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This paper presents a theoretical model of plasma equilibrium in the diamagnetic
confinement mode in an axisymmetric mirror device with neutral beam injection. The
hot ionic component is described within the framework of the kinetic theory, since
the Larmor radius of the injected ions appears to be comparable to or even larger than
the characteristic scale of the magnetic field inhomogeneity. The electron drag of the hot
ions is taken into account, while the angular scattering of the hot ions due to Coulomb
collisions is neglected. The background warm plasma, on the contrary, is considered to be
in local thermal equilibrium, i.e. has a Maxwellian distribution function and is described
in terms of magnetohydrodynamics. The density of the hot ions is assumed to be negligible
compared with that of the warm plasma. Both the conventional gas-dynamic loss and the
non-adiabatic loss specific to the diamagnetic confinement mode are taken into account.
In this work, we do not consider the effects of the warm plasma rotation as well as the
inhomogeneity of the electrostatic potential. A self-consistent theoretical model of the
plasma equilibrium is constructed. In the case of the cylindrical bubble, this model is
reduced to a simpler one. The numerical solutions in the limit of a thin transition layer
of the diamagnetic bubble are found. Examples of the equilibria corresponding to the
gas-dynamic multiple-mirror trap device are considered.

Key words: fusion plasma, plasma confinement, plasma simulation

1. Introduction

Diamagnetic confinement, or the diamagnetic bubble (Beklemishev 2016; Khristo &
Beklemishev 2019, 2022; Chernoshtanov 2020, 2022; Kotelnikov 2020; Soldatkina et al.
2023), is a new operating mode designed to significantly enhance confinement in linear
systems (Dimov 2005; Steinhauer 20115; Ivanov & Prikhodko 2017). The main idea of
this regime is to form a high-pressure plasma bubble in the central part of a mirror device.
Inside such a bubble, the plasma pressure p reaches the equilibrium limit corresponding
to B = 8np/B> — 1, where B, is the vacuum magnetic field without plasma, and the
magnetic field tends to zero due to the plasma diamagnetism. The lifetime of the particles
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in the diamagnetic trap, i.e. the mirror device operating in the diamagnetic confinement
mode, is estimated by Beklemishev (2016) in the framework of magnetohydrodynamics
(MHD) as follows:

Tpc ™~ A/ TepTL, (L)

where 7¢p is the lifetime in the gas-dynamic trap (GDT) (Ivanov & Prikhodko 2017), and
7, 1is the transverse transport time. Since plasma transport across the magnetic field in
axisymmetric traps is usually far below axial losses: 7, > tgp, a significantly enhanced
overall confinement is expected in the diamagnetic trap: Tpc ~ Tep/TL/Tep > Top- In
this regard, there is a practical interest in the experimental and theoretical study of this
mode. In particular, one of the goals of the new generation linear machine gas-dynamic
multiple-mirror trap (GDMT) (Beklemishev et al. 2013; Bagryansky, Beklemishev &
Postupaev 2019; Skovorodin et al. 2023) is to experimentally verify the concept of
diamagnetic confinement. In addition, the study of the diamagnetic regime is planned at
the compact axisymmetric toroid (CAT) (Bagryansky et al. 2016) currently operating at
the Budker Institute of Nuclear Physics (Budker INP).

One can find a number of earlier theoretical works related to 8 ~ 1 plasma confinement
in open traps (see Grad 1967; Newcomb 1981; Lansky 1993; Lotov 1996; Kotelnikov,
Bagryansky & Prikhodko 2010; Kotelnikov 2011). Effective confinement of plasma with
B ~ 1 in a gas-dynamic system was demonstrated experimentally in the 2MK-200 test
facility by Zhitlukhin er al. (1984). High B plasma confinement was also studied in
the so-called magnetoelectrostatic traps (see Pastukhov 1978, 1980; Ioffe et al. 1981;
Pastukhov 2021). Structures similar to the diamagnetic bubble, called magnetic holes, are
often observed in space plasmas (see Kaufmann, Horng & Wolfe 1970; Turner et al. 1977,
Tsurutani et al. 2011; Kuznetsov ef al. 2015).

The idea of diamagnetic confinement was originally proposed by Beklemishev (2016).
The possibility of a discharge transition into the diamagnetic confinement mode is
briefly discussed, and a stationary MHD model of a diamagnetic bubble equilibrium
is constructed in the cylindrical approximation. Further, this hydrodynamic equilibrium
model was extended by Khristo & Beklemishev (2019, 2022) to the case of a non-paraxial
axisymmetric trap. In particular, diamagnetic bubble equilibria in the GDMT are
computed, and the effect of magnetic field corrugation on equilibrium in a diamagnetic
trap is studied. Beklemishev (2016) and Khristo & Beklemishev (2022) also briefly discuss
the possibility of MHD stabilization by a combination of the vortex confinement (see
Soldatkina, Bagryansky & Solomakhin 2008; Beklemishev et al. 2010; Bagryansky et al.
2011) and the conducting wall (see Kaiser & Pearlstein 1985; Berk, Wong & Tsang 1987,
Kotelnikov et al. 2022).

As already noted, the magnetic field inside the diamagnetic bubble is close to zero.
In this case, the Larmor radius and the mean free path of high-energy particles can be
comparable to or even exceed the characteristic scale of magnetic field inhomogeneity,
which is beyond the scope of MHD theory. Therefore, there is a need for a detailed
kinetic model of fast particles in the diamagnetic trap. Research on the kinetic theory
of the diamagnetic regime is already underway at the Budker INP. Kotelnikov (2020)
constructed a fully kinetic equilibrium model in a cylindrical geometry with a distribution
function isotropic in the transverse plane inside the bubble. The collisionless dynamics
of individual particles in a diamagnetic trap was studied by Chernoshtanov (2022). In
addition, a particle-in-cell model for simulating high-pressure plasma in an open trap is
currently being developed at the Budker INP by Kurshakov & Timofeev (2023). Work
is also underway to create a code for numerical simulation of the diamagnetic regime
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(see Boronina et al. 2020; Efimova, Dudnikova & Vshivkov 2020; Chernoshtanov et al.
2023, 2024).

Modern experiments on linear devices, such as the already mentioned GDMT and
CAT, commonly involve the injection of high-energy (of the order of several tens of
electronvolts) neutral beams to heat the plasma (Ivanov & Prikhodko 2017; Belchenko
et al. 2018). With this in mind, in the present paper, we aim to construct a theoretical
model of diamagnetic bubble equilibrium in a GDT with neutral beam injection. The
neutral beams are absorbed by the background plasma at a temperature much lower than
the energy of the injected atoms. For this reason, to describe the equilibrium in such a
system, we assume the plasma to consist of two fractions: the background warm plasma
and the hot ions resulting from the neutral beam injection. The former is considered to
be in local thermodynamic equilibrium and is described in terms of MHD; we take as
a basis the hydrodynamic model constructed in the earlier works (Beklemishev 2016;
Khristo & Beklemishev 2019, 2022). The hot ions, on the contrary, are assumed to have
a non-Maxwellian distribution function and are described within the framework of the
kinetic theory. Similar hybrid equilibria were considered earlier in application to field
reversed configurations (FRCs) (Rostoker & Qerushi 2002; Qerushi & Rostoker 20024,
b, 2003; Steinhauer 2011a).

For simplicity, we consider the approximation of a long, axisymmetric diamagnetic trap.
In this case, in the absence of dissipation and scattering, the azimuthal angular momentum
and the total energy of a single charged particle are conserved. At the same time, since
the magnetic field in the diamagnetic confinement regime has considerable gradients,
the magnetic moment is not globally conserved. However, it was shown independently
by Chernoshtanov (2020, 2022) and Kotelnikov (2020) that, in a diamagnetic trap, the
adiabatic invariant I, = (27) ™! 95 p,dr can be conserved under specific conditions, where
p, is the radial component of the particle momentum. In addition, it is known that in such
axisymmetric systems there is a region in phase space where particles with a sufficiently
large canonical angular momentum are absolutely confined (see Morozov & Solov’ev
1966; Lovelace, Larrabee & Fleischmann 1978; Larrabee, Lovelace & Fleischmann 1979;
Hsiao & Miley 1985).

In the present paper, we assume the hot ions to be injected into the region of the phase
space, where, first, the absolute confinement criterion is met and, second, the condition
of the adiabaticity is violated. The former saves us from solving the complex problem
of taking into account the hot ion loss. The latter leads to the distribution function of
the hot ions being homogeneous on the hypersurface of the constant azimuthal angular
momentum and total energy, and hence not depending on the adiabatic invariant 7,.
Violation of the adiabaticity occurs typically due to the non-paraxial ends of the bubble
configuration (Beklemishev 2016). We also assume the energy of the hot ions to be much
higher than the temperature of the warm plasma. In this approximation, the hot ions are
mainly slowing down on the electrons of the warm plasma and hardly collide with the ions.
On this basis, when calculating the hot ion distribution function, we completely neglect
the angular scattering due to Coulomb collisions and take into account only the weak drag
force from the warm electrons.

The article is structured as follows: § 2 focuses on the detailed problem statement; § 3
defines the equations describing the equilibrium of the magnetic field; §4 derives the
equilibrium equations for the warm plasma. Section 5 finds the equilibrium distribution
function of the hot ions; § 6 reduces the theoretical model to the case of the cylindrical
diamagnetic bubble; § 7 is devoted to the solution of the equilibrium equations in the
approximation of a thin transition layer at the bubble boundary; § 8 considers examples
of equilibria corresponding to the diamagnetic confinement regime in the GDMT device;
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§ 9 summarizes the main results of this paper and discusses the issues to be addressed in
future work.

2. Basic assumptions of the theoretical model

Consider the stationary equilibrium of a diamagnetic bubble in an axisymmetric GDT.
At the periphery of the bubble, the magnetic field is close to the vacuum magnetic field B,,
i.e. the magnetic field without plasma. In the interior of the bubble, the magnetic field is
vanishingly small B < B,, being almost completely expelled by diamagnetic plasma; this
region we further refer to as the core of the diamagnetic bubble. We denote the radius of
the bubble core as ry, which, generally speaking, can vary along the trap: ry = ry(z).! The
core radius in the central section of the trap, z = 0, we define as a = r,(0). The region at
the boundary of the bubble, inside which the magnetic field changes from B >~ 0 in the core
to B = B, at the periphery, we further refer to as the transition layer of the diamagnetic
bubble.

Let the plasma consist of hot ions, resulting from the neutral beam injection, and
background warm plasma. The warm plasma is assumed to be in local thermal equilibrium
with the temperature T = T(r, z) and described in terms of MHD. The hot ions, on the
contrary, are expected to have a non-Maxwellian distribution function and are described
within the framework of kinetic theory.

As was previously found by Khristo & Beklemishev (2022), the specific choice of
the warm plasma transport model in the bubble core seems to have little effect on
the equilibrium. For this reason, we further assume that, inside the bubble core, the
magnetic field is identically zero B = 0, and the warm plasma electrical conductivity
oy and transverse diffusion coefficient D are extremely high: o, — 0o and D — o0. In
what follows, we also consider the approximation of a long paraxial bubble with short
non-paraxial ends. In addition, we do not take into account the rotation of the warm plasma
and the effect of the electrostatic potential inhomogeneity. The warm plasma radial electric
currents are also neglected. We understand that these issues are definitely important and
thus should be addressed in future work.

In an axisymmetric system, the azimuthal canonical angular momentum P and the total
energy £ of a charged particle are conserved

mgv?

P = mgrvg + ﬁi =const., & = = const., (2.1a,b)
c2n

where mi, e, are the mass and the electric charge of a particle of species s, respectively, vy

is the azimuthal component of the particle velocity and v = for B.(r, 2)2mr’ dr is the flux

of the longitudinal (‘poloidal’) component of the magnetic field.> Assuming the magnetic

flux in the mirrors to be approximately equal to ¥, >~ B, 7r?, we arrive at the absolute

confinement criterion in the form (see Morozov & Solov’ev 1966; Lovelace et al. 1978;
Larrabee et al. 1979; Hsiao & Miley 1985):

—RQLP > €&, (2.2)

where §2; = e;B,/mc is the cyclotron frequency in the vacuum magnetic field of the
central section of the trap By, R = B,/B, is the vacuum mirror ratio, By, is the mirror
magnetic field, and c is the speed of light. Worth noting is that the particles are absolutely

"Henceforth, cylindrical coordinates (r, 0, z) are used; the corresponding unit vectors are denoted by a ‘hat’: 7, é, z.
’In the axisymmetric case, one can fix the vector potential gauge: d9A = 0. Then the azimuthal component of the
vector potential is Ay = ¥ /27r.
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confined only if the direction of their rotation and the direction of the Larmor rotation are
the same. In other words, positively charged particles with 2, > 0 are confined if P < 0
and negatively charged particles with §2; < 0 are confined if P > 0. In order to avoid
solving the complex problem of taking into account the hot ion loss, in this paper, we
consider the neutral beam being injected into the absolute confinement region (2.2). It is
clear that, in practice, the injection should be carried out in this way to avoid undesirable
loss of the hot ions.

