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Abstract

The existence of stationary solutions to the MHD equations in three-dimensional bounded
domains will be proved. At the same time if the assumption of smallness is made on external
forces, uniqueness of the stationary solutions can be guaranteed and it can be shown that
any L" (r > 3) global bounded non-stationary solution to the MHD equations approaches
the stationary solution under both L? and L™ norms exponentially as time goes to infinity.

1. Introduction

Let @ be a three-dimensional bounded domain with smooth boundary 32 and
Q = 2 x (0, 00). Consider the MHD equations [3] in Q as follows:

(d 1
A VAu+ (u-V)u— —(B-V)B
at pu

2pu
9B

57 ~MB+ (- V)B—(B-Vu=0,

V-u=0, V-B=0, (,1)eQ,
u|39=0’ B|39=01 te (0’ 00),

\

+—V(BP)+ %vnl —FG&) (DeEQ

(x,0) e Q,

u(x,0) = up(x), B(x,0) =By(x), xe€Q.

In(E.S), u = (u'(x, 1), u(x, ), 1’ (x, 1)) and B = (B'(x, 1), B*(x, 1), B*(x, 1)) are
an unknown velocity vector and magnetic field respectively, f (x) is a known external
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force and IT, is pressure and can be uniquely determined by (u, B, f) up to a constant.

We note that v, i, p are constants of kinematic viscosity, magnetic permeability and

density of Eulerian flow respectively and that A = n/u with electrical resistivity n.
Clearly, the stationary solutions of (E.S) satisfy the following equations:

1 1 1
—vAV+ (V- VI)v——(b-V)b+ — V(b)) +~-Vm =f (x), x€Q,
PU 20u p

—AAD+ (- V)b—-(b-V)v=0, x€Q, (S.9)
V.v=0, V.-b=0, x€Q,
Vae =0, blse =0.

In a similar manner, 7, can also be uniquely détermined by (v, b, f ) up to a constant.
In this paper, we mainly study the existence and uniqueness of stationary solutions,
and stability relations between the global L” (» > 3) bounded non-stationary solutions
and stationary solutions. First, let us recollect some related methods and results about
stability for stationary solutions to the well-known Navier-Stokes equations (N.S).
Temam [12] studied the existence and uniqueness of stationary solutions to (N.S) and
obtained L2-exponential stability for the stationary solutions under the assumption that
external forces are sufficiently small or the viscosity constant of fluids is sufficiently
large. Recently, Schonbek [9] and Guo and Zhang [5] presented some decay properties
of solutions to the MHD equations and showed that under some assumptions on the
decay properties of external forces, any non-stationary solutions to the MHD equations
on the whole three-dimensional or two-dimensional space decay to zero algebraically
as time goes to infinity. Qu and Wang studied L? stability for stationary solutions of
(N.S) on three-dimensional bounded domains in [7]. Motivated and inspired by the
above mentioned work, we studied existence, uniqueness and L” (r > 3)-exponential
stability for stationary solutions to the MHD equations on three-dimensional bounded
domains. We prove the existence of at least one stationary solution to the MHD
equations in three-dimensional bounded domains and uniqueness of the stationary
solutions if external forces are sufficiently small or v and A are sufficiently large.
The main purpose of this paper is to prove that under the assumption of smallness of
external forces there exist positive constants c, k, 8 independent of ¢, u, B such that

lu(®) = vll; + 1B(®) = bll; < c(lluo(x) — vll; + | Bo(x) — bllﬁ)ie_ﬁ'

for all ¢ > 0, where || - ||, denotes the usual L™-norm.

This paper is arranged as follows. We present some mathematical preliminaries
in Section 2. In Section 3, we prove the existence of stationary solutions to (E.S).
Moreover, if external forces are sufficiently small or 1 and A are sufficiently large,
uniqueness of the stationary solution can be guaranteed. Additionally in this section,
we also prove our main results on L?-exponential stability of stationary solutions to
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(E.S). The main results on L” (r > 3)-exponential stability are presented and proved
in Section 4.

