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The skeleton of a variety of groups

R.M. Bryant and L.G. Kovacs

The skeleton S(U) of a variety U of groups is defined to be
the intersection of the section closed classes of groups which

generate U . If m is an integer, m > 1 , ém is the variety

of all abelian groups of exponent dividing m , and ¥ is any
locally finite variety, it is shown that the skeleton of the

product variety 1__-\"; is the section closure of the class of
finite monolithic groups in AV . In particular, S{av
generates éml . The elements of S{A V are described more
explicitly and as a consequence it is shown that S(1=xm\=/')
consists of all finite groups in émi if and only if m 1is a

power of some prime p and the centre of the countably infinite

relatively free group of V is a p-group.

1. Introduction

If D 1is a class of groups then sD and QD denote the classes of
all groups isomorphic to, respectively, subgroups and factor groups of

groups in D . If G is a group, an element of es{G} will ve called a
section of G . A class D is called section closed if qsD = D and, as

is well-known, for any class D , esD is section closed. For basic facts
and terminology relating to varieties of groups we refer to [9] - where,
however, a section is called a factor. For any variety U we write F(U)
for the class of all finite groups in U , M(U) for the class of all

finite monolithic groups in U and C(U) for the class of all critical
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groups in U . Thus
C(u) c M(u) c F(u) .

A denotes the variety of all abelian groups and, for any positive integer
m

s ém the variety of all abelian groups of exponent dividing m . Also,

C(m) denotes a cyclic group of order m .

The skeleton of a variety U is denoted by S(U) and is defined to
be the intersection of the section closed classes of groups which generate
U . Thus S(U) consists of the groups G with the property that G € qsD

whenever varD = We shall be interested in varieties U such that

u .
S(U) generates U and which have, therefore, a unique minimal section
closed generating class. Not all varieties have this property: neither do
all locally finite varieties, nor all product varieties. We note the

following examples.
(1) S(A) consists only of groups of order 1 .

(ii) If U is the (locally finite) variety generated by the
dihedral group of order 8 then

S(U) = eslc(y), c(2)xc(2)} .

(iii) For any primé p , S@:Ap) = ¢s{C(p)} and S(a4) = F(.g_p} .

If U is a locally finite variety then [ = .varC(U) , by 51.41 of
[9). Thus S(U) < osC(U) . If also C(U) < S(U) then S(U) = ¢sC(U) and
S(U) generates U . Certain locally finite varieties are known to have
this property. For example, Theorems 2 and 3 of Cossey [4] show that if U
is a variety of A-groups (a locelly finite variety in which nilpotent
groups are abelian) then C(U) < S{U) . Also, in this case, C(U) = M(U) ,
by (1.66) of [8]. Thus, if U is a variety of A-groups,

S(U) = asC(U) = osM(Y) .

One of the objects of the present paper is to prove a similar result for

product varieties of the form AV where m is a positive integer,
m>1,and V is a locally finite variety. A V 1is locally finite by

21.14 of [9]. It is a consequence of the Corollary of Brisley and Kovacs
(7] that, for any prime p , S(AA ) = F(LA ) . Here we shall obtain an
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explicit description of the elements of SlA V| and, in particular, extend

the Brisley-Kovdcs result by finding necessary and sufficient conditions

on m and V to ensure S(AV} = F(A V) . Such locally finite varieties

U satisfying S(U) = F(U) are particularly interesting. They have the
property that every class of groups which generates U discriminates U .
(See Chapter 1, 87, of [9] for the notion of discrimination.) This is a

consequence of the following remark (proof below).

(1.1). Let D be a class of groups contained in the locally finite

variety U . Then D discriminates U <if and only if F(U) C qsD .
Before we state our main results we fix some notation. X denotes an

absolutely free group freely generated by elements Ty Tps cee s and we

write Xk for the subgroup (:cl, Zps vons xk) of X generated by

.'cl, x2, eeny xk : this is a free group of rank k . If V is a variety

we write Fk(l) for the relatively free group of V of finite rank k

and F_(Y) for the relatively free group of countably infinite rank. Y(G)

denotes the verbal subgroup of a group G corresponding to ¥ . We shall
alvays take p to be a prime. If G 1is a group then Z(G) denotes the
centre of G and Op,Z(G) the subgroup of Z(G) consisting of the

elements of finite order prime to p . For any variety ¥V , OP,Z(F“;(,\__I_))

is & fully-invariant subgroup of F_(V) . We write
¥, = varf,(1)/0,,2(F, (L)

THEQREM 1.2. For any locally finite variety VN and any integer

m>1,
S(av =osC[éml)=QsMM.

