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THE ANALYTIC RANK OF A FAMILY
OF ELLIPTIC CURVES

LIEM MAI

ABSTRACT ~ We study the famuly of elliptic curves E,, X + Y = m where m1s a
cubefree integer

The ellipuc curves E,, with even analytic rank and those with odd analytic rank
are proved to be equally distributed It 1s proved that the number of cubefree integers
m < X such that the analytic rank of E,, 1s even and > 2 1s at least cx?/3—¢ , where
e 1s arbitranly small and C 1s a posttive constant, for X large enough Therefore, if we
assume the Birch and Swinnerton-Dyer conjecture, the number of all cubefree integers
m < X such that the equation X*> + ¥3 = m have at least two independent rational
solutions 1s at least CX2/? <

1. Introduction. For an elliptic curve E over Q, the set of all rational points E(Q)
is known to be a finitely generated abelian group by a theorem of Mordell-Weil. We will
call its rank the (algebraic) rank of the elliptic curve. It is positive if and only if F has
infinitely many rational points. One important problem in the study of elliptic curves is
to determine their ranks.

Attached to an elliptic curve E of conductor N, we have an L-series Lg(s) =
Y2 apn”® (see Silverman [12]). If we define

Ce(s) = N2 Q2m) *T()Le(s),

then for modular elliptic curves it is known that (z(s) has analytic continuation and sat-
isfies

Ce(s) = W(e(2—s)

with W = 1. Here, W is called the root number. The so-called Taniyama-Weil conjec-
ture says that all elliptic curves over Q are modular (see Taniyama [13]). Weil’s converse
theorem allows us to reduce the conjecture to a problem in analytic continuation and
functional equation of a family of Dirichlet series (see Weil [14]).

In connection with the rank of an elliptic curve E, the weak form of Birch and
Swinnerton-Dyer conjecture states that the rank of E is equal to the order of vanish-
ing at the central point s = 1 of Lg(s) and its parity is determined by the root number
(see Silverman [12]).

DEFINITION.  The analytic rank of an elliptic curve E is the order of vanishing at the
central point s = 1 of Lg(s).
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Now, if x is a Dirichlet character, we can form the twisted L series L(s) =
S0 L anx(mn~ . If x is quadratic, this is an L-series of another elliptic curve E, over Q.
Fixing an elliptic curve E over Q, we can consider the family E, of such twisted curves
of E. What can we say about the number of such twisted curves which have algebraic
rank > r, for a fixed positive integer r? What can we say about analytic rank?

In the case of such quadratic twists, Gouvea and Mazur in [4] gave a partial answer
variation of the algebraic rank. More specifically let £ have the Weierstrass equation
Y? = X3 + AX + B. For any squarefree integer D, denote Ep the quadratic twist of E by
D (i.e. by the Legendre symbol (2)). Then Ep is an elliptic curve and has the equation
DY? = X* + AX + B. Assuming the Birch and Swinnerton-Dyer conjecture, Gouvea and
Mazur have proved that for X large enough, the number of squarefree integers D < X
such that Ep has even algebraic rank > 2 (i.e. Wg, = 1 and Ep has infinitely many
rational points) is at least CX 1/2=¢ for C a positive constant and ¢ arbitrarily small. In
general, no information is obtained for higher-order twisted curves. (See Silverman [12]
for the definition of the twist of E.) In this paper, we consider certain cubic twists, namely

X+Y =m

The problem of determining whether an integer can be expressed as the sum of two
rational cubes has a long history. As mentioned in [15], Dickson listed 50 papers on the
subject before 1918 in his History of the Theory of Numbers. Equivalently, we want
to study the family of elliptic curves E,,: X> + Y3 = m. It is known that they are twisted
curves of the fixed elliptic curves E;: X*+ Y3 = 1 by cubic characters. In [15], Zagier and
Kramarz gave numerical data suggesting that about 23.3% of the curves E,, which have
even algebraic rank (i.e. with root number 1, assuming the Birch and Swinnerton-Dyer
conjecture) have algebraic rank > 2.

