(U{Uij:j=l,...n} 

X II{ (pXa)* : a G A - F}):i= 1 , . . . , ^ } , 

^ = **"({!}) = V{(II{Vij:j= l f . . . n } 

X II{(/3Xa)*:a G 4 - F ) ) : i = 1, . . . , k2}. 

Fix j ^ w. Let Tj = {t/„ : i = 1, . . . , fei} U { F 0 : i = 1, . . . , k2}. Clearly 
U ^ = (pXaj)* for j = 1, . . . , w. Let 1 ^ j ^ n and suppose | T;| = 
fij G iV. Then T;- = {Hs : 5 = 1, . . . , n}) where each Hs is clopen in (fiXaj)*. 
Let Hs° = Hs and Hs

l = (fiXaj)* — i7.s for 5 = 1, . . . , rij. For every r : w;- —> 
{0, l } , l e t # , = r\{H/^ : s = 1, . . . , nd\ and let T;* = \Hr : r : w, -> {0, 1}}. 
By the construction of T / it is clear that if T G T, and Hrr\T ^ </>, then 
J ï r Ç r . 

Suppose Cj G T/* for j = 1, . . . , w. Then g is constant on C = 
H{Cj:j= 1, . . . , n) X II{ (pXa)* :a£ A - F}. To verify this, suppose 
C C\ U 9^ <t>. Then there is an i\ G N such that 1 ^ ii ^ &i, and 
C H (U{Utlj:j = 1 n ) X II{(i8Xa)* : a a - f | ) ^ f Thus, C,-H 
C/Îi; 7̂  <j> for j = 1, . . . , w. Since for each j ^ w, Cj is an iJ r in T;*, Cj C [/iu-
for 7 = 1, . . . , n and hence C Ç U. A similar argument holds if C H V ?^ $. 
Thus g is constant on C. 

If we define 0, = \kaf(W) C\ Xaj : W G T/} for j = 1, . . . , n, then it 
is easy to see t h a t / is finitely decomposable with respect to the decompositions 
6j of Xaj for j = 1, . . . , n. 

It is clear that no special property of fiX was used in Theorem 2.4 other than 
the fact that clopen subsets of X have clopen closures in pX. Thus, if yXa, 
a G A are compactifications of Xa such that clopen subsets of Xa have clopen 
closures in yXa, then Theorem 2.4 remains valid with f3Xa replaced by yXa 

(in fact, the necessity remains valid with /3Xa replaced by any eompactification 
0lXa). 
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We now use Theorem 2.4 and Theorem 2.3 of [3] to obtain a characterization 
of pseudocompactness in a O-dimensional product space. Recall that if X is 
O-dimensional, then /30X can be characterized as the O-dimensional compactifi-
cation of X to which every continuous {0, 1}-valued function on X can be 
continuously extended. Thus, any clopen subset of X has clopen closure in 
PQX. Hence, assuming all Xa are O-dimensional in Theorem 2.4, we may re­
place $Xa by p0Xa. 

2.5 Definition. Let {Xa : a G A} be a family of spaces and let 
/ : U{Xa : a U h F where Y is any space. Then / is said to depend on 
finitely many coordinates if there exists a finite subset F Ç A, and a map 
g : II{X a : a G F} —> Y such t h a t / = g • 7i>, where 7i> is the projection map 
from U{Xa : « U ) t o II{X a : a G F}. 

The following theorem gives various conditions on a O-dimensional product 
space which are equivalent to the space being pseudocompact (i.e. every real-
valued continuous function is bounded). 

2.6 THEOREM. Let {Xa : a G A} be a family of O-dimensional spaces such that 
U{Xa : a G (A — {oto})} is infinite for all a0 G A. The following are equivalent. 

i) r i{X a : a G A} is pseudocompact, 
ii) Every countable subproduct of Y\{Xa : a G A} is pseudocompact, 

iii) P0J{Xa : « U ) ) = U{f3Xa :ae A}, 
iv) t3o(U{Xa :ae A}) = ÏI{p0Xa : a G A], 
v) Every continuous {0, 1}-valued function on TL{Xa : a G A} is finitely de­

composable, 
vi) Every finite subproduct of Yl{Xa : a G A} is pseudocompact, and every 

continuous {0, 1}-valued function on II{Xa : a G A} depends on finitely many 
coordinates. 