Hence S(A V} generates AV .

o(1) p(r)a(r) where the p(iZ) are

Suppose that m = p(l)
distinct primes, the a(iZ) are positive integers, and » Z 1 . Then, for

any locally finite variety Y ,
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MAV=UM(A .v]
i 5 a(i)=

Thus, by Theorem 1.2,

SlAyv) =U S{A vV
! (=' .)a(z )=]
and to determine the elements of S[(A V it suffices to consider the case

where m 1is a prime power. This is done in the next two results.

(1.3). Let n and & be positive integers, n prime to p . Then

S(épaén] = qoslc(p%, n)} ,

where C [pa, n) is the unique critical group which generates A oA
P

(1.3) covers the exceptional case to

THEOREM 1.4. Let Y be a locally finite variety which is not
abelian of exponent prime to p , and let o be a positive integer. Then
S(A oel] consists of all groups G of F(é al] such that lp(G)/l(G) i8

p p
eyclic and, if M(G) is regarded as a lp(G)/g'(G)-moduZe, its composition

factors (if any) are itsomorphic and faithful.

COROLLARY 1.5. Let Y be a locally finite variety and m a
positive integer, m > 1 . Then SM =FaY) ifand only if m isa

power of some prime p and Zz(F (L)) is a p-group.

We conclude this section by giving the proofs of (1.1) and (1.3) and
the derivation of Corollary 1.5 from Theorems 1.2 and 1.4. The proofs of
Theorems 1.2 and 1.4 will be completed in §4. 8§82 and 3 will be devoted to
some preliminary results. However, of these, only (2.1) to (2.5) are

needed for the proof of Theorem 1.2.

Proof of (1.1). Let D and U be as in the statement of (1.1). If
F(U) € qsD then D discriminates U by 17.41 and 17.5 of [9].

Conversely, suppose that D discriminates U . Let ¥ be a set of

representatives of the non-trivial cosets of g(xn) in Xn . Then ¥ is
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e

finite since X /U(X ) F (U) is finite. Thus ¥ is a finite set of

non-laws of U and there is a group D € D and a homomorphism 6 : Xn + D
such that w6 # 1 for all w €y . Since D ¢ U, U(X ) < ker8 , and it
follows that Q(Xn) = ker® . Therefore Fn(g) € sD . But every element of

F(U) 1des in ofF, (U)} for some n . Thus F(U) S esD .

Proof of (1.3). In Chapter 4 of Cossey [3] it is shown that if =2 is

prime to p then there is a unique critical group C(pa, n) which

generates A oc‘£‘=n . (This group has a normal subgroup which is a direct
p

product of ¢t copies of C(pa) , where t 1is the least positive integer

such that nlpt-l , and with factor group C{(n) ) By Theorem 3 of [4] (or

& b,

] and it follows that
p

by Theorem 1.2), C(pa, n) € S(

S(épaé"] = oslc(p%, n)} .

Derivation of Corollary 1.5. If m 1is a power of p and 2(F_(V))

is a p-group, then l=¥p and so F(A V) = S{A V) by Theorem 1.4. To

see the converse, first note that the order of l(F’l(!:\m\_j_)] is m , while
Theorem 1.2 implies that V(#) has prime-power order whenever H € S(_.g”;) .
Thus, if F@m\g = S(AV) then m is a prime power - say a power of p .
In this case, if XP(G) were non-trivial for some G € F(V) then y,p(cxc)

would be non-cyclic, and, by Theorem 1.4, this would contradict
GG € S(AV}) . Thus ¥ = Xp and so Z(Fw(L)) is a p-group.

2. Representation theory

Most of our terminology for representation theory follows [5], but we
deal with right modules instead of left modules. Unless otherwise stated
all modules are finitely generated. Groups are usually written
multiplicatively, but for an abelian group we may switch to additive

notation when the group is being regarded as a module. For any positive
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integer m > 1 , Z(m) will denote the ring of integers modulo m . Thus
Z(p) 1is a field of p elements. Throughout this section ¢ will denote

a finite group and F a field.

If U 1is a G-module we write UsplitG for the semidirect product of
the abelian group U by (G , where the action of (G by conjugation on U
is the module action. If U has exponent dividing m then we may regard
U as a Zz(m)G-module, that is, a module for the group ring 2Z{m)G of G
over Z(m) . We shall need a result, covered by cohomology theory, for
which we have not found any really convenient explicit reference. A
special case is proved in the paragraph beginning at the bottom of p. 393
of [1], and the proof there immediately generalizes to give what is needed

here:

(2.1). Let U be an injective Z(m)G-module and let H be an
extenston of U by G , where the action of G on U 1is the module

action. Then H = UsplitG .
If U is a G-module, CG(U) denotes the set of elements of G

which act trivially on U . We write H £ (G if H 1is a subgroup of &
and H 3G if H 1is a normal subgroup of G . We shall require the

following conseguence of (2.1).