2. Mathematical preliminaries

In this section we present some mathematical preliminaries. First, let us introduce
some vector-valued functional spaces and notation as follows: L7(£2) denotes the
usual vector-valued functional space consisting of r-times integrable functions on £2.
Here H, = closure of {¢ € C§°(2), V-¢ =0} in L"(2) and H,, = closure of {V¢,
¢ € C' ()} in L"(S2). As described by Temam [11],

L’(Q) =H & Hn.r-

Here W™"(2) (m > 0) denotes the well-known vector-valued Sobolev spaces. In
particular, if r =2, H™ = W™2(Q).

Let P, : L"(2) > H, be a Helmholtz projection operator [11] andlet A, = — P, A
be the well-known Stokes operator with domain D(A,) = H, N W(,l"(Q) N W (Q).
Let V = closure of {¢p € CF(2), V- ¢ = 0} in H'() and let V' be the dual space
of V. For simplicity, we omit subscripts in the notation H,, A, P, and || - ||,. We
denote by (-, -) and (-, -) the dual product between V and V’ and the inner product of
H respectively.

Applying P to both sides of the first two equations in (E.S) and in (S.5) yields

0 1
o VAu+ P(u-V)u— —P(B-V)B = Pf, @.1)
ot P
0B
E+AAB+P(u-V)B—P(B-V)u=O (2.2)
and
1
vAv+P(v-V)v—p—-P(b‘V)b= Pf, (2.3)
7
AMb+ P -V)b— P(b-V)v=0. 24)
Since A~' : H — D(A) is a positive compact operator, A has eigenvalues {A;}

( =1,2,...) and corresponding eigenvectors {w;} (j = 1,2, ...) satisfying
ij=Ajwj, 0<A.|<A.25§A.JS
Moreover, A; — o0 as j — 00.

DEFINITION 1. For any ug(x), Bo(x) € HNL(2) (r > 3) and f (x) € L' (),
(u(x, 1), B(x, t)) is called an L"-bounded solution of (E.S) if
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(i) both |lu(x, #)||, and ||B(x, t)]|, are uniformly bounded with respect to ¢ €
[0, c0);
(ii) u(x,r), B(x, 1) € W' (Q), for any ¢ € (0, 00);
(iii) (u(x,t), B(x, 1)) satisfies (E.S)in a weak or strong sense.

For existence and uniqueness of local or global strong (weak) solutions of (E.S),
see references [2, 6, 8].

3. Existence, uniqueness and L?-exponential stability
for stationary solutions

In this section, we study the existence, uniqueness and L2-exponential stability for
stationary solutions to the MHD equations. We use a Fadeo-Galerkin approximation
combined with Schaefer’s fixed point theorem to show the existence of stationary
solutions, and the energy estimates method to show uniqueness and Lz-exponentlal
stabxhty for stationary solutions.

THEOREM 3.1. If f (x) € V', then there exists at least one solution (v, b) € Vx V
to (2.3)«2.4). Moreover, if f (x) € H, then v, b € D(A). Additionally, if ||f (x)|
is sufficiently small or both v and ) are sufficiently large, then the solution (v, b) to
(2.3)«(2.4) is unique.

PROOF. We implement the well-known Fadeo-Galerkin method [11] to prove the
existence of solutions (v, b) to (2.3)-(2.4). For m € N, we look for an approximate
SOl\lﬁOﬂ (Um’ bm) such t-hat Up = E:'n—_q Eimwia bm = Z?:l Eimwiv Eim, Eim € Rs and

1
v(Vu,, VD) + b* (v, U, D) — ﬁb'(b,,., b, V) = (f, ), 3.1
A(Vbm, VB) + b*(Um, by, b) — b* (b, m, b) =0, (3.2)
for every v, be W, = span{wi, ..., Wy}, where

b*(u,v, w) = Z/u—w’dx

ij=1

Equations (3.1)-(3.2) are also equivalent to

VAU, + Pr(Up - VU — ;lﬁﬁ,,,(b,,, V)b = P.f, (3.3)
AAby + Py - VIby — Pr(bp - V)V =0 (3.4)
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in V', where 13,,, : H —» W, is a projection operator.