Proof. Conditions i), ii), and iii) are shown to be equivalent for any family 
of (not necessarily O-dimensional) spaces in [8] and are included to provide a 
contrast to iv), v) and vi). Conditions i) and iv) are shown to be equivalent 
in Theorem 2.3 of [3]. Since statement iv) means precisely that every con­
tinuous {0, l}-valued function on II{X a : a £ A} admits a continuous exten­
sion to Ilj^oXa : a G A}, by Theorem 2.4 and the remarks following it, we get 
the equivalence of iv) and v). 

i) => vi). Since pseudocompactness is preserved by continuous maps, every 
subproduct of II{Xa : a G A) is pseudocompact (being the image of 
II{X a : a G A] under a projection map) if II{X a : a G A) is pseudocompact. 
It is clear that any finitely decomposable map from H{Xa : a G A] to {0, 1} 
depends on finitely many coordinates. Thus, by the equivalence of i) and v) 
which has already been shown, it follows that every continuous {0, 1}-valued 
function on II{X a : a £ A} depends on finitely many coordinates. 

vi) => iv). L e t / : IlfJYa : a G A] —» {0, 1} be a continuous map. Then there 
is a finite set F C A and a continuous map g : II{Xa : a G F\ —» {0, 1} such 
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t h a t / = g • 7T>- But, I l{X a : a G F} is pseudocompact by hypothesis. Thus, 
by the equivalence of i) and iv), g admits a continuous extension g* to 
II{/3oXa : a G F) (we do not need the hypothesis that I l{X a : a G F — {aQ}} 
is infinite for every a0 G F, for if one such product is finite then g obviously 
admits an extension g*). Let ivF : U{p0Xa : a G A} —> IT{/3oXa : a: G Z7} be the 
projection map. Then, if we let f* = g*- TTF, /* : Il{/3oXa : a G 4̂} —» {0, 1} 
and is an extension of/. Hence Po(H{Xa : a G ^4}) = Il{0cXa : a G ^4}. 

If we consider any finite family of O-dimensional spaces Xu i = 1, . . . , n 
then every continuous function on II{X* : i = 1, . . . , n) depends on finitely 
many coordinates. However, if Xt is a non-pseudocompact space for each 
i = 1, . . . , n, then IlfX* : i = 1, . . . , n\ satisfies the second part of condition 
vi) but not the first. Furthermore, in [4] an example is given of a O-dimensional, 
non-pseudocompact product space, all of whose finite subproducts are pseudo-
compact. Evidently, this space satisfies the first part of condition vi) but not 
the second. Hence, neither of the two parts of condition vi) may be removed. 

3. The product of two spaces. 

3.1 Definition. A space X is said to be {0, 1}-embedded in a space Y if every 
continuous {0, 1}-valued function on X admits a continuous extension to Y. 
A pair of spaces (X, Y) is called a {0, \\-pair if X X Fis {0, 1}-embedded in 
both $X X Y and X X 0F. If (X, Y) is a {0, l}-pair such that X X Y is not 
{0, 1}-embedded in pX X /3F, then (X, Y) is called a proper {0, I)-pair. A map 
/ : X —> F is called a clopen map if the image under/ of a clopen subset of X is 
clopen in F. 

The following theorem is the ''0-dimensional analogue" of Theorem 2.1 of 
[6]. The proof requires only minor modifications of the original proof, to which 
the reader is referred. 

3.2. THEOREM. Let X and Y be 0-dimensional spaces. If X X Y is {0, 1}-
embedded in /3X X F, then either X is pseudocompact, or Y is a P-space (a 
P-space is a space in which every G h is open). 