(2.2). Let H be an extension of the Z{(m)G-module U by G , where
the action of G on U 1is the module action. Suppose that V 1is an
injective submodule of U and let N = H be maximal subject tc N =2 H
and VnN=1. Then

H/N = Vsplit (6/C (V) -
Proof. H/N 1is an extension of a factor module U' of U bya
factor group G/M of G where M = CG(U') and so U' may be regarded as

a 2{(m)(G/M)-module. Since V nN =1, U' has a submodule V' ,

V' =V . Since V' is an injective Z(m)G-module, it is an injective
Z(m)(G/M)-module. Thus V' is complemented in U' . By the choice of N
it follows that V' = U' , and so, by (2.1),

H/N = Vsplit{(G/M) .

If G/M is identified with a complement of V' in H/N then
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(V) s #/N and V' nC

G/M(V) =1 . Thus, by the choice of ¥ ,

Corm
M= CG(V) .

We wish to establish some facts relating to modules over the group
rings FG and 2(m)G . Both F and Z(m) are examples of
quasi-Frobenius rings (see §58 of [51), so more generally we shall consider
the group ring ARG where R is a quasi-Frobenius ring with identity. By
Exercise 2(d), p. 402 of [5], RG is itself a quasi-Frobenius ring. In
particular KRG has maximum condition and minimum condition on right
ideals. We shall only wish to consider finitely generated RG-modules.
However, we have occasion to use injective hulls (see 5§57 of [5]) and it is
not perhaps obvious that the injective hull of a finitely generated
RG-module U 1is again finitely generated. To see this, consider the socle
of U , denoted by OU ~ that is, the submodule generated by the
irreducible submodules of U . Since OU is completely reducible and
finitely generated it is the direct sum of finitely many irreduciblé
submodules. The injective hull of U 1is the injective hull of OU and
this is.the direct sum of the injective hulls of the irreducible summands
of oU . It remains only to note that the injective hull of an irreducible
RG-module is a principal indecomposable RG-module, and is therefore a
one-generator module. This follows from (58.6), (58.12) and (58.13) of
[51].

The regular RG-module will like the group ring be denoted by KRG .
The Jordan-Holder Theorem, (13.7) of [5], and the Krull-Schmidt Theorem,
(14.5) of [5], apply to RG-modules and will be used without further
comment. The RG-module U 1is said to be a direct swmmand of the
RG-module V if V is isomorphic to the direct sum of U and some other

RG-module. We shall write U SV if U 1is isomorphic to a submodule of

V. If n 1is a non-negative integer then Uz denotes the direct sum of

n copies of U and is called a direect multiple of U (with the
convention UED =0 ). We say that U is faithful if CG(U) =1 : note

that we do not mean that U has zero annihilator in RG . We call U
homogeneous if all of its composition factors are isomorphic (without
requiring that U ©be completely reducible), and monolithic if it has a

unique irreducible submodule (that is, if oOU is irreducible). For any
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integer »n we put

nt={nu : u v},
writing U additively. Thus nlU 1is a submodule of U . If H <G then
UH denotes the restriction of U to RH . If H=<G and V 1is an

FH-module then VG denotes the FG-module induced from V . If E is an
extension field of F and U 1is an FG-module we write UQ®E = U G% E

for the corresponding EG-module.
By (56.6) and (58.1L4) of [5] we have

(2.3). 4n RG-module is injective if and only if it is isomorphic to

the direct sum of finitely many prinecipal indecomposable RG-modules.
By (58.12) of [5],
(2.4). A prineipal indecomposable RG-module is monolithie.

If U 1is an indecomposable, injective RG-module, and N 2 G ,

N = CG(U) , then U is clearly indecomposable and injective regarded as an
R(G/N)~module. 1In other words, by (2.3),

(2.5). If U 4is a principal indecomposable RG-module and N 2 G ,
N =< CG(U) ., then U regarded as an R(G/N)-module is a principal

indecomposable R(G/N)-module.

The remainder of this section and the whole of the next section are

only needed for the proof of Theorem 1.k.
By (2.3), an RG-module is injective if and only if it is a direct

summand of (RG)G” for some n. If H<G end H has index k in G

1n

then it is easy to see that [(RG)en)H (RHfakn . Thus

(2.6). If U 1is an injective RG-module and H < G then Uy s an
injective RH-module.