Next we prove the existence of a solution (v, b,) to (3.3)—(3.4) by the well-known
Schaefer fixed point theorem [4]. Since W, is a finite-dimensional subspace of H,
to apply the fixed point theorem, it is sufficient to show the uniform boundedness
of ||Vu,| and || Vb, || with respect to 0 < a < 1 for all possible solutions of the
following equations:

VAV, + @By - Vv — piﬁm(bm V)b, = B.f, (.5)
7
AAby + &Py - Vb — a Pr(by - V) = 0. (3.6)

In fact, taking the dual product of V and V' with v,, on both sides of (3.5) and with
b,/ pw on both sides of (3.6), then summing them togethg:r, yields

A " v 1
VIVURI? + —11VBull> = (Puf, vm) < =IIVULlI> + = I3
JJ73 2 2v
Therefore

21 1
VIVual? + —IIVbalI* < =IIf 4.
P v

Thus due to the Schaefer fixed point theorem acting on W,, x W,, the existence of
(U, bn) is guaranteed.

Next we give some a priori estimates of v,, and b,,,.

First, taking ¥ = vy, b= b./pw in (3.1)«3.2) and summing them together, we
get

A 1 v
VIVunl? + —IIVbull* = (f, v} < —IIf I3 + 11 VUal®.
pv 2v 2

Therefore
2, 2A 2 _ 1 2
V[[Vuull” + —IVball* < =IIf I} (3.7
pu v

So we can extract from (v,,, b,,) a subsequence (v, b,y) wWhich converges weakly
in V to some limit (v, b), and since the injection of V in H is compact, (Vpy, bp)
converges to (v, b) strongly in H, that is, b,, — b and v,, — v weakly in V and
strongly in H. Passing to the limit in (3.1)—(3.2), we find that (v, b) is a solution of
(3.3)(3.4) in V'. We note that if v, b € V, then according to [12, (2.26)] it follows
that P(v - V)v, P(b- V)b, P(v- V)b and P(b- V)v belong to D(A~'/?). Hence

v=yvla"! (Pf —P(-V)v+ %P(b . V)b) € D(AY?), (3.8)

b=1"T"A"" (P -V)v— P V)b) € D(AY?). (3.9)
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If f (x) € L*(Q), applying [12, Lemma 2.1] to (3.8)~3.9) yields P (v- V)v, P(b- V)b,
P(v-V)b, P(b-V)v € H. Therefore v and b € D(A). Since v,b € D(A) C

.H?*(S2) we can define ||v]|,, ||p]|, for any r > 2 according to the Sobolev embedding
theorem [4].

Next we give some a priori estimates of (v, b) in V and D(A) respectively. If
f (x) € L¥(R), from (3.7) and lower-semicontinuity of the norm || - ||, it follows that
2). 1
vVoll? + —|Vb|* < —I|If I*.
P VA
For the norm in D(A), we infer from (2.3)—(2.4) for r = 2 that
' 1
viiAv| < If I+ 1P (v - Vvl + ﬁllp(h V)b
1
<Ifll+a (IIVvII”"IIAvII”z + p—IIVbII3’2||AbII"2)

Ival?,

c2
< IF I+ ZlAv] + L vo)? +—||Ab||+ e

where we have used Young’s inequality. Similarly,

v It A g
MAB| < <l Av] + 2IVBIP + <11AB] + LI Voll.

4 v 4 A

Finally,

vilAv]| + kllAbII
2¢
IVal® + — IIVvII3

<2|If||+ (IIVv|I3+IIVbII) o ZA

1 1 2 1
<2l ||+2c2[ o (v + X) R (p Tt )] I 1P, (3.10)

To prove the uniqueness result, let us assume that (v;, b;), i = 1, 2, are two solutions
of (2.3)-(2.4) for r = 2, that is,

1
V(V'Ui, Vi)) + b‘(viv vi’ ﬁ) - ﬁb*(biv bh i}) = (fv ﬁ)v
A(Vb;, Vb) + b*(v;, by, b) — b*(by, v;, b) = 0,

fori=1,2andf;,l;e V.
Letw = vy — v, b= b, — b,. We get

1 = s a
v(vwv Vﬁ) + b*(vlv w, i)) + b‘(wv Uz, ﬁ) - ;;(b*(bl’ b’ 'U) + b‘(b, b21 U)) = Os

