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AN ADDENDUM TO IDEALS AND HIGHER
DERIVATIONS IN COMMUTATIVE RINGS

WEI-ETHN KUAN

Let A = k[xi,...,x,] be a finitely generated ring over a field k, and let
D:(4) be the set of all k-higher derivations of 4. In [1], we obtained some
results on prime ideals in 4 which are differential under £;(4). In this Adden-
dum similar results are proved for a complete local ring k[[xi,...,x,]], a
homomorphic image of the formal power series ring over a field k; that is,
algebraic varieties in [1] are replaced by algebroid varieties. We start with
some technical remarks.

Remark 1. Let A’ be a ring and 4 C A’ be a subring. Let A’[[¢]] be the ring
of formal power series in ¢t over A’. Let d € Hom (A4, A’[[#]]) such that for
each a € 4, d(a) = a + di(a)t + deo(a)? + d3(a)® + ... + d,(a)* + . ...
Then {d;}%0, where dy = id,, is a higher derivation in (4, 4’). Conversely
every higher derivation {d;}%-0 € (4, A’) defines a ring homomorphism
d € Hom (4, A’[[¢]]) such thatd(a) = a + di(a)t + ... + d,(a)t* + ... for
eacha € A.Let A C A, A’ C A’ be ideals such that A4’ C A’. Consider 4, 4’
as topological rings with the ¥-adic and U’-adic topologies respectively. It
follows from [3, Lemma 1, p. 334] that {d;}% € $(4, 4’) is continuous, i.e.,
every d, is a continuous map.

Remark 2. Let k[[xy, ..., x,]] be a formal power series ring over a field k.
Let {A;}%0 be a higher derivation in 9, (k[[x1, ..., x,]]). Let f(x1,...,%,) €
k[[x1, . . ., x,]]; then

A(fxy, ...y %)) = i %f(xl, ey %) s Ar(xy)

i=

and for z = 2,

A . x) = ; AsGen .o %) AL,)

4+ By(x1, ..oy %n; Ar(x), ..., Apa(xn))
where A ,; € k[[x1,...,x,]] and

Bi€ Ry .., Jl{Au )l = 1,2,...,i— land j = 1,2,...,n}].

Indeed let A : k[[x1, ..., x,]] = k[[x1, . . ., x,]][[£]] be the ring homomorphism
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given rise by {A,}%;. Then

Ay(xi® ... x,™) = coefficient of ¢! in

(x1 + Al(xl)t + ... )il .. (x,, + A,(x,,)t + ... )i".
Thus,

n
Ag(e™ . x,) = 2:1 a?jmi"At(x/)
j=

+ l<lz<:i lagll}i.liznjz All(xh)Alz(xJ‘z) + oo
=l§k7i§;

+ 1<Z_< a’g;'i.l‘-f’-‘li~lji—l Ay (le) ce Ali—l(xli—l)
STt

where
alt ™ are monomials of degree (i1 + ...+ 4,) — 1,
ailem, are monomials of degree (i1 + ... + 4,) — 2, and
aly ™ s, are monomials of degree (i; + ...+ 4,) — (G — 1).

Thus, if f(x1, ..., %,) € El[x1, ..., %00, f(x1, ..., %) = X @uy.01™ ... %,
where {4; + 42 + ... + 7,} is monotone increasing.

Aif(xl, [N ,xn) = Z (Z—[l,“i"Ai(xlh o o x,,l")
=2 au...t..(Z; by ™ Ay(xy)
=
+ > lbﬁ}i'l{;jz Ay(x)An(xs) + ...

1S k< i—
1< jk=n
+ 1<lz<:1 L ﬁ.‘f‘l:f’.‘l:‘—lji—l Alx (le) LI Ali—l(xji—l))
1=5ezn
n
= Z A4;44(x;5) + Z All]llzjzAlx(le)Alz(sz) + ...
=1 1S =< i-1
1=jksn
+ Z 4 hn...li_lj.‘—xAll<x1'1) ce Ali—l(x.’ii—l)v
1= k=i—1
1S jk=n

where Aijy ce . yAlljl...li—lfi—l € kllxy, ..., x,]]

Remark 3. Let k[[xy, ..., x,]] be a complete local ring over a field k. Let
{8:}%0 be a higher derivation in $,(k[[x, . . ., x,]]). Then for f(xy, ..., x,) €
k{1, ..oy xa]], 8:0f (1, ..., %) = 25—1440:(x;) + B; where