It was discovered by Kotelnikov (2020) and Chernoshtanov (2020, 2022) that there
exists the adiabatic invariant I, = (2%t)~' ¢ p, dr for particles in a diamagnetic trap. As
additionally shown by Chernoshtanov (2020, 2022), I, is conserved for particles with not
too high velocity v, along the magnetic field, namely, the adiabaticity criterion can be
approximately written as a limitation on the pitch angle &

dVQ
dz

v
tané:—L>

> , (2.3)
|v|||

max

where v, is the velocity transverse to the magnetic field, |dry/dz|m. 1s the maximum
inclination of the field line corresponding to the bubble core boundary ry = ry(z). The
criterion (2.3) imposes considerable restrictions on the uniformity of the magnetic field.
In addition to the requirement of sufficient global smoothness of the longitudinal profile of
the field lines, the small-scale ripples of the magnetic field, resulting from the discreteness
of the magnetic system and instabilities, should also be insignificant. Due to this, the
region in the phase space where the criterion (2.3) is met usually proves to be relatively
narrow. To simplify the theoretical model, we further assume that the condition (2.3)
is violated and the adiabatic invariant /. is not conserved. As a result, the hot ion
dynamics becomes chaotic, and the trajectories fill the hypersurfaces with constant angular
momentum and energy P = const., £ = const. Based on this, we approximately consider
the distribution function of the hot ions depending only on P and £. The collisionless
dynamics of the hot ions in a diamagnetic trap may resemble that in FRCs. In particular,
Landsman, Cohen & Glasser (2004) provide a classification of particle trajectories in
FRCs, where the regions of phase space corresponding to chaotic motion are observed
as well.

As shown by Chernoshtanov (2020, 2022), in a diamagnetic trap there should also
arise an additional axial loss, the so-called non-adiabatic loss. It results from the
particles escaping the trap through a ‘leak’ in the phase space outside the region of the
absolute confinement (2.2). The characteristic non-adiabatic loss time for plasma with a
Maxwellian distribution function at the centre of the trap can be estimated as

a
Tslo ™~ TGDs > (2.4)

where 7gps = RL/vr is the gas-dynamic confinement time, a and L are the characteristic
radial size and length of the diamagnetic bubble, p, = vr./|§2| is the characteristic
Larmor radius and vyy = /T /m; is the thermal velocity. Note that the time 7o does not
depend on the particle mass since it is cancelled in |§2;|/vZ.. As can be seen, despite the
additional non-adiabatic loss, confinement of the warm plasma in the diamagnetic trap can
still be significantly enhanced compared with the ‘classical’ GDT, provided the ratio ps/a
is sufficiently small.

In this work, we assume the injection energy Ewg to be large compared with the
temperature of the warm plasma 7. However, due to the significant difference in masses,
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the characteristic velocity of the injected ions /Exg/m; is still much less than the thermal
velocity of the warm electrons /7T /m.. Summarizing the above, we have

t B 25)
T M

where m. and m; are the electron and ion masses, respectively. We also consider the
density® of the hot ions to be negligible compared with that of the warm plasma, so
the quasi-neutrality condition is satisfied for the latter: n; >~ n./Z, where n. and n; are
the densities of warm electrons and ions, respectively, and Z is the ion atomic number.
In addition, we neglect collisions of the hot ions with ions and take into account only the
drag force from the warm electrons. In other words, we use a simple linear kinetic equation
for the hot ions, in which we keep only the terms related to the slowing down of the hot
ions on the warm electrons, neglecting the angular scattering due to Coulomb collisions.
This approximation apparently corresponds to the high-energy limit £ > T of the injected
ions.

Let us briefly summarize the formulation of the problem. We consider the stationary
axisymmetric equilibrium of a diamagnetic trap in the paraxial approximation. The plasma
consists of the warm plasma in thermal equilibrium and non-Maxwellian hot ions. The
warm plasma is described in terms of MHD. Both gas-dynamic and non-adiabatic losses
of the warm plasma are taken into account. The electrical conductivity and transverse
diffusion coefficient of the warm plasma inside the bubble core are assumed to be
extremely high. We neglect the rotation of the warm plasma and the inhomogeneity of
the electrostatic potential. Hot ions are considered within the framework of kinetic theory.
A linear kinetic equation is used, which takes into account only the electron drag of the hot
ions. The distribution function of the hot ions is considered to depend only on azimuthal
angular momentum and energy.

3. Magnetic field equilibrium distribution
The equilibrium stationary distribution of the magnetic field can be found from
Maxwell’s equation with a source

V x B=4nc'J, (3.1)

where J is the total electric current density. Since the radial and longitudinal currents,
as well as the azimuthal magnetic field, are assumed to be zero, we have J = Jy,60 and
A = Ay0. In the axisymmetric case before us, we can also fix the vector potential gauge as

follows:
Ay =0 & Ay=A4A5(,2). (3.2)
Then the vector potential Ay proves to be related to the axial magnetic flux v
— w — ' / / /
Ag==—, Y= B(.z)2nrdr. (3.3a,b)
27tr 0

Therefore, (3.1) reduces to the following two-dimensional second-order differential
equation for ¥:

rd, (r™'o,y) + 02y = —8nc ™'y, (3.4)

3For brevity, in this article, the number density, i.e. the number of particles per unit volume, is referred to as simply
density.
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which is the Grad—Shafranov equilibrium equation (Grad & Rubin 1958; Shafranov 1958)
in the case of an axisymmetric mirror device. The electric current density J, on the
right-hand side of (3.4) contains both the plasma diamagnetic current J,» and the current
in the external coils Jyy, i.e. Jy = Jy» + Jyg. Having solved (3.4), one can evaluate the
magnetic field B via the found magnetic flux ¢ as follows:

1 ~
B=—Vy x8#, (3.5)
2ntr
and then
1
B =Bl = 2—/(3:)" + (0:y)", (3.6)
r
We consider the external boundary condition of (3.4) to be the regularity of the magnetic
field at infinity
B|r2+z2—>+oc — By, 0<By < +4o0. (3.7

This corresponds to a plasma with a free boundary, i.e. confined only due to the magnetic
field of the external coils. At the same time, by definition, there is no magnetic field in the
interior of the bubble core, i.e. B = 0, and hence ¢ = 0, for r < ry(z), where ry = ry(z) is
the bubble core radius. Then one can set the following internal boundary conditions:

B|,_, =0, (3.8)
Yl = 0. (3.9)

Relations (3.7) and (3.8) together define the boundary condition for (3.4). In turn, relation
(3.9) determines the bubble core boundary ry = r((z).

The total plasma electric current density Jys is the sum of the warm plasma current
density Jyy and the current density of the hot ions Jyy. The former is to be found by solving
hydrodynamic equilibrium equations for the warm plasma; as a basis, we take the MHD
models constructed in previous works (see Beklemishev 2016; Khristo & Beklemishev
2019, 2022). The latter is determined by the distribution function of the hot ions, which
should be found from the solution of the corresponding kinetic equation. These two issues
are dealt with in the following §§ 4 and 5, respectively.

4. Warm plasma equilibrium

As mentioned above, we consider the warm plasma to be in local thermal equilibrium.
We also assume the hot ion density to be negligible compared with the density of the
warm plasma. This allows us to consider the warm plasma as quasi-neutral: n; >~ n./Z,
where 7. and n; are the densities of the warm electrons and ions, respectively, and Z is the
ion atomic number. In addition, we completely neglect the warm plasma rotation and the
electrostatic potential inhomogeneity. The radial and longitudinal electric currents, as well
as the azimuthal magnetic field, are set equal to zero.

4.1. Force equilibrium

The electric current density of the warm plasma J,, which appears in (3.4), can be found
from the force balance equation for the warm plasma*

Vp=c'J, xB, 4.1)

4The inertial forces acting on the warm plasma, such as centrifugal force, are neglected in this equation. The proper
description of the azimuthal force balance is related to the angular momentum equilibrium and, consequently, to the
warm plasma rotation, the accounting of which is beyond the scope of the present article.
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where p is the warm plasma pressure.’ It can be seen that, due to the stationary
axisymmetric equilibrium being considered, the sum of the azimuthal friction forces
acting on the entire warm plasma is equal to zero.

It immediately follows from (4.1) that the warm plasma pressure p is the constant on
the flux surfaces y» = const. and, therefore, is a function of the magnetic flux  only:
p = p(¥). In addition, due to the high longitudinal electron thermal conductivity, the
temperature of the warm plasma T appears to be constant along the field lines. Together
with axial symmetry, this results in the temperature also being a flux function: T = T (/).
Eventually, assuming the pressure, temperature and density® of the warm plasma to be
related by the equation of state

p=U+2)nT, 4.2)
we arrive at the same for the warm plasma density: n; = n; (V).
As aresult, (4.1) allows the warm plasma current density to be expressed in terms of the
magnetic field and pressure gradient

d,
Tup = 2mre—L. (4.3)

dy’
The magnetic flux distribution ¥ = (7, z) is determined by Maxwell’s equations (3.4),
and the pressure profile p = p(¥) should be found from the solution of the mass and
energy conservation equations for the warm plasma.

4.2. Mass conservation

To obtain the warm plasma equilibrium equation, we consider the material balance in a
flux tube ¢y = const.

2@, + @i — Wi =0, 4.4)

where @;,, is the axial loss of the warm ions from the flux tube, determined by the
longitudinal flow through a mirror throat, @;, is the warm ion flow transverse to the flux
surface ¢ = const. and W; = W;(y) is the total warm ion source inside the flux tube. In
other words, W; represents the number of warm ion—electron pairs supplied by an external
source to the interior of the surface ¥ = const. per unit time. Longitudinal and transverse
ion fluxes are determined as follows:

(p,‘“m = / niu; - dS, (pii = / niu; - dS, (45a,b)
Sm(‘/f) SL(‘#)

where u; is the warm ion flow velocity. Integration is carried out over the cross-section of
the magnetic surface in the mirror S, () and the flux surface S, (1) between the mirrors,
respectively.

Gas-dynamic confinement implies the axial mirror loss being described by an outflow
through the nozzle

(piHm = / nium dS, (46)
Sm(¥)

where u,, ~ /T /m; is the warm plasma flow velocity in the mirror throats. The ion flow
velocity transverse to the flux surface ¥y = const. can be found from the generalized Ohm’s

SIn what follows, the warm plasma pressure p is assumed to be isotropic, which corresponds to the case of a filled
loss cone.
6In what follows, the density of the warm plasma should be understood as the density of the warm ions.
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law, which can be written in the form

1 Jw
~[u; x Bl, = =2, 4.7)
C 0,

w

where o, is the electrical conductivity of the warm plasma.” The force balance (4.1)
together with the azimuthal projection of Ohm’s law (4.7) yields the warm plasma
transverse flow velocity

2

c
u, = — UWB2 Vp (48)
Then the transverse ion flux is
d 2 dl
D = —Au—p, A = 47T2€2ni/ r—, (4.9a,b)
dy y@) OwB

where integration is carried out in (r, z) space along the curve y, () corresponding to the
flux surface ¢ = const.

Finally, substituting (4.6) and (4.9a,b) into the material balance (4.4) and differentiating
it with respect to 1, we obtain the mass conservation equation for the warm plasma in the
following form:

d d 2 dw;
—— (A D) + S = 2 (4.10)
dy dy By dy
where By, is the magnetic field in the mirror throats; here, we also take into account that
dyr = By, dS,,.

4.3. Energy conservation

For a given distribution of the magnetic flux, the equilibrium state of the warm plasma is
fully described by three parameters: density n;, temperature 7" and pressure p. A closed
system of equations can be obtained by supplementing (4.2) and (4.10) with another
equation relating these three parameters. In the previous MHD models (see Beklemishev
2016; Khristo & Beklemishev 2019, 2022), the plasma temperature 7 is simply assumed to
be constant. However, introducing an equation describing the energy balance of the warm
plasma would be more proper.
The law of thermodynamics for a moving warm plasma element reads

3 J?
V. (Epui> =V VD) + = + gy — pV - u;, (4.11)
o

w

where —s¢, VT is the heat flux density due to thermal conductivity with a coefficient s,
¢n 1s the density of the heating power from the hot ions (see expression (5.18) in § 5). The
left-hand side of the equation is the change in the internal energy of the moving element
with time. The first three terms on the right-hand side describe the total heat release, and
the last term is related to the mechanical work. Here, we consider the heating to be due to
the neutral beam injection. If necessary, heating from other sources can also be taken into
account by simply adding the corresponding terms to the right-hand side of the equation.