A(Vb, Vb) + b*(vy, b, b) + b*(w, by, b) — (b*(by, w, b) + b* (b, v, b)) =

https://doi.org/10.1017/51446181100013705 Published online by Cambridge University Press


https://doi.org/10.1017/S1446181100013705

] Stationary solutions to the MHD equations in 3D domains 101

Taking § = w and b = b in the above equalities and adding them together yields
A=
v|Vw|? + —|Va?
Jn
1 - - - -
= —b*(w, vz, W) + ;ﬁ(b*(b, by, w) + b*(b, vy, b) — b*(w, by, b))

C ~ -~
< allVwl?IVul + ﬁ@lIVbII IVwllIVEall + VB V.l)

1 1
< ¢l|Vw|? +
< allVu| (vA}/z p;LAvA,)”f”
Cjy ~12 1 1
+ —IVb| ( + )llf fl.
oL vAl? T puAvi

Therefore

1 1
v — + Vuwl|?
. (x ( N ) If ||) IVBI2 <0
— — C .
pu \al2 T ppiok, =

If || f (x)|l is sufficiently small or both v and A are sufficiently large so that

1 1
v—c¢ + >0
1 (UA’:/Z ,——-——p[LA,U)\,I) ”.f "

and

1 1
A—cC + > 0,
1 (M:ﬂ pum,> I

it follows that v, = v; and b; = b,. Hence uniqueness of the solution is proved and
the proof of Theorem 3.1 is completed.

THEOREM 3.2. Let (u(t), B(t)) be any solution of (2.1)~(2.2) with initial data
ug, By € H and f (x) € H be sufficiently small or v and ) be sufficiently large. Then
there exist constants ¢, B > 0 independent of t, u and B such that, for all t > 0,

1 1 _
lu(t) = vlI>*+ —|IB(®) = blI* <c (Iluo — v+ —||By — bII2> e’
pu P

PROOF. Let w(t) = u(t) — v and B() = B(t) — b. We have by difference,

Z:)—L:-+vAw+ P(u-V)w+ P(w-V)v— i(P(B-V)1§+P(l§-V)b)=0, (.11

%l; +AAB+Pu-V)B+ Pw-V)b— (P(B-V)w+ P(B-V)v)=0, (3.12)

w(x,0) =uy—v, B(x,0)=By—b.
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Taking the scalar product of (3.11) with w(¢), and of (3.12) with f?(t)/ pu in H and
summing them together, we get

1d
=5 (II O]k +—||B(t)||2 +v||VwI|2+—IIVBII2
2dt fJn

= —b"(w, v, w) + ﬁ(b‘(B, b,w) + b*(B, v, B) — b*(w, b, B)). (3.13)
Next we give estimates of each term on the right-hand side of (3.13)

Ib*(w, v, w)| < cillwl} Vw2 Av < -IIV I+ W”wll 2lav)*?,

1b*(B, b, w)| < & IIBII3“IIVBII”“IIwII”‘IIVwII"4I|Ab||

v (;rm)"3
< -IIVWII2 HVB||2+ ca—— I BI*IAb|*?
+ 1—/3II w|| IIAbII“/3
where we have used Young’s inequality.
Similarly,
- 5 ~ A ~ C2(pl"')l/3 =2 43
|b*(B, v, B)| < @"VB” + = IBIFIAvIT,
" (w, b, B)| < a1l BI**IVBI"lwl*| Vw| | Ab]|
v A ~ (o)
< VWl + g IVBI + o5 o IBIP AL
- 4/3
+ 1/3” wl|Ab|

also using Young’s inequality here.
Substituting the above estimates into (3.13), we get

d 1 . A -
= (uwu’ .||B||2)+v||Vw||2+—uVB||2
t PU

5262||w||2( A + — ||Ab||"3)

= [ (o) 2(pw)'”
+2c2||B||2( A lAvl? + oAby ).

Therefore

d 1 .
p (llwll +— IIBII )+ﬂ (IIwII2+ —IIBIIZ) <0, (3.14)
o
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where

B =min(v, A)A,

2 allAvl*?  26]ABI*? c(pw)*P|AVI*? | 2c(pp)*? || AbIY2
—<ma p1/3 + vi/3 ’ A3 A1/3 .