In this paper, we obtain a similar result to Gouvea and Mazur’s for this family of cubic
twisted curves.

MAIN THEOREM. For X large enough, the set of all cubefree integers m < X such
that the analytic rank of E,, is even and greater or equal to 2 is at least CX*/3>~" for a
positive constant C and arbitrarily small ¢.

Therefore, assuming the Birch and Swinnerton-Dyer conjecture, the set of all cubefree
integers m < X such that E,, has even rank > 2 is at least CX2/3=.
We recall some facts about the family E,,,.
For m cubefree, the curve E,,: X>+Y> = m has the Weierstrass form Y = X3 —2433m?2.

This can be seen through the map:

En:X*+Y =m—E, V2= Xx> - 243%p?
(X,Y) — (223(X* = XY + Y%, 2°3%(X — V)(X* — XY + Y?)).

About the torsion subgroup of E,,(Q), Nagell (see [11]) showed that for m # 1,2,
E(Q) is torsionfree and |Ey(Q)| = 3, |E2(Q)] = 2.
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The root number W, is also known explicitly. Indeed Birch and Stephens in [1] prove
that

&) Wi =[] Wa(p)
P

where for p # 3,
—1 ifplm, p=2 (mod 3)
1 elsewhere

Win(p) = {

and for p = 3,
(1 ifm=41,43 (mod 9)
Wn(3) = { -1 ifm=0,£2,+4 (mod 9).

In §2, we will prove that for X large enough, the number of cubefree integers m < X
such that E,, has nonzero algebraic rank is at least CX*/3~for Ca positive constant and
¢ arbitrarily small.

In §3, it is proved that the curves E,, with root number 1 have density % among the
set {m cubefree}. Therefore, assuming the Birch and Swinnerton-Dyer conjecture, half
of the E,,’s will have even rank and half with odd rank, asymptotically.

In §4, we introduce the additional condition W,, = 1 and prove the main theorem.

2. Distribution of the set of E,,’s with nonzero rank. In [4], it is shown that for
every squarefree integer D of the form V(U + AUV? + BV3), (U, V) € Z? the quadratic
twisted curve:

Ep:DY* =X’ +AX +B

contains a rational point which is either of infinite order or of order > 2.

Since all Ep except for a finite number have no rational torsion points of order > 2,
they need only count the squarefree D < X of the form V(U? + AUV? + BV3).

Recall that the twisted curves E,,: X> + Y3 = m has the Wejerstrass form:

E Y =X —233m?

We will prove that, for certain m, then E,, contains integral, hence rational points.
As mentioned in §1, all Eﬁn except for m = 1 and 2 have no rational torsion, and we
will count the cubefree integers m of that form.

LEMMA 2.1. E), has integral points <=> m has one of the six forms: :t!’(iz‘{—’ﬁ,
iz—%(?)azb -3+ ﬁ(a3 — 9ab2)for some a,b € 7.

PROOF.  Suppose E, has an integral point (X, Y), then

X =Y +3(12m)?

= (Y + 12mvV/=3)(Y — 12mv/—3).
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Since the ring of integers Ok of K = Q(v/—3) is a Dedekind domain, we have the
factorization

(Y + 12my/=3) = [[(P)™
(Y — 12mvV/=3) = [[(P)™

which shows that X3 = [[(P,P,)™ = [I(p,)*™ where a, = 1 or 2.
Since X € Z, 3|a,m, for all i, hence 3|m,.
Therefore, since Ok is a principal ideal domain,

(Y + 12my/—3) = ([[zf{"'”)3

= (a+bvV=3) fora,b, € 7.
This implies

Y+ 12mvV=3 = aa+bvV—-3)°

a((a® ~ 9ab®) +V=3(3a’h — 3b*))

where « is a unit of the ring of integers Z[mzﬁ].