(2.7). If H<G and V 1is a principal indecomposable RH-module
then, for some principal indecomposable RG-module U , V 1is a direct

sunmand of UH .
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If o is a positive integer, Z(pqu is homocyclic of exponent pa

and so the same is true of every principal indecomposable Z(pa)G—module.

Clearly puPlZ(pa)G , regarded as a Z(p)G-module, is isomorphic to

Z(p)G . Thus, if U 1is a principal indecomposable Z(pa)G—module, pa-lU
is a non-zero direct summand of Z(p)G . Since U 1is monolithic by (2.k4),
paPlU is also monolithic and must be a principal indecomposable
Z(p)G~module:

(2.8). If U is a principal indecomposable z(p%)G-module then
paFlU 18 a prineipal indecomposable Z(p)G-module.
Suppose that F has characteristic p . Let H = OP'Z(G) and let U

be an FG-module. Since H is a p'-group, UH is completely reducible

by Maschke's Theorem, (10.8) of [5]. Thus UH is the direct sum of its

maximal homogeneous submodules. Each such summand is G-invariant since

H = 2(G) . Therefore
(2.9). If F has characteristic p , U 1is an indecomposable

FG-module and H = Op,Z(G) , then UH is homogeneous.

Ifr U 1is a principal indecomposable Z(pa)G-module and H = Op,Z(G) ,

then (pO%lU)H is homogeneous by (2.8) and (2.9). But if 0 <B < a then

lU are isomorphic Z(pojG—modules, an isomorphism being

pBU/pB+1U and p*”
given by

pBu + pB+lU - pa-lu .

Thus UH is homogeneous:

(2.10). If U 4is a principal indecomposable Z{p™)G-module and

H = Op,Z(G) , then U

] i8 homogeneous.

The next result is a simple consequence of I,h.h of [7].
(2.11). If G Zis a p'-group and U <is a non-zero homogeneous

Z(pa)G-moduZe then U 1is faithful if and only if any composition factor of
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U s faithful.

We shall require the following special case of the subgroup theorem,
(44.2) of [5]:

(2.12). 1f <G, K=2(G) and U is an FK-module, then

9, = (0,0"
H HNK 4
where k 1is the index of HK 1in G .

It is easy to check:

(2.13). If H=<6 and U 1is an FH-module then C'G(UG) = ¢ (u) .

The following is effectively proved in the first part of the proof of
(63.2) of [51].

(2.18). If H<G and U is an FG-module then U [UH)G .

If H =G then it is easy to see that FG = (FH)G . Thus, by (2.3),

if U 1is an injective FH-module then UG is an injective FG-module. If
F has characteristic p and H is a p'-group then every FH-module is

injective by Maschke's Theorem. Hence
(2.15). If F has characteristic p, H=G, H is a p'-group
and U 18 an FH-module, then UG 18 an injective FG-module.

If E is an extension field of F then clearly FG ® E = EG . Thus,
by (2-3)9

(2.16). If E 1is an extension field of F and U <is an injective

FG-module then U & E 18 an injective EG-module.

(2.17). If E is an extension field of F and V <is a principal
indecomposable EG-module then, for some principal indecomposable
FG-module U , V 4is a direct summand of U Q®E .

We shall also need the following result, to which we have not been

able to find any published reference.

(2.18). Suppose E is an extension field of F and U and V are
FG-modules. Then U and V have a common non-zero direct swmmand if and

only if UBE and V®E have a common non-zero direct swmmand.
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Proof. If U and V have a common non-zero direct summand then
clearly so do UQ®F and VQ®E . For the converse it suffices to
consider the case where U 1is indecomposable. In this case we prove that

U is a direct summand of V .

Since U®FEF and V ® E have a common non-zero direct summand there
exist elements ¢ of Hom(UQ® E, VO®E) and Y of Hom(VR®E, URE)
such that ¢Y is a non-zero idempotent in End(U ® E) . By (29.3) of [5],

we can write
“’:g%@%’ v=lv.®el,

where the e; and e3 are elements of E , the ¢i are elements of

Hom(U, V) and the lpj are elements of Hom(V, U) . Thus
- ]
W’ = .2_ ¢iwj @ eiej .
1,J

Suppose that, for some %, J , the element ¢iwj is a unit of Endl .

Then the element ¢7: of Hom(U, V) has the right inverse ‘pj(q’iwj)-l ,

and it follows that U is a direct summand of V as required. Thus we

assume, by way of contradiction, that no ¢i¢j is a unit. Since U is

indecomposable it follows by Fitting's Lemma, I,10.7 of [7], that each
¢iwj is nilpotent, and in fact that each element of the right ideal of

Endl generated by ¢iwj is nilpotent. Consequently, by V,2.4 of [7], the
¢iwj generate a nilpotent right ideal in EndlU . It follows that the

element ¢y of End(U ® E) is nilpotent. But this contradicts the fact

that ¢y is a non-zero idempoteni:.