"Generally speaking, the warm plasma electrical conductivity o, may differ from the ‘classical’ Spitzer
conductivity ogp = Z%e%n; /m;vie. Exotic conditions of the diamagnetic confinement mode, such as, for instance, sharp
gradients of the warm plasma parameters and magnetic field, may lead to anomalous transport.
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Equations (4.1) and (4.8) together yield the resistive heating power density

J2
™ — - Vp. (4.12)
Ow
Substituting it into (4.11) we arrive at
V- (pu) =V - 5, VT) = g (4.13)

Integrating this equation over the volume of the flux tube ¥ = const. between the mirrors
results in

20g + P = O, (4.14)

where @y is the axial energy loss from the flux tube

5
@EJ_ = f Eplli -dS — / %WVT -dS (415)
SL(¥) SL(¥)

is the energy flow transverse to the flux surface ¢ = const., and @y, is the total heating
power from the hot ions inside the flux tube.
The axial energy loss in a GDT can be described as follows:

<DEH = OlE/ Tl’lil/tm ds. (416)
Sm(¥)

In other words, an ion—electron pair escaping the trap carries away energy g7 through
the mirror (see Ryutov 2005; Skovorodin 2019). The factor ag depends on the nature of
the plasma outflow through the mirror; for the GDT facility in Budker INP, this parameter
lies in the range of 6 — 8 (see Soldatkina et al. 2020). Further, taking into account (4.8),
the transverse energy flow is written in the form

o = 2P, — 4, 3L (@.17)
El — 2 n; il EL dlﬁ 5 .
where
Ap, = 4n? / 2, Brrdl. (4.18)
yL(¥)

As a result, after taking the derivative of the energy balance (4.14) with respect to v,
we arrive at the energy conservation equation for the warm plasma in the following form:

d (5 d d dr\  2agum d
4 (apy G o4 (4, 9T 2t g 9O (4.19)
dy \2n dy ) dy dy B dy

4.4. Bubble core equilibrium

Strictly speaking, (4.3), (4.10) and (4.19) cannot be used to describe the equilibrium of
the warm plasma in the bubble core, where ¢ — 0. In addition, the magnetized plasma
approximation obviously ceases to be applicable there. For this reason, the equilibrium of
the warm plasma inside the bubble core should be considered separately.

Since the magnetic field inside the bubble core is close to zero, the warm plasma
transport in the core should increase significantly compared with the external transverse
diffusion. Therefore, we assume the pressure, the temperature and the density of the warm
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plasma to be uniform inside the entire bubble core. In addition, we further suppose the
warm plasma in the bubble core to be perfectly conducting, which results in the magnetic
field there being constant and identically equal to zero

B=0, r<r(2). (4.20)

This is possible only if there is no plasma current inside the core, i.e. the electric current
of the hot ions is completely compensated by the inductive current of the warm plasma

Jwo = —=Jhg, T <19(2). (4.21)

It is shown by Chernoshtanov (2020, 2022) that the so-called non-adiabatic loss should
arise in the diamagnetic trap. In the case of a sufficiently collisional warm plasma with an
isotropic distribution function, there are particles outside the absolute confinement region
(2.2). These particles may reach the mirrors and escape the trap directly from the bubble
core. The thermal equilibrium distribution of the warm ions in a diamagnetic trap can be
approximately represented as follows (see Chernoshtanov 2020, 2022):

32
%) fW@G—JﬂJ, (4.22)
ZJTT() 2m15

where n;y and 7 are the warm plasma density and temperature in the bubble core, ® (x) is
the Heaviside step function, a = max[ry(z)] = ry(0) is the maximum radius of the core
and P and & are the canonical angular momentum and the total energy, respectively,
defined as in (2.1a,b). Such a distribution function corresponds to the collisional plasma
when the characteristic Maxwellization time is much less than the confinement time. It
can be obtained by direct averaging of the ‘ordinary’ Maxwellian distribution over the
hypersurface of the constant P and &£ (see the definition of averaging (5.13) in §5). The
total axial loss from the core of the bubble is determined by the flow through the mirrors

ﬁ(gsp):nio(

B~ 3 21ap;

ifjo = ZniOUTiO R

where v = +/Tp/m; is the warm ion thermal velocity, py = vromic/eZB, is the

characteristic warm ion Larmor radius in the vacuum field B,, R = B,,/B, is the vacuum

mirror ratio and B, > const. is the mirror magnetic field. The expression (4.23) is obtained
in the limit a > p;o/R; for details, refer to Appendix A.

The non-adiabatic loss (4.23) is to be taken into account when setting the internal
boundary condition for the mass conservation equation (4.10). Namely, the total transverse
ion flow through the boundary of the bubble core is the total warm ion source inside the
core Wy minus the non-adiabatic loss through the mirrors 2@y

d
(-:5)

The corresponding axial energy loss is defined as follows:

Pgjo = agoToPijo, (4.25)

(4.23)

= Wjp — 2®j0. (4.24)
v—0

where agy is a coefficient similar to the previously introduced o for gas-dynamic energy
loss. Then, the internal boundary condition for the energy conservation equation (4.19) is

5 d dar
Sp, 9, AT
2m Ty dy

where Oy is the total heat release from the hot ions inside the bubble core.

= Oho — 2agToPyjo, (4.26)
0
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To complete the formulation of the boundary value problem, the external boundary
conditions are to be set. As such, for example, the conditions

Milyay, =0, Ty, =0 (4.27a,b)

can be chosen, which correspond to an external limiter located at the radius ay,. If the
particle source is localized inside the bubble core, as we assume in the present paper, due
to the large axial loss, the actual boundary of the warm plasma typically does not reach
the limiter. This means that, in this case, the equilibrium appears to be weakly dependent
on the external boundary conditions (4.27a,b).

5. Hot ion equilibrium

Consider the dynamics of a single ion with charge Ze and mass m; in a given
axisymmetric magnetic field, which is determined by the magnetic flux distribution
Y = (r, z) (see § 3). Then the equations of motion have the form

P, . Py—v (Py—Y¥
r=—, Pr = + 8rl1/ 5
m; m;r> r
. Pyg—Vv .
I A (5.1)
n,r
P, . Py, —v
=2 b=,
ni nyr

where (r, 6, z, P,, Py, P;) is a set of canonically conjugate Hamiltonian variables, overdot
indicates a time derivative and, for brevity, the normalized magnetic flux ¥ = Zeyr/27nc
is introduced.

There are two global regular integrals of motion: the total energy

L eev P

2m; 2m;r? 2m;

&= , (5.2)

and the angular momentum
P =Py =mr’0 + 0. (5.3)

Excluding the cyclic variable 0, for a given P, the number of degrees of freedom is reduced
to two, and the ion dynamics is equivalent to the motion of a particle with energy & in
two-dimensional (r, z) space in the effective potential

(P—wy
Peft = i (5.4
Therefore, the conservation of P and £ leads to the ion moving in a bounded area: £ —
@etr > 0.

For given £ and P the equality £ = @ determines a curve in (7, z) space corresponding
to the boundary of the region of ion motion. Then, taking into account that the magnetic
flux in the mirrors is approximately ¥, = By, 7%, we can find the radial boundaries in the
mirror throats from the equation

2
(RT“Q) (mir?) =2 (RTQP + 5) (mir?) + P> =0, (5.5)

where §2; = ZeB, /m;c is the ion cyclotron frequency in the vacuum magnetic field B,. If
this equation has no real roots, then the region of ion motion does not reach the mirrors,
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and the ion is confined absolutely. This brings us to the absolute confinement criterion
(2.2) for the ions

R 2 IR0\
(TP +£) — (T) P2<0, = -—RP>E. (5.6)

Otherwise, an ion outside the absolute confinement region may escape the trap in a finite
time.

If there is a third conserved quantity in addition to £ and P, the system is integrable,
and the dynamics of the ion is regular. In particular, it was found by Chernoshtanov
(2020, 2022) that, for an ion with not too high longitudinal velocity, satisfying the
condition (2.3), there is an adiabatic invariant I, = ¢ p, dr. Therefore, the trajectory of
such an ion is fully described by the given £, P and I,. Otherwise, if the criterion (2.3) is
violated, there is no adiabatic invariant /, and the dynamics of the ion becomes chaotic.
This means that the ion trajectory ergodically fills a finite volume of phase space on
the invariant hypersurface of constant £ and P (Sagdeev, Usikov & Zaslavsky 1988;
Lichtenberg & Lieberman 1992).

The chaotic behaviour of ions can be qualitatively explained by collisionless scattering
on the longitudinal inhomogeneities of the magnetic field on the bubble boundary.
‘Reflecting’ from the magnetic field at the boundary of the bubble leads to a change in the
pitch angle of an ion by approximately A& ~ arctan |dr,/dz|. Therefore, the adiabaticity
criterion (2.3) is met when the maximum scattering angle is not too large: (A&) /€ S 1,
while large-angle scattering: (A&)ma./E 2 1, on the considerable field inhomogeneities:
|dro/dz| ~ 1, may result in violation of adiabaticity and hence to dynamic chaos. With this
in mind, we can also suppose that the characteristic time of ergodization appears to be of
the order of several free pass times between the large-scale inhomogeneities: |dry/dz| ~ 1.

It is useful to point out the following fundamental feature of the dynamics of individual
particles in a diamagnetic trap. Particles with a sufficiently large canonical angular
momentum P satisfying the criterion (2.2) remain absolutely confined even in the absence
of adiabaticity, when condition (2.3) is violated. This is different from ‘classical’ mirror
machines, where non-adiabatic particles are lost over a time scale of the order of several
bounce periods.

In the presence of non-paraxial regions, where |dry/dz| ~ 1, which seems to be typical
for the diamagnetic bubble equilibrium (see Kotelnikov et al. 2010; Kotelnikov 2011;
Beklemishev 2016; Khristo & Beklemishev 2019, 2022), the adiabaticity criterion (2.3)
seems to be violated for the majority of the injected ions. In particular, figure 1 illustrates
an example of the ion Poincaré map in the central plane, z =0, for various initial
conditions and fixed energy £ and angular momentum P. The magnetic field distribution
is taken from the MHD simulations of the diamagnetic bubble equilibrium in GDMT (see
Khristo & Beklemishev 2022). Vacuum magnetic field in the central plane is B, >~ 1.5 T,
the ion Larmor radius in the vacuum magnetic field is pg = +/2m;Ec/ZeB, >~ 1.6 cm and
the minimum distance from the trap axis that the ion can approach is ry,, = |P|//2m;E =~
3.5 cm. It can be seen that a considerable region, corresponding to transverse momentum
in the range P, = /2m& — P2 < 0.6 + 0.7, is filled with chaotic trajectories.

Strictly speaking, the ion dynamics should be considered separately for the chaotic and
regular trajectories. In the chaotic region, the distribution function can be considered
depending only on the integrals of motion: energy £ and angular momentum P. At the
same time, in the region of regular motion, these are also supplemented by the dependence
on a third conserved quantity, for instance, the adiabatic invariant /,. On top of that,
required is also a correct description of the transition region, separating chaotic and
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FIGURE 1. An example of the ion Poincaré map in the central plane, z = 0, for various initial
conditions and fixed £ and P. The magnetic field distribution is taken from MHD simulations
for the GDMT configuration (see Khristo & Beklemishev 2022). Vacuum magnetic field: By ~
1.5 T; ion Larmor radius in the vacuum field: pg = +/2m;Ec/ZeBy ~ 1.6 cm; minimum distance
from the trap axis that the ion can approach: ryiy, = |P|/+/2mi€ >~ 3.5 cm.

regular trajectories. This issue appears to be quite complex and needs to be addressed in an
individual paper. For this reason, in the present article, we limit ourselves to considering
the simplest case. Namely, we further assume that the region of the hot ion regular
motion has a negligible measure, while the dynamics of the hot ions is globally chaotic
and their trajectories ergodically fill the hypersurfaces of constants £ and P. Since the
chaotic behaviour appears to result from the collisionless scattering on the non-paraxial
end regions, |dry/dz| ~ 1, we also assume that the characteristic ergodization time is of
the order of several periods of longitudinal oscillations t, ~ L//E/m;.

5.1. Hot ion distribution function

As noted above, we consider the hot ion density to be small enough to neglect their
collisions with each other. In addition, we neglect the angular scattering of the hot ions
due to Coulomb collisions® and take into account only the warm electron drag force

F‘S >~ — VMV, (57)
where v is the hot ion velocity,
i 7\ 32
ve=1.6x 100122 A — (=) 57, (5.8)
cm=3 \ eV

is the inverse ion slowing down time (Trubnikov 1965), i = m;/m,, is the ion mass m;
normalized to proton mass m,,, Aj is the ion—electron Coulomb logarithm. In what follows,
we assume that the neutral beam is injected into the absolute confinement region (2.2); in
this case, the loss of the hot ions can be ignored. Therefore, in the stationary case under

8However, collisionless scattering of the hot ions due to non-adiabaticity is taken into account.
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consideration, the kinetic equation for the distribution function of the hot ions f;, has the
following invariant form:

Vx - (Xf) = gn. (5.9)

where X is the six-dimensional vector of generalized phase variables, X is the
corresponding phase velocity vector, V is the nabla differential operator in the X-space
and g, = gn(X) is the phase density of the hot ion source intensity, the explicit form of
which is determined by the injection. Specifying the variables as X = (r, 0, z, P,, Py, P,),
we obtain the equations of motion in the form

P, . Py—W (Py— W
r=—, Pr: 2 +8r11/ _ViePrv
m; mir r
. Py—v .
=", Pp=—ve(Py—W), » (5.10)
nyr
. P, . P, —v
z=—, P,.= 5 o,V — Vi P,.
ni n,r

Since we assume axial symmetry, the distribution function f; and the magnetic flux ¥ do
not depend on the cyclic variable 6.