If a = +1, thenm = +5(3a% — 3b%) = +H0

If o = +1 + Y3 m = +1.(3a%b — 3b%) + L(a® — 9ab?).

Conversely, if m is one of the above forms, then E/, has at least one integral point,
namely:

X,Y)= (a2 +3b%, +(d® — 9ab2)) or
(=3)
2

LEMMA 2.2.  Suppose (X,Y) € E, (Q). Then there is e € 7 such that X = Xo/¢*,

Y= Y0/€3 and Xy, Yy € Z.

1
(X,Y) = (az +3b2%, ii(a3 — 9ab®) + (3a’b — 3b3)) .

PROOF.  For any prime p such that v,(X) = (order of X at p) < 0, we have
0> vp(X*) = 3v,(X) = v,(Y* +3(12m%))
= 1/p(Y2) = 2v,(Y).

In particular 2|v,(X).

Lete =11 p prime pwVp(X)/z and X() = Xez, Y() = Y€3 then X(), Y() el [ ]
vp(X)<0

Lemma 2.2 implies that if £, has a rational point then E/ . has an integral point for
some e € Z, and vice versa. We want to count

#{m cubefree < X : E,, has rational points}
= #{m cubefree < X : E, , has integral points for some e € 7}

b(a® — b?
=#({mcubefree <X:m= Mor
4¢3
m= iL@azb —3b%) + L(a’ — 9ab?) for some a,b,e € 7
24¢3 24¢3 T '
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Now fix ¢ = 1 and consider the case m = bi‘isz—zl. Let @ be the following injection:

S = {(a.b) : (a.b) =1, m = b(a® — (4b)*) < X and m is cubefree }

B bl(alz __ b/2)

—T= {(a’, by :m' < X and m’ is cubefree}

(a, b) — (a, 4b).

Our aim is to prove |T| > X%/3. For each m, we can find at most d(m) = O(X®) values
for b and for each b, at most 2 values of a such that m = M. Therefore, |T| > X*/3
will imply that:

#{m < X, m is cubefree and E!, has an integral point} > X*/3~¢,

To do this, we will prove that |S| > x2/3.
More generally, we will prove that:

THEOREM 1. Given integers M and ay, by, such that by, ay — 4by, ap + 4by are rel-
atively prime to 2M and positive integers my, my, m3 such that m, > 2, my + m3 > 5.
Let

Si={(ab):m = b(a> — (4b)*) < X, (a,b) = 1, b,a —4b, a +4b are
my, my, m3 powerfree respectively, a = ag (mod 2M), b = by
(mod 2M) |

then
‘Sl| Z CX2/3 +0(X1/3+1/3m2+l/3m3+6)+0(xl/2+5)

where C > 0, € is arbitrarily small and X is large enough.

PROOF OF THE THEOREM. At first, note that the above conditions on (a, b) imply that
b, a — 4b, a + 4b are pairwise coprime.

If we choose (a, b) such that b < (X/16)'/? then (4b)?> < X /b. In this case, if a> <
2(4b)*,thena® < X /b+(4b), i.e.m = b(a®> —(4b)*) < X and a—4b, a+4b are < X'/3.

We have
sil= 3 (S u@)( ¥ wo)( ¥ u)
(a.b)ES| *am |b "2 |a—db 73 |a+4b
> > ( > udmen())
(a.h)=1 d™ b e™|a—4b f™ |a+4b
0<b<(X/16)'/? d<X\/m eX'/m2 fecx!/m3
4b<a<4y/2b
a=ay (mod 2M),b=by (mod 2M)
> d)pe)pdf) > > 1
d<x'm 0<h<(X/16)'>  4b<a<4\2b
e X/3m b=0 (mod d™) a=4b (mod ¢"2)
Fx!/3m3 b=by (mod 2M) a=—4b (mod f3)
(d.2M)=(e,2M)=(f ,2M)=1 a=a, (mod 2M)

(a,p)=1
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Note that €™, f™ and 2M are pairwise coprime.