3. Tensor products

In this section we shall develop a result, (3.5) below, which will be
used in the proof of Theorem 1.4. F will be a field and G and H
finite groups. If U and V are FG-modules then U ® V denotes the
tensor product of U and V , also an FG-module. We shall sometimes call

U® YV the inner temgor product of U and V . If U is an FG-module
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and V 1is an FH-module then U # V denotes the outer tensor product of
U and V (see (43.1) of [5]1): this is an F(GXH)-module. If n is a

positive integer we shall write Gn for the n-th direct power of G .

The subgroup

{(gs gy .oo5g) : g €G]}

of G* will be called the diagonal of G and has an obvious isomorphism
with G . If U and V are FG-modules then U ® V is isomorphic to the
restriction of U # V to the diagonal of GXG identified with G . If U

is an FG-module then U# n denotes the #n-th outer tensor power of U and

is an FG"-module. (}&l denotes the n-th inner tensor power of U . We
say that the element g of G acts like a scalar on the FG-module U if
U(f-g) = 0 for some f € F .

If F 1is algebraically closed, U is an irreducible FG-module and
V is an irreducible FH-module, then U # V 1is an irreducible
F(G*H)-module, by V,10.3b) of [7]). Thus, by the remark after the proof of
Theorem 2.2 of [6],

(3.1). If F is algebraically closed, U is a principal
indecomposable FG-module and V 18 a principal indecomposable FH-module,
then U # V s a principal indecomposable F(G*H)-module.

It is easy to check (for an arbitrary F ):

(3.2). Let U be an FG-module and V an FH-module. The element
(g, h) of GxH acts like a scalar on U # V <if and only if g acts like

a sealar on U and h acte like a scalar on V .
We shall also need:

(3.3). If F has characteristic p , then for each element g of
G\Op,Z(G) , there i8 a principal indecomposable FG-module on which g

does not act like a scalar.

Proof. Suppose that g € G acts like & scalar on each principal

indecomposable FG-module. Then, since F has characteristic p , there

is an integer k prime to p such that gk acts trivially on each

principal indecomposable and hence on FG . Similarly, if h € G then
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g-lh-lgh acts trivially on FG . Since FG 1is faithful it follows that
gk =1 and gh=hg . Thus g € Op,Z(G) .

Let U be a faithful FG-module and suppose that exactly m elements
of G act like scalars on U . Then, by Theorem 2 of [2], for some

positive integer k , FG 1is a direct summand of
v=1Fe N e.. o

For any positive integer d , (FG)@d is the module induced from a

d-dimensional module for the trivial subgroup of G . Thus, if W is a

ne

(FG )ﬁi . Thus

if U (above) has dimension greater than one, for any d there is an n

d-dimensional FG-module, (44.3) of [5] shows that W@ FG

such that (FG)&z is a direct summand of l}&l RV :

(3.4). Suppose that U 1is a faithful FG-module of dimenmsion greater
than one on which exactly m elements of G act like scalars. Then for

any positive integer d there is a positive integer Kk such that

(FG)ed 18 a direct summand of

o re . . oL

The remainder of this section will be devoted to a proof of the
following result.

(3.5). Let F have characteristic p and suppose that
ly = OP,Z(G) # G . Suppose that V is an FG-module such that Vg i8
homogeneous. Then, for some n and some principal indecomposable

FG"-module W, V < W, where G 18 identified with the diagonal of .

Proof. It is sufficient to prove the result in the case where V is
. . . G .
injective - otherwise replace V by (VH) , using (2.14), (2.15) and
(2.12). Clearly we may also assume that V is non-zero.

First suppose that F 1is algebraically closed. In this case the

outer tensor product of n principal indecomposable FG-modules is, by

(3.1), a principal indecomposable FG'-module. Thus it suffices to show
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that V is isomorphic to a submodule of some inner tensor product of

principal indecomposable FG-modules.

Since F is algebraically closed and H is abelian, every
irreducible FH-module is one-dimensional. Since H is a p'-group, every
FG-module is completely reducible by Maschke's Theorem. Therefore every
element of H has scalar action on every homogeneous FH-module. By
(2.9), every element of H has scalar action on every principal
indecomposable FG-module. Thus, by (3.2), every element of H has scalar
action on any inner tensor product of principal indecomposable FG-modules.