As mentioned above, we consider that the dynamics of ions is globally chaotic, and
the ergodization time is of the order of several periods of longitudinal oscillations of the
ion 7, ~ L/,/E/m;. Since the characteristic slowing down time v;' significantly exceeds
the characteristic bounce time 7, (typically vi.t, ~ 1072 = 10~%), the drag force (5.7)
can be considered weak on time scales of the period of longitudinal oscillations t,. By
means of the conventionally used Krylov—Bogoliubov—Mitropolsky averaging approach
(Bogoliubov & Mitropolskii 1961), the slow phase space diffusion associated with the
drag force (5.7) can be separated from the fast longitudinal oscillations. Based on this, we
replace the exact kinetic equation (5.9) by an averaged one, assuming that the averaging
should be performed over the £, P = const. surface in the phase space.

Instead of (P,, Py, P.), it is convenient to use the new variables (£, P, «), where a €
[0, 27) is defined by

P, = /2m; (€ — @err) sina, P, = /2m; (€ — @er) COS &t (5.11a,b)
Hence, we have
8 (Pr7 P@a Pz)
~ DT — o, 5.12
0 Py o1

and we should also keep in mind the additional condition £ > ¢, which defines the
region of permissible values of the new variables. Then averaging of some quantity Q
over the surface £, P = const. is performed as follows:

def ,_

Qr=r 1/ Om; dr df dzda, (5.13)
E>err

where

I = / . / m;drdf dzda = 47°m; // drdz, (5.14)
5>(peff £>(ﬂeff

is the phase volume of the hypersurface £, P = const. Finally, at the leading order with
respect to Vi T, < 1, when the distribution function f; approximately depends only on £
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and P, averaging the perturbed system yields

9 (M (E) o) + T7'9p (T (P) - fi) = (gn)r
)y =—2Wer& (P).=—WdrP+ wel)r. (5.15)

r

(Nr=0, (=0, (&), =0.

Solving the kinetic equation (5.15) one can find the averaged distribution function of the
hot ions f;, >~ f,(£, P). This in turn enables the density of some quantity Q to be obtained

. 1 1 27
.= //f Of., dP, dP, dP, = da/ dp dSth (5.16)
Pett
In particular, the azimuthal electric current density of the hot ions is given by
ZJTZ 400 400
T = (Zevy), = 2% f aP [ dEP - ), (5.17)
r —00 Peft

the power density of heating the warm plasma by the hot ions is defined as

4 ; —+00 —+00
= 2 (i) E)p = —— f aP [ dE (we), Eh. (5.18)

r oo Peff

6. Cylindrical bubble model

The complete system of equations describing the equilibrium of the diamagnetic bubble
with neutral beam injection consists of the equation for the magnetic field (3.4) and the
equations of mass (4.10) and energy (4.19) conservation for the warm plasma. This system
should be supplemented with the equation of state for the warm plasma (4.2) and the
expression for the warm plasma current density (4.3), as well as the expressions for the
hot ion current density (5.17) and heating power density (5.18). Finally, the formulation of
the problem is completed by setting the boundary conditions for the magnetic field: (3.7),
(3.8) and (3.9), the latter of which determines the boundary of the bubble core, and also the
internal (4.24), (4.26) and external (4.27a,b) conditions for the warm plasma equilibrium
equations.

Just as it was done by Beklemishev (2016) for the case of MHD equilibrium, we further
consider a simplified model of a cylindrical diamagnetic bubble. In the central part of
such a bubble, there is a cylindrical core of length L and radius a with zero magnetic field:
Y = 0; outside the core, for r > a, the magnetic field lines are straight: ¥ = ¥/ (r). At the
ends of the central cylindrical part, there are non-paraxial regions gradually turning into
the mirror throats with the magnetic field B,, ~~ const. In addition, the source of the warm
plasma is further considered to be entirely contained inside the bubble core. In this case,
the density of the warm plasma inside the core is expected to be much higher than outside.
Since the drag force (5.7) is proportional to the density of the warm plasma, the hot ions
seem to slow down and release the energy mainly inside the bubble core as well.

6.1. Magnetic field distribution

The equilibrium equation for the magnetic field (3.4) can only be considered in the
central cylindrical region, and the magnetic flux in the mirrors is considered to be given:
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VYm = Bn1r?. Then, after substituting the current density of the warm plasma (4.3), (3.4)
predictably reduces to the paraxial equilibrium with the Lorentz force from the hot ions

d (B oo

4 (5 . 6.1

dyr <8n +p) 2mre ©.
dr B 1 1 62)
dy 2nrB’ ’

In this equations we use the flux coordinate i, so r = (i) is the inverse function of
¥ = (r) and is essentially the radius of the magnetic surface that corresponds to the
magnetic flux 1. In addition, the magnetic field B and the current density of the hot ions Jyy
should also be considered here as functions of v. The corresponding boundary conditions
(3.7), (3.8) and (3.9) can be reduced to

Bl,_o=0, rly_o=a, (6.3a,b)
B|1[/~>+oo = va (64)
where B, = const. is the vacuum magnetic field at the central section of the trap.

6.2. Warm plasma equilibrium

Warm plasma equilibrium equations (4.10) and (4.19) mainly remain the same except
for the transport coefficients A;; and Ag,, which are reduced to a simpler form in the
cylindrical bubble approximation

d d 2Um
— (A L)+ =0, 6.5)
dy dy B,
d /5 d d dTr 205U
- —BAu—p —— | A — )+ el mT =0, (6.6)
dy \ 2 n dyr dyr dyr By,
2, L 2 2
A > 4d7nce ni—B, Ag| ~ 41 %,BroL. (6.7a,b)
Ow

Here, we also take into account that, due to the hot ions mainly slowing down inside
the bubble core, the external hot ion heating power release is negligible, i.e. O, = 0 and
W; = 0 for ¥ > 0. The boundary conditions (4.24), (4.26) and (4.27a,b), in turn, remain
exactly the same, except that Q9 and Wy, now have the meaning of the total absorbed
injection power and the total warm plasma source, respectively.

6.3. Hot ion equilibrium

Consider the injection of a monoenergetic neutral beam with the injection energy Exg and
the total absorbed injection power Qyo. The injection is carried out at the angle &xg €
(0, t/2) to the axis of the trap, and the distance from the beam to the trap axis is finite and
equal to ryg < a. In this case, the source in the kinetic equation (5.15) has the form’

1
(on) - = F?—:za (€ — Ex) 8 (P — Pas). ©6.8)

°In a real experiment, the beam has a finite width and angular spread, and it is also not exactly monoenergetic.
Nevertheless, any injection can be represented as a combination of beams of type (6.8). In other words, the solution of
the kinetic equation with such a right-hand side is essentially a Green’s function.
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where §(x) is the Dirac delta function
PNB = —/ ZmiENBrNB sin gNB < O, (69)

is the angular momentum of the injected ions. Due to the beam slowing down mainly in
the core of the bubble, averaging in (5.15) yields

(Vie)r 2 Vieo,  {(vieW)p =0, (6.10a,b)
where Vieyp = Vie|7=1,,m=n,,- 1he resulting kinetic equation

—2ie00g (ET°fo) — Viewdp (PT'fy) = %5 (€ —Eng) 8 (P —Prp), (6.11)
NB

is satisfied by

11 1 P P
£~ Ono ( NB

= s = = , &€ < &nss 6.12a,b
2ve0 T & E2° \JE /_ENB> NB ( )
where the phase volume I” is approximately equal to

I =4’ mL f dr, (6.13)

E>err

and ¢, is the effective potential (5.4) in the central plane.

The remaining integral in I" can be represented in a simpler form. To do this, we further
assume that, first, there is no reversed field and, second, the magnetic field either increases
with the radius or decreases not faster than r~'. In other words, the following conditions
are met:

r dB
B>0, ——=>-—1. (6.14a,b)
B dr
It can be shown that, in this case, the effective potential ¢ has only one minimum.
Consequently, the equation £ = ¢ has no more than two roots: ryi, = rmin (€, P) and
Fmax = Tmax (€, P), which are the radial boundaries of the integration domain £ > @.
These roots are essentially the minimum and maximum distance from the axis available to
a hot ion with energy £ and angular momentum P. In what follows, rp;, and ryp,, are
shortly referred to as the minimum radius and the maximum radius, respectively, and
we also define the corresponding minimum and maximum radii for the injected ions:
Fmin = Fmin(Engs Pn) and Foax = Fmax(Exg, Png). Eventually, the phase volume can be
represented in the following form:

I = 470°m;L (Fnax — Fanin) - (6.15)

It is worth noting that the minimum radius for the ions passing through the interior of the
bubble core can be found explicitly. Indeed, since ¥ = 0 in the bubble core, for ry, < a

we have
1P| 1P|
&= e min) = 5 5 = min — . 6.16
Pett (Fmin) 2mi r ImE (6.16)

Note that the solution (6.12a,b) also implies that, in the approximation considered, the
hot ion energy and angular momentum are related as follows: P+/Exg = Pup VE. This
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means that the minimum radius for the ions injected in the bubble core (ryg < a) remains
constant
Fmin = ;min = |7)NB| .
A/ 2m1 5NB
Given (6.9), the minimum radius can also be expressed in terms of the injection radius
rng and injection angle &g Fmin = ng sin éng. In addition, it follows that the sign of the

angular momentum does not change during the ion slowing down, and the ions initially
injected into the absolute confinement region (2.2) always stay in it

(6.17)

~RQPws > Exp. = —RP > /&g > E. (6.18)

Therefore, the axial loss of the hot ions can indeed be neglected.!’
Eventually, using the resulting distribution function (6.12a,b) and the definition (5.17),
we obtain the azimuthal diamagnetic current density of the hot ions

Jho fminﬂf@ ("— Fmin ‘/f)

a— ;min Wh

21re a yyr?

. _ _
a — Fmi a — Ty 1

x / - (1 4 4 T V. —) dp. (619
((a=Foin) /=i (0 /9) Tmax (1) — Timin min ~ Yh 1

where Y, = 2B, (a — rmin) ong 18 the characteristic magnetic flux induced by the hot ion
current, png = +/2m;Enpc/ZeB, is the characteristic Larmor radius of injected ions, the

coefficient
Ono
I, = ————, 6.20
" VieoTTa2L ( )
is the characteristic energy density of the hot ions and
Frn () = T (Exp”, Prwn) 6:21)

is the maximum radius of the hot ions with the distribution (6.12a,b), which is to be found
from the equation £ = ¢ reduced to explicit form

*

Toax () = 7 (W) g (s 00~/ @) - (6.22)
In particular, the outer boundary is Fiyax = 77, (1).

7. Thin transition layer limit

The resulting complete system of equilibrium equations for a cylindrical bubble (6.1),
(6.2), (6.5) and (6.6) accompanied by the expression for the hot ion current (6.19) proves to
be essentially nonlinear. An exact equilibrium solution can only be obtained numerically.
Detailed numerical simulations and analysis of the corresponding numerical equilibria are
planned to be provided in future work. In the present paper, we focus on considering a
limiting case that allows a significant simplification of the equations.

As mentioned at the beginning of § 2, at the boundary of the diamagnetic bubble, right
beyond the core, there is a transition layer inside which the magnetic field changes from

10In fact, collisional angular scattering at low energies £ ~ T of course should eventually lead to the loss of the hot
ions. The balance of the hot ions with the distribution (6.12a,b) essentially assumes the presence of a sink in phase space
at& — 0.
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B =0to B = B,. The total thickness of this layer — the radial size of the region such that
0 < B < B, —is further denoted by A. The inner boundary of the layer » = a corresponds
to the radial boundary of the bubble core, where the magnetic field is zero: B|,-, = 0. The
outer boundary r = a + A is the radius at which the diamagnetic current density of the
plasma vanishes and the magnetic field reaches the vacuum value: B|,>,+1 = By. In other
words, the outer boundary of the transition layer represents the boundary of the plasma. In
the same way, we define separately the boundaries for the warm plasma r = a + A,, and
hot ion ions r = a + Ay, beyond which the corresponding diamagnetic currents vanish;
Ay and Ay, are further naturally called the thicknesses of the transition layer for the warm
plasma and the hot ions, respectively. It is clear that the total thickness of the transition
layer is determined by the largest one: 4 = max{Ay, A,}.