Now
1= > E )
A<a<B A<a<B
a=x* (mod e"‘2f"“2M) a=x (mod e"‘Zf"‘?ZM) ,,“,
(a,b)=
=3 u(n)( D 1)
nlb A/n<d'<B/n
a=na'=«+ (mod e™2f™32M)
(nand €™M are coprime since (b, (a> = (4b)2M) ) = 1)
=S utn Y mzf,,th +o()
B—A p(n)
- 5 ol o)
e”’zfm-‘ZM ulb n nZ“; |N(n)'
B—A ¢(b)
= + O(X*
e’"’f’"*ZM b X°).
Then
42— 4
Si] > > (d)pe)p(f) > (qu(b) +OX ))
d<x'/Pm 0<b<(X/16)'/3 emfm
e X!/3m b=0 (mod d™1)
F&X1/3m3 b=by (mod 2M)
(d2M)=(e,2M)=(f,2M)=1
42 —4
= > u(d)p(e)u(f)
d<<xl/3m|
e<<XI/3mZ
f<<Xl/3m3
(d.2M)=(e,2M)=(f 2M)=1
1 XI/3+5
6(b)+0 }
emzf”h 0<b§%16)'/3 ( dm )
b=0 (mod d™)
b=by (mod 2M)
424 pdp@nlf)
= "o 2 v DR C)
d<x'Pm K 0<b<(X/16)'/?
e X!/3m b=0 (mod d™)
fX/3m3 b=b, (mod 2M)

(d2M)=(e2M)=(f.2M)=1
+ O(Xl /3+1/3ma+1 /3m3+5)

since the series ¥, 2 converges.
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Now

by 1O

b !

2

0<b<(X/16)'/
b=0 (mod d™)
b=b, (mod 2M)

>

<(X/16)1/3

)y

0<b<(X/16)'/
b=0 (mod d™)
b=b, (mod 2M)

o(b)

>
0<b'<(X/16)'/3 /1
th'=0 (mod d™)
th'=by (mod 2M)

-y T o T
rd™2M <(x/16)'/? 0<b'<(X/16)'/3 /1t
(t,d™ 2M)=r th'=0 (mod d™)
th'=by (mod 2M)
=> X owo X b

0<b'<(X/16)!/3 /1
=0 (mod d™)
th'=hy (mod 2M)

rld™ IS(X/I6)'/}
(td™ 2M)=r

The last step follows noting that if (r,2M) # 1, then (z,2M) # 1 and this contradicts
the condition b’ = by (mod 2M), and (by,2M) = 1. Moreover, the two congruence
conditions on b’ can be combined into one, as (t,2M) = 1, and (t,d™) = r. Therefore,
we have

2 4

0<b'<(X/16)!/3 /1
b'=b}, (mod (d™ /r).2M)

o) = >
rld™ 0<i<(x/16)!/?
(td™ 2M)=r

p(@®

2

0<b<(X/16)"/

b=0 (mod d™)

b=by (mod 2M)

where b, is an integer such that tby, = by (mod 2M).
We need a lemma:

LEMMA 2.3.
1
S ox= =77+ 02).
0<x<Z 2n
x=xo(n)
PROOF. Note that we can always choose 0 < xy < n. Moreover, if n > Z the

conclusion is clear. Therefore, we need only consider the case n < Z. In that case, we
have

2

0<x<Z
x=xg (mod n)

= x()(% +0(1)) +n(

= iz2 +0(2).
2n

X =

(xo + ny)

2

—xo/n<y<(Z—xp)/n

=>"xo+n)y
y y

() ol

)
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Applying the lemma, we have:

1 (x/1623  x!'/3
S k=Y Y u(t){ _ +0 }
O<b§(X/l6)’/’ r}dm) tS(X/l6)]/3 (d l/r)4A4 tz ( t )
b=0 (mod d™) (td™ 2M)=r

b=bgy (mod 2M)

t
=y 3 / ut(z){d’"l 4M(x/16)2/3}+0(xl/‘1ogX)
rld™ 1<(x/16)'/3

(t,d™ 2M) r
/‘( ) 1/3
=X 16)2/3 r +0(X'?log X).
/ aM dm % r 5/3 P2
(td™ 2M)=r

Writing ¢t = rs, we may suppose that (r, s) = 1, else u(f) = 0. Moreover (rs,d™ 2M) =
r, then (s,d™2M) = 1. Hence:

TGRS %s_)

S 6 = X/162 2 +0x' log X)

0<b<(X/16)'/* aM d’"‘ An T sexiyy
b=0 (mod d™) (s.d™ 2M)=1
b=by (mod 2M)
4M dm' rldm r
1 1
a2 1-=) +0(475 }+0(x‘/3loX)
{ C(z) p|d£‘[2M( p2 ) ( 1/3 ) g

X/16)*3 1 1 ( u(r))( 1 ,l)
_—t — 1___
C2) 4Mdm f? r p‘dmr,lw( pz)

+0(X' P log X)
_(X/16?3 1 1 (1_1 - 1)71

- _ 1+~
(@ aMam 5, p2> }‘Id( "

+0(X' 3 log X).

Therefore, we get

sz 2 @) 2 ) 2 i) e

e X!/3m e fx!/ms d<X'/¥m ' pld
(e,2M)=1 f2M)=1 (d2M)=1
+0(xl/3+1/3m2+l/3m1+6)+0<X1/3 lOgX Z 1

d<<XI/1m|

-1
4/2-4 1
where Cp = L(l oL npizM(l F) .
The error term is
O(Xl/3+l/3m2+l /3m;+£) + 0(X1/2+t).
The main term is
1 1
L(my, x0) L(m3, x0)

C()PX2/3 + O(Xl/2+5)
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where ¥y is the prinicpal character mod 2M and

P= ¥ Hd—(m‘?pld(l Jr[%)'I

d<<x|/'4ml
(d2M)=1
00 —1
— }: MH(I-F-I-) +O(X(7m,+l)/3mn)
=1 4"
(d2M)=1
1
- 1— —————) +0(X~'/9).
(p,2IA;I[);I( prlip+1)

Since the Euler product

1 1 )
1 .
(p,ZM)l( psmpm-ip+1)

converges absolutely for Re(s) > m; and each Euler factor is nonzero at s = my, P is

also nonzero.
This concludes the proof of Theorem 1. [
3. Distribution of the set of £,,’s with nonzero rank. In this section, we will prove

that the set of {m cubefree : W,, = 1} has density % in the set of cubefree integers m.

For any Dirichlet character T of conductor g, we have

o (=1)""r(m) = 0(\/)_((logX)\/c_110gq)

m cubefree <X

LEMMA 3.1.

where T2(m) is the number of distinct primes p = 2 (mod 3) such that p|m.
PROOF. Every cubefree integer can be written uniquely in the form s, where r, s
are squarefree integers and (7, s) = 1. We have
72(rPs) = T2(r7) + 7a(s)

= Tz(r) +T2(S).

Then
S (=)™r(m) = Z (1) Or()(—1)Ox(s)
m cubefree <X Ps<X
3fm (r3)=(s3)=(r9=1
= 2 X(NT(P)x(s)7(s)

where the sum only includes squarefree values of r, and s and x () = ( 3 ), the nonprincipal
character module 3. (As 3 frand r is squarefree, (=12 = x(r)). Then
Y =D my = Y () Y xADXO)T(s)

m cubefree <X r<vX s<X/r?
3fm rsquarefree s squarefree

https://doi.org/10.4153/CJM-1993-048-9 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1993-048-9

856 LIEM MAI

in which x, is the principal character modulo r, i.e. x(s) = 1if (r,s) = I and O otherwise.