Let Ul be the inner tensor product of representatives of all the

isomorphism types of principal indecomposable FG-modules and let U2 = Ufﬂ

where [ 1is the exponent of H . Then every element of H has scalar

action on Ul and hence acts trivially on U On the other hand, by

> -
(3.3) and (3.2) no element of G\H acts like a scalar on U2 .
Since V 1is injective we can write

JB(3)
1 3

|4

"na
.@.3

1=1

where the Vi are pairwise non-isomorphic principal indecomposable

FG-modules, the d(Z) are positive integers, and »r = 1 since V is

non-zero. Since VH is completely reducible and homogeneous it is a

direct multiple of some irreducible FH-module P . Thus, for each < ,
(v;), is also a direct multiple of P . Let N =Cp(P) and let

U= Vl ® U2 . Then UH is a direct multiple of P . No element of G\H

acts like a scalar on U and so N = CG(U) . We now regard V , the Vi

and U as F(G/N)-modules and P as an F(H/N)-module. U is a faithful
FP(G/N)-module and H/N is the subgroup of G/N consisting of those
elements which act like scalars on U . Since H # G , U has dimension

greater than one. Let d be the maximum of the d(Z) and m the order

of H/N . Then, by (3.4), there is & k such that (F(G/N))@d is a

direct summand of
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Po Flg . . o1,

+7 .
The restriction of d@k * %o H/N is a direct multiple of E§k+1 . Thus

. . +7
for exactly one j , 0 =4 =m-1 , (dgk J) is a direct multiple of

H/N

P . By (2.5) each V. is a principal indecomposable F(G/N)-module; and

(Vi)H/N is & direct multiple of P . Consequently, for each 7 , V?d is
+7 .

a direct summand of dgk J Thus V is a direct summand of 08R+J s

which is an inner tensor product of principal indecomposable FG-modules as

required.

Now let F ©be arbitrary (of characteristic p ) and E +the algebraic

closure of F . Since V is injective we can write
= @ A1)
VeV,
1

where the Vi are pairwise non-isomorphic principal indecomposable
FG~modules and the d(i) are positive integers. VH is homogeneous and
completely reducible, so it is a direct multiple of some irreducible
FH-module P . Let P' be an indecomposable direct summand of PQE .
Then P' is irreducible by Maschke's Theorem. For each < , (Vi @)EjH

is a direct multiple of P@® E , and, by (2.16), V;®E is an injective
EG-module. Therefore, by (2.3) and (2.9), v, ® E has a principal
indecomposable direct summand Vil whose restriction to H 1is a direct

multiple of P' . Suppose that, for each % ,
~ (<)
Vigg"ﬁg ® Vo
where V. is not a direct summand of Vi2 . By the first part we can

11

choose 7 and a principal indecomposable EG'-module W' such that
(2)k(2)
°%

is a direct summand of (W’)G - where G is identified with the diagonal
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ot " . By (2.17) there is a principal indecomposable FG'-module W
such that W' is a direct summand of W® E . Thus

® %(1)7((1')
is a direct summand of (W ® E), = W,®F .
Suppose that
vz (@ r@l(i)] ® ¥
G 7 >
where no V. is a direct summand of W' . Then

W, ® F 3 (@(Vi ® E)@”“] © (W ®E) .

By (2.18), V;; 1is not a direct summand of W' ®E or of VJ. ® E for

J #7 . Thus .
Bd(2)k(2)
il

is a direct summand of

®L(7)
(Vi ® E) .
Therefore, for all % , d(£)k(Z) < 1(£)k(Z) and so d(Z) = 1(Z) . Thus

V is a direct summand of W

; @nd the proof of (3.5) is complete.

4. Proof of the theorems

Throughout this section V will be a locally finite variety, m a

positive integer, m > 1 , and U= AV . We write FP(®) = F_(V) ,
G(») = F (U) and take F(®) , G(®) , to be (relatively) freely generated
by {fl, fos I TN {gl, go» ...} , respectively. For any positive

integer n , we write F(n) = (fl, cees fn) and G(n) = (gl, ciesy gn) .

-~

Thus F(n) = F (¥) and G(n)

m

F (W) .

Let M be the class of groups of the form UsplitH where H € F(Y)
and U 1is a faithful principal indecomposable Z(m)H-module. We first
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prove that M(U) € sM . Suppose G € M(U) . If ¥(G) =1 then

G € F(V) . Since G 1is monolithic and Z(m)G is faithful there is a
faithful principal indecomposable Z(m)G-module U . Thus G € s{UsplitG}
and UsplitG € M . Suppose then that V(G) #1 . Let K = G/V(G) and let
U be the injective hull of V(G) regarded as a Z(m)X-module. Since G
is monolithic, Y(G) is a monolithic module. Hence U is monolithic and,
by (2.3), U is a principal indecomposable Z(m)K-module. Since V(G) =U
we can form a group G* 2 G which is an extension of U by X . [Use the
same factor set as in the extension G of Y(G) by K .) By (2.1), G*
splits over U and we can write G* = UsplitK and regard X as a
complement of U in G* . Let N =Cu (V) . Then N 2G* and

NnU=1. Hence NnG =1, since Y(G) contains the monolith of G .
Thus, putting # = K/N and regarding U as a Z(m)H-module,

G € s{Usplitd} . But U is a faithful prineipal indecomposable
Z(m)H-module, by (2.5). Thus M(U) € M .