From (3.10), we know

2 1 1 1 (op)3? 1 1
A < - 2 v I —_ — 3
" v” - U"f " + Cl [U“A::/z (v + A.) + v5/2(A.A.1)3/2 p2/L2A- + v ”f "

and .
2 1 1 1 (o)’ 1 1
ADb|| < — 23| —— ([ -+ = - 3,
1A < ZIf Il + l[wﬁﬂ (v + A) + oy \aman 5 ) |V

Thus it follows that if v and X are sufficiently large or ||f || is sufficiently small, then
B >0.
Taking (3.14) into account, we get

1 1 _
lu(®) — v[|* + —IIB(¢) — b||* < C(”uo — ||+ —||By — b||2) e’
P o

for all ¢ > 0. The proof of Theorem 3.2 is completed.

4, Main results of L” (r > 3)-exponential stability

In this section we will study the stability of the solutions to (E.S) with initial values
ug(x), Bo(x) € HNL"(2). The main tools we use in this section are energy estimates.
From (E.S) and (S.S), by difference, we get

a—w—vAu)+(u-V)w+(w-V)u—i((B-V)1§+(1§-V)b)
ot [ J7%

1 1
+ =—V(BP? = b)) + =V(I1; —m) =0, (x,1)€ Q,
2pp P

3B - =
-a—t—AAB+(u-V)B+(w'V)b (D.E.S)

-B-VYw—(B-V)v=0, (x,D€Q,
V.w=0, V-B=0, (x,1)e€0,

wlan =0, Blog=0, 1€ (0,00),
w(x,0) = up(x) —v, B(x,0)=By(x)—b, xe€Q.
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Let us denote [T = (|B|?> — |b|*)/(2pw) + (I1; — m;)/p. From (D.E.S) we see

%—vAw+(u-V)w+(w-V)v—$((B-V)§+(1§~V)b)+n=0, 4.1)

aa—l: ~AMB+@-VB+w-V)b—(B-VYw—(B-V)v=0. (42)

LEMMA 4.1. The following estimate of I1 holds:

ITTIZ 0 < Cllwll,+2(l|vll,+2 + llwli?,,) + IIBII,+2(IIbII,+2 +1BI2,)- 43)

PROOF. To estimate ||IT||(,+2),2, we take the divergence of (4.1) and obtain

2 n 2

8 1 L
—All= Za Ty (W V) = puzaxax,(B(Burb]))'
ij=I1

From the Calderon-Zygmund inequality [10] it follows that

"n”(r+2)/2 =c Z "wi(vj + u’)" (r+2)/2 Z ”B (b, + B])“ r+2)/2°

ij=1 x] =1

Noticing that u = w + v and B = B + b we obtain

1Mo < ¢ ) w'@v + )], + Z |8'@¥ + B,

ij=1 ij=1

Then by Holder’s inequality, we get
T 4 < clwliZ (0074, + lwilty,) + IIBII,+2(IIbII,+2 +11B1I2,,)-

Lemma 4.1 is proved.

Next we present two lemmas which were proved in [1].
LEMMA 4.2. Let r > 2 and N,(w) = [, |Vw?|w|""2dx. Then
N, (w) = cllw]| =2 w672,
forany w € W' (Q) and w # 0.

LEMMA 4.3. Let r > 3and w € W'(Q). Then |lw||/*2 < cllw|/"~' N, (w)*".
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Multiplying both sides of (4.1) by |w|"~2w and both sides of (4.2) by |B|"~2B and
integrating over 2, after suitable integrations by parts, we obtain

——|lw|l] + vN,(w) + _v_(r_z.__)/ |V|w|’/2|2dx
rdt , o

= —f(u Vw - Jw| 2wdx — /(w Vv - lw| " *wdx
Q Q

1 . .
+ — (f (B-V)B - |w|"*wdx +/(B -W)b - |w|"2wdx)
P \Jo Q
_ f VI - |w| 2w dx @4
Q

and

ld = . AA(r—2 i
_—||B||:+AN,(B)+._(_r_2_)f V1517 dx
rdt ’ o

=—/(ro)§-|l§|r—2§d_x—[(w-V)b.lBlr—Zédx
@ Q

+/(B-V)w -|B|""*B dx +/(1§-V)v-|1§|f-21§ dx. 4.5)
Q Q

Noticing that the first integral on the right-hand side of (4.4)—(4.5) vanishes since
u, w and B are divergence free, we need only give estimates of other terms on the
right-hand sides of (4.4)—(4.5), that is,