Ay € E[[x1, ..., %]
and B; € k[[xy, ..., x)[{6,(x)|l=1,2,... G —1);j=1,2,...,n}]. Let
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k[[X1, ..., X,]] be the formal power series ring. Let = be the canonical sur-
jection from k[[Xi, ..., X,]] to R[[x1, ..., x,]] with ¥ as its kernel. Then §
can be lifted to a higher derivation A = {A;}5 of R[[X1, ..., X,]] such that %

is differential under A. In fact let A;: k[ Xy, ..., X,] = k[[X1, ..., X,]] be a
k-linear map such that Ao (f(X)) = f(X) for all f(X) € k[X,,...,X,],
m(A(X;)) = 6:i(x;) forall 2 =1,2,...,7=1,2,...,n subjected to Leib-
nitz's rule. Then {A;% is a higher derivation: k[X,...,X,]—
k[[X1, ..., X,]]. Since the (X, ..., X,)-adic completion of k[X, ..., X,] is
E([X1, ..., X,]] therefore it follows from [2, Proposition 2, p. 41] that {A;}%-
can be extended to k[[X, ..., X,]]. Moreover A,(A) C . Since

Al(f(Xl, ey Xn)) = 7;=1A 1]'A1(Xj) + Bi where A{j € k[[Xl, P ,Xn]]

and Bi € F[Xy, ..., XA X)) =1,2,...,i—1,7=1,2,...,n}], it
follows that 8;(f(x1, . .., %)) = m(Af(X1, ..., X2) = 2 w(dy,) - wA(X,) +

7(By) = Ay lxy, ..., %,)8:(x;) + Bi(xy, .., %3 8:(x1), .. ., 8,21(x,)) where
Ai]'(xlv L] ’xn) E k[[xly ceey xn]] and Bi(xly ey Xy 5l(x1)! ceey 6i—l(x7l)) E
k[[xly s 1xn]] [{51(36])]1 = lv 2» s vi - 1:] = 17 27 o rn}]

LEMMA 2'. Let © = k[[x1, ..., x,]] be a complete local ring over a field k, let

p be a prime ideal in D, and let N = {x € Dlxr = 0 for some r € D — p}. If
6 = {0, € £:(Dv), then for every positive integer m, there exist ki, ..., kn €
D/N — p/N such that {8, kidy, . . . , kndn} 15 a higher derivation of rank m from
D/N to itself.

Proof. Let D/N = k[[%1,...,%,)] = k[[x]] where &; = x, + N. By the
definition of localization, ©/N is a subring of Dp. Let m be a positive integer.
For each j=1,2,...,m, §;(®;) € Dy, say §;(%;) = u;;(x)/v,;(x). Let
d; = Wiy vy;(x), then d; € D/N — p/N. Set ¢; = didy? .. .d;—1%d; for
j=1,2,...,m, we claim that, as additive group homomorphisms {¢,6;}7 €
Hom (D/MN). Suffice to check £,6;(f) € D/N. Let f€ D/N, and let
f=2an o™ % . € R, 18;(f) = t;(Xim1 4;6,(%0) + By) where
A € D/N and B, € O/N[{s.,(x))i=1,2,...,m, 1 =1,2,...,7—1}].
Thus ¢;4;6;(x;) € D/N. Since B; = D/N-linear combination of power
products of §,(%;) involving at most j of §,(x;) counting repeated ones for
1=1,2,...,n;0l=1,2,...,5 — 1. Thus {,B, = dydy’ . . .d;_,d;B;, € D/N
also. Hence ¢,6,;(f) € D/N. Nowsetk; = (4™ . . . tu1™ln)?, {80, 101, . - ., Rubn} €
O (D/N).

THEOREM 3. Let D = k[[x1, . .., x,]] be a complete local ring over a field k,
let p be a prime ideal in D. If v 1s differential under all k-higher derivation of

finite rank m for all m, then YDy is differential under all k-higher derivations of
finite or infinite rank.