Proof of Theorem 1.2. Let M' be the class of groups of the form
Vsplit [F(n)/C) » where »n is a positive integer and V 1is a principal
indecomposable Z(m)F(n)-module regarded as a module for F(n)/C where
c = CF(n)(V) . We next show that M < qsM' . Suppose that UsplitH € M .

Take n so that there is an epimorphism 6 : F(n) ~ H and regard U as a
Z(m)F(n)-module, via 6 . Let V be the injective hull of U . Since U
is monolithic by (2.4), V 1is monolithic. Thus, by (2.3), V is a
principal indecomposable Z{(m)F(n)-module. Let C = CF(n)(V) . Then

C < ker® , since U is a faithful Z(m)H-module, and so UsplitH is a
section of Vsplit{F(n)/C} . Thus M c osM'

Since
C(Uu) € M(U) < M < osid!

and C(U) generates U , Theorem 1.2 will follow if we can show that
M' < S(U) . Suppose then that D is a generating class for U and
Gep ,

¢ = Vsplit (F(n)/C)
We shall show that G € qsD .

Let U = V(G(n+l)) . Then there is an isomorphism & : UG(n)/U + F(n)
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in which (Ugi)g = fi >, T =1,2, ..., n . Since U € ém , Wwe may regard

U as a Z(m)F(n)-module, via £ . Let e be the exponent of ¥ . Then

g=1(,,)°€cuv.

We now prove that g generates a regular submodule of U . Let W be a
regular Z(m)F(n+l)-module generated by an element w® , and regard
H = WsplitF(n+l) as the semidirect product of subgroups W and F(n+l) .

Since H € U there is a homomorphism ¢ : G(n+l) + H in which gid> = fi s

1=1, 2, ..., n , and gn+l¢ = wfn+l . Thus writing W additively,
i
e-l f
ntl
gop= 1 v
=0
Since w generates the regular Z{(m)F(n+l)-module W it is clear that g¢

generates a regular submodule of WF(n) . It follows that g generates a
regular submodule of U .

Since U contains a regular Z{m)F(n)-module we may take V = U .
Thus, by (2.4), OV is a minimal normal subgroup of UG(n) . Since D
generates U and G(n+l) 1is relatively free in U , there is a group D
in D and a homomorphism ¥ : G({n+l) » D in which oV f_ kery . Let
J = (kery) n UG(n) . Then OV ndJ =1 and consequently V ndJd =1 . Let
N be a normal subgroup of UG(n) containing J and maximal subject to

VnW=1. Then UG(n)/N € qeD . But, by (2.2),
UG(n)/N 2 Vsplit (F(n)/C) .
This completes the proof of Theorem 1.2.
Proof of Theorem 1.4. From now on we take m = pa , where a is a

positive integer, and assume that V is not abelian of exponent prime to

p . Also we put

f=

=Y, - varF(m)/op.z(F(w)) .

Thus W is non-trivial and, for any group H of ¥ , W(H) = Op,Z(H)

We shall call a finite group p-special if it is an extension (necessarily

split) of an abelian p-group A4 by a cyclic p'-group B such that, if
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A 1is regarded as a B-module, A 1is homogeneous with faithful composition
factors. It is straightforward to check that the class of p-special

groups is section closed.

Let S denote the class of groups of F(U) such that H(G) is

G
p-special. Then it is easy to see that § is also the class of groups of
F(U) which are an extension of a group U € A (recall m = pa ) by a

group H € ¥ such that W(H#) is cyclic and, if U is regarded as a
W(H)-module, it is homogeneous with faithful composition factors. Theorem
1.4 is equivalent to the statement S(U) = 8 . Since the proof of Theorem
1.2 shows that S(g) = qsM , to prove Theorem 1.4 it suffices to prove that
S = osM .

We first prove that osMc S . Let G € M, G = UsplitdH . Since

w(H#) = Op,Z(H) , is homogeneous by (2.10). It is faithful since U

Ya(m)

is faithful. Thus, by (2.11), has faithful composition factors.