/(w Vv - lw| rwdx
Q

<(r- 1)[ wl [ Vwllv] dx
Q

172
< (r = DN, (w)'""? ( f |w|'|v|2dx)
Q

v 8(r—1)?
< giNr(U)) + _v—"w"r+2”v”f+2'

On the other hand, [|w|l’,, < cN,(w)*¢+2 ||w||;~D/C+D Thus

2 v 2r+2)/(r-1)
lwll; vl < ':ENr(w) + cllwllZ vl 22D,

Therefore

v , r_
sRN,(w)+cIIwI|£IIvIIf§,§2”‘ D, (4.6)

/(w -V - |w] " rwdx
Q

Similarly,

12
< (r— DN, (w)"? (/ |w|"2|1§|2|v|2dx)
Q
8(r — 1)?

v =21 n 2
< SN ) + = [l B 01

/(E Vb - jw| " rwdx
Q
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Noticing that
"wl r;%llB" 2 CN (w)3(r—2)/r(r+2)“w”(r I)(r—2)/(r+2)N (B)6/r(r+2)||B”2(r—1)/(r+2)
T r _
we get
2non2
lwl; 2N B2 vl2,, < 32N (w)+ N (B)
2( +2) r=1) 2(r+2)/( —l)
+ cllwlZ v el BIIwI 2™
Hence
j(B V)b - |w|"2wdx| < 16N(w)+ N(B)
2r42)/(r-1 It 2Ar+2)/(r-1
+ w250 4+ el BIZIvIPG?/ . (4.7)

By a similar manner, we get

/(w~V)b-|§["21§dx < 2N, (w)+ N(B)
0 32

2(r4-2)/(r-1) ot 2(r+2)/(r=1)
+ cuwn:nbn,;z 10D Ll BILIBIA ™D, (4.8)

- o by ~ - 2/ (r—
/(B.V)v.|B|"zde < EN,(B)+c||B||:||u||3;;2’/‘ D (4.9)
Q

and

IA

/VI‘[-]wl"zwdx (r — 1)/|1'I||w|"2|Vw|dx
Q Q

1/2 (r=2)/2
< (r = DN )"l wll%5 1M 422

< ﬁN (W) + C||w||r+2 Inll(r+2)/2

Applying Lemma 4.1, we have

- 2
[lw ":+2 (I TT ||(r+2)/2
2
1l (1017 + w0) + Nl BI2, (1812, + 1 BIZ,,)

3 2] 1 2 -
N (W)Y 2 |wl[[ Dy + N (w) )]
+ CN,- (w)3(r—2)/r(r+2) ” w "£r—1)(r—2)/(r+2)Nr(é)ﬁ/f(r+2) ” B ” 3(r—1)/(r+2) ” b”3+

A

IA

+ CNr(w)S(r-Z)/r(r+2) I w"£r-l)(r-2)/(r+2)Nr(B)12/r(r+2) "E Ilt(r—l)/('+2)
A 2(r+2)/(r-1 _ -
= 32N (W) + =N, (B) + cllwlf v 2327¢=D 4 clhr-D/e-»
2( +2) r-1 2r42)/(r-1) = 1)/ (r—
+ cllwl Bl + cl BILIBIZS D + e BYe—D1e->,
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Hence
2 2 -1
vn lw]2wdx| < 16N(w)+ N(B)+c||w|| (vl 22/
-1 . 2(r42)/(r—1
+ cllwl|7D w7 b 2D
ot 2(r+2 -1) = - -
+ clBILNBIZS /™ 4 ¢ B =PI, (4.10)
Since

/(B-V)B-|w|'-2wdx < /(b-V)§-|w|'-2wdx
Q Q

+ f(B-V)§-|w|'-2wdx ,
Q

/(b~V)1§-|w|"2wdx <(r— 1)/ lw|"~?|Vw||b||B| dx
Q

—N, (w) +3 N (B) + cllw| b2/ =D

- 32
+ B||,||b||2"+2”"'”,

r+2

/(B -V)B - |w|"2wdx
Q

<(- 1)[ ol V|| B[ dx

< =N, (w) + cllwl2IB?