An investigation of the proof of Theorem 2.2 of [3] shows that for 0-dimen-
sional spaces X and F, X X F is {0, 1}-embedded in fiX X F if and only if 
X X F is {0, l}-embedded in /30X X F. Thus, lif3X X F " may be replaced by 
U/3QX X Y" in Theorem 3.2. Theorem 3.2 yields the following analogue to 
Theorem 2.2 of [6]. 

3.3 THEOREM. If (X, F) is a proper {0,1} -pair and X and Y are 0-dimensional 
spaces, then both X and Y are P-spaces. 

Proof. By hypothesis X X F is {0, 1}-embedded in j3X X F, hence also in 
PoX X F by the remarks above. If F is pseudocompact, then /3QX X F is 
pseudocompact, and then, by Theorem 2.2 of [3] poifoX X Y) = p0X X PQY, 
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i.e. p0(X X Y) = PoX X j80Y (as X X Y would then be {0, 1}-embedded in 
fioX X PoY) which is contrary to the hypothesis that (X, Y) is a proper 
{0, l}-pair. Thus, Y is not pseudocompact. Hence, by Theorem 3.2, X is a 
P-space. Similarly, F is a P-space. 

Theorems 2.1 and 2.2 of [6] now follow from Theorems 3.2 and 3.3, in the 
case where X and Y are 0-dimensional spaces. The following are parallels to 
Theorems 3.1 of [6] and 4.3 of [5]. 

3.4 THEOREM. The following conditions on a product space X X Y are equiva­
lent. 

i) The projection map 7 r F : l X Y —> Y is a clopen map, 
ii) X X Y is {0, 1}-embedded in fiX X Y. 

Proof, i) => ii). Trivial modifications of the proof of Theorem 3.1 of [6] 
yield this implication. 

ii) =>i). Let U be a clopen subset of X X Y. By hypothesis, there is a 
clopen set V Q (3X X Y such that V H (X X Y) = [/. Let TTF denote the 
projection map from X X F to F and jf r the projection map from fiX X F to 
F. Since fiX is compact, if y is a closed map, hence (as all projection maps are 
open maps) is a clopen map. Thus, ïïY(V) is clopen in F. Clearly irY(U) CI 
fY(V). Uy $ TY(U) then (X X {y}) H t/ = </>, hence ( p i X W ) H F = </> 
as X X {;y} is dense in /3X X {y}. Thus y g 7fy(J0. Therefore wY(U) = 
7fF(F) and hence 7rF is a clopen map. 

3.5 THEOREM. Le/ X and Y be 0-dimensional spaces. The following are equiva­
lent. 

i) X X Y is pseudocompact, 
ii) X and Y are both pseudocompact spaces and wx and (or) wY are clopen maps. 

Proof, i) => ii). Since X X F is pseudocompact, p(X X Y) = f$X X @Y by 
Theorem 1 of [8], and hence X X F is a {0, l}-pair. Thus by Theorem 3.4, 
both TTX and irY are clopen maps. Since both X and Fare continuous images of 
X X F, both X and Fare pseudocompact (note that this implication does not 
make use of the O-dimensionality of X and F). 

ii) => i). Since wx is clopen, X X F is {0, 1}-embedded in X X I3Y by 
Theorem 3.4. Thus, by the remarks preceding 3.3, X X F is {0, 1} -embedded in 
X X fioY. Since X is pseudocompact and fioY is compact, X X /30F is pseudo-
compact. Thus, by Theorem 2.2 of [3], p0(X X ftF) = £0X X PoY. B u t X X F 
is {0, 1}-embedded in X X £0F, hence X X F is {0, 1}-embedded in 0OX X 
/30 F, i.e. 0o(X X F) = 0OX X 0OF. By Theorem 2.2 of [3], X X F is pseudo-
compact. Thus, the proof does not require the hypothesis that TY be clopen, 
although this must be the case by Theorem 3.4. 
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