Proof. Let M be the kernel of the canonical surjection D — Dy, and let
D/N = R[[&1, ..., %]], D/N is a subring of Dp. Let (0) = Ni=1q; be a pri-
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mary decomposition of the zero ideal in ®©. Suppose q;, C pforz =1,2,...,¢
and q;  pfori > t. Then M = Nie1 qu

Suppose pDy is not differential under H;(Dp), then there exists a higher
derivation {8;} € $;(Dp) such that 5, (D) Z pDy for some m = 1. Suppose
m is the least index such that 8,,(pDv) Z pDp. {80, 81, . . ., 0n} € Hx(Dv) and is
of rank m. It follows from Lemma 2’, there exists fo, t1, . .., tn € D/N — p/N
such that {£,8,} ;=1 € O (D/N). For j < m, t;5;,(0/N) CTrDe N D/N = p/N
and 8, (0Dy) Z pDy yields £, (0/N) Z p/N. Let D/N = k[[%1, ..., %,]] and 7

be the canonical surjection from the formal power series ring k[[ X1, . . ., X,]]
to D/N. {tedo, . . . , twdn}, can be lifted to

{on Alr ce ey Am} E @k(k[[Xl) LI ,Xn]])v
according to Remark 3. Let i’ be the pre-image in 2[[ X, . . ., X,]] of . Then

N’ is {A,}=, — differential, i.e. A;(N'} CN’. Let ' and q/ be the pre-image
of pand q; in B[[X:,...,X,]] for 1 =1,2,...,s respectively. Then N’ =
g’ N ..M g/ Letd € ( Nimr ad) — ¥, {d*A}= is a higher derivation
on R[[X,, ..., X,]]. Let A’ = Niz1 q/. Then A C N’ and dA;(A") C
AW C @' N...Nag)N (g’ N ...MNgl) =A. Hence A is {d?A;}-
differential. Thus {dA,}7, induces a higher derivation {dA;}—; on
R(Xy, ..., X, 0]/ = D. Since d.b,(n/N) Z p/N, therefore A, (') Z y.
Thus d”A,,(p) Z v, i.e. p is not {d?A,;}7-differential, a contradiction to the
hypothesis.

Let k be a field X4, ..., X, indeterminates over k, £ = k((X,, ..., X,)) =
quotient field of k[[X1, ..., X,]]. Letu={u,i=1,2,...,n;7=1,2,...,00}
and ¢ be indeterminates over Z. The mapping g¢: k[[X:,.:., X,]] —
k([ X1, ..., X,))[«])[[£]] defined by the substitution X; —» X; + X 51 ut’ is a
continuous k-homomorphism. Let

a € k[Xy ..., X, ]lia = Zay
Then

© 11 ©
q(a) = Z ah...in(Xl + ;1 uljtj) Co (Xn + ; unjtj)
= an. o X" X" @t + ..+ g@)f + .,

1nX1i1 [N an".

in

where ¢;(a) € k[[X1, ..., X, ]][«]. Set ¢o = identity map on k[[X 1, ..., X,]].
Then, by Remark 1, {¢,}5%1 € O:R[[X4, ..., X,]], R[[Xy, ..., X,]][«]), and
gs's are continuous for all j. By Remark 2, ¢;(k[[X,,...,X,]]) C
k[[X1, ,X,L]][{uull =1, 2,...,7—1, 1 = 1,2,...,71,}]. Let © =
k[[x1, . . ., x,]] be a complete local domain over a field &, £ = k((x1, . .., %))
its quotient field. Let & = {#;, € Z[i1 =1,2,...,n,j=1,2,...,0} be a
collection of elements in Z. Let u; = {u,Jl=1,2,...,7;,1=1,2,...,n}
and let @; = {ay|l =1,2,...,7;¢=1,2,...,n}. Let

7D k([ Xy, ..., Xallug] — Ry, ..., x,)[3,] C 2

be the canonical k-homomorphism such that #®(X,) = x; and 7P (uy,;) =
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gy for =1, 2,...,7, and 7=1,2,...,n Let f(X...,X,) €
k[ X1, ..., X,]]. We say @ = {4} is a set of solutions of ¢,(f) = 0 if and
only if 7 (g;(f)) = 0. The notations 7%, ¢; are to be used in the following.

LEMMA 3'. Let D = k[[x1, ..., x,]] be a complete local domain over a field k,
2 its quotient field. Let A = (f1, ..., [fr) Ckl[Xy, ..., X,]] be the kernel of the
canonical homomorphism k[[X., ..., X, )] = D. If 6§ = {8:} € (2, Z) then
the set {1, € Zliy; = 6;(xy), 1 =1,2,...,nm;,7j=1,2,...,0} is a set of
solutions of the equation
@) ¢(fw) =0 m=1,2,...,7r,j=1,2,..., 0.

Conversely, if a subset {iayli = 1,2,...,m,7=1,2,...,0} of Zisafamily
of solutions of (3'), then there is a higher derivation § = {§;} € (=, =) such

that 6;(x¢) = @y fori=1,2,...,n,j=1,2,..., 0.