The transition layer thickness for the warm plasma A, is determined by the characteristic
scale of the warm plasma resistive transverse diffusion across the magnetic field, which
is normally quite small. In particular, the MHD equilibrium model (Beklemishev 2016)
shows that the thickness of the transition layer proves to be approximately equal to
/lw MHD = 7/10D7 where

o2
4oy,

Agp = 6D, (7.1

is the characteristic thickness of magnetic field diffusion into the plasma and tgp =
RL/2u,, is the gas-dynamic lifetime. In the case of ‘classical’ Spitzer conductivity oy, =
Z%e%n; /m;v;, for the typical parameters: T ~ 1 keV, R ~ 15, L ~ 500 cm, the quantity
Agp is of the order of tenths of a centimetre. However, in the presence of the hot ion
component, MHD is not applicable, and this estimate ceases to be valid.

For the distribution (6.12a,b), the outer boundary, at which the current of the hot ions
(6.19) vanishes, corresponds to the maximum radius of the injected ions 7,,. Then the
thickness of the hot ion transition layer in this case is equal to A, = 7 — @. On the other
hand, the hot ion transition layer is essentially the boundary region inside which the hot
ions are ‘reflected’ from the external vacuum magnetic field outside the bubble core, and
its thickness seems to be proportional to the Larmor radius of the injected ions A, ~ png.
Under typical conditions, the hot ion Larmor radius png is of the order of centimetres
and normally proves to be much greater than the warm plasma transverse diffusion scale
Agp. Thus, the total transition layer thickness 4 = max{A, 4} could be expected mainly
determined by the hot ion transition layer thickness: A, > A.

Further, in this work, we consider the limit of the thin transition layer A < a, which
allows the model equations to be greatly simplified. Since A normally decreases with
increasing magnetic field, this approximation seems to correspond to the case of a
sufficiently strong vacuum field B,.

7.1. Equilibrium magnetic field distribution

The magnetic field equilibrium is determined by (6.1) and (6.2) with the boundary
conditions (6.3a,b) and (6.4). When solving these equations, we consider the pressure
profile of the warm plasma p = p(y) given, implying that it can be found from the
corresponding equilibrium equations (6.5) and (6.6). At the same time, the diamagnetic
current of the hot ions is determined by the expression (6.19).

It is further convenient to use the following dimensionless quantities:

W r B 8mp
¢=— x:—’ R:—’ ﬁW:F’

o p 7 (7.2a—d)
h \
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where B, is the warm plasma pressure normalized to the energy density of the vacuum
magnetic field B2 /8, also referred to simply as the relative pressure of the warm plasma.
According to this, we also define the dimensionless minimum and maximum radii as

follows: )
Foin = 8, X () = s (1), (7.3a.b)
where the latter is determined by the equation
Xnax (1) = 2 (D) gy (i 0 —Fin) /(1 =) > (7.4)

which results from the corresponding normalization of (6.22). Then, (6.1) and (6.2) with
substituted hot ion current (6.19) take the following dimensionless form:

d
— (R? .
=@+ 5)
A - _min ! 1 - _min 1 - _min
=_3h(~)(x . —¢)/ i (1+ - ?)dn, (75)
x 1 — Xumin ((1=Toin) =T Fmax (1) — Xmin Xnin 1]
dx 1
o5, (7.6)
dp xR
where
8 l]
Ap = Tt e = (1 = Fyg) 2 (7.7a,b)
B? a
Normalizing the boundary conditions (6.3a,b) and (6.4) yields
Rlymg =0, Xxly_o=1, (7.8a,b)
Rly oo =1 (7.9)

As mentioned above, the hot ion transition layer thickness A, appears to be of the
order of the Larmor radius of the injected ions png, which means that, in the thin
transition layer limit before us 4, <« a, we should also expect the ratio pyg/a to be small.
Given this, it seems appropriate to apply the method of successive approximations by
considering the coefficient € o pnp/a on the right-hand side of (7.6) as a small expansion
parameter. Namely, we further assume that the solution of the system (7.5) and (7.6) can
be represented in the form of an asymptotic expansion.

For a given magnetic field profile R = R(¢), by integrating (7.6) and taking into account
the boundary condition (7.8a,b), the radius as a function of the magnetic flux can be

explicitly expressed
¢ do’
x(¢) :\/1+2e/ o (7.10)
o R(9)

At the leading order of the approximation € < 1, when small corrections are completely
neglected, the expression (7.10) reduces to

x(@) = 1+o0(). (7.11)

Substituting (7.11) into (7.4) yields the corresponding approximation for the maximum
radius

X (M = 1+0(e). (7.12)
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The obtained formulas (7.11) and (7.4) correspond to r 2~ a. In other words, on the scale of
the transition layer, the radius » can be considered almost constant and equal to the bubble
radius a, while the magnetic flux 1 varies greatly. At a qualitative level, this is associated
with the high density of the diamagnetic current inside the layer.

Taking into account (7.11) and (7.12), the integral in the right-hand side of (7.5) is
evaluated explicitly

d

d¢(Rz+ﬂW) AhO(l—¢)/ [1+ mln—l)%]dn+o(60)

A1 —¢ = (K — 1) 0 Ing] O (1 —¢) +0 (") (7.13)

As can be seen, the outer boundary of the hot ions at this order of approximation
corresponds to ¢ = 1. Given the boundary conditions (7.8a,b) and (7.9), the resulting
equation yields

R(¢) =R (¢) +0(), (7.14)

where

¢ ¢
RO (¢) = \/IBWO_ﬁW(¢)+Ah¢|:1_5_(xmi1n_ )E(lnd’——)], ¢ <1,

v1—=By (@), ¢ =1,
(7.15)

and Byo = Bw(0) = 8mpy/B? is the relative pressure of the warm plasma inside the bubble
core. In the absence of surface currents, the solution (7.14) should be continuous at the
boundary ¢ = 1, from which we also obtain the following condition:

12 Byo+ Bro +0(€°). (7.16)

Here, the quantity

27[17h
( Xmin + 1) Ay = (1 +xm1n) B2 (717)

\4

Bro =

4>|~

can be interpreted as the characteristic relative energy density of the hot ions in the bubble.
The formula (7.16) essentially expresses the balance between the plasma pressure inside
the bubble and the pressure of the external magnetic field.

By applying the successive approximations to find higher orders of the expansion, the
solution can be further refined. In particular, taking into account first-order corrections in
the expression (7.10) yields

~ ¢ _dy 1
x(¢)_1+e/0 W+o(e). (7.18)
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Using the obtained dependence, the corresponding correction to the maximum radius is
also found from (7.4)

x (n)~1+€/nd—¢+0(e') (7.19)
e o RO () ' '
For n = 1 this formula determines the thickness of the hot ion transition layer

Ap

Lk ~ : d¢ 1
;_xmax(l)—l_e/() W+o(e). (7.20)

Further, in this paper, we consider the equilibrium configuration of the magnetic field
to be approximately defined by (7.11) and (7.14) at ¢ — 0. In other words, we take into
account only the leading order of the asymptotic expansion. The applicability criterion for
this approximation is determined by the limit

x4

1 - )_Cmin a— ’_’min

<1, (7.21)

which is actually assumed in the derivation of (7.14). After substituting (7.20), we arrive
at the following condition:

/ L dgp <L (7.22)
0 R©® (9) pNB. ’

An upper bound for the integral involved can be obtained as follows:

b de 1 a
/o RO () — VT —ﬂ_wow(a> ’ 723
where
1
W) & ”2“ / do (7.24)
0

6 ¢ N

As can be seen from figure 2, for all reasonable a/ry;, the function W is of the order of
2 3.

Before moving on to considering the equilibrium of the warm plasma, it is also useful to
examine the expression (7.16) in greater detail. For given parameters of the warm plasma
inside the bubble core: density n;, and temperature 7,, which are to be found from the
solution of the equilibrium equations (6.5) and (6.6), the expression (7.16) defines the
relation between the radius of the core a and the fixed external parameters: absorbed
heating power Qy9, vacuum magnetic field B, and geometric parameters L and rp,. After
expressing the warm plasma density 7, from the equation of state (4.2), the formula (7.16)
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FIGURE 2. Function W = W(z) defined by the expression (7.24).

is reduced to a cubic equation for the normalized core radius k = a/ry, = fn

min

K — (4tvie) ™ (k+ 1) ~ 0, (7.25)
where
P B} mra, L 126)
Ty = —_— . .
R h08n Qho

Provided that the core radius a exceeds the minimum radius 7, i.. £ > 1, this equation
has exactly one real root for a fixed B, € [0, 1]

3 1
5005 (garccos®>, 0<® <1,
3 ! (7.27)
) cosh (garccosh @) , 1 <®,

where © = /27t,v;0 and arccoshx = In(x + +/x* — 1). This means that, for a given
temperature in the core T, this root specifies the functional dependency of the core radius
on the pressure in the core: k = k(By0)-

7.2. Warm plasma equilibrium

The equilibrium of the warm plasma is described by (6.5) and (6.6) with the boundary
conditions (4.24), (4.26) and (4.27a,b). In what follows, the electrical and thermal
conductivity of the warm plasma are considered classical (Braginskii 1965)

Z%e%n;
Oy =

3/2
=87 x 1027147 (1) s,

m;Vie eV

(7.28)
—10*3( 1/2+0077z)22/1 B 2( il )2 L N
My = T ) e\ G p— v cm' s
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In addition, the warm plasma flow velocity in the mirror is assumed to be

2 2T
Un =/ —Vni =,/ ——, (7.29)
TT Tm;

which corresponds to the gas-dynamic loss in the case of short mirrors and a filled loss
cone (Ivanov & Prikhodko 2017). In what follows, we also consider r ~ a, assuming the
leading order of the thin transition layer approximation 4,, < a.

Let us show that in this case there exists an equilibrium of the warm plasma such
that the temperature can be considered slowly varying on the scale of the warm plasma
inhomogeneity

n; dT P dT

me Pe 1. 7.30
Tdan ~Tap 7S (7.30)

Subtracting (6.5) multiplied by o T from (6.6) yields
d 5(1+2Z d dr
aTd (A, ) —a (2D 0 P a4 T 200
dyr 2 dyr dyr

Taking into account the condition (7.30), the left-hand side of the resulting expression is
approximately reduced to an exact differential

d ((O{E — w> TA]J_(?%) —d (AEJ_S—Z;> ~ 0, (732)

which further allows the equation to be explicitly integrated. The constant of integration
should be set equal to zero, since at the boundary of the warm plasma, where n; — 0, the
transverse fluxes of mass and energy should vanish. Finally, we find the slope factor

pdT ( 5(1+Z)> Al 1( 5(1+Z)) 1+Z2
=\ - Og — (

- ?dp o 2 AELP_ 60 2 M3/2+0.077Z>Z'
(7.33)

Yr

For hydrogen plasma Z =1, u; = 1 and ag = 8, which is typical for GDT (Ivanov &
Prikhodko 2017; Skovorodin 2019; Soldatkina et al. 2020), the slope factor proves to be
quite small: y, ~ 107! « 1.

When the condition (7.30) is met, the equilibrium equations (6.5) and (6.6) are
equivalent and reduced to

dF Bw dBy
— 4+2B8,~0, F=-2T1 7.34a,b
i +28 R dy (7.34a,b)

where we use the dimensionless magnetic flux x = /Y¥gp normalized to V¥gp =
2madcpBy, and Agp is defined by (7.1). We also introduce the quantity F, which has
the meaning of the warm plasma transverse flow. The magnetic field distribution is
given by (7.14) taking into account the corresponding renormalization of the magnetic
flux: ¢ = x/xn, where x, = ¥n/¥ep = (1 — k=1 pxs/Agp corresponds to the boundary
of the hot ions ¢ = 1. When solving (7.34a,b), according to the approximation (7.30), the
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temperature should be considered constant and equal to 7y. Further, a weak temperature
dependence can be found from the equality (7.33)

T p )VT
— == . 7.35
Ty <Po ( )

Internal boundary conditions (4.24) and (4.26) also merge into one

Fl 0=~ S, (7.36)

3/ po (W
S =By =0 (20 _q), 737
Py 2 e (2@,,0 ) (7.37)

with an additional condition
agTy (Wio — 2¢i||0) = Oho — 200 ToPij0, (7.38)

which defines the relationship between the temperature and the pressure of the warm
plasma in the bubble core. For simplicity, we further assume ogy = og, then the
temperature of the warm plasma T, can be explicitly found from the equality (7.38). It
proves to be independent of the pressure and is determined by the ratio of the sources

Oho
Ty ~ . 7.39
0= We (7.39)
External boundary conditions (4.27a,b) are reduced to the following:
Buly—y, =0, &  Fl,_, =0, (7.40)

where x = yx, corresponds to the outer boundary of the warm plasma r = a + A,,. The
second condition is essentially the vanishing of the transverse flow at the boundary, which
is consistent with the pressure gradient and the current density being finite. It is also
worth noting that the position of the boundary y, is not specified and should be found
self-consistently from the solution of the equilibrium equation (7.34a,b). This means that
the two conditions (7.40) are related by ., and are formally reducible to one. In other
words, one of the expressions (7.40) can be considered as a boundary condition, and the
other as a definition of the boundary position x = yx.,.