Now
> D= D) Y xoxere) (X o)
m cubefree <X r<vX s<X/r? £2|s
3fm r squarefree
= X X0 X pox @)
r<vX 1<VX/r
r squarefree
XY xr(s0)x(50)7(s0)-
so<X/rn

The innermost sum is O(,/qlog q) by the Polya-Vinogradov inequality, then we have

m VX
> =D my = Y 0(—\/§logq) = o(ﬁ(logX)ﬁlog q)-
mcuge;reegx rS\/)z r

m rsquarefree

Finally we have:

> (—D)"1(m) o+ Y o+ Y
m cubefree <X mcubefree<X  mcubefree<X  mcubefree <X
3fm 3|jm 32||m

>+ 2+

mcubefree <X  m, cubefree <X /3  m, cubefree<X/9

I

3)fm 3 m 3 m,
= 0(VXlogX,/qlogq).
Here, p* || m means that p*|m but p* fm for s > k. .

LEMMA 3.2. The set {m cubefree, T(m) is even} has density % in the set {m cube-
free}.

PROOE. We have

1= 3 1(1+(—1)Tz‘"'>)

m cubefree <X m cubefree <X
T,(m) is even

:l > 1+ O(VX log X) L]

mcubefree <X

We also use the following well-known fact:

LEMMA 3.3. The set {m cubefree} has density ﬁ in the set of positive integers.
Now we want to prove

THEOREM 2. The set {m cubefree, W,, = 1} has density % in the set {m cubefree}.

PROOFE. By (1) in §1, we have

S 1= Y 1+ ) 1.

mcubefree <X m cubefree <X m cubefree <X
m=1 T,(m) is even To(m) is odd
m=+1,4+3 (mod 9) m=0,42,+4 (mod 9)
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Form =0 (mod 9), we get

1= > 1 (byLemma 3.1)
mcubefree <X m cubefree <X /9
m2(m) 15 odd 75(m) 15 odd
m=0 (mod 9) 3m

1
= — > 1+ 0(VXlogX)
2 m cubefree <X /9
3fm
= > 1+0(VX log X).
m cubefree <X

T,(m) 1s even
m=0 (mod 9)

For m = 43 (mod 9), similarly we get

1

1== Y 1+0(WXlogX).
mcubefree <X 2 m cubefree <X
T2(m) 1s even m==£3 (mod 9)

m=+3 (mod 9)

For (i,3) = 1, we get

1
= 3 —= > xmx0

m cubefree <X m cubefree <X ¢(9) x (mod 9)
T>(m) 1s even T>(m) 1s even
m=t (mod 9)

1

= 2 X0 > x(m
x (mod 9) ¢(9) m cubefree <X
T5(m) 15 even

1 = 1 To(m
=520 3 o514 1)

mcubefree <X

MI"‘

TR x(m)+ 0(vVXlogX) (by Lemma 3.1)
X

mcubefree <X

| =

= > S xG)xm)+ 0+ XlogX)

mcubefree <X x

S 1+0(WXlogX).

m cubefree <X
m=t (mod 9)

[\

N — =

Therefore, we get

1 1
1=~ > 1+ = > 1+ 0(v/Xlog X)
m cubefree <X 2 mcubefree <X mcubefree <X
Wy=1 m=+1,43 (mod 9) m=0,42,£4 (mod 9)

_1 S 1+0(/XlogX). .

m cubefree <X

https://doi.org/10.4153/CJM-1993-048-9 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1993-048-9

858 LIEM MAI

4. Distribution of E,,’s with nontrivial even analaytic rank. We restate the main
theorem.

MAIN THEOREM. For X large enough, we have:

{m cubefree < X : Analytic rank of E,, is even and > 2} > X2/3,

PROOF. If we choose m of the form m = b(a? — (4b)?) then rank(E,) > 1. Since E,,
is a CM elliptic curve, the analytic rank of E,, is > 1 by Coates and Wiles’ theorem [3].
Moreover, if we choose m such that the root number W,, = 1, then the analytic rank of
E,, is even and hence > 2.