Proof: fru(x1, ..., %,) = 0form =1,2,...,r. Since § = {§,} € D:(Z, Z),
3;(fn) = 0. By Remark 2, 0 = 8,;(fn) = X1 Amji(x1, . .., %,)8,;(x:) + Bn
where Apji(x1, ..., %,) € Rl[x1,...,x,)] and By, € E[[x1, ..., x.]][{8:(x0)|] =
1,2,...,4— 1,1 =1,2,...,n}] C 2. Therefore {5,(x,)|]2 = 1,2,...,n,
j=1,2,..., 0} solves the system ¢;(f») = 0 in Z.

Conversely, if {d,t=1,2,...,n,j=1,2,...,0} C Z form a family
of solutions to the system ¢,(f,,) = 0. Then we can find a é = {§;} € H(Z, Z)
such that §;(x;) = d,y; as follows: For g(X4, ..., X,) € k[[X4,..., X,]], and
for j 2 1, set §;(g(x1,...,%,)) = 7P (q;(g(Xy, ..., X,)), where 79, g, are
the same as defined in the preceding. &, is well defined and {48,} €
Or(kllx1, . .., %,]], Z) and 6;(x;) = %4 By [2, Lemma 2, p. 35], {6} can be
extended to Z.

The following theorem shows that simple algebroid sub-varieties of an alge-
broid variety yield non-differential ideals.

THEOREM 4'. Let D = k[[x1, ..., %,]] be a complete local ring containing a
field k. Let p C D be a non-minimal prime ideal such that Dy is a regular local
ring. Then pDy is not differential under (D, Dy).

. Proof. Let M be the kernel of the canonical homomorphism D = Dp. Let
Dy beAthe completion of Dy, then it is well known from [5, Corollary, p. 307]
that Oy = K[[t1,...,t;]], a formal power series ring over a field K with
K =~ Dp/pDp. Without loss of generality, we may assume K contains k. It
follows from Lemma 3’, by taking @ = {41, =1 and 4, =0 for

1=1,2,...,7andj = 2,3,..., 0}, and noting that A in the Lemma 3’ is
the zero ideal, that there exists a higher derivation {§,}5%0 € Dx(Ds, Dp) such
that 6,;(¢;) = 44 Let D/N = k[[#1, . . ., %,)], we may assume ¢; € D/N. Let
A= (f1,...,f)kl[ X1, ..., X,]] be the kernel of the canonical homomorphism

E[[Xy, ..., X, )] = R[[%1,...,%,]]. Then the system Y fn./(&)d,(x;) =0,
S hi{(&)81(xy) — 1 =0 where fn/ = fn/0X,, L = 06:(X)/0X; with £(X)
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being a representative of ¢; in k[[X,, ..., X,]], and foreachj = 2,3,..., ©
the linear system > 'j_1 Anm;id;(&;) + Bn = 0 where m = 1,2, ...,s, Apji €
k[[&1, ..., %,]] and

B, € k(%1 ..., )[{8: &) =1,2,...,G—1),1=1,2,...,n}]

have solutionset = {8,;(x;)|i=1,2,...,7n;5=1,2,...,0}in Dy. Thus by [4,
Lemma p. 39], the linear system ¢;(f») =0,m =1,2,...,sand ¢: (;:2(X)) —1 =0,
and for each 7 = 2,...,00 the linear system ¢;,(f,) =0m =1,2,...,s
have solutions set @ = {a,li = 1,2,...,n;7=1,2,...,00} C Dy. Thus it

follows from Lemma 3’ that there is a higher derivation {3,/ }5) € 9, (D/N, Dy),
such that 6/(t;)) = 1. Extending {¢6'}5- to Dp we have thus a higher
derivation {8'};2o € £:(Dp) such that &, (pDp) Z pOs.

I would like to thank the referee for his comments.

Added n proof. W. C. Brown and the author have noted that Example 3 in
[1] is incorrect. A correct example is as follows: Let k denote a field of character-
istic two. Set @ = k[[X]], the power series ring in one indeterminate X over k.
We can define a higher derivative D = {§,;} on & by setting 8,(X) = 1 for all
1 > 1. Then §,(X2) = 1, but there exists no subring &; C @ such that X? is
analytically independent over @, and & = O,[[X?]].

Thus, the conjecture mentioned in [1] before Example 3 is false even for
regular local rings.
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