7.3. Numerical solution

The boundary value problem (7.34a,b), (7.36) and (7.38) described above turns out to be
rather complex, and to find its exact solution we use numerical methods.

As mentioned above, provided that the temperature is given by the expression (7.39),
(7.25) relates the radius of the bubble core and the pressure of warm plasma in the
core: k = k(Bwo). This means that B, remains the only free (i.e. unknown yet) parameter
that determines the equilibrium. In that regard, the boundary value problem before us is
convenient to reformulate as the following Cauchy problem. The equilibrium equations
(7.34a,b) can be considered as the system of ordinary differential equations for the
functions By, = Bw(x) and F = F(x) with the initial conditions (7.36) and By |,—0 = Bwo-
At the same time, the quantity By, should be treated as a variable parameter, which is found
from the external boundary condition (7.40).

To solve the formulated problem, we apply an approach similar to the shooting
method. For a given parameter B, the equations (7.34a,b) are integrated by means of
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FIGURE 3. Profile of the warm plasma pressure depending on the magnetic flux: the numerical
solution (black solid curve), left (blue dashed curve) and right (red dash-dotted curve)
asymptotics given by the expressions (7.41) and (7.42a,b), respectively. Simulation corresponds
to the parameters of the GDMT 10 regime (see table 1).

the Runge—Kutta methods, starting from the corresponding initial conditions at x = 0.
Computing continues until either By, = By (x; Bwo) or F = F(x; Pwo) hits zero at some
point ¥ = xw(Bwo).!' Thus, by varying the parameter B,o, we can formally obtain the
functional dependence xy = Xxw(Bwo). On the other hand, for a given relation y,, =
Xw(Bwo), the conditions (7.40) are actually reduced to an equation for B on the finite
interval 0 < B,0 < 1. The root of this equation, which can be found using standard
numerical methods, is a true value of the parameter B, corresponding to the real
equilibrium profile By, = Bw(x).

Figure 3 shows the numerical solution of the warm plasma equilibrium equation, found
using the procedure described above. There are also plotted the corresponding analytical
asymptotics in the vicinity of the bubble core and the outer boundary of the warm plasma,
respectively,

48¢, ., S,
/Sw ﬂw() 3ﬂw0 X 6,33,0)(

Q:h 83 S X 9 5
Shile I+k-D(Im(L)-= 2
*3 { 36¢7 30+ﬂwoxh[ * )(H(Xh> 10)]}X

+o(x?)., x—0, (7.41)
Bu ~ AR (1) Gtw — X)* +0[Otw — X)°]. X = X (7.42a,b)

L Bro
¢ = [— . 7.43
YT k1 (7.43)

Here, we explicitly highlight the parametric dependence of the solutions By, and F, as well as the warm plasma
boundary position y, on the parameter Byo.

where
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The second term in the expansion (7.41) includes the contribution from the hot ions — it
corresponds to the pressure profile of the warm plasma in the magnetic field induced by
the hot ion current only. The third term, in turn, takes into account the diamagnetic current
of the warm plasma. The non-polynomial logarithmic contribution of the hot ion current
appears in the fourth term of the expansion.

8. Diamagnetic confinement in GDMT

As an application of the constructed theoretical model, we further investigate the
equilibrium of the diamagnetic bubble corresponding to the design parameters of the
GDMT device (Skovorodin et al. 2023). Hydrogen plasma is assumed: Z = p; = 1;
the axial loss constants correspond to GDT (Ivanov & Prikhodko 2017; Skovorodin 2019;
Soldatkina et al. 2020): agy = o = 8; the Coulomb logarithm is set equal to A;. = 15.
Energy, angle and impact parameter of the injection are Exg = 30 keV, &g = 1/4 and
rng = S cm, respectively, which corresponds to the minimum radius of the hot ions equal
tO Fmin 2~ 3.54 cm. The bubble length is estimated from the MHD equilibrium simulations
of GDMT (Khristo & Beklemishev 2022) and is equal to L = 500 cm. The total warm
plasma source intensity is fixed at Wiy = 5 x 10?' s~!. The magnetic field in the mirrors is
B, =200 kG.

We consider the conventional case of the vacuum magnetic field equal to B, = 10 kG,
as well as the regimes with halved and doubled fields: B, = 5 kG and B, = 20 kG. In
all the simulations, the radius of the bubble core is fixed at a = 20 cm, which is the
characteristic expected plasma radius in the GDMT. Then the required total absorbed
injection powers prove to be Qyg =~ 6.11 MW, 9.75 MW and 14.93 MW for B, = 5, 10
and 20 kG, respectively. For convenience, the simulation parameters are listed in table 1,
where the considered regimes are briefly called ‘GDMTO05’, ‘GDMTI10’ and ‘GDMT20’.

The results of the simulations are shown in figures 4 and 5. Figure 4 shows the radial
profiles of the warm plasma relative pressure, density and temperature outside'? the bubble
core r > a. The radial profiles of the magnetic field, along with the current densities of the
warm plasma and the hot ions, outside the core r > a, are presented in figure 5.

8.1. Analysis of the solutions

(1) For all solutions the relative energy density of the hot ions is significantly greater
than the warm plasma relative pressure (see table 1 and figure 4)

Bwo K Bro ~ 1. (8.1)

Thus, it turns out that the energy content of the plasma as well as the diamagnetic
current almost entirely correspond to the hot ions, while the contribution of the warm
plasma is negligible. Since the warm plasma density in this case should be relatively
small, the drag force (5.7) acting on the injected ions appears to be weak as well.
Therefore, this results in the energy being accumulated by the hot component rather
than being transferred to the warm plasma, which is actually consistent with (8.1).
(i1) In table 1, listed are the simulated values of the transition layer thickness for the
warm plasma A,, and the hot ions Ay, determined from the corresponding current
profiles plotted in figure 5. As expected, the total transition layer thickness A =
max{Ay, 4y} is manly determined by the hot component, since the transition layer
for the warm plasma A, proves to be much thinner than that for the hot ions A;.
The thickness of the transition layer for the hot ions naturally turns out to be of

Inside the bubble core r < a, the warm plasma is isotropic, homogeneous and perfectly conducting, which
corresponds to the magnetic field and the total diamagnetic plasma current being identically zero inside the core (see § 4).
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Quantity Units Regime

GDMTO05 GDMTI10 GDMT20
By kG 5 10 20
By, kG 200 200 200
Wio g1 5 x 102 5 x 102 5 x 10
Oho MW 6.11 9.75 14.93
ENB keV 30 30 30
ENB °© 45 45 45
I'NB cm 5 5 5
Frmin cm 3.54 3.54 3.54
L cm 500 500 500
a cm 20 20 20
PONB cm 5.01 2.50 1.25
AwMHD © cm 2.92 1.29 0.60
An cm 7.02 3.76 1.97
Aw cm 2.44 1.07 0.46
Bwo % 12.55 3.66 0.99
nio cm™3 4.09 x 1013 2.98 x 1013 2.11 x 1013
To keV 0.95 1.52 2.33
mo? % 73.5 85.6 92.6

“Thickness of the warm plasma transition layer according to MHD equilibrium (Beklemishev 2016):
AwwMHD = 7AGp. See the beginning of § 7.

bProportion of the non-adiabatic loss (4.23) in the total axial loss of the warm plasma: 1o =
2®;j0/Wio.

TABLE 1. Parameters of the numerical simulations. The thicknesses of transition layers A and
Ay are the widths of the current profiles shown in figure 5. The warm plasma thermodynamic
parameters: relative pressure Bywo, density njo and temperature T are the maxima of the
corresponding quantities shown in figure 4. The parameter 1o is found from numerical
simulations.

the order of the Larmor radius of the injected ions in the vacuum magnetic field:
A ~ png. At the same time, the warm plasma transition layer thickness proves to be
surprisingly close to the estimate made for MHD equilibrium (Beklemishev 2016):
Awmup = 7Agp. This effect is probably due to a combination of the following two
factors. On the one hand, the warm plasma transition layer should apparently be
wider in the presence of injected ions, since the characteristic scale of the warm
plasma transverse diffusion proves to be greater in the magnetic field weakened
by the diamagnetism of the hot component. On the other hand, for a fixed warm
plasma source, the lower maximum relative pressure of the warm plasma (8.1) seems
to correspond to a radial pressure drop in a more narrow region. A more clear
explanation of this phenomenon and a proper quantitative estimate of the thickness
Ay should be made based on analysis the warm plasma equilibrium equations, which
is planned to be addressed in future work.

(iii) The equilibria presented in figures 4 and 5 are obtained within the thin transition
layer limit A < a — ry, (see §7). For all the solutions found, the expansion
parameter A/(a — rmi) proves to be less than unity. However, in the regime
GDMTOS5 with relatively weak vacuum magnetic field (figure 5a), the expansion
parameter is not too small: A/(a — 7min) =~ 7/20. A proper description of such
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FIGURE 4. Radial profiles of the warm plasma (a) relative pressure, (b) density and

(c) temperature outside the bubble core r > a for the regimes GDMTOS5 (blue dashed curves),
GDMT10 (black solid curves) and GDMT20 (red dash-dotted curves) specified in table 1.

equilibria should be obtained by accurate numerical modelling that takes into
account the finite thickness of the transition layer.

(iv) To simplify the system of the warm plasma equilibrium equations presented in
§ 7.2, we assume the temperature of the warm plasma to be approximately constant:
T =~ const. As a result, the temperature profiles determined by the formula (7.35)
actually prove to be relatively flat, but in addition, the corresponding pressure
and density profiles turn out to be identically shaped (see figure 4). It is worth
noting, however, that the approximation of a slowly varying temperature 7T =~
const. is valid in the particular case of the hydrogen plasma with the energy
loss factor ag corresponding to the GDT (Ivanov & Prikhodko 2017; Skovorodin
2019; Soldatkina et al. 2020), i.e. Z = ; = 1 and ag = 8. At the same time, the
nature of energy loss in the diamagnetic confinement mode may differ significantly
from the gas-dynamic regime. In particular, the presence of the non-adiabatic loss
(Chernoshtanov 2020, 2022) could greatly affect both longitudinal and transverse
equilibrium.

(v) In §6.3, we assume that the injected hot ions release the energy mainly inside the
bubble core. As already mentioned, the warm plasma temperature radial profile turns
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FIGURE 5. Equilibrium radial profiles of the magnetic field (black solid curves), the current
densities of the warm plasma (blue dashed curves) and the hot ions (red dash-dotted curves)
outside the bubble core r > a. Simulation parameters are presented in table 1: (a) GDMTOS,
(b) GDMT10 and (¢) GDMT?20.

(vi)

out to be almost flat, while the density of the warm plasma n; sharply drops just
beyond the bubble core on the scale of A,, (figure 4). In the thin transition layer
approximation A,, < A < @ — i, this results in the ion—electron drag v;, oc m T~/
indeed acting mainly inside the core. However, this appears to take place only
when the source of the warm plasma is entirely contained inside the bubble core.
Otherwise, the maximum density of the warm plasma could be located outside the
core, which, apparently, could significantly increase the energy loss.
The simulations also yield the parameter 1o = 2®;0/Wio (see table 1), which
represents the total proportion of the non-adiabatic loss (4.23) in the total warm
plasma loss. It can be seen that the warm plasma loss turns out to be almost entirely
non-adiabatic for all the considered regimes

WiO ~ 2¢1H0, (82)
while the loss at the periphery of the bubble core 2®;,, = Wiy — 2&;o proves to
be negligible: 2@ < Wip. One can also observe that the parameter 1)y grows
with increasing vacuum magnetic field. The reason for this is probably related to
the high energy density of hot ions (8.1). The strong diamagnetism induced by the
hot ions extending beyond the bubble core leads to a considerable weakening of the
magnetic field B in the vicinity of the bubble core r ~ a. Therefore, the effective
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mirror ratio R = B,,/B inside the thin transition layer a < r < a + 4, is greatly
increased compared with the vacuum value R = B,,/B,. This should eventually
result in the axial loss at the periphery @;jou ~ nitmSym being suppressed due to
a decrease in the cross-section of the warm plasma flow in the mirrors S, ~ ady /*R.
At the same time, the non-adiabatic loss @y ~ niumoapio/ R, being determined by
the vacuum mirror ratio, R, is not affected by the diamagnetism of the hot ions.
(vii) The warm plasma density n;o turns out to be considerably lower in the regimes with
a higher temperature of the warm plasma 7 (see figure 4 and table 1). This appears
to be due to the improved confinement resulting from the suppression of the axial
loss in the regimes with a lower warm plasma temperature. When the non-adiabatic
loss dominates, the warm plasma density can be approximately estimated from (8.2)

WioTio ~ WioBm 1

i ~ O( -, 8.3
7t Tall a Ty (8.3)
where
a 1
Tijo ~ —Tgp X ClLBm—, (84)
0 T

is the characteristic time of the non-adiabatic loss. It turns out that the efficiency
of the axial confinement does not depend explicitly on the mirror ratio R, as for
a ‘classical’ GDT 7gp o R, but it is enhanced with increasing the absolute value
of the mirror magnetic field B,,. In addition, the warm plasma density n;y and the
confinement time T;9 indeed prove to be greater at a lower warm plasma temperature
Ty. The inverse dependence of n;y on Ty is the result of the non-adiabatic loss (4.23)
being proportional to pigvrig X Tp.