- 32 r+2 r+2
and Lemma 4.3 tells us
1wl 1By < eN W) D/ | DDA N, (YD | B =D/
A’ R ~
=< 3—2Nr(w) + ﬁN,(B) + c”w“:(r—l)(r—Z)/(r+2)(r—3)" B”:r(r—l)/(r+2)(r—3)
: - B o F(r—1)/(r—
=< iNr(w) + 3—?:N,(B) + C"w":(r-l)/(r—ii) + CllBI,( /=3
we get
(B-V)B - |w|*wdx| < EN (w) + N (B) + cllwl| b2 2e-b
Q
+ c||B||r||b||f£:;2)/(r_1) + cllw|re-Me-3
+ || B|r=e-, | (4.11)
Similarly,
B B - * B r r—
f(B -Vw - |B|"'ZB dx| < —N,(w) + —N,(B) + C"w":"b”i(,_;’z)/( 1)
2 16 16
+ C" B " "b"f_‘:;z)/(r—l) + C||w":("])/(’_3)
+ c|| B|re-hre-d, (4.12)
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Substituting estimates (4.6)-(4.12) into (4.4)-(4.5) and summing them together, we get

d ~ 1 -
lwll, + I1BI7) + 5 min(v, M)(N, () + N (B))

v
B 2(r+2)/(r=1) 2r+2)/(r-1
< c(llwll; + UBI) (75 ™ + Bl )
+ C(”w”'('_l)/(":” + ”Bllr(r-l)/(r—:i)).

By interpolation, we have [|wll, < [w[¥®~2jw]3?®?, From Lemma 4.2 it
follows that N,(w) > c|lw||=4/C=D||y|+@/3¢-2) Using these estimates, we get

1d L 1 o ]
;E("w”: + “B":) + 5 min(y, l)(llw” 4r/3=2) | g || /30 =D
+ (B2 By rHrAC-2))
n 2 2 -1 2 2 -1
=< C(”w": + "B":)("U“ry;' ) (r )"b"’f:;- )/ (r ))
+ C("é“:(r—l)/(r—3) + “w“:(r—l)/(,_;;)).

From (3.10), Theorem 3.1 and H?(2) — L"+*(R2), we get

d r B = a\—k r o u B e\ 1H@30-2)
;Z;("w”’ + IBII7) + c(llwoll® + 1 Boll®) ™ & (llwll; + I BII7)
)("‘1)/("—3)

< c(llwlis + 1B1IY) + c(llwl + I Bl : (4.13)

where k = 2r/3(r — 2). 3
Let y(2) = |lw(@I|I. + || B()||;. From (4.13) we get

1 ' r B oryk r— r=1/(r—
7y (0 +.c(llwoll; + I Boll}) Xy 4P < cy(r) + ey ()=,

where k, = 4/3(r — 2).
Applying Lemma 4.5, we get the following theorem.

THEOREM 4.4. Suppose (u, B) is any L'-bounded solution of (E.S), f (x) € L"(2)
and ug(x), Bo(x) € L"(2) N H, where (v, b) is the solution of (S.5). If the L*-norm
of f (x) is sufficiently small or v and X are sufficiently large, then there exist constants
¢, B, k. > 0 independent of t, u and B such that, for all t > 0,

lu(e) — w2 + 1 B(@) = blI; < c(lluo — vl|} + || B — blI})“ e~

LEMMA 4.5 ([7]). Let us make the following assumptions:
(i) There exists a constant M > O such that for all t > 0, the function y(t) < M.
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(ii) There exists a differentiable function h(t) > 0 and continuous functions f (),
ooy fm(t) for t > O such that

h(t i
m 2D o0 wim @ o,
o (o) o k(1)
(iii) There are constants a; > a; > -+ > Gy > ap > 1.

(iv) The function y(t) satisfies the differential inequality

i=1,...,m).

Y (@) + ch(t)y()® < boy(1) + ) _ D)y ()%,

i=1

where c, by > 0. Then the estimate y(£)®~! < (by/cl)h(t)~! holds for all t > 0.
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