In Theorem 1, we choose

and
M=09.

For a given congruence class (ag, bg) mod 18, W,, is determined completely by the parity
of m(m). For example, if we choose (ag, bp) = (3,1) (mod 18) then m = 2 (mod 9),
i.e. W, = 1 iff 75(m) is odd. Choose (ao, bg) so that W,, = 1 if and only if 7,(m) is odd.
Then

#{m cubefree < X : Analytic rank of E,, is even and > 2} > |5,

where

Sa={m<X:m = b(a® — (4b)?) for some a,b € N, (a,b) = 1,0 < b <
(X/16)'/3,4b < a < 41/2b, b,a — 4b are squarefree, and a +4b
is cubefree, a = agp (mod 18), b = by (mod 18) and 7(m) is
odd}.

Letting () be the conditions on (a, b) such that m = b(a2 — (4b)2) € S, except for
the last condition on 1,(m), we see that the theorem follows if we can show

Z 1= CX2/3 +0(xl3/2|+5)'

(a,b) satisfies ()

T5(m) is odd
We have
1 T2(m)
1= > (=D
(a,b) satisfies (x) (a,b) satisfies (*) 2
T5(m) is odd
- .l. Z 1— l Z (_I)Tz(m)
2 (a,b) satisfies (x) 2 (a,b) satisfies ()
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By Theorem 2 (and our choice of my, my, ms), the first sum is cx?3 + O(X”/ 18+
where C > 0 and ¢ is arbitrarily small. Now, for m € S,, we have:

(_ 1 )‘r2(m) _ (; 1 )Tz(b)(__ 1 )Tg(a~4b)(_ 1 )T2(¢1+4b)

_ b() ag — 4b() 2 (a+4b)
= (3)(F57)e
since b and a — 4b are squarefree. For example, if (ap,bp) = (3,1) (mod 18) then
(e5t) = —1
3 3 :
Therefore, the theorem follows from

LEMMA 4.1.
Z (_])Tz(a+4b) — 0(X13/2l+5).

(a,b) satisfies (*)
for some m

PROOF.  Denote the sum on the left hand side as S5, we have

J— +4b
> (e,
0<b<(X/16)'/*  4b<a<a\2b
b=by (mod 2M) a=a, (mod 2M)
b squarefree a—4b squarefree

a+4b cubefree
(a,b)=1

To simplify the notations, let a’ = a — 4b, a6 =ayp—4bgpand C = 4\/5 — 4. Also
note that the condition (a, b) = 1 is equivalent to (a’,b) = 1 for our set. We have:

) > S DRSS @) 3 ude)

0<b§(X/l6)'/3 a'<Ch d?|b ela
b=by (mod 2M) a'=a; (mod 2M)
(a'\b)=1
a'+8b is cubefree
!
= X udwe X > (R
d<x'/® 0<b<(x/16)'/? a'<Ch
e X!/ b=0 (mod d2) a'=ay (mod 2M)
(d2M)=(e,2M)=1 b=by (mod 2M) a'=0 (mod €?)
a’+8b is cubefree
(@’ h)=1

The contribution of terms with ¥ < ¢ < X'/6 where Y is a parameter to be chosen

later, is
b
< r el ¥ (ofF))
d<x!/o 0<b<(X/16)!/ e
Y<egX'/® b=by (mod 2M)
(d2M)=(e,2M)=1 b=0 (mod d?)
X2/3
= X lu(d)/t(e)|0<“zd—2>
d<x\/s €
Y<ekX'/S
X2/3
:0(—).
Y
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Now, the contribution of terms with 0 < e < Y is

E pu(d)ule) Z Z u(n) Z (— l)rz(na“+8b).

d<<X|/6 0<bg(X/16)'/1 n[b a”SCb/n
0<e<Y — 2y n<Ch "— ZM)