(viii) It can be observed from the simulations (see figure 4 and table 1) that the warm
plasma temperature 7} proves to be higher in the regimes with a stronger vacuum
magnetic field B,. Indeed, sustaining the diamagnetic confinement equilibrium with
stronger external field B, (at fixed mirror field By, length L and radius a of the
bubble core) requires greater absorbed injection power Oy, while the increased
heating power Qyo, in turn, should result in a corresponding rise in the equilibrium
temperature of the warm plasma 7. This relation can be clarified by considering the
force balance in the case of beam plasma (8.1)

Iy ~ Iy, (8.5)
where
BZ
I, ~ — Qo _Ow . Iy~ =, (8.6a,b)
(5)r V  VieTalL 8T

are the characteristic energy densities of the hot ions and the vacuum magnetic field,
respectively. This expression roughly corresponds to (7.25) in the limit: By — 1,
Bwo — 0 and ryn/a — 0. Taking into account the estimate (8.3), we obtain the
following relation:

8Oho - 1 T2
vieo@?L — alB,, °

Therefore, the temperature of warm plasma indeed proves to increase with the
vacuum magnetic field as 7 oc BY/.

2
B, ~

(8.7)
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(ix) Having fixed the mirror field By,, the warm plasma source W, the radius a and the
length L of the bubble core, from the considered above qualitative estimates (8.3)
and (8.7), we get

nio o By, Ty o< BY. (8.8a,b)

v

Given the error due to the corresponding inaccuracy of the estimate (8.2), these
relations agree well with the results of the simulations shown in figure 4 and table 1.

(x) In the present paper, we assume the classical model of transverse transport for the
warm plasma, which corresponds to the Spitzer conductivity (7.28). At the same
time, large gradients of equilibrium parameters, such as the magnetic field and
the warm plasma density, inside the transition layer of the diamagnetic bubble
could probably lead to non-classical transport, which corresponds to a much
greater diffusion coefficient. In turn, a significant modification of the transverse
transport could apparently have a qualitative impact on the equilibrium of the warm
plasma. However, the issue concerning non-classical diffusion in the diamagnetic
confinement mode remains poorly studied so far.

(xi) The model of the warm plasma equilibrium, constructed in § 4 within the framework
of MHD, assumes isotropic pressure and gas-dynamic axial loss. This is known to
correspond to the collisional regime with a filled loss cone. In the case of GDT
(Ivanov & Prikhodko 2017), such a regime is realized when the gas-dynamic time
Top ~ RL/vy; significantly exceeds the kinetic time 7, ~ 7; In’R, where t; is the
mean free time of ion—ion Coulomb collisions (Trubnikov 1965). However, when
considering a diamagnetic trap, one should also take into account the effective
increase in the mirror ratio SR > R, which results from the magnetic field weakening
induced by the strong diamagnetic current of the high-pressure plasma. In addition,
the exotic conditions of the diamagnetic confinement mode are likely to lead to
anomalous collisionality with an effective mean free time t.¢, which typically proves
to be considerably shorter than the ‘classical’ time ;. Thus, the warm plasma loss
cone in the transition layer of a diamagnetic bubble can be considered filled when

L—SR > Teff InfR. (89)

Ui
This condition seems to be always satisfied at least in some neighbourhood of
the bubble core r 2 a, where the magnetic field approaches zero B — 0 and,
accordingly, the effective mirror ratio is greatly increased R — 4o00. At the
periphery of the warm plasma r < a + A, the loss cone may turn out to be only
partially filled (LR/vr; ~ tegr InR) or even empty (LR/vr; K Tegr In0R), depending
on the specific value of the anomalous mean free time Teg.

9. Summary

In the present work, we have constructed a theoretical model of plasma equilibrium
in the diamagnetic confinement regime in an axisymmetric mirror device with neutral
beam injection. To describe the equilibrium of the background warm plasma, we use the
MHD equations of mass and energy conservation, as well as the force balance equation.
Transverse transport is considered to be due to resistive diffusion, and the axial loss
includes both the ‘classical’ gas-dynamic loss and the non-adiabatic loss (Chernoshtanov
2020, 2022) specific to the diamagnetic bubble. This model does not take into account
the effects of the warm plasma rotation and inhomogeneity of electrostatic potential. The
equilibrium of the hot ions resulting from the neutral beam injection is described by the
distribution function, which is found from the corresponding kinetic equation. It takes into
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account the warm electron drag force acting on the hot ions, while the angular scattering
due to Coulomb collisions is neglected. The chaotic nature of the dynamics of ions in the
diamagnetic bubble is taken into consideration as well. Solving the equilibrium equations
yields the equilibrium profiles of the warm plasma density, temperature and pressure;
the hot ion current density is obtained from the corresponding distribution function; the
equilibrium magnetic field is determined by Maxwell’s equations.

Applying the constructed theoretical model, we have considered the case of the
cylindrical core of the diamagnetic bubble. In this case, the equilibrium model is reduced
to a simpler one-dimensional problem. To further simplify the equations, we have assumed
the approximation of a thin transition layer. This allows the hot ion current density and the
magnetic field to be explicitly expressed in terms of the magnetic flux. Finally, it has
been found that the radial profile of the warm plasma typically turns out to be almost
isothermal, which enables the system of two equilibrium equations for the warm plasma
to be approximately reduced to a single one. For the resulting equation of the simplified
equilibrium model, we have constructed a numerical solution algorithm that includes a
variation of the shooting method in combination with the Runge—Kutta schemes.

The equilibria of the diamagnetic bubble have been found for the parameters of the
GDMT device (Skovorodin et al. 2023). Three cases corresponding to different vacuum
magnetic fields in the central plane, B, = 5, 10, 20 kG, have been considered. All the
other external parameters are fixed except the absorbed injection power, which is adjusted
so that the radius of the bubble core remains the same a = 20 cm. Equilibrium profiles
of the warm plasma density, temperature and pressure have been found. In addition, the
radial distributions of the magnetic field and the diamagnetic current densities of the warm
plasma and the hot ions have been constructed.

It has been found that, for all the solutions obtained, the main contribution to the
plasma energy content and the diamagnetism comes from the hot ions. This corresponds
to a negligible relative pressure of the warm plasma Byo << Bpo ~ 1. In addition, the
non-adiabatic loss turns out to be dominant in all considered regimes, and its fraction
in total loss is greater for stronger vacuum magnetic field. This seems to be due to the
warm plasma in the transition layer being confined in the magnetic field weakened by
the hot ion diamagnetism, which should lead to an increased mirror ratio and improved
axial confinement. The transition layer of the diamagnetic bubble turns out to be quite
thin in the regimes with the stronger vacuum fields, B, = 10, 20 kG. However, in the case
of the weak external field, B, = 5 kG, the thickness of the transition layer proves to be
not too small, which may correspond to a reduced accuracy of the approximate solution.
Qualitative estimates of the warm plasma density and the temperature of the warm plasma
have also been obtained.

9.1. Future work

This work should be considered as a basis for further expansion of the theoretical model
constructed here. In the near future, the equilibrium model presented in this paper will
be used for a detailed investigation of the diamagnetic confinement regime in GDMT. In
particular, it is planned to study the dependence of the bubble equilibrium on external
conditions, such as heating power, vacuum magnetic configuration, warm plasma source,
etc. In addition, the finite absorption efficiency of the injected neutral beam can be taken
into account. The constructed model can also be refined by eliminating the thin transition
layer approximation; this, however, would require more complex numerical simulations.
In perspective, it is also planned to include in the model the effects of the warm plasma
rotation and the inhomogeneity of the electrostatic potential. In the long term, collisional
angular scattering of the hot ions can also be taken into account.
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Appendix A. Non-adiabatic loss
By definition, the ion flux through the mirror throat at z = z,, is

Pijo = <f ds, /// d’v szi)
v:>0 Z=Im
nio i\ 2 oo +00 +00 +00
= (= rdr dv, dv v, dv
A/ 27 <T0> /() /—oo v/—oo ! /0 : :
X |:e_5/T°(~) (a — L )]
Zmig

where 7 is directed along the magnetic field in the mirror throat, and we also substituted
the warm ion distribution function (4.22). Taking into account the definitions of P and £
given by (2.1a,b), we arrive at

: (AD)

Z=Zm

2Ty [+ oo oo 26 (P —W,)?
Do = nO—U/ dr/ dp de 2= — %
N 2mm; Jo —c0 (P—¥n)? /2m;1? m; mir
Y (a P ) ’ (A2)
2m15
where
ZeB,
178 Om 2. (A3)
2c

is the magnetic flux in the mirror. It is convenient to further use the following
dimensionless variables:

¢y P gl (Ada—c)
= —, = —, = —, a—C
7 TO as/ ZmiTo
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Then, the integral takes the form

ef 2¢1
1) & ——
NijpVrjpTTa
(2)3/2 /+oo +o00 +oo 1 ; |§|
== déf dé“/ dne"’—\/né—(i—yé)@(l——),
n 0 —c0 (C—ver/e § Vi
(AS5)
where we introduced the constant
R a
y=—=—, (A6)
2\/5 Lio

and vr = +/Tp/m; is the warm ion thermal velocity, p = vriomic/eZB, is the
characteristic warm ion Larmor radius in the vacuum field B,, R = B,,/B, is the vacuum
mirror ratio.

Integration over &, ¢, and 7 is convenient to rearrange as follows:

2 3/2 +00 Jn Xg y
1(y>=(—) / dne / dc / &l JEDE—E). (]
T 0 —min{ /7.n/4y } X §

where

_ 2y +nxyKyn+n? (A%)
— - ,

£x 2y

and &; > & > 0. Integrating over & yields

Y _omy _ n
/é_ U V& D E—E) = (845 -2 s+s)—n(;—|;|+5>.

(A9)
After integration over { we get

2 1 +o00 2 +0o0 3/2 2
I(y)=\/j|:—/ (n3/2+n—>e”dn—/ (Zn—n——l—n—z)e”dn].
TLY Jo 8)/ 16y2 14 8)/
(A10)

In the limit y > 1 the second term in the square brackets proves to be exponentially small.
Then we obtain the asymptotic behaviour of the integral 1(y)

I(y)~ 3;)//5 (1 b ) +0 (y‘ze—“yz) ~ %E +0(y7?). (A1)

Restoring the dimensional values, we finally arrive at

3 21api
D0 X —nipVrio .

. - (A12)

https://doi.org/10.1017/50022377824001417 Published online by Cambridge University Press


https://doi.org/10.1017/S0022377824001417

Plasma equilibrium in diamagnetic trap with neutral beam injection 37

REFERENCES

BAGRYANSKY, P.A., et al. 2011 Confinement of hot ion plasma with § = 0.6 in the gas dynamic trap.
Fusion Sci. Technol. 59 (1T), 31-35.

BAGRYANSKY, P.A., et al. 2016 Status of the experiment on magnetic field reversal at BINP. In AIP
Conference Proceedings, vol. 1771, p. 030015. AIP Publishing. https://doi.org/10.1063/1.4964171

BAGRYANSKY, P.A., BEKLEMISHEV, A.D. & POSTUPAEV, V.V. 2019 Encouraging results and new ideas
for fusion in linear traps. J. Fusion Energy 38 (1), 162—181.

BEKLEMISHEV, A., et al. 2013 Novosibirsk project of gas-dynamic multiple-mirror trap. Fusion Sci.
Technol. 63 (1T), 46-51.

BEKLEMISHEV, A.D. 2016 Diamagnetic “bubble” equilibria in linear traps. Phys. Plasmas 23 (8), 082506.

BEKLEMISHEV, A.D., BAGRYANSKY, P.A., CHASCHIN, M.S. & SOLDATKINA, E.I. 2010 Vortex
confinement of plasmas in symmetric mirror traps. Fusion Sci. Technol. 57 (4), 351-360.

BELCHENKO, YU.L., et al. 2018 Studies of ion and neutral beam physics and technology at the Budker
Institute of Nuclear Physics, SB RAS. Phys.-Usp. 61 (6), 531-581.

BERK, H.L., WONG, H.V. & TSANG, K.T. 1987 Theory of hot particle stability. Phys. Fluids 30 (9),
2681-2693.

BoGgoLIiuBov, N.N. & MITROPOLSKII, Y.A. 1961 Asymptotic Methods in the Theory of Non-Linear
Oscillations. Gordon and Breach.