Yu(m)
Since M(H) is abelian and has a faithful, irreducible Z(p)-module it is
cyclic. Thus G € § by the second characterization of § . If G € 8
and H € 9s{G} , then W(H) € qs{W(G)} . Thus § is section closed since
the class of p-special groups is section closed. Hence qsMC S .

To complete the proof of Theorem 1.4 we must show that 5 C qsM .
Suppose then that G € § : we shall show that G € osM . Using the second

description of § , G 1is an extension of a group U ¢ éﬂ by a group

H ¢ ¥ such that W(H) 1is cyclic and, if U is regarded as a
;rJE(H)-module, U 1is homogeneous with faithful composition factors. We
first consider the case where U =1 . Since MN(H) is a cyclie p'-group

there is a faithful irreducible Z(p)W(H)-module P , and G =H is
obviously isomorphic to a subgroup of (PH) splitd . But (PH)w(H) is
homogeneous with faithful composition factors by (2.12). Thus we may now
assume that U # 1 .

Let U* be the injective hull of U as Z(m)H-module. Then, since
U < Ut , we can form an extension G* 2 G of U* by H . It suffices to
show that G* ¢ osM . But, by (2.1), G* = U*splith . Let V =oU = oU*
Then V is a non-zero Z(p)H-module whose restriction to M(H) is

homogeneous and faithful. We now apply the following lemma, whose proof we
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leave till last.

(5.1). Let H ¢ F(V) and let V be a non-zero 2{p)H-module whose
restriction to MW(H) <8 faithful and homogeneous. Then there are finite
groups K, L, M of V¥V, K=2L2M, such that H=L/M and, if V <is

regarded as a Z(p)L-module, then V X W, for some faithful principal

indecomposable Z(p)K -module W .

Let X, L, M and W %be as in the conclusion of (5.1). Let W* be
the injective hull of W as a Z(m)K-module. Since OW* = oW , W* is
monolithic by (2.4). Thus, by (2.3), it is a principal indecomposable
Z(m)K-module. Also, W* is clearly faithful, since W is faithful. Thus
W*splitk is in M and so (W*)Lsplit[, is in sM . Since ¥V £ WL , there

is a monomorphism 6 : V -+ (W*)L . But (W*)L is injective by (2.6).
Consequently there is a homomorphism ¢ : U* + (W*)L whose restrietion to

V is 8 . Since V =o0U*, ¢ is a monomorphism. Thus U*splitl is in
sM and U*splitH is in qsM . This completes the proof, apart from the
proof of {5.1).

Proof of (5.1). In this proof all modules are over Z(p) . Choose n
so that H is isomorphic to a factor group F(n)/N of F(n) and vwrite

Y= g(F(n)) and 2 = 0p,Z(F(n+1)) . Since Y is not abelian of exponent

prime to p , and n+ 1 =22, Z # F(n+tl) . Suppose z € Z n F(n) .
Thfn, for some integer k prime to p , zk =1 and zfn-f-l = fn+1z .
Since 2z 1is a word in fl, f2, ey fn only, it follows that
z € 0p,Z(F(°°)) . Thus z € Y and ZnF(n) =Y. But Y =H(F(n+1)) =2z
and so ZnF(n)=Y.

Since H = F(n)/N we can regard V as an F(n)-module, and, since

W(F(n)/N) = /N,

VY is homogeneous and CY(VY <N . For a p'-group a homogeneous module

is a direct multiple of a principal indecomposable module, by Maschke's

Theorem. Thus, by (2.7), there is a homogeneous Z-module U such that

vy KU, . By (2.12), (UF('”I))Z is a direct multiple of U , and so is
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homogeneous. Thus, by (3.5), there is a positive integer r and a
principal indecomposable module W for (F(n*-l))r such that, identifying

F(n+l) with the diagonal of (F(n+1))” ,

(n+1)
SFin X p(ns1)
Therefore
(n+1)
" pny S Vo) -
By (2.1%4),
75 07 5 @) = O™

and by (2.12),

F(n) (n+1)
(UZnF(n)) " X (UFn )F(n) ’
Therefore V ,§ WF(n} .
Now let
c=C (w) .
[F(n+1))r
Then
€ n F(ntl) = CF(n+l)(UF(n+l)) <z,

by (2.13). Therefore C n F(n) <Z nF(n) =Y . But

cny=cyw)=clvy) =w,

A

and so C n F(n) =N . Take

k= (F(n+1))/c , L =PF(n)C/Cc, M=NC/C.

Then W is a faithful principal indecomposable X-module by (2.5). Also

ne

L/M 2 F(n)c/NC = P(n)/(F(n)wC) 2 B ,

since F(n) n NC = N(CnF(n)) =N . (5.1) follows.
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