_ _ b=0 (mod d°) na a (mod
(d2M)=(e2M)=1 P e MNZO (o 2

a’+8b is cubefree

Let us write na’ + 8 = r*s where r, s are squarefree and (r,s) = 1. Also denote y,
the principal character modulo r, we see that the above is

Yo oudpe) Y Y oam Y (3

dex'lt 0<b<(X/16)'/* nlb 0<r<(CT875
<e<Y = 2y n<Ch S fi
= b=0 (mod d*) "= rsquarefree
(d,2M)=(e,2M)=1 b=hy (mod 2M)
N
X Z ( 5 ) Xr(s)
8b /P <s<(C+8)b/r

rs=a/+8b (mod 2M)
rs=8b (mod e?)
r*s=8b (mod n)
s is squarefree

= Y adud Y Y um Y (3)

d<x\/6 0<b<(x/16)}/3 nlb 0<r<V(C8lb
0<e<Y b=0 (mod d?) n<Ch rsquarefree
(d,2M)=(e,2M)=1 b=by (mod 2M)

s
X X luts) > (%)t
0<s51<\/(C+8)b/r 8b/r2s}5szg<c+8)b/ﬂsf
s \z*a()+8b (mod 2M)
rs2x2:8b (mod ¢?)
rs25,=8b (mod n)

Consider the terms with n > Z, where Z is another parameter to be chosen later. The
contribution of such terms is, on noting n|b,

<Xy 3 v 3(0( ;) + o)

de b Z<n r s

-2y y(o(a2, >+0<«g>)

de b Z<n r

(0(;%) +O(b'/210gb))

VA
(o) 0w
(

https://doi.org/10.4153/CJM-1993-048-9 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1993-048-9

ANALYTIC RANK OF ELLIPTIC CURVES 861

Now we consider the terms with n < Z. Using the Polya-Vinogradov inequality and
noting that s, is determined by congruences mod e?n, such terms contribute

< ZZ Z ZZ O(el+en1/2+£)

de b n<Z r s

P3PS 0( Vb e /M)

n<Z r r

™ ™M

Z O(b1/2+eel+enl/2+5)

n<Z

0(b1/2+£e1+521/2+s)

I

5
>

_
~

X1/2+6 Lve ol /20
:d,eo( d? e+Z/+)

In summary, we get
X2/3 X2/3+5
Sh = 0( ) + 0(
2 Y
Choosing ¥ = X'/2! and Z = X'/?!, we have

S/2 — 0(Xl3/21+6).

) + 0(X1/2+6 Y2+5Zl/2+5).

This concludes the proof of Lemma 4.1 and also the Main Theorem. n

REMARK. In the case that m = 3pq, where p, g are primes = 2 (mod 3), W,, = 1.
Satgé [8] computed the Selmer groups S, and Sy () is a 3-isogeny and )\’ its dual—more
concretely, A is the projection:

En(C) y

NEN(C)— —————— = E, (C)).
© ((0, £12+4/—3m)) ©)
Indeed, Sy = (Z/37)* and S} = (0).

By the exact sequences of descent:
E,,(Q)
AE,(Q)
L E@

NE!L(Q)

00—

— S, — M\ —0

Sh— W'\ —0

and the fact that:

m . E,
rank(E’"(Q)) = dim{F;(;\/(EE_I(?(;T)) +dlmf3(w%) —1

we see thatif m = 3pg = b(a>—(4b)?) then | < rank(E,,) < 2.Since W,, = 1, assuming
the Birch and Swinnerton-Dyer conjecture, we get rank(E,,) = 2 and also HI[A\] = O by
the above exact sequences. This happens when, say b = 3,a —4b = q,a +4b = p.

In other words, we have
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COROLLARY. Assuming the Birch and Swinnerton-Dyer conjecture, if p, q are two
primes such that p — q = 24, then rank(E,,) = 2, for m = 3pq and W[\] = 0.

Note that the number of such pairs of primes (p, g) satisfying 3pg < X 1s conjectured

to be
Xl/2

log? X’
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