BORONINA, M.A., DUDNIKOVA, G.I., EFIMOVA, A.A., GENRIKH, E.A., VSHIVKOV, V.A. &
CHERNOSHTANOV, [.S. 2020 Numerical study of diamagnetic regime in open magnetic trap.
J. Phys.: Conf. Ser. 1640 (1), 012021.

BRAGINSKII, S.I. 1965 Transport processes in a plasma. In Reviews of Plasma Physics
(ed. M.A. Leontovich), vol. 1, p. 205. Consultants Bureau.

CHERNOSHTANOV, I. 2020 Collisionless particle dynamic in an axi-symmetric diamagnetic trap.
arXiv:2002.03535.

CHERNOSHTANOV, 1., EFIMOVA, A., SOLOVIEV, A. & VSHIVKOV, V. 2023 Fast ion—ion collisions
simulation in particle-in-cell method. Lobachevskii J. Maths 44 (1), 26-32.

CHERNOSHTANOV, L.S. 2022 Collisionless particle dynamics in diamagnetic trap. Plasma Phys. Rep.
48 (2), 79-90.

CHERNOSHTANOV, I.S., CHERNYKH, I.G., DUDNIKOVA, G.I., BORONINA, M.A., LISEYKINA, T.V. &
VSHIVKOV, V.A. 2024 Effects observed in numerical simulation of high-beta plasma with hot ions
in an axisymmetric mirror machine. J. Plasma Phys. 90 (2), 905900211.

DiMov, G.I. 2005 The ambipolar trap. Phys.-Usp. 48 (11), 1129-1149.

EFIMOVA, A.A., DUDNIKOVA, G.I. & VSHIVKOV, K.V. 2020 3D numerical model of diamagnetic plasma
confinement in gasdynamic trap. AIP Conf. Proc.2312 (1), 060001.

GRAD, H. 1967 The guiding center plasma. In Proceedings of Symposia in Applied Mathematics
(ed. H. Grad), Magneto-Fluid and Plasma Dynamics, vol. 18, pp. 162-248. American Mathematical
Society.

GRAD, H. & RUBIN, H. 1958 Hydromagnetic equilibria and force-free fields. In Proceedings of the Second
UN International Conference on the Peaceful Uses of Atomic Energy, Theoretical and Experimental
Aspects of Controlled Nuclear Fusion, Geneva, Switzerland, vol. 31, pp. 190-197. https://inis.iaea.
org/search/search.aspx?orig_q=RN:39082408

Hs1a0, M.-Y. & MILEY, G.H. 1985 Velocity-space particle loss in field-reversed configurations. Phys.
Fluids 28 (5), 1440.

TOFFE, M..S., KANAEV, B.I., PASTUKHOV, V.P., PITERSKII, V.V. & YUSHMANOV, E.E. 1981 Plasma
heating in a magnetic cusp confinement system without injection. Sov. J. Exp. Theor. Phys. Lett.
34 (11), 570-573.

IvaNov, A.A. & PRIKHODKO, V.V. 2017 Gas dynamic trap: experimental results and future prospects.
Phys.-Usp. 60 (5), 509-533.

KAISER, T.B. & PEARLSTEIN, L.D. 1985 Finite Larmor radius and wall effects on the M = 1 ballooning
mode at arbitrary beta in axisymmetric tandem mirrors. Phys. Fluids 28 (3), 1003—1005.

KAUFMANN, R.L., HORNG, J.-T. & WOLFE, A. 1970 Large-amplitude hydromagnetic waves in the inner
magnetosheath. J. Geophys. Res. 75 (25), 4666—4676.

https://doi.org/10.1017/50022377824001417 Published online by Cambridge University Press


https://doi.org/10.1063/1.4964171
https://arxiv.org/abs/2002.03535
https://inis.iaea.org/search/search.aspx?orig_q=RN:39082408
https://inis.iaea.org/search/search.aspx?orig_q=RN:39082408
https://doi.org/10.1017/S0022377824001417

38 M.S. Khristo and A.D. Beklemishev

KHRISTO, M.S. & BEKLEMISHEV, A.D. 2019 High-pressure limit of equilibrium in axisymmetric open
traps. Plasma Fusion Res. 14, 2403007.

KHRISTO, M.S. & BEKLEMISHEV, A.D. 2022 Two-dimensional MHD equilibria of diamagnetic bubble
in gas-dynamic trap. Plasma Phys. Control. Fusion 64 (9), 095019.

KOTELNIKOV, I. 2020 On the structure of the boundary layer in a Beklemishev diamagnetic bubble. Plasma
Phys. Control. Fusion 62 (7), 075002.

KOTELNIKOV, I., ZENG, Q., PRIKHODKO, V., YAKOVLEV, D., ZHANG, K., CHEN, Z. & YU, J. 2022
Wall stabilization of the rigid ballooning m = 1 mode in a long-thin mirror trap. Nucl. Fusion 62 (9),
096025.

KOTELNIKOV, I.A. 2011 Equilibrium of a high-8 plasma with sloshing ions above the mirror instability
threshold. Fusion Sci. Technol. 59 (1T), 47-50.

KOTELNIKOV, I.A., BAGRYANSKY, P.A. & PRIKHODKO, V.V. 2010 Formation of a magnetic hole above
the mirror-instability threshold in a plasma with sloshing ions. Phys. Rev. E 81 (6), 067402.
KURSHAKOV, V.A. & TIMOFEEV, 1.V. 2023 The role of electron current in high-8 plasma equilibria.

Phys. Plasmas 30 (9), 092513.

KuzNETSOV, E.A., PASSOT, T., RUBAN, V.P. & SULEM, P.L. 2015 Variational approach for static mirror
structures. Phys. Plasmas 22 (4), 042114.

LANDSMAN, A.S., COHEN, S.A. & GLASSER, A.H. 2004 Regular and stochastic orbits of ions in a highly
prolate field-reversed configuration. Phys. Plasmas 11 (3), 947-957.

LANSKY, I.M. 1993 On the paraxial equilibrium of the finite 8 plasma in open magnetic configuration.
Tech. Rep. 93-96. Budker INP.

LARRABEE, D.A., LOVELACE, R.V. & FLEISCHMANN, H.H. 1979 Truncated exponential-rigid-rotor
model for strong electron and ion rings. Nucl. Fusion 19 (4), 499-503.

LICHTENBERG, A.J. & LIEBERMAN, M.A. 1992 Regular and Chaotic Dynamics. Applied Mathematical
Sciences, vol. 38. Springer.

Lotov, K. V. 1996 Spontaneous formation of zero magnetic field region near the axis of a high-8 mirror
device. Phys. Plasmas 3 (4), 1472—1473.

LOVELACE, R.V., LARRABEE, D.A. & FLEISCHMANN, H.H. 1978 A re-analysis of exponential
rigid-rotor astron equilibria. Phys. Fluids 21 (5), 863.

MoOROzZOV, A.I. & SOLOV’EV, L.S. 1966 Motion of charged particles in electromagnetic fields. In Reviews
of Plasma Physics (ed. M.A. Leontovich), vol. 2, pp. 201-297. Consultants Bureau.

NEWwWCOMB, W.A. 1981 Equilibrium and stability of collisionless systems in the paraxial limit. J. Plasma
Phys. 26 (3), 529-584.

PASTUKHOV, V.P. 1978 Classical transport in electrostatically plugged magnetic confinement systems. Sov.
J. Plasma Phys. 4 (3), 311-316.

PASTUKHOV, V.P. 1980 Anomalous electron transport in the transition layer of an electrostatically plugged
magnetic mirror. Sov. J. Plasma Phys. 6 (5), 549-554.

PASTUKHOV, V.P. 2021 Turbulent relaxation and anomalous plasma transport. Plasma Phys. Rep. 47 (9),
892-906.

QERUSHI, A. & ROSTOKER, N. 2002a Equilibrium of field reversed configurations with rotation. II. One
space dimension and many ion species. Phys. Plasmas 9 (7), 3068-3074.

QERUSHI, A. & ROSTOKER, N. 2002b Equilibrium of field reversed configurations with rotation. III. Two
space dimensions and one type of ion. Phys. Plasmas 9 (12), 5001-5017.

QERUSHI, A. & ROSTOKER, N. 2003 Equilibrium of field reversed configurations with rotation. I'V. Two
space dimensions and many ion species. Phys. Plasmas 10 (3), 737-752.

ROSTOKER, N. & QERUSHI, A. 2002 Equilibrium of field reversed configurations with rotation. I. One
space dimension and one type of ion. Phys. Plasmas 9 (7), 3057-3067.

RyuTov, D.D. 2005 Axial electron heat loss from mirror devices revisited. Fusion Sci. Technol. 47 (1T),
148-154.

SAGDEEV, R.Z., USIKOV, D.A. & ZASLAVSKY, G.M. 1988 Nonlinear Physics: From the Pendulum to
Turbulence and Chaos. Contemporary Concepts in Physics. Harwood Academic Publishers.
SHAFRANOV, V.D. 1958 On magnetohydrodynamical equilibrium configurations. J. Exp. Theor. Phys.

6 (3), 545-554.

https://doi.org/10.1017/50022377824001417 Published online by Cambridge University Press


https://doi.org/10.1017/S0022377824001417

Plasma equilibrium in diamagnetic trap with neutral beam injection 39

SKOVORODIN, D.I. 2019 Suppression of secondary emission of electrons from end plate in expander of
open trap. Phys. Plasmas 26 (1), 012503.

SKOVORODIN, D.I., et al. 2023 Gas-dynamic multiple-mirror trap GDMT. Plasma Phys. Rep. 49 (9),
1039-1086.

SOLDATKINA, E.I., BAGRYANSKY, P.A. & SOLOMAKHIN, A.L. 2008 Influence of the radial profile of
the electric potential on the confinement of a high-f two-component plasma in a gas-dynamic trap.
Plasma Phys. Rep. 34 (4), 259-264.

SOLDATKINA, E.I., CHERNOSHTANOV, I.S., IAKOVLEV, D.V., BEKLEMISHEV, A.D. & KHRISTO,
M.S. 2023 Method for confining high-temperature plasma in open magnetic trap. https://app.
dimensions.ai/details/patent/RU-2806891-C1

SOLDATKINA, E.I., MAXIMOV, V.V., PRIKHODKO, V.V., SAVKIN, V.YA., SKOVORODIN, D.I.,
YAKOVLEV, D.V. & BAGRYANSKY, P.A. 2020 Measurements of axial energy loss from magnetic
mirror trap. Nucl. Fusion 60 (8), 086009.

STEINHAUER, L.C. 2011a Hybrid equilibria of field-reversed configurations. Phys. Plasmas 18 (11),
112509.

STEINHAUER, L.C. 20115 Review of field-reversed configurations. Phys. Plasmas 18 (7), 070501.

TRUBNIKOV, B.A. 1965 Particle interactions in a fully ionized plasma. In Reviews of Plasma Physics (ed.
M.A. Leontovich), vol. 1, p. 105. Consultants Bureau.

TSURUTANI, B.T., LAKHINA, G.S., VERKHOGLYADOVA, O.P., ECHER, E., GUARNIERI, F.L.,
NARITA, Y. & CONSTANTINESCU, D.O. 2011 Magnetosheath and heliosheath mirror mode
structures, interplanetary magnetic decreases, and linear magnetic decreases: differences and
distinguishing features. J. Geophys. Res.: Space Phys. 116 (A2), A02103.

TURNER, J.M., BURLAGA, L.F., NESs, N.F. & LEMAIRE, J.F. 1977 Magnetic holes in the solar wind.
J. Geophys. Res. 82 (13), 1921-1924.

ZHITLUKHIN, A.M., SAFRONOV, V.M., SIDNEV, V.V. & SKVORTSOV, Y.V. 1984 Confinement of a hot
plasma with 8 ~ 1 in an open confinement system. JETP Lett. 39 (6), 293-296.

https://doi.org/10.1017/50022377824001417 Published online by Cambridge University Press


https://app.dimensions.ai/details/patent/RU-2806891-C1
https://app.dimensions.ai/details/patent/RU-2806891-C1
https://doi.org/10.1017/S0022377824001417

	1 Introduction
	2 Basic assumptions of the theoretical model
	3 Magnetic field equilibrium distribution
	4 Warm plasma equilibrium
	4.1 Force equilibrium
	4.2 Mass conservation
	4.3 Energy conservation
	4.4 Bubble core equilibrium

	5 Hot ion equilibrium
	5.1 Hot ion distribution function

	6 Cylindrical bubble model
	6.1 Magnetic field distribution
	6.2 Warm plasma equilibrium
	6.3 Hot ion equilibrium

	7 Thin transition layer limit
	7.1 Equilibrium magnetic field distribution
	7.2 Warm plasma equilibrium
	7.3 Numerical solution

	8 Diamagnetic confinement in GDMT
	8.1 Analysis of the solutions

	9 Summary
	9.1 Future work

	Appendix A. Non-adiabatic loss
	References


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage false
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings false
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 400
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


